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2. INTRODUCTION

In 1872, FELIX KLEIN wrote in his accession to the University of Erlangen a
scientific program for the classification of geometric subjects, which later became
famous as “Erlanger Programm”. He formulated the following general problem: “FEs
ist eine Mannigfaltigkeit und in derselben eine Transformationsgruppe gegeben. Man
entwickle die auf die Gruppe beziigliche Invariantentheorie.” (see [K1e93]). This can
be freely translated into modern mathematical language as

“Study mathematical objects via their automorphisms.”

This approach has been successively implemented in many areas of mathematics,
for example the study of manifolds via the mapping class group, Riemannian man-
ifolds via isometries, field extensions via the Galois group, algebraic varieties via
automorphisms.

In this thesis, we focus on the study of the affine space A™ via its automorphisms.
SHAFAREVICH introduced on the automorphism group G,, := Aut(A") the structure
of an “infinite dimensional variety”, a so-called ind-variety (see Section 3.2). The
slogan of this thesis is

“Study the automorphism group of the affine space within the
framework of ind-varieties.”



The thesis is organized as follows. In Section 3 we introduce the basic concepts
and notions that we will need. In Section 4 we give an overview of the results in
the articles of this thesis. Thereafter we list all these articles.

We work over an uncountable algebraically closed field k of characteristic zero,
if not explicitely stated otherwise.

3. FUNDAMENTALS

3.1. The automorphism group G, = Aut(A"). An endomorphism of A" = k™
is a map of the form

g AT A" (a1, yan) = (91(a1, - @n)s s gulans . an))

where ¢1,...,9n € k[z1,...,2,] are polynomials and we use the notation g =
(91,---,9n). An automorphism of A™ is an endomorphism that admits an inverse
which is also an endomorphism. We denote by &, the monoid of endomorphisms
and by G, the group of automorphisms. Moreover we define the degree of g =
(g1,---,9n) € &, as degg := max; deg g;.

There are two prominent subgroups in G,,: The group Aff,, of affine linear auto-
morphisms (i.e. the automorphisms g with degg < 1) and the group J, of triangu-
lar automorphisms (i.e. the automorphisms (¢1,...,gn) where g; = g;(s,...,Zn)
depends only on x;,...,x, for each 7). The group T'G, of tame automorphisms is
the subgroup of G,, generated by Aff,, and 7,.

Whereas the group G; = Aff; is an algebraic group, for n > 1, the group G, is
not an algebraic group anymore.

In the case n = 2, it is known that G; has a decomposition as an amalgamated
product of the subgroups Affs and J over their intersection and consists thus only
of tame automorphisms (see [Jun42] and [vdK53]). Due to this decomposition a lot
is known, for example: every algebraic group is conjugate to a subgroup of Aff,
or to a subgroup of J» (see [Kam79]); every action of the additive group G, on
A? is a modified translation, i.e. for suitable coordinates (z,y) of A? and for some
polynomial p € k[y] the action has the form (¢, (z,y)) — (z+tp(y),y) (see [Ren68]).

In the case n = 3, it was long time conjectured by NAGATA that a certain
automorphism is non-tame (see [Nag72]). This automorphism is now called Na-
GATA-automorphism (see Section 3.3 for a definition). In 2003, SHESTAKOV and
UMIRBAEV proved that the NAGATA-automorphism is non-tame (see [SU04]). This
gives an indication, that Gs is rather difficult to understand. But never the less, a
good strategy to get a better insight to the group Gs is to try to reduce a given
problem to the 2-dimensional case, if possible.

It is still an open problem, whether TG, = G, for n > 4, but many specialists
believe that T'G,, # G, for n > 4.

3.2. Ind-varieties and ind-groups. SHAFAREVICH introduced on the group G,
the structure of an “infinite dimensional variety”, a so-called ind-variety (see [Sha66]
and [Sha81]). Actually, it turned out that the automorphism group of any affine
variety has such a structure. First ideas leading to this notion go back to RAMANU-
JAM in [Ram64] where he studies algebraic families in automorphism groups. For a
general reference we refer to [Kumo02].



Definition 3.1. An ind-variety is a set X together with a filtration, i.e. a chain of
varieties X; C X5 C ... such that X = U;’il X, and for all ¢ the subset X; C X; 4
is closed. In this case we denote X = h_r)nXZ If every X is affine we call X = li_r)nXi
affine. We endow every ind-variety X = h_H)lXi with the ind-topology, i.e. a subset
A C X is closed if and only if AN X; is closed in X; for all i.

A basic example of an affine ind-variety is the infinite dimensional affine space
A =1lim A’ where A’ is linearly embedded in A***. Another basic example is the
set of the endomorphisms of A™: &, = hl>n<€'nZ where &, ; denotes the endomor-
phisms of degree < 1.

Definition 3.2. A morphism of ind-varities f: li_l'I)lXi — hi)nYJ is a map such that
for all 7 there exists j = j(¢) such that f(X;) C Y; and the restriction f|x,: X; — Y;
is a morphism of (ordinary) varieties. Two filtrations X; C Xo C ... and X| C X/} C
... on aset X are called equivalent, if the identity map id: lii>nXi — hLQX{ is an
isomorphism of ind-varieties. One doesn’t distinguish between equivalent filtrations
on a set X.

Example 3.3. If V is a countable dimensional k-vector space, then V' has the
structure of an ind-variety by choosing a filtration V3 C V5 C ... of finite dimen-
sional subspaces. Two filtrations of V' by finite dimensional subspaces are always
equivalent.

Clearly, every morphism of ind-varieties is continuous. A basic example of a
morphism is the map Jacy: &, — A, g — det Dy(g), where Dy(g) denotes the
differential in the origin.

Definition 3.4. For any affine ind-variety X = lim X;, the morphisms X — Al
are exactly the elements of the projective limit lim O(X;). We call these morphisms
the regular functions on X and we define O(X) := lim O(X;).

Definition 3.5. An ind-group is an ind-variety such that the product and the
inverse are morphisms of ind-varieties.

Let H be a subgroup of an ind-group G = li_n)1G,-. We say that H is an ind-
subgroup of G if H can be turned into an ind-group H = lim Hj, such that to
every k there exists ¢ = i(k) such that Hy C G; is closed. If the ground field is
uncountable, one easily verifies that the ind-structure of H is then unique.

A subgroup H C G = @Gi is called algebraic, if it is a closed subset of some
G;. An element g € G is called algebraic, if the closure of the cyclic group generated
by g is an algebraic subgroup of G.

Likewise one defines ind-monoid, ind-submonoid, algebraic submonoid and alge-
braic element of an ind-monoid.

For every algebraic element g of an affine ind-group G there exists a (unique)
Chevalley-Jordan decomposition g = gsg, = gugs into a semisimple part gs and a
unipotent part g,. This enables us to speak of unipotent and semisimple elements
in an arbitrary ind-group.

Example 3.6. The endomorphisms &, = lii>n5n’i form an affine ind-monoid. The
automorphism group G, is then a locally closed subset of &, (see [BCW82]) and
thus G,, has the structure of an affine ind-variety via

G, = n_n}gm , where G, ; is the set of g € G,, with degg <.
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As G, — G,, g — g~ ! is a morphism of ind-varieties (see [BCW82]), it follows

that G,, is an affine ind-group. The subgroup Aff,, C G, is algebraic and 7,, C G,
is a closed subgroup consisting of algebraic elements but it is not an algebraic
subgroup. J, has the structure of and ind-group through 7, = lii>n\7m, where
jn,i =T N gn,i~

More generally, for every affine variety X one can define on Aut(X) the structure
of an affine ind-group (in a natural way).

Proposition 3.7. Let X be an affine variety. Then Aut(X) has the structure of
an ind-group, such that for all algebraic groups G, the G-actions G x X — X
correspond to the ind-group homomorphisms G — Aut(X).

Lemma 3.8. Let X andY be affine varieties. Then the set of morphisms Mor(X,Y)
has a canonical structure of an ind-variety.

Proof. Take a closed embedding ¥ C A™ and denote by I C O(A™) the vanishing
ideal of Y. The countable dimensional k-vector space Mor(X, A™) has the structure
of an ind-variety by Example 3.3. It follows, that

Mor(X,Y)={ f € Mor(X,A") | pof=0forallp eI}

is closed in Mor(X, A™) and it has thus the structure of an ind-variety.
One can check that the ind-structure on Mor(X,Y’) does not depend on the
choice of the embedding Y C A™. |

The next (easy) Lemma we state without proof.

Lemma 3.9. Let X, Y and Z be affine varieties. Then we have a bijection
1:1

Mor(X x Y, Z) s Mor (X, Mor(Y, Z))
[ (= (ye fz)

In fact, the bijection is an isomorphism of ind-varieties.

Proof of Proposition 3.7. Take any closed embedding X C A" and let p: &, —
Mor(X,A™) be the canonical k-linear projection. Thus Mor(X,A") = lim p(&, ;)
is filtrated by finite dimensional subspaces. and End(X) = lim End(X); is an ind-
variety, where End(X); = End(X) N p(&,,i). From the construction it follows that
End(X) x End(X) — End(X), (f,9) — f o g is a morphism and hence End(X) is
an affine ind-monoid.
The set
Aut(X) = {(f,h) € End(X) x End(X) | foh=ho f=id}
is closed in End(X) x End(X) and it has thus the structure of an ind-variety. As
End(X) is an ind-monoid, the composition
Aut(X) X Aut(X) — Aut(X) N ((fl, hl), (f27 h2)) — (fl [¢) f2, h2 [¢) hl)
is a morphism and taking inverses

Aut(X) — Aut(X), (f,h) — (h, f).

is a morphism as well. Thus, Aut(X) is an affine ind-group.

Let G be an algebraic group. If p: G x X — X is a G-action, then G — End(X),
g — pg is a morphism by Lemma 3.9, where py: X — X is defined by py(z) :=
p(g,z). Hence G — End(X) x End(X), g — (pg,pg-1) is a morphism and thus
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induces a homomorphism of ind-groups G — Aut(X). Conversely, if G — Aut(X)
is a homomorphism of ind-groups, then

G — Aut(X) C End(X) x End(X) 2% End(X)
is a morphism and thus G x X — X is a G-action by Lemma 3.9. O

Remark 3.10. i) In fact, if £ is any ind-monoid, then the group of units of £ has the
structure of an ind-group, exactly in the same way as in the proof of Proposition 3.7.

ii) The ind-structure introduced on Aut(A™) = G,, in Proposition 3.7 coincides
with the ind-structure introduced in Example 3.6. This follows from the fact that
the projection on the first factor &, x &, — &, induces an isomorphism of ind-
groups Aut(A") — G,, since G,, C &, is locally closed and since G,, — G, C &,,
g — g~ ! is a morphism.

Surprisingly, the situation is completely different in the case of the group of
birational maps Bir(P"). BLANC and FURTER showed recently that for n > 2 there
exists no filtration on Bir(P™) that turns it into an ind-group, such that “families”
of birational maps parametrized by a variety A correspond to morphisms of ind-
varieties A — Bir(P") (see [BF12]).

3.3. Unipotent elements.

Definition 3.11. Let G be an ind-group. An algebraic element g € G is called
unipotent, if g is equal to its unipotent part g, in the Chevalley-Jordan decompo-
sition. This condition is equivalent to saying, that the closure of (g) is isomorphic
to the additive group G, = (k,+) or that it is trivial. The subset of all unipotent
elements of G is denoted by G,,.

Let X be an irreducible affine variety. Note that we have a bijective correspon-
dence

Aut(A™),, = { unipotent elements in Aut(X) } AL { G,-actions on X }

given in the following manner: If u € Aut(X) is unipotent, then G, ~ (u) C Aut(X)
and thus we get a G,-action on X by the homomorphism G, — Aut(X) that sends 1
to u. Conversely, if p: G, — Aut(X) is a homomorphism, then u := p(1) € Aut(X)
is unipotent. We have also a bijective correspondence

{ G,-actions on on X } AL {locally nilpotent derivations on O(X) }

that is given as follows: If p: G, x X — X is a G,-action, then the comorphism
p*r O(X) — O(X)[t] induces a locally nilpotent derivation D: O(X) — O(X),
D(f) == Lp*(f)lt=o. If D: O(X) — O(X) is a locally nilpotent derivation, then
Ga — Aut(X), t — Exp(tD) defines a G,-action on X where the comorphism of
Exp(tD) is

O(X) > 0(X), f= 3 :,—:Di(f).
i=0

For a general reference on the theory of locally nilpotent derivations see [Fre06].

Let u € Aut(X) be unipotent. We denote by O(X)" the invariant ring of u. If
D is the locally nilpotent derivation that corresponds to u, then O(X)" = ker D
and moreover it is the invariant ring of the G,-action on X, corresponding to u.
The algebraic quotient X — X /G, is given by the inclusion O(X)" C O(X).



Definition 3.12. Let u € Aut(X) be unipotent and let D be the corresponding
locally nilpotent derivation. For every f € O(X)" we denote by f - u the unipotent
automorphism corresponding to the locally nilpotent derivation fD and we call
f - u a modification of u. A unipotent automorphism u # id is called irreducible,
if u = f-v implies that f is a unit in O(X)". If O(X) is a unique factorization
domain and u # id, then there exists an irreducible u’ such that u = f-u’ and we
call such a decomposition a standard decomposition. Moreover, u’ is unique up to
a modification by a unit of O(X)™.

The most basic unipotent elements in G, = Aut(A"™) are the translations, i.e.
automorphisms of the form (z1 + 1,z3,...,2,) for a suitable coordinate system
(1,...,2n) of A™. A modification of such a translation is and automorphism of
the form (z1 + f(x2,...,2Zn), X2, - .., %y,) for a polynomial f(xa,...,x,) depending
only on zo, ..., x,. By abuse of language, we call such an automorphism a modified
translation.

More general examples of unipotent automorphisms in G, are the triangular
automorphisms (g1, 92, - - - , gn) that satisfy g; = x;4+p;(zit1,. .., z,) and p; depends
only on the variables z;y1,...,Zy.

