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Abstract. In this paper, we prove the existence of at least three solutions to the following
Kirchhoff nonlocal fractional equation:

M (fin g [0(@) = u(@) 2K (@ = y)dady — [, lu(@) *da) ((~A)*u ~ Au)
€ 0(0j(z, u(x)) + pok(z, u(x))), in Q,
u =0, in R™\ Q,

where (—A)? is the fractional Laplace operator, s € (0, 1) is a fix, A, 0, u are real parameters
and 2 is an open bounded subset of R™ n > 2s, with Lipschitz boundary. The approach
is fully based on a recent three critical points theorem of Teng [K. Teng, Two nontrivial
solutions for hemivariational inequalities driven by nonlocal elliptic operators, Nonlinear
Anal. Real World Appl. 14(2013), 867-874].
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1. Introduction

The aim of this paper is to establish the existence of at least three solutions for the
following Kirchhoff nonlocal hemivariational inequalities with the Dirichlet boundary
condition:

-M (fRn XR™

u(@) = uly)PK (2 — y)dwdy— [, |u(z) *dz)
X(Lru~+ M) € 0(0)(z,u(z))+pok(x,u(x))), in L, (1)
u=0, in R™\ Q,

where s € (0,1) is a fix, A, 0, p are real parameters, 2 is an open bounded subset of
R™, n > 2s, with Lipschitz boundary, M : [0,+0c0) — R is a continuous function,
J,k: 2 x R — R are measurable functions such that for all z € Q, j(z,-), k(x,-) are
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locally Lipschitz and 9j(x,-), 0k(x,-) denote the generalized subdifferential in the
sense of Clarke [5] and

Lxu(x) = /n (u(x +y)+ulz—y) — 2u(x))K(y)dy, zr eR", (2)

where K : R™\ {0} — (0,400) is a kernel function satisfying properties that
(K1) mK € L*(R"), where m(x) = min{|z|?,1};

(K2) there exists # > 0 such that K(x) > 0]z|~("+2%) for any z € R™ \ {0};
(K3) K(x) = K(—z) for any = € R™\ {0}.

The homogeneous Dirichlet datum in (1) is given in R™ \ © and not simply on
the boundary 052, consistent with the nonlocal character of the kernel operator L.

A typical model for K is given by the singular kernel K () = |z|~("*2%) which
gives rise to the fractional Laplace operator —(—A)® where s € (0,1) (n > 2s) is
fixed, which, up to normalization factors, may be defined as

w(@ +y) + ulz —y) — 2u(z)

—(~A)u(z) == / e dy, @ eR". 3)
Problem (1) in the model case Lx = —(—A)® becomes
M (fRann lu(z) — u(y)|>K(x — y)dzdy — Jo \u(x)|2dm>
X (A u=Au) € 0(0j(x, u(z))+pdk(z, u(x))), in Q, (4)
uw=0, in R"\ Q.

Before proving the main results, some preliminary material on function spaces
and norms is needed. In what follows we briefly recall the definition of the functional
space Xy, firstly introduced in [14], and we give some notations. We denote Q =
R?\ O, where O = R™\ Q x R™ \ Q. We denote the set X by

X = {u R" 5 R: ulg € LAQ), (u(z) —uly)VE (@ —y) € LAHR2\ 0)} :

where ulq represents the restriction to Q of function u(x). Also, we denote by Xy
the following linear subspace of X

Xo={g9g€X: g=0ae. inR"\ Q}.

In this paper, we will prove the existence of nontrivial weak solutions to prob-
lem (1). The technical tool is the three critical points theorem of Teng [18] for
non-differentiable functionals. By weak solutions of (1) we mean a solution of the
following problem

M ( [anypn [u() —u(y)PK (z — y)dzdy — X [, [u(z)|?dz )
X [fRann (u(z) = u(y)(n(z) = n(y) K (z — y)dzdy — A [, u(z)n(z)dz

+0 [— [ (u*,n) — p*,n)] =0, Vne Xo,
u € Xp.