A very famous unipotent automorphism in Gz is the NAGATA-automorphism. It
is defined in the following way

1 1
uy = (z+py+ §p22,y +pz,z) where p:=uzz— §y2.

In fact, uy is a modification of u:= (x +y + %z7y + z,2), namely uy =p - u.

An important invariant of a unipotent automorphism (for the action by conju-
gation) is its plinth ideal (scheme), that we introduce now.

Definition 3.13. Let u € Aut(X) be unipotent and let D be its correspond-
ing locally nilpotent derivation of O(X). The plinth ideal of u is the intersection
im D Nker D C ker D. We call the corresponding closed subscheme I' C X /G, =
Spec(ker D) the plinth scheme of u.

For example, the plinth scheme of a unipotent u € G,, is empty if and only if uis a
translation. The plinth ideal of a modified translation (z1+f (22, ..., Tn), T2, ..., Zy)
is the principal ideal (f) C k[za, ..., x,].

The reduced plinth scheme I';,q has a nice geometric interpretation: its com-
plement in X/G, is the biggest open subset, such that the algebraic quotient
X — X /|G, is a locally trivial principal G,-bundle over it.

Definition 3.14. An algebraic group U is called unipotent if every element is
unipotent. An ind-group U is called unipotent if U = 1&)11 U; where U; is a unipotent
algebraic group for all 7.

So far, we do not know, if an ind-group G is unipotent (in the sense of Defini-
tion 3.14), if all elements of G are unipotent.
4. OUTLINE OF THE ARTICLES

4.1. Topologies on ind-varieties and irreducibility questions. There is an-
other natural way to endow an affine ind-variety X = lim X; with a topology beside
the ind-topology (see Section 3.2). Namely, KAMBAYASHI introduced in [Kam96]
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and [Kam03] the Zariski-topology with respect to the regular functions of the ind-
variety: a subset A C X = li_II)lXi is closed if and only if there exists a subset
E C O(X), such that A is the zero set of E, i.e.

A=V(E)={xzeX | f(x)=0forall fe E}.

The ind-topology is in general finer than the Zariski-topology. One part of [Stal2b]
is devoted to the comparison of the ind-topology and the Zariski-topology on an
affine ind-variety. Already on the most basic affine ind-variety, these topologies are
different:

Example 4.1 (Example 1 in [Stal2b]). Let f,, € k[z1,...,2,] = O(A™) be recur-
sively defined as

fii=x1, fapri=fr 4 Tng
Then A := |J,, Va»(fn) is a proper closed subset of the infinite-dimensional affine
space A® = h_II)lAn with respect to the ind-topology, but it is dense in A with
respect to the Zariski topology.

It turned out that for a big class of ind-varieties these topologies are different.

Theorem 4.2 (Theorem A in [Stal2b]). Let X =lim X,, be an affine ind-variety.
If there exists x € X such that X,, is normal or Cohen-Macaulay in x for infinitely
many n, and the local dimension of X,, at x tends to infinity, then the ind-topology
and the Zariski topology are different.

The idea of the proof is to pullback a certain modification of the subset A C A>
in Example 4.1 to the affine ind-variety X, via a well chosen morphism of ind-
varieties X — A™>.

If we allow only affine ind-varieties that admit a filtration by normal varieties,
it is even possible to characterize the affine varieties, such that these topologies are
different.

Theorem 4.3 (Corollary B in [Stal2b]). Let X = lim X; be an affine ind-variety
such that X; is normal for infinitely many i. Then the ind-topology and the Zariski-
topology on X coincide if and only if for all x € X the local dimension of X; at x
is bounded for all i.

The other part of [Stal2b] is devoted to the study of the irreducibility of an affine
ind-variety X = lim X;. Tt turned out that in general the irreducibility depends on
the topology:

Example 4.4 (Example 4 in [Stal2b]). Let g, fn € k[z1,...,2,] be defined as

On =21+ ...+ Xy, f15:331, fn+1:f72L+1'n+1-
The affine ind-variety X := lim(Va~(f, - gn)) decomposes into the proper closed
subsets |, Var(fn) and U,, Var(gn)) (with respect to the ind-topology) and thus
X is reducible in the ind-topology. On the other hand one can see, that O(X) is
an integral domain, which is equivalent to the irreducibility of X in the Zariski-
topology.

Another interesting example is the following

Example 4.5 (Example 5 in [Stal2b]). Let g, € k[z1,...,z,] be recursively de-
fined as

g1 2:1'1*17 In+1 ‘= (mli(n+1))gnil’n+1
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Let X, := Van(gn) U Van(za,...,2,) € A™. Then X,, consists of two irreducible
components for all n > 1, but one can see that the limit X = lii)an is irre-
ducible (with respect to the ind-topology and thus also with respect to the Zariski-
topology).

For the property of connectedness, the situation is different from the property
of irreducibility.

Remark 4.6. An ind-variety X = lii>nXi is connected in the ind-topology if and
only if it is connected in the Zariski-topology.

Proof. As the ind-topology is finer than the Zariski-topology, we have only to show
the following: if X is non-connected in the ind-topology, then it is non-connected
in the Zariski-topology. Let A, B C X be non-empty, disjoint, subsets, that are
closed with respect to the ind-topology and such that AU B = X. Then Xj is the
disjoint union of the closed subsets ANX; and BN X;. Let f;: X; — A' be defined
by filAﬂXi = 1 and fi‘BﬂXi = 0. Hence, (fi)i;(l — fz)z S @O(X,) = O(X)
Therefore, A = V((f;):) and B =V ((1 — f;);) are closed subsets of X with respect
to the Zariski-topology and thus X is non-connected with respect to the Zariski-
topology. O

4.2. Automorphisms of the affine Cremona group. A natural problem in the
study of a group G is to determine its automorphisms. There are always the inner
automorphisms G — G, h +— ghg~! where g € G. In case G = G,,, there are beside
the inner automorphisms another natural class of group automorphisms: every field
automorphism 7: k — k induces a group automorphism

—1
T:gn_)gnv g—Th 080Ty

where 7,,: A" — A™ is defined by 7,(21,...,2,) = (7(21),...,7(x)).

DESERTI proved in [Dés06] that all group automorphisms Go — Gy are inner
automorphisms up to field automorphisms. Together with KRAFT we generalized
in [KS12] the result of DESERTI in the following way (recall that Go = T'Gs).

Theorem 4.7 (Main Theorem in [KS12]). Let 0: G, — G, be a group automor-
phism. Then there exists a g € G, and a field automorphism 7: k — k such that

0(f) =7(gofog™) foralfeTG,.

Remark 4.8. Recently, URECH generalized our result to an algebraically closed field
of any characteristic.

We describe now the strategy of the proof of Theorem 4.7. Let 6: G,, — G,, be a
group automorphism.

The first and hardest step is to prove that for the standard torus D, C G,
the image 0(D,,) is an algebraic group that is isomorphic to D,, (see Lemma 3.3
and Proposition 3.4 in [KS12]). BIALYNICKI-BIRULA proved in [BB66] that every
faithful action of D,, on A™ is linearizable and thus 6(D,,) is conjugate to D,,.

Now, we prove that for a one-dimensional unipotent D,,-stable subgroup U C G,,,
the image 6(U) is again unipotent and one-dimensional. If U C G, is such a group,
then for a fixed ug € U with ug # id the map

0(D,) — O(U)\ {id} C G, 6(d) — 6(d) o H(ug) o f(d)~*

is a morphism of ind-varieties. Thus 6(U) C G, is a constructible subgroup con-
tained in some G,, ; and therefore 6(U) is an algebraic subgroup of G,, (see Lemma 2.1
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in [KS12]). As 0(U) has no element of finite order # id, 8(U) is unipotent. Moreover,
0(D,,) normalizes §(U) and since §(U) consists only of two 0(D,,)-orbits its dimen-
sion is one. This result can then be generalized to unipotent D,,-stable subgroups
of arbitrary dimension (see Proposition 6.1 in [KS12]).

The next step is to prove that two different one-dimensional unipotent D,,-stable
subgroups have different associated characters (see Lemma 4.1 and Remark 4.2 in
[KS12]).

Using the above facts, we show now, that for any algebraic group G C G,, con-
taining D,,, the image 0(G) is again an algebraic group of the same dimension.
Let Uy, ...,U, be the different one-dimensional unipotent D,-stable subgroups of
G. Then X := D, oU; o...0U, is dense in G, which implies that G = X o X
(see Lemma 2.1 in [KS12]). Thus 6(G) = 8(X) 0 (X) is an algebraic subgroup. As
0(U1),...,0(U,) are different one-dimensional unipotent §(D,,)-stable subgroups of
0(G) and 6(D,,) is an n-dimensional subtorus, we have dimé(G) > dimG. The
same arguments applied to 6~ yields equality.

Now, we prove that 8(GL,,) is linearizable. As GL,, contains no non-trivial normal
unipotent subgroup, the same is true for 6(GL,,), and thus it is reductive. As (GL,,)
acts faithfully on A™ and since it contains a torus of dimension n, there is no non-
constant 6(GLy, )-invariant function, hence #(GL,,) is linearizable by Proposition 5.1
in [KP85]). By composing # with an inner automorphism, we can assume that
0(GL,) = GL,.

Using the fact that the subgroup of translations 7,, C Aff,, C G, is the only
commutative unipotent subgroup normalized by GL,, (see Lemma 4.4 in [KS12])),
it follows that 6(7},) = T,,. In summary, we get 0(Aff, ) = Aff,,.

The last step is to prove the theorem for the restriction 0|aq, : Aff, — Aff,.
After this done, we can assume, that 6|ag, = idag, . From this fact one can then
deduce that 0| 7, = id 7, , which proves the theorem (see Proposition 7.1 in [KS12])).

In the article [Stal2a] we generalize the techniques used in the proof of Theo-
rem 4.7. Our main result is the following.

Theorem 4.9 (Main Theorem in [Stal2a]). Let6: G — G be a group automorphism
of an ind-group G that is the identity on a closed torus T C G. If U C G is a
unipotent ind-subgroup that is normalized by T and if the neutral element of U is
the only element that commutes with T', then 6(U) is a unipotent ind-subgroup of G
and Oy : U — O(U) is an isomorphism of ind-groups.

KURODA gave a characterization of the non-tame modifications of certain unipo-
tent automorphisms (see Theorem 2.3 in [Kurll]). This result implies that for
u = (z+y+ 32,y + 2,2) the modification f - u is non-tame if and only if
f € O(A%)"\ k[z]. Recall that the NAGATA-automorphism uy is also a modifi-
cation of u (see Section 3.3). Clearly, all the modifications of u lie in the centralizer
Cent(u). As a consequence of Theorem 4.9 we proved in [Stal2a] the following
generalization of Theorem 4.7.

Theorem 4.10 (Application in [Stal2al). Let 6 : G3 — G3 be a group automorphism
that is the identity on the tame automorphisms TGs. Then 6 fixes Cent(u) pointwise,
where u = (x +y + %z, y+ z,2). In particular 0 fizes the non-tame automorphisms
[ -u where f € O(A3)"\ k[z] and thus also the NAGATA-automorphism uy .

We describe now the idea of the proof of Theorem 4.10. The first step is to
calculate the centralizer Cent(u) (see Proposition 1 in [Stal2a]). It turned out that
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Cent(u) is the following semi-direct product
Cent(u) = Co (HoF) C Gs
where
C = {(az,ay,az) |a€k™}
F o= {f-ulfeo@®’)"}
H = {h-e|heOAY)™)} e:=(x+1y,z2).

One can check, that & := H o F C Cent(u) consists only of algebraic elements
and every element # id has infinite order. Thus, it follows that U is the set of
unipotent elements of Cent(u). It turns out that some two-dimensional torus T' C
Gs normalizes U/ and that id € U is the only element that commutes with 7.
Theorem 4.9 applied to H and F yields then that 8(U/) = U and that 6 preserves
F, since F = Centy [U,U].

The next step is now to prove that 6 is actually the identity on F. This step
done, it follows that 6 is the identity on the centralizer Cent(u), as H and C' are
subgroups of the tame automorphisms 7'Gs.

If we assume in addition that 8: G,, — G, is an automorphism of ind-groups,
then BELOV-KANEL and YU proved recently that # is an inner automorphism of G,,
(see [BKY13]). It is still an open problem, if every (abstract) group automorphism
Gn — Gn, n > 3 is inner up to a field automorphism.

4.3. Automorphisms of A? preserving a curve. In this section the ground
field k is arbitary, if not explicitely stated otherwise. Together with BLANC we
investigated the group of automorphisms in Gy that preserve a closed curve I' C A2,
i.e. a closed equidimensional subvariety, that is reduced and one-dimensional. We
denote this group by Aut(A%T). If T C A% = Speck|r,y] is defined by some
polynomial in k[z], then one can easily see that Aut(A2,T') is not an algebraic
group. Our main result says that this is the only case, where Aut(A2,T) is not
algebraic.

Theorem 4.11 (Theorem 1 in [BS13]). Let k be any field and let T’ be a closed
curve in A? = Specklx,y]. Applying an automorphism of A%, one of the following
holds:
i) The curve T is the zero-set of a square-free polynomial F(x) € k[z] and
Aut(A%T) = { (az,by + P(z)) | a,b € k*, P € k[z], F(ax)/F(z) € k*}.
ii) The group Aut(A2 T) is equal to
{geAffy |gT) =T} or {geFoilg)=T}
for some integer i. Moreover, the action of Aut(A% T) on T' gives an iso-
morphism of Aut(A2,T) with a closed subgroup of Aut(T) (Ja, is defined in
Ezample 3.6).
In particular, Aut(A%,T) is an algebraic group if and only if there is no automor-

phism of A% which sends T' onto a union of parallel lines in AZ.