()
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where u* € Jj(x,u), v* € Ok(x,u).
We know that X and X, are nonempty, since C3(Q) C X by Lemma 11 of [14].
Moreover, the linear space X is endowed with the norm defined as

1
2

lullx = llull ey + ( /Q u(e) = u(y) K (x — y)dmdy) . ®)

It is easy to see that || - ||x is a norm on X (see, for instance, [15] for a proof). By
Lemmas 6 and 7 of [15], in the sequel we can take the function

1
2
Xo2 s ol = ( o) = o)1 G = )y )
as a norm on Xg. Also (Xo,||-||x,) is a Hilbert space, with a scalar product

{u,v) x, = /Q(U(x) —u(y))(v(z) — v(y)) K (z — y)drdy. (®)

Note that in (7) the integral can be extended to all R” x R", since v € X and so
v=0a.e. in R"\ Q.

In what follows, we denote by A; the first eigenvalue of the operator Lx with
homogeneous Dirichlet boundary data, namely the first eigenvalue of the problem

Lxu = Au, in §,
u=20, in R™\ Q.

For the existence and the basic properties of this eigenvalue we refer to Proposition
9 and Appendix A of [16], where a spectral theory for general integro-differential
nonlocal operators was developed.

When A < A1, as a norm on Xy we can take the function

X050 [[ollxon = (/|v — w()PK (z — y)dady — )\/|v |dm) )

since for any v € Xy it holds true (for this, see Lemma 10 of [16])

mal|vl|x, < [vllx.x < Malv]]x,, (10)

AL — A AL — A
my = min ! , 15, My :=max ! ,1 0.
)\1 )\1

Let H*(R™) be the usual fractional Sobolev space endowed with the norm (the
so-called Gagliardo norm)

where

1

|u(z) — uy)? :
Ul gs(rr) = ||U|| L2 (R +</ dxdy . 11
fellare@ny = lellz@n +{ | e (11)
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Also, we recall the embedding properties of X into the usual Lebesgue spaces (see
Lemma 8 of [15]). The embedding j : Xy — LY(R™) is continuous for any v €
[1,2*] (2* = -2%-), while it is compact whenever v € [1,2%). Hence, for any v €
[1,2*] there exists a positive constant ¢, such that

1] (rny < collvllx < comy Hlvllxon, (12)

for any v € Xj.

Recently, several studies have been performed for non-local fractional Laplacian
equations substituted by superlinear and subcritical or critical nonlinearities; we
refer interested readers to [2, 3, 4, 6, 7, 10, 11, 12, 13, 15, 16, 17, 18, 19] and
references therein.

Inspired by the above articles, in this paper, we would like to investigate the
existence of three solutions to problem (4). The technical tool is critical point
theory for non-differentiable functionals.

The paper is organized as follows. In Section 2, we give preliminary facts and
provide some basic properties which are needed later. Section 3 is devoted to our
results on the existence of three solutions.

2. Preliminaries

In this section, we present some preliminaries and lemmas that are useful for the
proof of the main results. For the convenience of the reader, we also present here
the necessary definitions.

Let (X,|| - ||x) be a Banach space, (X*,|| - ||x+) its topological dual, and ¢ :
X — R a functional. We recall that ¢ is locally Lipschitz if, for all u € X, there
exist a neighborhood U of u and a real number Ly > 0 such that

[o(z) =)l < Lulle —yllx, Yo,y cU.

If f is locally Lipschitz and u € X, the generalized directional derivative of ¢ at u
along the direction v € X is

©°(u;h) = limsup plwt th) = ga(u/)

w—u,t0t t
The generalized gradient of ¢ at u is the set
do(u) ={u* € X*: (u*,v) < ¢°(u;v) for all v € X}.

So dp : X — 2% is a multifunction. The function (u,v) + ¢°(u;v) is upper
semicontinuous and

©°(u;v) = max{(§,v) : £ € Op(u)} for all v € X.

We say that ¢ has compact gradient if dp maps bounded subsets of X into relatively
compact subsets of X*.
We say that u € X is a critical point of locally Lipschitz functional ¢ if 0 € dp(u).
In the proof of our main results, we shall use nonsmooth critical point theory.
For this, we first present an important definition.
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Definition 1. An operator A : X — X* is of type (S)+ if, for any sequence {u,}
in X, up, = u and limsup,,_, , . (A(un),u, —u) <0 imply w, — u.

Definition 2. A locally Lipschitz function ¢ : X — R satisfies the nonsmooth
Palais-Smale condition (nonsmooth PS-condition for short) if any sequence {u, }n>1

C X such that {J(un)}n>1 s bounded and
p(uy) == min{||u™||x+ : u* € dp(un)} = 0 asn — +oo,
has a strongly convergent subsequence.