Our proof is based on methods from birational geometry. Namely, we consider
natural completions of A2, i.e. pairs (X, B), where X is either P2 or a Hirzebruch
surface F,,, n > 1 and B = Bx C X is a closed subset, together with an iso-
morphism that identifies X \ B with A2. A birational map (X,B) --» (X, B’) is
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then a birational map X --» X’ that induces an isomorphism X \ B — X'\ B’. If
I' C X\ B = A?is a closed curve, then we denote by Bir((X, B),I") the group of all
birational maps ¢: (X, B) --+ (X, B), such that ¢(I') = I'. By definition we have
thus Bir((X, B),T') = Aut(A2%,T'). Every birational map (X, B) --» (X', B') can be
written uniquely (up to isomorphisms) as a finite composition of elementary links,
i.e. birational maps of the following types:

e a blow-up (Fy, Br,) — (P?, Bpz) of a point in Bp: or its inverse

e a birational map (F,, Br,) --* (Fn11, Br,,) which is the composition of

a blow-up and a contraction F,, < S — F,, 1 or its inverse

(see Proposition 2.9 and Proposition 2.14 in [BS13]). These are the elementary
links used in the Sarkisov program (see [Cor95] and [Isk96]), compatible with the
boundaries.

The difficulty in the proof of Theorem 4.11 is to show the following statement
(see Corollary 3.9 in [BS13]): To every natural completion (X, B) of A? and to every
closed curve I' C X \ B = A2, there exists a natural completion (X', B’) of A2 and
a birational map ¢: (X, B) --» (X', B’), such that either X’ = P? and ¢(T') is a
projective line in P? (and thus we are in case i)) or the birational map ¢ induces
an embedding

Bir((X, B),T) < Aut(X', B').
The key tool in proving this statement is a suitable analysis of the boundary points
of I in Bx under birational maps of natural completions (X, Bx) --» (X', Bg,,)
(see Proposition 3.4 in [BS13]).

One can see that the group Aut(X’, B') is an algebraic subgroup of Aut(A?),
equal to Affy if X’ = P2, and equal to Ja; if X = F; (see Lemma 2.6 in [BS13]).
Now, if Bir((X, B),I') — Aut(X’, B’), then it follows that we are in case ii), as
Aut(A%T) = Bir((X, B),T).

Moreover, in [BS13] we describe precisely the group Aut(A2 T) in case T' is

geometrically irreducible, the ground field k is perfect and Aut(A% T) is not 0-
dimensional.

Theorem 4.12 (Theorem 2 in [BS13]). Let I" be a geometrically irreducible closed
curve in A2, defined over a perfect field k. Applying an automorphism of A? =
Spec k[z,y], one of the following holds:

i) The curve I is the line with equation x and
Aut(A%T) = { (az,by + P(z)) | a,b € k*, P € k[z] }.

ii) The curve T' has equation x® — \y®, where A € k* and a,b > 1 are coprime
integers. Moreover, Aut(A% T') = { (tx,t%y) | t € k* }.

i) The curve T' has equation z’y® — X, where A € k* and a,b > 1 are coprime
integers. Moreover, Aut(A% T) contains the group G := { (t*x,t %y) | t € k* },
and it is equal to G if (a,b) # (1,1), or is the group G x Z/27, where Z/27 is
generated by the exchange (y,x) if (a,b) = (1,1).

iv) The curve T has equation A\x® + vy® — 1, where \,v € k, —\v is not a square
in k and char(k) # 2. Moreover, Aut(A% T') =T x (o), where

. a —vb 2 2 . 1 0
T{()\b a) a+)\ub1},a(0 _1)

and T is an anisotropic torus.
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v) The curve T has equation x* + pxy + vy? — 1, the polynomial 2 + px + 1 has
no root in k, and char(k) = 2. Moreover, Aut(A2,T) =T x (o), where

— a b 2 2 _ (1
T_{<b a+pb) a” + pab+b —1},0—(0 1)

and T is an anisotropic torus which is isomorphic to I'.
vi) The group Aut(A%,T') is a 0-dimensional subgroup of Affy or Jo.

Let us assume that Aut(A2,T) is of positive dimension. The first step is to
see that Aut(AZ% T') contains a closed algebraic group G (defined over k) which is
isomorphic to G, (over the algebraic closure k) or to G, (over k) (see Lemma 4.3
in [BS13]). In fact, if G, is a closed subgroup, then it turned out that I is an affine
line in A% and we are in case i) (see Lemma 4.7 in [BS13]). If Aut(A2,T) does not
contain a closed subgroup isomorphic to G, then it turned out that G C GLs(k) in
suitable coordinates (see Lemma 4.4 in [BS13]). Hence I is invariant under a torus

t* 0
t— (0 tb>

up to a coordinate change 1) € GLy(k), where a,b > 0 are coprime integers. As I'
is not an affine line, the equation of ¢(T") is
b —ny® = 0 ifa>0,

2y=—n = 0 ifa<0
for a suitable 1 # 0 in the algebraic closure k. If @ > 0, then z® — ny® = 0 has
exactly one point at infinity, which is therefore defined over k. One can see then,
that we are in case ii). If a < 0, then z%y~® —n = 0 has exactly two points at
infinity. If both of these points are defined over k, then one can see that we are in
case iii) and if the two points are not defined over k, then it turned out that we are
either in case iv) or v) (see the proof of Proposition 4.5 in [BS13]).

4.4. Centralizer of a unipotent automorphism in Gs. Let X be an affine vari-
ety. A classification of the unipotent elements up to conjugacy in the automorphism
group Aut(X) is only known for a few varieties X. For example when X = A? we
have a classification: every unipotent automorphism is a modified translation.

Now, we consider the case, where X = A3. In contrast to the two-dimensional
case, there is no classification known for the unipotent elements. As a first step
towards a classification, one can study the centralizer of a unipotent element in Gs.
This is the content of the article [Stal3].

Let id # u € G3 be unipotent and let u = d - u’ be a standard decomposition.
It turned out that the plinth scheme I' of u is the main object in the study of
the centralizer Cent(u). This is due to the exact sequence (induced by the natural
action of Cent(u) on the algebraic quotient A3 /G, )

(%) 1— OA*)Y -1’ < Cent(u) — Aut(A®)G,,T)

where O(A3)" . u’ denotes the modifications of u’ and Aut(A?/G,,T) denotes the
group of automorphisms of A3 /G, that preserve I' (see Proposition 5.1 in [Stal3]).

Theorem 4.13 (see Proposition A in [Stal3]). If id # u € Gz is a modified
translation, then the sequence in () splits.

Hence, the challenging case is, when u is not a modified translation, which we
assume from now on. The following notion is crucial to state the results.
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Definition 4.14. A scheme that is isomorphic to A! x F is called a fence, where
F C A is a proper closed subscheme.

Theorem 4.15 (Theorem B, Proposition C, Theorem D in [Stal3]). Letid # u €
Gs be unipotent, let T' C A3 /G, be its plinth scheme and let u = d-u’ be a standard
decomposition. If u is not a modified translation, then:

i) The set of unipotent elements Cent(u),, is a closed normal subgroup, and there
exists a closed algebraic group R such that Cent(u) ~ Cent(u), x R as ind-
groups.

i1) All elements in Cent(u) are algebraic.

iii) The subgroup O(A®)™ -’ is characteristic in Cent(u).
w) If T is not a fence, then Cent(u), = O(A3)" - u'.

v) Assume that T is a fence. Let Iner(A3)/G,,T') be the group of automorphisms
of A%)/G, that induce the identity on T. Then the set of unipotent elements
Iner(A3))G,,T), is a group and

1= O(A3Y . u’ < Cent(u), — Iner(A®)G,,T), — 1

s a split short exact sequence of ind-groups. Moreover, p induces an isomor-
phism O(A3)(we) . e = Tner(A%)G,,T), for a certain irreducible unipotent
ec gg.

Now, we give an idea of the proof of this theorem. By classical results, A3/G,
is isomorphic to A? (see [Miy80, Miy81]) and the plinth scheme I' is defined by
one equation (see [DK09)), i.e. the plinth ideal is principal. Let a € O(A3)" be a
generator of the plinth ideal. By using Theorem 4.11, one can see that I" is a fence
if and only if Aut(A3//G,,T) is an algebraic group (see Proposition 3.1 in [Stal3]).

As mentioned already, O(AS)“/ -u’ is a family of unipotent automorphisms in
Cent(u). If " is a fence, then we have beside this family another one: In fact, since I'
is a fence, one can see that there exists a coordinate system (z,y) of A% ~ A3 )G,
such that the generator of the plinth ideal @ lies in k[y] (see Proposition 3.3 in
[Stal3]). It turned out that there exists an irreducible unipotent e € Cent(u) that
induces the automorphism (z + a,y) on A2 ~ A3/G,. Thus, O(A3)eW . e is a
family of unipotent automorphisms in Cent(u).

Let us define

N(u) = O(A%)(ew . eo O(AB)“' -u’ if I is a fence
B O(A%)Y . u'  otherwise.

Then N(u) C Cent(u) is a closed normal subgroup (see Proposition 5.15 in [Stal3]).
If T is a fence, then Iner(A3/G,,T), are the modifications of (z +a,y) by elements
of k[y] and if T is not a fence, then Iner(A3//G,,T), = {id}. It follows that N(u)
fits into the following split short exact sequence of ind-groups

() 1 — OAYY - u < N(u) - Iner(A3 )Gy, T), — 1

and if T is a fence, then p induces an isomorphism O(A%)(w®.e = Iner(A%/G,,T),
(see Proposition 5.15 in [Stal3]).
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Asa € O(A3)¥ is a generator of the plinth ideal, there exists s € O(A3), such that
the comorphism u* satisfies u*(s) = s+a. Hence, the inclusion O(A3)%[s] C O(A3?)
induces a G,-invariant dominant morphism ¢: A®> — A%//G, x A!, where the G,-
action on A3)G, x Al is given by the unipotent automorphism @ : (z,y,s) —
(x,y, s+ a). Thus we have a commutative diagram

A3 —2 > A3 )G, x Al

T

A3 )G, ——= A3G,

and the isomorphism A®/G, — A3//G, sends the plinth scheme of u onto the
plinth scheme of u.

Now, if T' is not a fence, then Aut(A%/G,,T) is an algebraic group and by
Theorem 4.13 there exists an algebraic subgroup R C Cent (1) such that Cent (i)
is the semi-direct product of N(@) and R. If I is a fence, it follows from the
sequence (x*) and from Theorem 4.13, that we have an exact sequence

1 — N(@t) — Cent(@1) - Aut(A%)G,,T)/Iner(A®)G,,T), — 1

and the sequence splits. One can see that Aut(A3)G,,T)/Iner(A3)G,,T), is an
algebraic group, and thus Cent(@1) is the semi-direct product of N(a) and some
algebraic subgroup R C Cent(i1) (see Lemma 5.18 in [Stal3]).

The next step is to prove that the preimage R := n~! (]:2) is an algebraic subgroup
of Cent(u), where n: Cent(u) — Cent(1) is the injective homomorphism induced
by p: A3 — A3 )G, x A. Since n maps N(u) onto N (1), one can see that Cent(u)
is the semi-direct product of N(u) and R (see Theorem 5.17 in [Stal3]). One can
then deduce ii).

We claim that N(u) is the set of unipotent elements of Cent(u). To achieve this
goal, we need the fact that N(u) satisfies the property (Sat) (see Proposition 5.15
in [Stal3]).

Definition 4.16. We say that a subset S C G, satisfies the property (Sat) if for
all unipotent automorphisms w € G,, and for all 0 # f € O(A™)™ we have

(Sat) frweS = webs.

One can check that N(u) C Cent(u),. If v € Cent(u) \ N(u) is a unipotent
element, then O(A3)™W . v N N(u) = {id}, as N(u) satisfies (Sat). But since
O(A*)vW . v C Cent(u), we get a contradiction to the fact, that Cent(u) is the
semi-direct product of N(u) and an algebraic group. One can then deduce i), iv)
and v).

To achieve iii), the idea is to prove that O(A3)Y - u’ = Centg(G?) for a certain
characteristic subgroup G' C Cent(u), where GV denotes the i-th derived group of
G (see Proposition 5.21 [Stal3]).

From Theorem 4.15 v) we get immediately the following corollary. It gives us a
geometric description of the plinth scheme T, in case it is a fence.

Corollary 4.17 (Corollary E in [Stal3]). Let u € G3 be unipotent. Assume that
u is not a modified translation and that the plinth scheme T is a fence. Then T is
the fixed point scheme of the induced action of Cent(u), on the algebraic quotient

A3 )G,.
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ON THE TOPOLOGIES ON IND-VARIETIES AND RELATED
IRREDUCIBILITY QUESTIONS

(published in the Journal of Algebra)

IMMANUEL STAMPFLI

ABSTRACT. In the literature there are two ways of endowing an affine ind-
variety with a topology. One possibility is due to SHAFAREVICH and the other
to KAMBAYASHI. In this paper we specify a large class of affine ind-varieties
where these two topologies differ. We give an example of an affine ind-variety
that is reducible with respect to SHAFAREVICH’s topology, but irreducible with
respect to KAMBAYASHI’s topology. Moreover, we give a counter-example of a
supposed irreducibility criterion given in [Sha81] which is different from the
counter-example given by HOMMA in [Kam96]. We finish the paper with an
irreducibility criterion similar to the one given by SHAFAREVICH.

0. Introduction. In the 1960s, in [Sha66], SHAFAREVICH introduced the notion of
an infinite-dimensional variety and infinite-dimensional group. In this paper, we call
them ind-variety and ind-group, respectively. His motivation was to explore some
naturally occurring groups that allow a natural structure of an infinite-dimensional
analogue to an algebraic group (such as the group of polynomial automorphisms of
the affine space). More precisely, he defined an ind-variety as the successive limit
of closed embeddings
Xl‘—)X2‘—>X3‘—>...

of ordinary algebraic varieties X, and an ind-group as a group that carries the
structure of an ind-variety compatible with the group structure. We denote the
limit of X3 — X5 < ... by lim X,, and call X; — X5 < ... a filtration. If all
X, are affine, then lim X, is ca%ed affine. For example, one can define a filtration
on the group of polynomial automorphisms of the affine space via the degree of
an automorphism. Further examples of ind-groups are GL, (k[t]), SL,(k[t]), etc.,
where the filtrations are given via the degrees of the polynomial entries of the
matrices (for properties of these filtrations in case n = 2 see [Sha04]). Fifteen years
after his first paper [Sha66], SHAFAREVICH wrote another paper with the same
title [Sha81], where he gave more detailed explanations of some statements of his
first paper. Moreover, he endowed an ind-variety lim X,, with the weak topology
induced by the topological spaces X; C X5 C .... Later KAMBAYASHI defined
(affine) ind-varieties in [Kam96] and [Kam03] via a different approach. Namely, he
defined an affine ind-variety as a certain spectrum of a so-called pro-affine algebra
(see Section 1 for the definition). This pro-affine algebra is then the ring of regular
functions on the affine ind-variety. With this approach KAMBAYASHI introduced
a topology in a natural way on an affine ind-variety. Namely, a subset is closed
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if it is the zero-set of some regular functions on the affine ind-variety. In analogy
to the Zariski topology defined on an ordinary affine variety, we call this topology
again Zariski topology. In this paper, we call the weak topology on an affine ind-
variety ind-topology to prevent confusion, as the weak topology is finer than the
Zariski topology. The Zariski topology and the ind-topology differ in general. For
example, it follows from Exercise 4.1.E, IV. in [Kum02] that these topologies differ
on the infinite-dimensional affine space A® = lim A" (see Example 1). The aim of
this paper is to specify classes of affine ind-varieties where these topologies differ or
coincide, and to study questions concerning the irreducibility of an affine ind-variety
(with respect to these topologies).

This paper is organized as follows. We give some basic definitions and notations
in Section 1. In the next section we describe a large class of ind-varieties where the
two topologies differ. The main result of this paper is the following

Theorem A. Let X = lim X,, be an affine ind-variety. If there exists v € X
such that X, is normal or Cohen-Macaulay at x for infinitely many n, and the
local dimension of X, at x tends to infinity, then the ind-topology and the Zariski
topology are different.

This theorem follows from a more general statement given in Proposition 1 (see
also Remark 1). As a corollary to this theorem we get

Corollary B. Let X = lingn be an affine ind-variety such that X,, is normal for
infinitely many n. Then the ind-topology and the Zariski topology coincide if and
only if for all x € X the local dimension of X,, at x is bounded for all n.

This corollary follows from a more general statement given in Corollary 6. As a
contrast to Theorem A, we show in Proposition 7 that the two topologies coincide
if X = @Xn is “locally constant” with respect to the Zariski topology. More
precisely we prove

Proposition C. If X =lim X,, is an affine ind-variety such that every point has
a Zariski open neighbourhood U with U N X, = U N X, 41 for all sufficiently large
n, then the ind-topology and the Zariski topology coincide.

Section 3 contains an example of an affine ind-variety that is reducible with
respect to the ind-topology, but irreducible with respect to the Zariski topology.
This is the content of Example 4.

In the last section we give a counter-example to Proposition 1 in [Sha81] (see Ex-
ample 5). The content of the proposition is: an ind-variety X = lim X, is irreducible
with respect to the ind-topology if and only if the set of irreducible components of
all X, is directed under inclusion. One can see that the latter condition is equiv-
alent to the existence of a filtration X{ < X} < ... where each X, is irreducible
and liﬂX; = X. In [Kam96], HOMMA gave a counter-example to that supposed
irreducibility criterion. But in contrast to his counter-example, the number of irre-
ducible components of X,, in our counter-example is bounded for all n. We finish
the paper with the following irreducibility criterion. The proposition follows from
Proposition 8.
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Proposition D. Let X = lim X,, be an affine ind-variety where the number of
irreducible components of X,, is bounded for all n. Then X is irreducible with respect
to the ind-topology (Zariski topology) if and only if there exists a chain of irreducible
subvarieties X] C X5 C ... in X (i.e., X] is an irreducible subvariety of some X, )
such that | J,, X, is dense in X with respect to the ind-topology (Zariski topology).

1. Definitions and notation. Throughout this paper we work over an uncount-
able algebraically closed field k. We use the definitions and notation of KAMBAYASHI
in [Kam03] and KUMAR in [Kum02]. Let us recall them briefly. A pro-affine alge-
bra is a complete and separated commutative topological k-algebra such that 0
admits a countable base of open neighbourhoods consisting of ideals. Let A be a
pro-affine algebra and let a; D as D ... be a base for 0 € A as mentioned above.
Let A, = A/a, and let Gpm(A) be the set of closed maximal ideals of A. Then we
have

A=1lmA, and &pm(4)= | J Spm(4,)
n=1

(cf. 1.1 and 1.2 in [KamO03]).

Definition 1. An affine ind-variety is a pair (6Gpm(A), A) where A is a pro-affine
algebra such that A/a,, is reduced and finitely generated for some countable base of
ideals a; D ag O ...of 0 € A. We call A the coordinate ring of the affine ind-variety
and the elements of A regular functions. Two ind-varieties are called isomorphic
if the underlying pro-affine algebras are isomorphic as topological k-algebras. Such
an isomorphism induces then a bijection of the spectra.

One can construct affine ind-varieties in the following way. Consider a filtration
of affine varieties, i.e., a countable sequence of closed embeddings of affine varieties

X1‘—>X2‘—>X3;)....

Let X =J,, X, as a set and let O(X) :zl'&nO(Xn). We endow O(X) with the
topology induced by the product topology of [], O(X,,), where O(X,,) carries the
discrete topology for all n. Then (Spm(O(X)), O(X)) is an affine ind-variety and
there is a natural bijection X — &Spm(O(X)) induced by the bijections X, —
Spm(O(X,,)). In the following, we denote this ind-variety by hﬂ X,,. In fact, every
affine ind-variety can be constructed in this way (up to isomorphy). Two filtrations
X; = X9 — ... and X{ — X} — ... induce the same affine ind-variety (up to
isomorphy) if and only if there exists a bijection

(oo} (oo}
f: U X, — U X!
n=1 n=1

with the following property: for every 7 there exists j; and for every j there exists i;,
such that f|x,: X; — X, and f*1|X_7. : X; — X, are closed embeddings of affine
varieties. Such filtrations are called equivalent.

2. Topologies on affine ind-varieties. So far we have not established any topol-
ogy on the set Gpm(A) of an affine ind-variety (Spm(A), A). As mentioned in the in-
troduction there are two ways to introduce a topology on the set Gpm(A). The first
possibility is due to SHAFAREVICH [Sha66], [Sha81] and we call it the ind-topology.
A subset Y C Spm(A) is closed in this topology if and only if A N Gpm(A4,) is a
closed subset of Gpm(A,,) for all n. One can easily check that this topology does
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not depend on the choice of the ideals a; C as C .... The second possibility is due

to KAMBAYASHI [Kam96], [Kam03] and we call it the Zariski topology. The closed
subsets in this topology are the subsets of the form

Vepm(a)(E) :={m € Spm(A) |[m2D E},

where E is any subset of A. Clearly, the ind-topology is finer than the Zariski topol-
ogy. But in general these two topologies on Gpm(A) differ. In the next proposition
(which implies Theorem A) we specify a large class of affine ind-varieties where the
two topologies differ.

Proposition 1. We assume that char(k) = 0. Let X = lim X, be an affine ind-
variety. Assume that there exists x € X such that Ox,, . satisfies SERRE’s condition

(S2) for infinitely many n and dim, X,, — oo if n — oo. Then there exists a subset
Y C X such that

i) Y is closed in X with respect to the ind-topology,
ii) Y is not closed in X with respect to the Zariski topology.

In particular, there exists no isomorphism X — X of affine ind-varieties that is
a homeomorphism if we endow the first X with the ind-topology and the second X
with the Zariski topology.

Remark 1. A Noetherian ring A satisfies SERRE’s condition (S2) if depth A, >
min{dim Ay, 2} for all primes p C A. For example, this is satisfied if A is normal (and
hence also if A is a unique factorization domain) or Cohen-Macaulay (and hence

also if A is Gorenstein, locally a complete intersection or regular) (see Theorem 23.8
[Mat86]).

We will use the following lemmata to prove Proposition 1.

Lemma 2. Let Z and Y be affine varieties and assume that there exists a closed
embedding Z — Y. If f: Z— AYN™Z s q finite surjective morphism, then there
exists a finite surjective morphism g: Y — AY™Y such that glz = 1o f, where
L2 AdIMZ g AIY G given by 1(v) = (v,0).

Proof. Let A:=0(Z), B:=0O(Y) and let ¢¥: B— A be the surjective homomor-
phism induced by Z < Y. Further, let f1,..., f, be the coordinate functions of
f. By assumption k[f1,..., fn] C A is an integral extension and fi,..., f, are al-
gebraically independent. Choose generators by, ..., b; of the k-algebra B such that
(b)) = fifori=1,...,n. For every j =n+1,...,[ there exists a monic polyno-
mial p; € k[by,...,b,][T] such that h;:=p;(b;) € ker(¢)), since k[f1,..., fn] C A is
integral. Thus,
kb1, ... bn, hpt1,..., ] CB

is an integral extension. If by,...,by, hpnt1,...,h; are algebraically independent,
then we are done. Otherwise, there exists a non-zero polynomial f(Xq,...,X))
with coefficients in &k such that f(by,...,bn, Ant1,. .., ) = 0. Exactly the same as
in the proof of Lemma 2, §33 [Mat86] one can see that there exist cq,...,¢-1 € k
such that h; is integral over k[b,..., b,y q,...,h;_4], where bj:=b; — c;h; and
h}:=h; — ¢;hy. Thus,

k[blla'"7b/n7h/n+17"'7h;—ﬂ g B

is an integral extension. By induction there exists m with n < m < [ and alge-
braically independent elements b, ...,0), hy,..., h;, € B such that B is integral
over k[bY, ..., b, h 1 ... hy]and b —b;, h! € ker(¢). This proves the lemma. [0
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Remark 2. From an iterative use of the lemma above we can deduce the following.
For every affine ind-variety X = lim X, there exists a surjective map of the under-
lying sets X — A* such that the restriction to every X,, yields a finite surjective
morphism X,, - Adm Xn,

Lemma 3. We assume that char(k) = 0. Let Y be an irreducible affine variety
and let X be an affine scheme of finite type over k that is reduced in an open dense
subset. If f: X — Y is a dominant morphism, then there exists an open dense
subset U CY such that f~'(u) is reduced in an open dense subset for all u € U.

Proof. Without loss of generality, one can assume that f is flat and surjective
(see Theorem 14.4 (Generic freeness) [Eis95]). Since X is reduced in an open dense
subset, there exists an open dense subset X’ C X such that all fibres of f|x/: X' —
Y are reduced (see Corollary 10.7, Ch. III (Generic smoothness) and Theorem 10.2,
Ch. IIT [Har77]; here we use char(k) = 0). Let K :=X \ X’ be endowed with the
reduced induced closed subscheme structure of X and let g:=f|x: K = Y. If g is
not dominant, then the fibres of f over an open dense subset are reduced and we are
done. Hence we can assume that g is dominant. Again according to Theorem 24.1
[Mat86] there exists an open dense subset U C 'Y such that g|y-1: g~ (U) — U
is flat and surjective. Thus, we have for all u € U and = € g~ (u)

dim, ¢! (u) = dim, ¢~ *(U) — dim, U < dim, X — dim, Y = dim, f~*(u).

It follows that f~!(u)\ g~ !(u) is a reduced open dense subscheme of f~1(u) for all
u € U. This implies the lemma. O

According to Ex. 11.10 [Eis95] we have the following criterion for reducedness of
a Noetherian ring.

Lemma 4. A Noetherian ring A is reduced if and only if

(Ro) the localization of A at each prime ideal of height 0 is regular,
(S1) A has no embedded associated prime ideals.

One can see that condition (Ry) is satisfied for a Noetherian ring A if Spec(A)
is reduced in an open dense subset. Thus we get the following

Lemma 5. Let X be a Noetherian affine scheme that is reduced in an open dense
subset. If Ox , satisfies (S1) for a point x € X, then Ox , is reduced.

Now we have the preliminary results to prove Proposition 1. The strategy is as
follows. First we construct 0 # f, € O(X,,) such that f.(x) =0, fu|lx,_, = f>_;
and Ox,, o/ fnOx, « is reduced. The main part of the proof is devoted to showing the
reducedness and for that matter we use the condition (S2) of the local ring Ox, ,.
Then we define Y :=J, Vx, (fn). It follows that Y is closed in X with respect to
the ind-topology. Afterwards, we prove that Y is not closed in X with respect to the
Zariski topology. For that purpose, we take ¢ = (¢,) € O(X) = @O(Xn) that
vanishes on Y, and we show that ¢,, vanishes also on all irreducible components of
X, passing through z. The latter we deduce from the fact that

Cn = Pntilx, € frotilx,Oxpo = [ Ox, 2

for all 7 > 0 and KRULL’s Intersection Theorem.
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Proof of Proposition 1. For the sake of simpler notation, we assume that Ox,
satisfies (S2) and dim, X,, = n for all n. Let X be the union of all irreducible com-
ponents of X,, containing x and let W,, be the union of all irreducible components of
all X; with ¢ < n, not containing = and of strictly smaller dimension than n. Then,
X{UWy — X,UW, < ... is an equivalent filtration of X to X; — X5 < ..., since
dim, X,, — oo. Thus, we can further impose that dim, X,, = dim X/, = dim X,
and dim, X, < dimX,, for all p ¢ X,. As Ox,, , satisfies (S2), it follows from
Corollary 5.10.9 [Gro65] that X, is equidimensional.