If this is true for every ¢ € R, we say that J satisfies the nonsmooth (PS)-
condition.

Lemma 1 ([9], Proposition 1.1). Let ¢ € C*(X) be a functional. Then ¢ is locally
Lipschitz and
©°(u;v) = (¢’ (u),v), Vu,ve X,
Op(u) = {¢'(u)}, VueX.
Lemma 2 ([5], Proposition 2.2.4). Let f : X — R be Lipschitz near u, and let f be

continuously differentiable at uw. Then Of(u) = {Vf(u)}, where Vf(u) denotes the
Gateauz derivative of f at u.

Lemma 3 ([8], Lemma 6). Let ¢ : X — R be a locally Lipschitz functional with a
compact gradient. Then ¢ is sequentially weakly continuous.

In the proof of our main results, we shall use Theorem 1. For this, we first present
an important definition.

Definition 3. Let ® : X — R be a locally Lipschitz functional and ¥ : X —
R U {+o0} be a proper, convex, lower semi continuous functional whose restriction
to the set dom(¥) = {u € X : U(u) < oo} is continuous. Then, ® + U is a
Motreanu-Panagiotopoulos functional.

Definition 4. Let ® + U be a Motreanu-Panagiotopoulos functional, u € X. Then
u is a critical point of ® + V if for every v € X, ®°(u;v — u) + ¥(v) — ¥(u) > 0.

The following lemma introduces some basic properties of the generalized gradi-
ents:

Lemma 4 (see [5]). Let ©1,9 : X — R be locally Lipschitz functionals. Then, for
every u,v € X, the following conditions hold:

(i) Op1(u) is conver and weakly* compact;
(ii) the set-value mapping dp1 : X — 2X" s weakly* upper semicontinuous;

(iii) 5 (u;v) = maxy-co,(u,v) < Lyllv||, with Ly as in definition of locally Lip-
schitz functionals;

(iv) O(Ap1)(u) = A1 (u) for every X € R;
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(v) O(p1 + @2)(u) C 1 (u) + dpa(u) for every X € R;

The goal of this work is to establish some new criteria for system (1) to have at
least three weak solutions in X, by means of a very recent abstract critical points
result of Teng [18]. First, we recall the following result of ([18, Theorem 3.1]), with
easy manipulations, that we are going to use in the sequel.

Theorem 1. Let X be a reflexive real Banach space, ¥ a convex, proper, lower
semicontinuous functional and ® : X — R a locally Lipschitz functional with compact
gradient 0P and ® is nonconstant. Suppose that

(A1) © : X — R is a locally Lipschitz functional with compact gradient 00;

(A2) There exists an interval A C R and a number n > 0, such that for every 6 € A
and every p € [—n,n| the functional Jp , = ¥ + 6(® + puO) is coercive in X ;

(A3) The functional Jo, satisfies the Palais-Smale condition for every § € A and
every pu € [7773 77]7

(A4) There exists r € (infyex ®(u),sup,cx P(u)) such that the following two num-
bers

infvé@*l(r) \Il(v) - \IJ(U)

e1(r) = uE‘I}I—ll(L«) D(u) —r )
( ) infve<l>—1(7') \I/(’U) - \I}(u)
r) =  sup

72 wed—1(I") P(u) —r

satisfy o1(r) < @a(r), where I, = (—oo,r) and I" = (r, +00).

If (o1(r), p2(r)) N A # O, then for every compact interval [a,b] C (p1(r),o2(r)) NA,
there exists 6 € (0,m) such that if || < 6, the functional Jy, admits at least three
eritical points for every 0 € [a, b].

We recall a convergence property for bounded sequences in X (see [15], for this
we need a Lipschitz boundary):

Lemma 5. Let K : R" \ {0} — (0,400) satisfy assumptions (K1)-(K3) and let
{un} be a bounded sequence in Xo. Then, there exists u € LP(R™) such that, up to
a subsequence, u, — u in LP(R™), as n — oo, for any p € [1,2*).