Now, we construct the 0 # f,, € O(X,,). From Lemma 2 it follows that we can
choose algebraically independent elements z1,...,z, € O(X,) such that O(X,,) is
finite over k[z1,...,x,] and x,, restricted to X,,_; is zero. We can assume that the
finite morphism X,, - A™ induced by k[z1,...,2,] € O(X,,) sends z to 0 € A™.
Since dim, X,, < dim X, for all p ¢ X and X, is equidimensional, it follows that

(%) klzy,...,2n] = O(X,) > O(K) is injective
for all irreducible components K of X/,. Let us define

fii=cawr and  fopri=f7 A+ 1@

where ¢1, co, ... € k, not all equal to zero. It follows that f,(x) =0 and fr41]x, =
f2. The aim is to prove that ¢, co, ... € k can be chosen such that not all are equal
to zero and Ox, »/fnOx,, » is reduced for n > 1. Consider the morphism

Un: Zn — A
where Z,, is the affine scheme with coordinate ring

Spi=0(X)e1, .- enl/(fn)

and 9, is the restriction of the canonical projection X/ x A™ — A" to the closed
subscheme Z,,. If (¢1,...,cy) is fixed, then Ox,, ./ f.Ox,, » is the local ring of the
fibre v (¢, ..., ¢,) in the point (z,c1,...,¢,) € Z,. For that reason we will study
the fibres of the morphism v,,: Z,, — A™. We claim that Z,, is reduced in an open
dense subset for n > 1. To prove this claim, we mention first that

(Sn)e, =~ O(lez)wn e, ’Cn]/(f’rZL—l + cntn) O(X’:I)xn [c1y s Cn1]

is reduced. Let R, :=k[z1,...,z,][c1,...,¢n]/(fn). It follows that the morphisms
Spec(Sy) — Spec(R,,) and Spec(S,,/(zn)) — Spec(Ry,/(zy)) are both finite and sur-
jective. As dim R,,/(z,,) < dim R,, for n > 1 we get dim S,,/(z,) < dim S,,. Since
X is equidimensional one can deduce from (x) that Z,, is equidimensional. Hence,
Spec((Sp)z,) C Z, is an open dense reduced subscheme.

Since {x} x A" is contained in Z,, it follows that v, is surjective. For n > 1
there exists an open dense subset U,, C A™ such that

Unlyrr @y Yn (Un) = Un

is surjective and flat, and every fibre is reduced in an open dense subset (see
Lemma 3 and Theorem 24.1 [Mat86]). With the aid of (%) it follows that f,, is
an Ox,, ,-regular sequence for every choice (cy,...,¢,) € U,. Since Oy, ., satisfies
(S2), we get from Corollary 5.7.6 [Gro65] that Ox, ./ fnOx,, . satisfies (S1). But as
Py t(c1, ..., cn) isTeduced in an open dense subset, it follows from Lemma 5 that it is
reduced in the point (z,c1, ..., ¢,). Hence, for n > 1 it follows that Ox,, »/fnOx, =
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is reduced if we choose (c1,...,¢,) € Uy. For i > n let 7% : A" — A™ be the pro-
jection onto the first n components. As the field & is uncountable, one can choose
inductively

0#c € mﬂ'i(Ui), (Cl,...,Cn7Cn+1) S m 7T31+1(Ui) ﬂ{(c1,...,cn)} x AL,

i>1 i>n+1

Hence, (c1,...,¢n) € U, for all n > 1 and not all ¢q, co, ... are equal to zero. This
finishes the construction of the f,.

Let us define Y :=J, Vx, (fn). Since foi1|x, = f2 for all n, Y satisfies i). Take
any ¢ = (o) € yLnO(Xn) that vanishes on Y. We claim that ¢|x = 0, where
X'":={J,, X],. It is enough to prove that ¢, = 0 in Ox, ,. Since ¢,,|y,, = 0 and
Ox,, 2/ fmOx,, « is reduced, it follows that ¢,, € fmOx,, »- Using fmi1lx,, = f4
again, we get by induction

On = Oniilx, € fXOx, , foralli>0, n>1.

But according to KRULL’s Intersection Theorem (see Theorem 8.10 [Mat86]), we
have ;50 f1Ox, = = 0, hence ¢, = 0 in Ox,, 4. Since fn|x; # 0 (cf. (¥)), we get
X'UY DY. Thus Y satisfies ii) according to the afore mentioned claim. (]

The following example is a special case of the construction in the proof of Propo-
sition 1. We mention it here, since we will use it in future examples.

Example 1 (See Ex. 4.1.E, IV. in [Kum02]). Let f,, € k[z1,...,z,] = O(A") be
recursively defined as

fi=ar,  for=fo 4+ Tnga
Then {J,, Van(fn) is a proper closed subset of the infinite-dimensional affine space
A = lim A™ with respect to the ind-topology, but it is dense in A* with respect
to the Zariski topology.

Let G be the group of polynomial automorphisms of the affine space A", where
n is a fixed number > 2. We prove in the next example that the ind-topology and
the Zariski topology on G differ if we consider G as an affine ind-variety via the
filtration given by the degree of an automorphism.

Example 2. First, we define on G a filtration of affine varieties (via the degree).
Let € be the set of polynomial endomorphisms of the affine space A™ and let £; be
the subset of all ¢ € £ of degree < d. Denote by Uy C &; the subset of all ¢ € &4
such that Jac(p) € k*. One can see that Uy C &; is a locally closed subset and it
inherits the structure of an affine variety from &;. With Corollary 0.2 [Kam79] and
the estimate of the degree of the inverse of an automorphism due to GABBER (see
Corollary 1.4 in [BCW82]) one can deduce that G4 C Uy is a closed subset. Thus
Gq is locally closed in &; and it inherits the structure of an affine variety from &y.
Moreover, one can see that G4 is closed in G441. In the following, we consider G as
an affine ind-variety via the filtration G; < Gs < ... of affine varieties.

We claim that the ind-topology and the Zariski topology on G differ. Consider
the subset

M::{(xl +p,$2,...,$n) €g | pe k[l’n]} cg.

It is closed in G with respect to the ind-topology. We consider M as an affine ind-
variety via M :=lim M N G4 and thus M ~ A* as affine ind-varieties. According
to Example 1 there exists a proper subset Y C M that is closed with respect to
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the ind-topology, but it is dense in M with respect to the Zariski topology. Hence,
every regular function on G vanishing on Y, vanishes also on M. This implies the
claim.

Remark 3. A similar argument as in Example 2 shows that the ind-topology and
the Zariski topology differ on GL, (k[t]) and also on SL,, (k[t]).

Next, we give a corollary to Proposition 1 which implies Corollary B. Before
we state the corollary, we introduce the following notation. For any ind-variety
X = hﬂXn we choose connected components X! of X,,, i =1,...,ky, such that

kn
X,=JX, and X}, CX., foralli=1, .. k,
i=1
(it can be that X! = X for i # j). We remark that the decomposition of an ind-
variety into connected components is the same for the ind-topology and the Zariski
topology.

Corollary 6. We assume that char(k) = 0. Let X = lim X, be an affine ind-
variety such that for i fized, the number of irreducible components of X is bounded
for all n. Moreover, assume that O(X,,) satisfies (Sa) for infinitely many n. Then
the following statements are equivalent:

i) The ind-topology and the Zariski topology on X coincide.
ii) For all x € X the local dimension of X,, at x is bounded for all n.
iii) Every connected component of X is contained in some X,,.

Proof. Every connected component of X is equal to some X*:= U, X i

i) = ii): This follows from Proposition 1.

ii) = iii): As X! satisfies (S2) and is connected, X is equidimensional (see Corol-
lary 5.10.9 [Gro65]). Thus, X = X, for n large enough, as the number of irre-
ducible components of X! is bounded for all n. Thus, X* C X,, for some n.

iii) = 1): This follows from the fact that every connected component of X is closed

and open with respect to the Zariski topology. [l

As a contrast to Proposition 1, the two topologies coincide if the affine ind-variety
is “locally constant” with respect to the Zariski topology. The following proposition
coincides with Proposition C.

Proposition 7. Let X = lim X,, be an affine ind-variety. Assume that every x € X
has a Zariski open neighbourhood U, C X such that U, N X,, = U, N Xy 41 for all
sufficiently large n. Then the two topologies on X coincide.

Proof. Let Y C X be a closed subset with respect to the ind-topology. One can see
that Y NU, is closed in U, with respect to the Zariski topology for all x € X. This
proves that Y is closed in X with respect to the Zariski topology. (]

The following example is an application of the proposition above. We construct
a proper ind-variety (i.e., it is not a variety) such that the ind-topology and the
Zariski topology coincide and moreover, it is connected.

Example 3. Let L, be defined as
Ln::VA”(ml — ]_71'2 — ]_,...,l'n_l - 1) Q A",
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Remark that L, N L,11 = {(1,...,1)} C A" for all n and L, N L,,, = & for all n,
m with |n —m| > 2. Let X :=lim X,, where X,,:=L;U...UL, C A" It follows
that X C A* is a closed connected subset in the ind-topology. We claim that the
ind-topology and the Zariski topology on X coincide. According to the proposition
above it is enough to show that X is “locally constant” with respect to the Zariski
topology. Let © € X. Then there exists N such that z € Ly, but ¢ Ly1. Let
Up =X\ Vi (f1,..., fn) C X where f; € O(A™) is given by

filan =z — 1 € klzy,...,z,] foralln> N.

Thus, U, C X is a Zariski open neighbourhood of z. Moreover, for all n > N we
have L, C Voo (f1,..., fnv). Hence we have U, N X,, = U, N X,,41 for all n > N.

As remarked before Corollary 6, connectedness of an affine ind-variety is the
same for both topologies. But this is no longer true for irreducibility as we will see
in the next section (see Example 4).

3. Irreducibility via the coordinate ring. It is well known that an affine variety
X is irreducible if and only if the coordinate ring O(X) is an integral domain. This
statement remains true for affine ind-varieties endowed with the Zariski topology.
The proof is completely analogous to the proof for affine varieties. In the case of the
ind-topology it is still true that O(X) is an integral domain if X is irreducible, as the
ind-topology is finer than the Zariski topology. But the converse is in general false.
In the following we give an example of an affine ind-variety X, which is reducible
in the ind-topology, but its coordinate ring O(X) is an integral domain and thus it
is irreducible in the Zariski topology.

Example 4. Throughout this example we work in the ind-topology. Let g, €
klx1,...,2,] be defined as

gn =21+ ... +Ty,

and let f, be defined as in Example 1. By construction, f,, and g, are irreducible
polynomials. The affine ind-variety X :=1lm(Van(fn) U Var(gn)) decomposes into
the proper closed subsets |J,, Va~ (fn) and J,, Var (gn)) and thus X is reducible. We
claim that O(X) = Jim klx1,...,2n]/(fngn) is an integral domain. Assume towards
a contradiction that there exist (¢n), (¢¥n) € [1,—, k[x1,...,2,] such that (p,)
and (1)) define non-zero elements in O(X), but (p,t,) defines zero in O(X). By
definition, there exists oy, € k[z1,...,zy] such that

(%) Ont1(T1, -, 20, 0) = ©p + fagna, foralln.

Since (pn1y,) defines zero in O(X), it follows that f,g, divides ppt, for n > 0.
Hence we can assume without loss of generality that f,, divides ¢,, for infinitely
many n. Eq. (x) and the definition of f,,11 show that f, divides ¢, for all n.
Since (¢p) # 0 in O(X) there exists N > 1 such that gy does not divide ¢p. Let
Pn € k[z1,...,2,] such that ¢, = f,pn. It follows that gn does not divide py, in
particular py # 0. According to (x) and the definition of f,,+1 we have

(%) Pn=JfnPntr1(@1,...,20,0) — gp -, foralln.

Since gn does not divide py it follows that there exists p € AN with gy (p) = 0
and py(p) # 0. Let v,: A' — A" be the curve defined by v,(t) = (p,0,...,0) +
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(t,—t,0,...,0) for n > N. Since g, (7 (t)) = 0 it follows from (xx) that p, (v, (t)) =
Sy (8))pny1(n41(t)). This implies

0# pn(yn(t) = (1:[ fi(%-(t))> pn(m(t)) foralln > N.
i=N

Since f;(v:(t)) is a polynomial of degree 2i=1 for all i > N, it follows that the
polynomial pyx(yn(t)) is of unbounded degree, a contradiction.

4. Irreducibility via the filtration. One would like to give a criterion for con-
nectedness or irreducibility in terms of the filtration X; < X5 < ... of the affine
ind-variety. In the case of connectedness SHAFAREVICH gave a nice description via
the filtration (see Proposition 2 [Sha81]) and KAMBAYASHI gave a proof for it (see
Proposition 2.4 [Kam96]) (the proof works in both topologies, as connectedness of
an affine ind-variety is the same for both topologies). In the case of irreducibility,
things look different.

If we start with a filtration X7 < X5 < ... of irreducible affine varieties, then
one can see that lim X, is an irreducible affine ind-variety in both topologies. Like-
wise one can ask if every irreducible affine ind-variety is obtained from a filtration of
irreducible affine varieties. One can see that the latter property is equivalent to the
following condition: the set % of all irreducible components of all X,, is directed
under inclusion for some (and hence every) filtration X; < X5 < .... SHAFARE-
VICH claims in [Sha81] that the latter condition is equivalent to the irreducibility
of X in the ind-topology. But HOMMA gave in [Kam96] a counter-example X to
this statement. For every filtration X7 < X5 — ... of HOMMA’s counter-example
X the number of irreducible components of X,, tends to infinity if n — oco. Here
we give another counter-example. Namely, we construct an irreducible affine ind-
variety X = lian (irreducible with respect to both topologies) such that J¢ is
not directed, but X, consists of exactly two irreducible components for n > 1.

Example 5. Let us define g, € k[z1, ..., 2,] recursively by

g1:=(x1 — 1), Int1:=(x1 = (n+1)) gn — Tny1.
By construction every g, is an irreducible polynomial. Let Y, := Vi« (g,) C A™.
It follows that Y, C Y,y; for all n. Let further Z,:=Vjn(z2,...,2,) C A"
and X, =Y, U Z,. It follows that X,, C X, 41 is a closed subset for all n. Let
X ::@Xn. We get

n
YoNZ, = Van(gn, T2, ..., Tpn) = VM(H(:rl —1),Tg,...,2,) = {e1,2e1,...,n€1},
i=1
where e; = (1,0,...,0) € A™. The set .# defined above is not directed and X,
decomposes in two irreducible components for n > 1. It remains to show that X
is irreducible with respect to the ind-topology, as in that case X is also irreducible
in the Zariski topology. As Y, is irreducible for all n, it follows that Y =, ¥}, is
irreducible. Since

Zm C|JYanZ, CYCX  forallm,

n=1

we have X = Y, where the closure is taken in the ind-topology. Since Y is irre-
ducible, as a consequence X is also irreducible.
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We conclude this paper with a criterion for the irreducibility of an affine ind-
variety X = lim X,, where the number of irreducible components of X, is bounded
for all n. Unfortunately we need for this criterion also information about the closure
of a subset in the “global” object X and not only about the filtration X; —
X5 — ... itself. The following proposition implies Proposition D.

Proposition 8. Let X = @Xn be an affine ind-variety such that the number of
irreducible components of X, is bounded by [ for all n. Then X is irreducible in
the ind-topology (Zariski topology) if and only if for all n there exists an irreducible
component F,, of X,, such that F; C F; C ... and Un F,, is dense in X with respect
to the ind-topology (Zariski topology).

Proof. One can read the proof either with respect to the ind-topology or with
respect to the Zariski topology. Let X = liann be irreducible. For all n let us

write X, = X! U...U X!, where X} is an irreducible component of X,, and for all
n we have X} C X (it can be that X}, = X7 for i # j). Thus, one gets

x=Jxiu...ulJxi.

Since X is irreducible the claim follows. The converse of the statement is clear. O
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ON AUTOMORPHISMS OF THE AFFINE CREMONA GROUP

(accepted for publication in the Annales de I'Institut Fourier)

HANSPETER KRAFT AND IMMANUEL STAMPFLI

ABSTRACT. We show that every automorphism of the group G, := Aut(A™)
of polynomial automorphisms of complex affine n-space A" = C™ is inner
up to field automorphisms when restricted to the subgroup 7°G,, of tame au-
tomorphisms. This generalizes a result of JULIE DESERTI who proved this in
dimension n = 2 where all automorphisms are tame: T'Ga = Ga. The methods
are different, based on arguments from algebraic group actions.

1. Notation. Let G, := Aut(A™) denote the group of polynomial automorphisms
of complex affine n-space A™ = C". For an automorphism g we use the notation

g=(91,92,--,9n) if
g(a) = (gl(ah...,an),‘..,gn(al,...,an)) for a = (al’“.’an) e A"

where ¢1,...,9n € Clz1,...,2,]. Moreover, we define the degree of g by degg :=
max(deggi,...,deggy). The product of two automorphisms is denoted by f o g.

The automorphisms of the form (g1,...,g,) where g; = g;(z;,...,z,) depends
only on x;, ..., z,, form the Jonquiére subgroup 7, C G,. Moreover, we have the in-
clusions D,, C GL,, C Aff,, C G,, where D, is the group of diagonal automorphisms
(a121,...,an2,) and Aff,, is the group of affine transformations g = (g1,...,9n)
where all g; have degree 1. The group Aff,, is the semidirect product of GL,, with
the commutative unipotent subgroup 7,, of translations. The subgroup TG, C G,
generated by J, and Aff,, is called the group of tame automorphisms.

Main Theorem. Let 6 be an automorphism of G,,. Then there is an element g € G,
and a field automorphism 7: C — C such that

0(f) =7(gofog™t) for all tame automorphisms f € TG,

After some preparation in the following sections the proof is given in Section 7.
For n = 2 where TGy = G5 this result is due to JULIE DESERTI [Dés06]. In fact, she
proved this for any uncountable field K of characteristic zero. Our methods work
for any algebraically closed field of characteristic zero.

Recently, ALEXEI BELOV-KANEL and JIE-TAI1 YU proved that every ind-group
automorphism G,, — G,, is inner [BKY13].
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2. Ind-group structure and locally finite automorphisms. The group G,
has the structure of an ind-group given by G, = (J;~,(Gn)a where (G,)q are the
automorphisms of degree < d (see [Kum02]). Each (G, )q is an affine variety and
(Gn)a C (Gn)as1 is closed for all d. This defines a topology on G,, where a subset
X C G, is closed (resp. open) if and only if X N(G,,)q is closed (resp. open) in (G, )q
for all d. All subgroups mentioned above are closed subgroups, except possibly T'G,.

In addition, multiplication G,, X G,, — G,, and inverse G,, — G,, are morphisms of
ind-varieties where for the latter one has to use the fact that degf=! < (degf)"~1.
This seems to be a classical result for birational maps of P™ based on Bézout’s
Theorem (see [BCW82, Corollary (1.4) and Theorem (1.5)]). It follows that for
every subgroup G C G,, the closure G in G, is also a subgroup.

A closed subgroup G contained in some (G, )q is called an algebraic subgroup.
In fact, such a G is an affine algebraic group which acts faithfully on A™ and for
every affine algebraic group H acting on A" the image of H in G, is an algebraic
subgroup.

A subset X C G, is called bounded constructible, if X is a constructible subset
of some (Gp,)q.

Lemma 2.1. Let G C G,, be a subgroup and let X C G be a subset which is dense
in G and bounded constructible. Then G is an algebraic subgroup, and G = X o X.

Proof. By assumption G C X C (Gp)q for some d and so G = X is an algebraic
subgroup. Moreover, there is a subset U C X which is open and dense in G. Then
UoU=G,andso G=G = XoX. O

An element g € G, is called locally finite if it induces a locally finite automor-
phism of the algebra C[xz1, ..., x,] of polynomial functions on A™. This is equivalent
to the condition that the linear span of {(g™)*(f) | m € Z} is finite dimensional
for all f € Clxy,...,zn].

More generally, an action of a group G on an affine variety X is called locally
finite if the induced action on the coordinate ring O(X) is locally finite, i.e. for all
f € O(X) the linear span (G f) is finite dimensional. It is easy to see that the image
of G in Aut(X) is dense in an algebraic group G which acts algebraically on X.
In fact, one first chooses a finite dimensional G-stable subspace W C O(X) which
generates O(X), and then defines G C GL(W) to be the closure of the image of G
inside GL(WW).

The next result will be used in the following section. We start again with an
action of a group G on an affine variety X and assume that zy € X is a fixed point.
Then we obtain a representation 7: G — GL(Ty,X) on the tangent space at o,
given by 7(g) := dy, 9.

Lemma 2.2. Let G act faithfully on an irreducible affine variety X. Assume that
xo € X is a fized point and that there is a G-stable decomposition my, =V @& mio.
Then the tangent representation 7: G — GL(T,,X) is faithful.

Proof. Let g € ker 7. Then g acts trivially on V, hence on all powers V7 of V. This
implies that the action of g on O(X)/mk s trivial for all k > 1. Since (), mk = {0}
the claim follows. O

We remark that a G-stable decomposition m,, = V & m2_ like in the lemma
above always exists if G is a reductive algebraic group.
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3. Tori and centralizers. For the convenience of the reader we recall two im-
portant results about fixed point sets of group actions which we will need below.
A complex variety X is called Z/pZ-acyclic if H;(X,Z/pZ) = 0 for j > 0 and
Ho(X,Z/pZ) = Z/pZ. The first result goes back to P. A. SMITH [Smi34].

Proposition 3.1 (Corollary to Theorem 7.5 in [Ser09]). Let G be a finite p-group
and let X be an affine G-variety. If X is Z/pZ-acyclic, then so is X©.

The second result is due to FOGARTY and describes the tangent cone (XY, x)
of the fixed point set X .

Proposition 3.2 (Theorem 5.2 in [Fog73]). Let G be a reductive group. If X is an
affine G-variety, then for each point v € X we have C(X% z) = O(X,z)%.

Define i, := {g € D, | g* = id}. We have py ~ (Z/k)", and poo := U, px C Dy
is the subgroup of elements of finite order where o ~ (Q/Z)™. The next lemma
about the centralizer of uy, is easy.

Lemma 3.3. For every k > 1 we have Centg, (ux) = Centgr, (ux) = Dh.
The following result is crucial for the proof of the main theorem.

Proposition 3.4. Let p C G, be a finite subgroup isomorphic to pus. Then the
centralizer Centg, (1) is a diagonalizable algebraic subgroup of Gy, i.e. isomorphic
to a closed subgroup of a torus. Moreover dim Centg, (1) < n.

Proof. We first remark that Centg (u) is a closed subgroup of G,. By Proposi-
tion 3.1 the fixed point set F := (A™)* of every subgroup u/ C p is Z/2-acyclic,
in particular non-empty and connected. We also know that F' is smooth and that
T,F = (T,A™)* since 1/ is linearly reductive (see Proposition 3.2). If a € (A™)*,
then the tangent representation of p on T,A™ is faithful, by Lemma 2.2 above, and
so a is an isolated fixed point. Hence, (A™)* = {a}.

Choose generators o1, ...,0, of p such that the images in GL(T,A™) are reflec-
tions, i.e. have a single eigenvalue —1, and set H; := (A™)?%. The tangent represen-
tation shows that H; is a hypersurface, hence defined by an irreducible polynomial
fi € Clzy,. .., xy]. Moreover, o7 (f;) = —f; and o (f;) = f; for j # i. It follows that
the linear subspace V :=Cfy @ --- @ Cf,, C Clzy,...,z,] is p-stable. In addition,
any g € G := Centg, (1) fixes a and stabilizes all Cf; and so, by the following
Lemma 3.6 applied to the morphism ¢ := (f1,..., fn): A" — A", the action of G
on A" is locally finite. Since G is a closed subgroup of G, it follows that it is an
algebraic subgroup of G, and its image in GL(V') is a closed subgroup contained
in a maximal torus, hence a diagonalizable group.

Finally, m, = V @m2, and thus the homomorphism G — GL(T,A") is injective,
by Lemma 2.2. Hence the claim. O

Remark 3.5. It is not difficult to show that the proposition holds for every finite
commutative subgroup p of rank n. In fact, the proof carries over to subgroups
isomorphic to p, where p is a prime, and every finite commutative subgroup p of
rank n contains such a group.

Lemma 3.6. Let G C Aut(A™) be a subgroup and let : A™ — X be a dominant
morphism such that dim X = n. Assume that ¢*(O(X)) is a G-stable subalgebra
and that the induced action of G on X is locally finite. Then the same holds for the
action of G on A™.
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Proof. Put A := ¢*(O(X)) C Clxy,...,x,] and denote by R C Clzy,...,xz,] the
integral closure of A. We first claim that the action of G on R is locally finite. In
fact, let f € R and let f™ +a;f™ '+ --- + a,, = 0 be an integral equation of f
over A. By assumption, the spaces (Ga;) are all finite dimensional, and so there is a
d € N such that deg ga; < d for all g € G and all a;. Since gf satisfies the equation
(gf)™ + (ga))(gf)™ Lt + -+ + (gam) = 0 we get deg(gf) < d for all g € G, hence
the claim.

Therefore, we can assume that X is normal and that ¢: A™ — X is birational.
Choose an open set U C A" such that ¢o(U) C X is open and ¢ induces an
isomorphism U = ¢(U). Define Y := U,eq 9U C A™. Then the induced morphism
Y :=ply: Y — o(Y) is G-equivariant and a local isomorphism. This implies that
1 is a G-equivariant isomorphism.

By assumption, the action of G on X is locally finite, and so G is dense in an
algebraic group G which acts regularly on X. Clearly, the open set o(Y) is G-stable
and thus the action of G on O(¢(Y)) is locally finite. Now the claim follows, because
Clx1,...,2,] C O(Y) is a G-stable subalgebra. O

The proposition above has an interesting consequence for the linearization prob-
lem for finite group actions on affine 3-space A3. In this case it is known that
every faithful action of a non-finite reductive group on A? is linearizable (KRAFT-
RUSSELL, see [KR12]).

Corollary 3.7. Let  C Gz be a commutative subgroup of rank three. If the cen-
tralizer of 1 is mot finite, then u is conjugate to a subgroup of Ds.

4. D,-stable unipotent subgroups. Recall that every commutative unipotent
group U has a natural structure of a C-vector space, given by the exponential map
exp: T,U = U. Thus Aut(U) = GL(U) and every action of an algebraic group on
U by group automorphisms is given by a linear representation.

A (non-zero) locally nilpotent vector field § = >, hia% defines a (non-trivial)

Ct-action on A™, hence a one-dimensional unipotent subgroup
Us = {Exp(td) := (exp(t§)(x1),...,exp(td)(x,)) |t € CT} C G,

and Us = Uy if and only if ¢’ is a scalar multiple of 6. In the following we denote
by e1,...,e, the standard basis of Z", and by €1, ...,&, the standard basis of the
character group of D,,.

Lemma 4.1. Let U = Us C G,, be a one-dimensional unipotent subgroup. Then Us
is mormalized by Dy, if and only if § is of the form cx'Ya%i, where

Yo— 1 Y1 Vi e
TH =2 Lio1 Ty Ln,

and ¢ € C*. In particular, Us = {(x1,...,2; + s(cx?),...,z,) | s € C}, and
d o Exp(sé) od™! = Exp(t*~7s6) ford = (t121,...,tay) € Dp.