The functional Jy ;, : Xo — R corresponding to problem (1) is defined by

1—
o) = 33 ([ Jute) = u)PK G~ pydody 2 [ futoc )
R™ xR™ Q
0| [ it unds s u [ keut)as] (13)
Q Q
1— .
= Sl ) = | [ et + [ b uais).

where M(s) = [; M(t)dt.
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In order to study problem (1), we will use the functionals &, ¥ : Xy — R defined
by

1

W) = 33 ([ o) a)PR G - p)dsdy -\ [ juGo) )

D(u) = —/Qj(x7u(m))dx, O(u) = —/Qk(sr:,u(a?))dx. (14)

Hence, by (9), for any A < A\; and u € Xy one can get

W(w) = SR (%, ). (15)

Now, we will establish the variational principle for problem (1). For this purpose
our hypotheses on the nonsmooth potential j(x,u) and M (t) are the following:

(H1) For all s € R, the function z — j(z,s) is measurable;
(H2) For all z € Q, the function s — j(z, s) is locally Lipschitz and j(z,0) = 0;

(H3) There exist a,b € L(2) and 1 < r < 2 such that |s*| < a(z) + b(z)|s|"~* for
all z € Q, z € R and s* € 9j(x, s);

(M1) there exists mg > 0 such that M (t) > mg, Vt € [0, +00);
(M2) M(t) is nondecreasing in ¢ € [0, +00).
For example, in what follows, it holds that conditions (M1) and (M2) hold:

M(t)=ptP~L+1, p>1, ¥t €[0,+00).

Then o
M@)=t"+z, Vte]|0,+00).

Now, by the Formulas of M (¢) it is obvious that (M1) and (M2) hold true and that
M (t) is convex.

First of all, note that Xy is a Hilbert space and the functionals ¥,® and ©
are Frechét differentiable in Xo. Also, note that the map u — [[ul[%, \ is lower
semicontinuous in the weak topology of Xy and M is a continuous function, so that
the functional ¥ is lower semicontinuous in the weak topology of Xy. Also, by (M2),
the functional VU is a convex functional.

Therefore, we have the following remark.

Remark 1. By Definition 3, the functional Jg , is of a Motreanu-Panagiotopoulos
functional on X.

Proposition 1. Assume that j(z,u) and k(z,u) satisfy hypotheses (H1)-(H3), the
functional Jg, : Xo — R is well defined and locally Lipschitz on Xy. Moreover,
every critical point w € Xo of Jg,, is a solution of problem (1).

According to Proposition 1, we know that in order to find solutions of problem
(1), it suffices to obtain the critical points of the functional Jy ,,.
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3. Main results

In this section we present our main results. Now, we will apply Theorem 1 to obtain
some existence and multiplicity results to problem (1).
Before our main result, we need the following lemmas.

Lemma 6. Let K : R"\ {0} — (0,+00) satisfy assumptions (K1)-(K3) and X <
A1. Assume that j(z,u) and k(xz,u) satisfy hypotheses (H1)-(H3) and M satisfies
conditions (M1) and (M2), the functional Jo, : Xo — R is coercive for every
0, eR.

Proof. By (H2), (H3) and the Lebourg’s mean value theorem, we have

(@, u)| = [7(z,u) — j(z,0)] = [(u", )| < a(z)|u] + b(z)|ul",

k(z, u)| = [k(z,u) — k(z,0)] = [(u", u)| < a(z)|u] + b(z)[u|", (16)
for all u € R and z € . Thus, by (M1), (12) and (16), one can get

o) = Tl ) 0 | [ stoutodo [ ko atos

Q

mo r
> ol = A+ () {”aHooHuHLl(Q) + HbHOOHuHL’”(Q)}

mo c1 cl -
> Sl = AL+ (D) {I|al|mR|IUleo,A + Hb||oom*KIIUHXO,A]
Since 1 < r < 2, then Jp,, is coercive for every 6, 1 € R. O

Lemma 7. Let K : R"\ {0} — (0, +00) satisfy assumptions (K1)-(K3) and X\ < A1.
Assume that j(x,u) satisfies hypotheses (H1)-(H3). Then, the functional ® : Xo —
R is a locally Lipschitz functional with a compact gradient.