Proof. If Us is normalized by D,,, then d*odo(d*)~! € C*6 for all d € D,,. Writing
o=> hia%i it follows that each h; is a monomial of the form h; = a;z?t¢ for
some (3 € Z™. If B; > 0 an induction on m shows that, for all m > 1, we have
m—1 n
6™ () = bl g™t where b = g, H (lb+a;) and b= Za]ﬂj.
=1 j=1
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Assume that (; > 0 for all i. Since ¢ is locally nilpotent there is a minimal m; > 0
such that bg:l)iH = 0. This implies a; = —m;b. Since 0 # 0, we get

0#£b= Zazﬂi = —bzmzﬂn
=1 =1

and so Y m;0; = —1. But this is a contradiction, because m;,5; > 0 for all i.
Therefore a;zT¢ # 0 implies that B; > 0 for all j # 4, and 3; = —1. Thus there
is only one term in the sum, i.e. § = aix'ya%i where v := (8 + e; has the claimed
form. O

Remark 4.2. This lemma can also be expressed in the following way: There is a
bijective correspondence between the D, -stable one-dimensional unipotent subgroups
U C G, and the characters of D,, of the form \ = Zj Aje; where one A; equals 1
and the others are < 0. We will denote this set of characters by X, (D,,):

Xu(Dn) = {A =YX, | Ji such that \; =1 and \; < 0 for j # i}.

If X € X,,(D,,), then Uy denotes the corresponding one-dimensional unipotent sub-
group normalized by D,,.

Remark 4.3. In [Liell, Theorem 1] ALVARO LIENDO shows that the locally nilpotent
derivations normalized by the torus D), := D,, N SL,, have exactly the same form.

Lemma 4.4. The subgroup 7T, of translations is the only commutative unipotent
subgroup normalized by GL,,.

Proof. If U C G,, is a commutative unipotent subgroup normalized by GL,,, then
all the weights of the representation of GL,, on T.U ~ U must belong to X, (D,,).
The dominant weights of GL,, are ), A\;e; where \y > Ay > --- > X,, and only
those of the form A =&y + >, Aig; where 0 > Ay > --- > A, occur in Xy (D).
If A #eq,ie A= ¢e1 4+ A\peg + Apr1€k+1 + -+ where A\ < 0, then the weight
N o= (Mg 4+ Deg + Agr16k+1 + -+ is dominant and X' < A. Therefore A" appears
in the irreducible representation of GL, of highest weight A, but A" ¢ X, (D).
Thus U and 7, are isomorphic as GL,-modules, hence contain the same D,,-stable
one-dimensional unipotent subgroups, and so U = 7,,. ([l

5. Maximal tori. It is clear that D,, C G, is a maximal commutative subgroup
of G, since it coincides with its centralizer, see Lemma 3.3. Moreover, BIALYNICKI-
BIRULA proved in [BB66] that a faithful action of an n-dimensional torus on A™ is
linearizable (cf. [KS92, Chap. 1.2.4, Theorem 5]).Thus we have the following result.

Lemma 5.1. D, is a mazimal commutative subgroup of G,. Moreover, every al-
gebraic subgroup of G,,, which is isomorphic to D,, is conjugate to D,,.

Now let G C G, be an algebraic subgroup which is normalized by D,,. Then
the non-zero weights of the representation of D,, on the Lie algebra Lie G belong
to X, (D), and the weight spaces are one-dimensional. It follows that the non-
zero weight spaces of Lie G are in bijective correspondence with the D, -stable
one-dimensional unipotent subgroups of G.

Lemma 5.2. Let G C G, be an algebraic subgroup normalized by a torus D C G,
of dimension n, let Uy, ..., U, be the D-stable one-dimensional unipotent subgroups

of G, and put X :=Uyo0---0U,. CG.
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(a) If G is unipotent, then G = X o X and dim G =r.
(b) If DC G, then G® = Do X oDoX and dimG = r +n.

Proof. (a) The canonical map Uy X --- x U, — G is dominant, and so X C G is
constructible and dense. Thus X o X = G, by Lemma 2.1, and dim G = dim Lie G =
T

(b) Similarly, we see that D o X C GY is constructible and dense, and therefore
DoXoDoX =G and dimG = dimLie G = dim Lie D + r. O

6. Images of algebraic subgroups. The next two propositions are crucial for
the proof of our main theorem.

Proposition 6.1. Let 0 be an automorphism of G,,. Then
(a) D :=0(D,) is a torus of dimension n, conjugate to D,,.
(b) If U is a D,-stable unipotent subgroup, then 6(U) is a D-stable unipotent
subgroup of the same dimension.
(¢) T :=0(7,) is a commutative unipotent subgroup of dimension n, normalized
by D, and the representation of D on T is faithful.

Proof. (a) We have D,, = Centg, (u2), by Lemma 3.3, and thus D = 6(D,) =
Centg, (6(p2)). Proposition 3.4 implies that D is a diagonalizable algebraic sub-
group with dim D < n, hence D = D° x F for some finite group F. If k is prime to
the order of F, then () C D° and so dim D° = n, because uy ~ (Z/k)". Hence
D = D is an n-dimensional torus which is conjugate to D,,, by Lemma 5.1.

(b) First assume that dim U = 1. Then U consists of two D,,-orbits, O := U\ {id}
and {id}. It follows that 6(U) consists of the two D-orbits #(O) and {id}, and so
6(U) is bounded constructible and thus a commutative algebraic group normalized
by D. Since it does not contain elements of finite order it is unipotent, and since it
consists of only two D-orbits it is of dimension 1.

Now let U be arbitrary, dimU = r, and let Uy, ..., U, be the different D,,-stable
one-dimensional unipotent subgroups of U. Then X := Uy oUyo---0U, C U is
dense and constructible and U = X o X, by Lemma 5.2(a). Applying 6 implies
that (X) = 6(Uy) o---00(U,) is bounded constructible and connected, as well as
O(U) = 0(X)o6(X), and thus §(U) is a connected algebraic subgroup of G,, normal-
ized by D. Since every element of §(U) has infinite order, (U) must be unipotent.
Moreover, dim 8(U) > r, since §(U) contains the D-stable one-dimensional unipo-
tent subgroups 6(U;), i = 1,...,r. The same argument applied to §—! finally gives

dim0(U) =r.
(c) This statement follows from (b) and the fact that 7;, contains a dense D,,-
orbit with trivial stabilizer. O

The same arguments, this time using Lemma 5.2(b), gives the next result.

Proposition 6.2. Let 6 be an automorphism of G, and let G C G,, be an algebraic
subgroup which contains a torus D of dimension n.
(a) The image 0(G) is an algebraic subgroup of G,, of the same dimension dim G.
(b) We have (G®) = 6(G)°. In particular, 0(G) is connected if G is connected.
(¢) If G is reductive, then so is 0(G), and then 0(G) is conjugate to a closed
subgroup of GL,,.
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Proof. As above, let Uy, ..., U, be the different D-stable one-dimensional unipotent
subgroups of G, and put X :=U; o---0U,. Then Do X is constructible in G°, and
DoXoDoX =G by Lemma 5.2(b). Applying 6 we see that §(DoXoDo X) =
6(D) o 0(X) o 0(D)of(X) is bounded constructible and connected, and so §(G°)
is a connected algebraic subgroup of G,, of finite index in 6(G). Since the 6(U;)
are different 6(D)-stable one-dimensional unipotent subgroups of 6(G) we have
dim0(G) > dim0(D) + r = dim G. Using 6! we get equality. This proves (a) and
(b).

For (c) we remark that if G contains a normal unipotent subgroup U, then 6(U) is
a normal unipotent subgroup of 6(G). Moreover, a reductive subgroup G containing
a torus of dimension n has no non-constant invariants, and so G is linearizable (see
[KP85, Proposition 5.1]). O

7. Proof of the Main Theorem. Let 6 be an automorphism of G,,. It follows
from Proposition 6.2 that there is a g € G, such that g o #(GL,)og™! C GL,.
Therefore we can assume that 6(GL,) = GL,,. The subgroup 7,, of translations
is the only commutative unipotent subgroup normalized by GL,,, by Lemma 4.4.
Therefore, 6(7,) = 7, and so O(Aff,,) = Aff,,. Now the theorem follows from the
next proposition. O

Proposition 7.1. (a) Every automorphism 0 of Aff,, with 6(GL,) = GL,, and
0(7,) = T,, is of the form 0(f) = 7(gofog™!) where g € GL,, and 7 is an
automorphism of the field C.

(b) If 0 is an automorphism of G, such that 0|ag, = Idag, , then 0|7, =1d7, .

Proof. (a) It is enough to prove that 0(f) = g o 7(f) o g=! for some g € GL,, and
some automorphism 7: C — C of the field C. Let Z = C* C GL,, be the center of
GL,, and define 0y :=0|z: Z — Z, 01 := 0|1, : T, — T,. It follows that 6y and 6,
are abstract group homomorphisms of C* and 7, respectively, and for all ¢ € C*,
t € 7, we get

(%) B1(c-t) =01(cotoc™) =0y(c)0bi(t)oby(c)™" =bp(c)-0i(t),

where “-” denotes scalar multiplication. We claim that 7: C — C defined by 7|c+ =
fo, 7(0) = 0, is an automorphism of the field C. Indeed, using (*) one sees that
7(a +b) = 7(a) + 7(b) for all a,b € C* such that a +b # 0. As Op(—1) = —1 it
follows that 7(—a) = —7(a) for all a € C* and so 7(a+ (—a)) = 7(a) + 7(—a). This
implies the claim.

Thus we can assume that 6y = idc~. Using (%) again, it follows that 6; is linear.
Considering 6; as an element of GL,, we have 0;(t) =6, 0to 91_1, and thus we can
assume that 6; = idz, . But this implies that 8(g) = g for all g € GL,,, because

gotog ' =0(gotog ') =0(g)otob(g) "

forall t € 7,,.

(b) Let U C G,, be a one-dimensional unipotent D,-stable subgroup. We first
claim that 8(U) = U and that 6|y is linear. In fact, U’ := 6(U) is a one-dimensional
unipotent D,,-stable subgroup, by Proposition 6.1(b), and the characters A and N
associated to U and U’ (see Remark 4.2) have the same kernel, because

(+%) O(N(d)-u) = O(douod™) =dob(u)od™ = N (d)-0(u) ford € D,, ucU.
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Hence A = £N. If A = =X, then U C GL,, and so U’ = U, since 0|qL, = IdaL,,
hence a contradiction. Thus A = X, and so U = U’ and (xx) shows that 0|y is
linear, proving our claim.

As a consequence, 0|y, = ayIdy, for all A € X,,(D,,), with suitable a) € C*. If
Xi = 1 put 9 :=0and v; := —\;. Then f = (2y,...,2; +27,...,2,) € Uy, see
Lemma 4.1. Conjugation with the translation t: z +— x — E#i e; gives

tofot™ = (x1,...,2i+hy,...,z,) where hy := (21 +1)7 (2 +1)72 - (2, +1)7".

Now we apply 6 to get §(tofot™1) = tof(f)ot . Since all the monomials 27" with
v" < 7 appear in h., it follows that the corresponding coefficients ay must all be
equal. In particular, ay = a., = 1 since U, C 7,,. This shows that 0|7, =1dy,. O
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A NOTE ON AUTOMORPHISMS OF THE AFFINE CREMONA
GROUP

IMMANUEL STAMPFLI

ABSTRACT. Let G be an ind-group and let I/ C G be a unipotent ind-subgroup.
We prove that an abstract automorphism 6: G — G maps U isomorphically
onto a unipotent ind-subgroup of G, provided that a closed torus 7" C G nor-
malizes U and the action of T on U by conjugation fixes only the neutral
element. As an application we generalize a result by HANSPETER KRAFT and
the author in [KS11] as follows: If an abstract automorphism of the affine Cre-
mona group G3 in dimension 3 fixes the group of tame automorphisms 7'Gs,
then it also fixes a whole family of non-tame automorphisms (including the
NAGATA automorphism).

0. Introduction. Throughout this note we denote by G, the group of polyno-
mial automorphisms Aut(A”") of the complex affine space A™ = C". Such an au-
tomorphism has the form g = (g1,...,9n) € G, with polynomials g1,...,g, €
Clx1,...,Tn]. We define deg g := max; deg g;. The tame automorphism group 7'G,
is the subgroup of G,, generated by the affine linear automorphisms (i.e. the auto-
morphisms g with degg < 1) and the triangular automorphisms (i.e. the automor-
phisms (g1,...,9n) where g; = gi(x,...,z,) depends only on z;,...,x, for each
i). The main result of [KS11] is the following.

Theorem 1. Let 0: G, — G, be an abstract automorphism. Then there exists
g € G, and a field automorphism 7: C — C such that

0(f)=7(gofo g_l) for all tame automorphisms f € TG, .

If 6 preserves in addition the ind-group structure of G, (see below for a defini-
tion), then ALEXEI BELOV-KANEL and JIE-TAI YU proved recently that 6 is an
inner automorphism of G, (see [BKY13]).

In dimension n = 2 all automorphisms are tame (cf. [Jun42] and [vdK53]). But
in dimension n = 3, IVAN P. SHESTAKOV and UALBAI U. UMIRBAEV showed that
the famous NAGATA automorphism uy € Gz (see below for a definition) is non-
tame (cf. [SUO4]). It is an open problem if there exist non-tame automorphisms in
dimension n > 3. A natural question is whether the theorem above extends to the
entire automorphism group G,, i.e. whether 6(f) = 7(gofog) for all f € G,. If this
would be true, then every abstract automorphism of G, would preserve algebraic
subgroups of G,, (see below for a definition). In fact, a main tool in the proof of
Theorem 1 is to show, that certain algebraic subgroups are sent into isomorphic
algebraic subgroups under an abstract automorphism of G,,. The main point of this
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note is to refine this techniques. In order to state the main result we introduce the
concept of an ind-group and related terms.

A group G is called an ind-group if it is endowed with a filtration by affine
varieties G1 C G5 C ..., each one closed in the next, such that G = Ufil G; and
such that the map G x G — G, (z,y) — -y~ ! is a morphism of ind-varieties
(see [Kumo02, ch. IV] for an introduction to ind-varieties and ind-groups). We then
write § = lim G;. For example, G,, = lim G,,; is an ind-group, where G,, ; is the
set of all automorphisms g € G, with degg < i (see [BCWS82]). We endow an
ind-group G = ligGi with the following topology: a subset X C G is closed if and
only if X N G; is closed in G; with respect to the Zariski topology. If H C G is
a closed subgroup, then #H inherits in a canonical way an ind-structure from G,
namely H = lim H N G;. But for our purposes we need a more general definition of
an ind-subgroup.