Proof. Clearly, @ is locally Lipschitz on Xy. Now we shall show that the set-valued
function 0® : Xy — 2% is compact. To this end, let us fix a bounded sequence
{un} C Xo and u}, € 0®(uy,) for all n € N such that ( = Jo(us, x))dzx for
every v € Xo. Let L > 0 be a Lipschitz constant for <I> restrlcted to a bounded set
where the sequence {uy,} lies, then ||u;,|[x; < L for all n € N. Up to a subsequence,
{uk} weakly converges to some u* in (Xo)*. We shall show that the convergence
is strong. Assume to the contrary, that is, we assume there exists ¢ > 0 such
that [|luy, — u*||(x,)» > € for all n € N. Hence for all n € N, there exists v, €
BN(0,1)(BN(0,1) = {u € Xo : ||u||x,.r» <1}) such that

(uy, —u™,vp) > e (17)

Since {v,} is bounded in Xy, then up to a subsequence, there is a v € X such that
v, — v in Xy and v, — v in LY(Q) (1 < ¢ < 2) (see Lemma 5). From (H3), one can
get

(uy, —u™,vp) = (up, v — ) + (U, —u*,v) + (U0 — vy)
< Ci(lon = || + |vn — v]|Le) + (u), — u™,v) + (u*,v — v,) = 0,

as n — +oo, which contradicts (17). O
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Lemma 8. Let K : R"\ {0} — (0,+00) satisfy assumptions (K1)-(K3) and A <
A1. Assume that j(z,u) and k(z,u) satisfy hypotheses (H1)-(H3) and M satisfies
conditions (M1) and (M2). Then, the functional Jg , satisfies the (PS)-condition
for every 0, u € R.

Proof. By Definition 2, suppose {u,} C X, satisfies
o u(un)| <C and p(un) = min{|[u||x- : u* € 8Jppu(un)} = 0.  (18)

Since 0Jg . (un) C (Xo)* is a weak™ compact set and the norm function in a Banach
space is weakly semi-continuous, by Weierstrass theorem, we can find v}, € 0Jp . (ur)
such that

p(un) = l|upll(x)- and wuy, = Au, — 0(v, + pwy,), foreveryn >1  (19)

with v, € L (Q), 144 =1and v, € 9j(z, un(2)), wy € Ok(x,up(x)) for all z € Q.

r’ T

Here A : Xy — (Xp)* is an operator defined by
(Au,v) = M (/]R"xR" lu(z) — u(y)|> K (z — y)dzdy — )\/Q |u(x)|2dx)
<[ [ (o)~ uw) o) — o) K@~ p)dsdy =) [ atwyo(e)ds].
R7 xR™ Q

for all v € Xj.
Since, Jy,, is coercive, then the sequence {u, } in Xy is bounded and so by passing
to a subsequence if necessary, by Lemma 5, we may assume that

u, — u, weakly in X,
uy — u, strongly in LP(R™) (1 < p < 2%), (20)

U, —> u, a.e. in R™.
We note that the nonlinear operator A : Xg — (Xo)* is strongly monotone, that is
(Au— Av,u—v) > c||lu —v[|%, , forall u,v € E
In fact, by (M1), then for all u,v € Xy we have
(Au — Av,u —v)
3 ([ Ju 0@ - - o) )PK = gydady A [ (- o))

<[ =)@ - = PR = ey =2 [ (= v)(o)d].

> mollu —wv

|2
Xo,A"

Clearly, the strongly monotonicity property implies that A satisfies ().
Consequently, it suffices to prove the following fact

lim sup(Auy,, u, — u) < 0. (21)

n—-+oo
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Indeed, from definition 2 and (19), we have
enllun —ulli, x = (ury, un —w)
= (Aup,uy, —u) — 0 [/ Un (@) (up () — u(z))de
Q
o[ (o) an2) (o))
Q

with €, | 0. By (20) and Holder inequality, we can get

/Qvn(:r:)(un(x) —u(x))dr + u/ wp () (un(x) —u(x))de — 0

Q
as n — +oo. So, limsup, ., (Au,,u, —u) < 0. Thus (1) holds. Since A is

of type (S)4, so we obtain u,, — u in Xo. Thus, the functional Jy , satisfies the
(PS)-condition for every 0, u € R. O

Our first result is as follows.

Theorem 2. Let K : R™\ {0} — (0,400) satisfy assumptions (K1)-(K3). Assume
that j(z,u) and k(x,u) satisfy conditions (H1)-(H3) and M satisfies conditions (M1)
and (M2), and suppose j(x,u) satisfies the following conditions:

max{|u"|:u" €9j(x,u)

s .
[u[@o—1 < 00 unL-

(H4) There ezists 2 < ag < 2% such that limsupy,_
formly for all x € Q;

(H5) There exist 0 < ug < ro where r¢ is a positive constant, co > 0 and My > 0
such that co < j(x,u) < —pj®(z,u; —u) for all uw € RN with |u| > My and
x € Q.

Then, for any non-degenerate closed interval [a,b] with [a,b] C (¢1(0),00), there
exists 6 > 0 such that problem (1) admits at least three solutions on Xo for all
A< AL, 0 €la,b] and p € (—9,9).

Proof. Since ®(0) = 0, we claim that ®(tu) — —oo as t — +oo. To this end, let
N be the Lebesgue-null set outside of which hypotheses (H3) and (H5) hold and let
z € Q\N, u € R with |u| > My. We set J(x,A2) = j(z, Aau), A2 € R. Clearly,
J(z,+) is locally Lipschitz. By Rademarcher’s theorem, we see that for every x € Q,
A2 = J(z, Ag) is differentiable a.e. on R and at a point of differentiability A2 € R, we
have ffq](m,h) € 0J(x, A2). Moreover, by Chain rule (see [5, Theorem 2.3.10]),
we have 07 (x,A2) C 0yj(x, \au)u, hence 20T (z,A2) C Oyj(x, Agu)Agu. From
(H5), one can get

d
d o 1 ST (7, A2) 1
Ay —— o) > — Ao2S; —A > — A 2 > .
2d/\zj($, 2) > =J°(x, A2s; —A2s) > " J(x, X)) = TEn) = o

Moreover, the two inequalities hold true for almost Ay > 1.
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By integrating from 1 to A\g from the above inequality, we get In J(Eﬂ )‘10)) >1In /\“0
So we have proved that for z € Q\N, |u| > M; and Ay > 1, we have j(z, A\gs) >

)\0 Jlx,s).
Let z(z) = min{j(z,u) : |u| = M}, clearly 2 € L*(Q,R") and z(x) > ¢ for
every x € Q. Therefore, for every z € Q\N and |u| > M;, we have

o) = st M Mol ) > (M) (0, a2 20 (1) 22

On the other hand, by means of the equivalence between two norms in finite-
dimensional space, for any finite-dimensional subspace U C Xy and any u € U,
there exists a constant C' > 0 such that

%
||u||5=(/ |u<x>|5dx) > Ollullxgn, 63 1.
Q

Then, by (14) and (22) one can get

1

b(u) = —/Qj(fr,u(x))dxg —/ (|uxl )Wd(ﬂ

1\, 1\%
N M, N C( ) ’
o(37) " hellS < —eoC (5 ) 7 Nl

IN

thus

1\ o L
1) < —eoC(57-) " 175 ful 3, 5

1

Since 0 < po < rg and COC(J%A) " >0, then for any u € U C X\{0} we have
®(tu) — —oo as t — +oo. Hence the claim is true. Then, for large ¢ty > 0, we take
up = tou with u € U C Xo\{0} fixed, then ®(ug) < 0, that is, up € ®~!(—o0,0),
hence that R, C (inf ®,sup @) follows from the locally Lipschitz continuity of ®.

If we denote

-

o (U)’

ued=1(I,) D(u)

A= @1(0) = Io = (—O0,0). (23)
By the above argument, we see that A* is well defined.

Similarly to the proof of (4.5) in [1], one can get

limsup 1 (r) < p1(0) = A", (24)
r—0—

Also, from (H3) and (H4), we can deduce that |j(z,u)] < Cilu|®, for every
u € R, where C7 > 0 is a constant. So, for every u € Xy, it is easy to deduce that
|P(u)] < CLCL0|ul|* = Cyllu||*®, where Cy > 0 is a constant. Therefore, given
r <0and u € ®1(r), by (M1), we have

9 -
—r = —®(u) < Collullye A—cg< "';”) < Cy(W(u)¥F,  (25)
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where C35 = (%) Cs. Since 0 € ®~1((r, +00)), by definition on py(r) and (25),
we have
1 . -2 2 4
ealr) = o inf W) 2 Oy el

In view of g > 2, so that the above inequalities imply that lim,_,o- @2(r) = +00.
Consequently, we have proved that

lim ¢1(r) = ¢1(0) = A" < lim @a(r) = 4o0.

r—0— r—0—
This yields that for all integers n > n* = 2 4+ [\*] there exists a number r,, < 0 so
close to zero such that ¢1(r,) < A\*+ % < n < @a(ry). Hence, since by Lemma 6 we
have A = R, by Theorem 1, for every compact interval

0.t € (100 = | [mjl,n] e U (rlra)eatra) A,

there exists 6 > 0 such that problem (1) admits at least three solutions for every
0 € [a,b] and p € (—0,9). Therefore, we finish the proof. O

In the following result we replace condition (H5) by conditions (H6).

Theorem 3. Let K : R" \ {0} — (0,400) satisfy assumptions (K1)-(K3) and
A < A1. Assume that hypotheses (H1)-(H4), (M1) and (M2) hold, suppose j(z,u)
satisfies the following condition:
(H6) sup,cg j(t,u) >0 for allt € Q.

Then, for any non-degenerate closed interval [a,b] with [a,b] C (¢1(0),0), there
exists & > 0 such that problem (1) admits at least three solutions on Xy for all
A< AL, 0 €a,b] and p € (—0,9).

Proof. From the proof of Theorem 2, we only need to prove that ®~*(—o0,0) # 0.
To this end, we prove that there exists u; € X such that ®(u;) < 0. By (H6), for
every x € (), there is t, € R such that j(z,t,) > 0. For € RY, denoted by N,
a neighborhood of 2 which is the product of N compact intervals. From (H6) and
j(x,t) € C(Q x R), for any xg € €0, there are N, C RV, ¢, € R, and d > 0, such
that j(z,t.,) > 6 > 0 for all z € N, Q.

Since 2 C R¥ is bounded, Q is compact, then we can find N,,, N,,,..., Ny
such that Q C |J;_; Na, and Ny, (| Ny, = ON,, (VON,, (i # j) and, also, we can
find positive constants ty,,tz,, .-, ts, € R and n positive number 81, 0, . . . , 8, such
that

j(x,ty;) > 0; >0 uniformly for t € Ny, nﬁ, 1=1,2,...,n. (26)
Set dp = min{d1,d2,...,0,}, to = max{ty,,tzy, ..., ts, } and

L= sup [j(z1)]. (27)
[t|<|to],x€Q
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Thus, we can fix a closed set A,, C int(N,, [|2) such that

Lmeas(N,, N9Q)

meas(Ag,) > 5o 1 L

; (28)

where meas(B) denotes the Lebesgue measure of set B. We consider a function
u1 € Xo such that |ui(x)| € [0,2] and uy =t,, for all z € Ay,. For instance, we can
set up = Y i, ui, where u} € C§°(N,, Q) and

; tess teA,,,
Uy = .
! 0§U11<txia te(NwzﬂQ)\Atz

Therefore, from (26)-(28) we get

D(uy) = —/ jlx,uy)de = —/ Jlx,uy)dx
Q re1(Ney M)

—/ j(z,uq)dx —/ F(z,uy)dz
Ty Agy (Ui=y Nay NONUL, Asy

n

— Z dimeas( Ay, ) + Z L [meas ﬂ Q) — meas (A, )}

IN

i=1

< - i [ (00 + L)meas(A;,) — Lmeas(Ny, ﬂﬁ)}
i=1

< 0.

Therefore, we complete the proof. O

Theorem 4. Let K : R™ \ {0} — (0,+00) satisfy assumptions (K1)-(K3) and
A < A1. Assume that hypotheses (H1)-(H4), (M1) and (M2) hold, suppose j(x,u)
satisfies the following condition:

(H7) There exists 1 < B < 2 such that liminf, max{|u” ‘lulfs Coi@w} 5 0 yni-
formly for all x € Q.
Then, for any non-degenerate closed interval [a,b] with [a,b] C (¢1(0),00), there

exists § > 0 such that problem (1) admits at least three solutions on Xo for all
A< A1, 0 €a,b] and p € (=9,9).

Proof. From the proof of Theorem 2, we only need to prove that ®~1(—o0,0) # 0.
For our purpose, from (H3) and (H7) we have j(z,u) > Cs|u|? — Cg, where C5 and
Cg are positive constants. Thus, one can get

O(u) = —/ (@, u(z))de < —05/ |u(@)|Pdz + Cs|Q| = =Cs|[ul[§ + Cs|€.
Q 0

So,

lim O(u) = —o0,
u€Xo,||ul[g—00

so that Ry C (inf @, sup @) follows from the locally Lipschitz continuity of ®. O
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