Definition 1. Let H be a subgroup of an ind-group G = hﬂG, We say that H is
an ind-subgroup of G if H can be turned into an ind-group H = lim Hy, such that to
every k there exists ¢ = i(k) such that Hy C G; is closed. Clearly, the ind-structure
of H is then unique. We say that H is an algebraic subgroup of G, if H is closed in
G and contained in some G;.

We say that an ind-group U is unipotent if U = @Ui where U; is a unipotent
algebraic group for all ¢. Every element in a unipotent ind-group is unipotent. We
don’t know whether an ind-group consisting only of unipotent elements is always
unipotent. If the ind-group is commutative, then we are able to prove this.

Main Theorem. Let : G — G be an abstract automorphism of an ind-group G
that is the identity on a closed torus T C G. If U C G 1is a unipotent ind-subgroup
that is normalized by T and if the neutral element of U is the only element that
is fized under conjugation by T, then 0(U) is a unipotent ind-subgroup of G and
Olue: U — O(U) is an isomorphism of ind-groups.

Recall that there exists a bijective correspondence between locally nilpotent

derivations of Clzy,...,z,] and unipotent elements of G,,, given by D +— exp(D)
where
o D' (1) o D' (zn)
exp(D)(Z Z' ,...7ZT .
i=0 ’ i=0 ’

If D is a locally nilpotent derivation and f € ker D then fD is again a locally
nilpotent derivation and we call exp(fD) a modification of exp(D). For example,
the NAGATA automorphism uy is a modification of u := exp D where
D= zgy +y% , pi=Tz— %yz c€kerD and wuy =exp(pD).

Recently, SHIGERU KURODA gave a characterization of the non-tame modifications
of certain unipotent automorphisms (see [Kurll, Theorem 2.3]). This result implies
that for all f € ker D\ C[z] the modification exp(fD) of u is non-tame. Clearly, all
the modifications of u lie in the centralizer Cent(u). As a consequence of our Main
Theorem we get the following result.

Application. Let 0 : G3 — G3 be an abstract automorphism that is the identity
on the tame automorphisms TGs. Then 6 fixes Cent(u) where u = exp(D) and
D =2-0/0y+y-0/0x. In particular, 0 fizes the non-tame automorphisms exp(fD)
where f € ker D\ C[z] and thus 0 fizes the Nagata automorphism uy.
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Remark 1. All the results and proves work over any uncountable algebraically closed
field of characteristic zero.

I would like to thank HANSPETER KRAFT for many fruitful discussions.

1. Proof of the Main Theorem. Let V be a commutative unipotent algebraic
group. Recall that V' has a unique C-vector space structure such that the product
in V corresponds to addition. Also recall that a map of commutative unipotent
algebraic groups V' — V' is a homomorphism of algebraic groups if and only if it is
C-linear.

We start with a lemma that proves the Main Theorem in the case when U C G
is an algebraic subgroup isomorphic to C*.

Lemma 1. Let 0 : G — G be an abstract automorphism that is the identity on
a closed torus T C G and let U C G be an algebraic subgroup isomorphic to C*
which is normalized by T with character \. If X is non-trivial, then 6(U) C G
is an algebraic subgroup isomorphic to Ct and T normalizes 6(U) with the same
character A\. Moreover, 0]y : U — 6(U) is an isomorphism of algebraic groups.

Proof. Let U’ := 0(U) C G. Choose ug € U. Then, U'\{e} = {t-0(up)-t' [t €T}
and {e} are constructible subsets of some filter set of G and since U’ is a group
it follows that U’ C G is an algebraic subgroup (see [Hum?75, 7.4 Proposition Al).
Since U’ has no element # e of finite order U’ is unipotent. As U’ is a toric variety
with exactly two orbits, U’ is one-dimensional (see also [KS11, Proposition 2]). Let
X be the character of U’. We have

(*) 9()\(13)110) = 9(t - Up - t_l) =t- 9(11()) . t_l = X(t)@(uo) forteT.

Hence, it follows that A and A’ have the same kernel and thus A = £\ If we take
t € T such that A(t) = 2 then eq. (%) implies that X' # —\. Hence, A = X' and
Oly: U — U’ is C-linear by eq. (). O

Proof of the Main Theorem. Let U C U be an algebraic subgroup that is normal-
ized by T'. Choose closed algebraic subgroups Vi,...,V,, C U which are isomorphic
to C* and which are normalized by T, such that LieU = Lie V; ®...®Lie V,.. Thus,
for suitable indices i1,...,4;, we have U =V;, -...-V; (see [Hum75, 7.5 Proposi-
tion]). According to Lemma 1, (U) = (V;,)-...-0(V;, ) is a constructible subset of
some G; C G and thus 6(U) is an algebraic subgroup of G. Again, since no element
# e in U has finite order, §(U) is unipotent. Consider the following commutative
diagram.

V; x...x%m%e(vj)x...xe(%m)

L

U 0(U)
The vertical maps are induced by the product in &/ and hence they are surjective
morphisms. The top horizontal map is an isomorphism of varieties by Lemma 1.
The lemma below due to HANSPETER KRAFT implies that the abstract group

homomorphism 6|y is an isomorphism of algebraic groups.
As we can replace the filtration of U by a filtration of unipotent algebraic sub-
groups, each one normalized by T, it follows that 8(U/) C G is a unipotent ind-
subgroup and 0|y, : U — 6(U) is an isomorphism of ind-groups. O
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Lemma 2 (HANSPETER KRAFT). Let X andY be affine varieties and let f: X —
Y be an abstract map. If there exists a surjective morphism g: Z — X such that the
composition fog: Z =Y is a morphism and if X is normal, then f is a morphism.

For the proof of this lemma, one shows that the graph of f is closed in X x Y.

2. Proof of the Application. First, we determine the structure of Cent(u). De-
note by E the partial derivative with respect to . The ind-subgroups of G3 listed
below are clearly contained in Cent(u).

C = {(az,ay,az)|acC*}
F = {exp(fD)| fekerD}
H = {exp(hE)|hekerENnkerD}

Proposition 1. We have a semi-direct product decomposition
Cent(u) =C x (H x F).

Proof. Recall that p = 22— (1/2)y?, 2z € ker D. In fact, R := ker D is the polynomial
ring C[z,p] by [DF98, Proposition 2.3]. We have R[z] = Clz,z,y?] and hence a
decomposition Clx,y,z2] = Rlz] @ yR[z]. Let g = (g91,92,93) € Cent(u). Write
g1 = v + yq with polynomials v, ¢ € R[z]|. In C[z,y, z,t] we have, by definition,

1 1 1
v(z+ty + 5t?z) + (y +t2)q(z + ty + 5thZ) = v(z) +yq(z) +tg2 + §t2gg .

A comparison of the coefficients with respect to the variable ¢ shows that v = r+sx
with r,s € R, and ¢ € R. Hence, we get g1 = r + sz + qy, g2 = sy + qz, g3 = sz,
where s € C*. Up to post composition with an element of C we can assume that
s = 1. Thus,

1
goexp(qD) ' = (w47 = 5072y, 2).

One easily sees that this automorphism belongs to H. O

Let U be the ind-subgroup H o F C G. Every element g = exp(hE) oexp(fD) €
‘H o F satisfies

m—1
g™ = exp(mhkE) o exp (Z exp(ihE)*(f)D) .
i=0
Since HNF = {id}, this shows that every element # id of  has infinite order and
is contained in an algebraic subgroup of U. Thus every element of I/ is unipotent.
Now, Proposition 1 implies that ¢/ is the set of unipotent elements of Cent(u). An
easy calculation shows

(N) F = Centy [U, U]

where [, U] is the commutator subgroup of . Let T := { (a?b~'z,ay,bz) | a,b €
C* } which is a closed algebraic subgroup of Gs. The torus T normalizes Cent(u),
‘H and F and hence it normalizes also Y. In fact, it follows from eq. (A) that T is
the largest subgroup of the standard torus in G that normalizes Cent(u).

Proof of the Application. As u is a tame automorphism, 6 preserves Cent(u). A
straightforward calculations shows, that the neutral element is the only element of
H (of F), that commutes with 7. Thus the Main Theorem applied to the unipotent
ind-subgroups H and F of G3 implies that 8(U) = U. From eq. (4A) it follows that
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0 preserves F. We define ¥ as the set of all algebraic subgroups of F which are
isomorphic to C* and which are normalized by T. One can see that the elements
of ¥F correspond to the locally nilpotent derivations z™p™D for all m,n > 0 and
hence different elements in ¥ have different characters. This implies that for all
V € ¥ there exists ay € C*, such that 0|y = ayidy. Let e := (z — 1,y,2) € H.
An easy calculation shows

n
eoexp(z™p"D)oe ! =exp (n) ZFmpn=ipD
( ) 2:; )
Applying 6 to the last equation and using the fact that exp(z?D) and e are tame
automorphisms yields ay = 1 for all V € ¥%. As all the subgroups V € Vr
generate F, it follows that 6 is the identity on F. Since H and C' consist of tame
automorphisms this finishes the proof. ([
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AUTOMORPHISMS OF THE PLANE PRESERVING A CURVE

JEREMY BLANC AND IMMANUEL STAMPFLI

ABSTRACT. We study the group of automorphisms of the affine plane preserv-
ing some given curve, over any field. The group is proven to be algebraic,
except in the case where the curve is a bunch of parallel lines. Moreover, a
classification of the groups of positive dimension occuring is also given in the
case where the curve is geometrically irreducible and the field is perfect.

1. INTRODUCTION

Let k be any field. This article studies (closed) curves I' ¢ A% = AZ and the
group of automorphisms of A? (defined over k) which preserve this curve. We will
denote this group by Aut(A2,T'). In other words, we study polynomials in k[z,y]
and the k-algebra automorphisms of k[z, y] that send the polynomial on a multiple
of itself. We will always assume that the curve is reduced, i.e. that the polynomial
does not contain any multiple factor. For our purpose, it is a natural assumption.

If T has equation in k[z], we will say that T is a fence. In this case, Aut(A2,T)
is easy to describe, and it is in fact an infinite union of algebraic groups. Our main
result consists of showing that this is the only case where such phenomenon occurs.

Recall that Aut(A?) has the structure of an ind-variety. More precisely, the set
Aut(A?)4 of automorphisms of degree < d is an algebraic variety and Aut(A?)y
is closed in Aut(A?)g4q for any d. This gives to Aut(A?) = (J;_, Aut(A?), the
structure of an ind-variety, and since composition and taking inverse preserve this
structure, Aut(A?) is an ind-group (see [Kum02, Chapter IV] for precise definitions
of “ind-variety” and “ind-group”).

By definition, an algebraic subgroup of Aut(A?) is a closed subgroup of bounded
degree. Let us recall that the group Aut(A?) contains the following natural algebraic
subgroups

Aff(A%) = {(z,y) = (ax+by+e,co+dy+ f) | a,b,c,d,e, f €Kk,
ad — be £ 0},
Jn = {(z,y) = (ax + P(y),by +¢) | a,be k*, ce k, P e k[y],

deg(P) < n}.

Moreover, Aut(A?) is generated by the union of these groups (Jung - van der Kulk’s
Theorem [Jun42], [vdK53]), any algebraic subgroup of Aut(A?) is contained in one
of these subgroups [Kam79, Theorem 4.3].

For any curve I' © A2, the group Aut(A2,T) is a closed ind-subgroup of Aut(A?).
The question is to know if this is an algebraic subgroup, i.e. if it has bounded degree.
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Theorem 1. Let ' be a curve in A2. Applying an automorphism of A2, one of the
following holds:
i) The curve T' has equation F(x) = 0, where F(z) € k[z] is a square-free poly-
nomial and
Aut(AZT) = {(z,y) = (ax +b,cy + P(x)) | a,ce k*, bek,
Pek[z], F(ax +b)/F(z) € k*}.

ii) The group Aut(A2 T) is equal to
{g€ Af(A%) [ g(T) =T} or {geJn|g(l)=T}
for some integer n. Moreover, the action of Aut(A2,T) on T gives an isomor-
phism of Aut(A%,T) with a closed subgroup of Aut(T'), (this latter being an
algebraic group).
In particular, Aut(A2,T) is an algebraic group if and only if there is no automor-
phism of A% which sends T' onto a fence.

Remark that the existence of an automorphism of A? which sends I' onto a
line implies that I' ~ A!, and that the converse is true in characteristic 0 by the
Abhyankar-Moh Theorem [AMT75], but false in general. So Theorem 1 implies, in
positive characteristic, that non-trivial embeddings of A' into A? are rigid in the
sense that they admit only few compatible automorphisms of AZ2.

Another consequence of Theorem 1 is that the fixed locus of an automorphism
of A? only contains points and curves equivalent to lines, a result already observed
by Friedland and Milnor in [FM89], in the case where k = C (see [Jel03] for some
generalisations to higher dimensions).

Remark that in the case where k = C, the observation on fixed points of Friedland
and Milnor, the Abhyankar-Moh Theorem and the Lin-Zaidenberg Theorem [Z1.83]
imply Theorem 1 in the case where the curve I' has an irreducible component
non-isomorphic to C*. The interesting case of Theorem 1 is then, if k = C, the
description of Aut(A% T') when I' is C* (or a union of such curves). Note that
there exist only partial classifications of the closed embeddings of C* into A? (see
[CNKRO09]), and that there exist complicated torsion-abelian closed subgroups of
Aut(A?) which are not conjugated to a subgroup of Aff(A2?) or to the Jonquitres
group U:f:1 Jn (see [Wri79]). Theorem 1 implies that such groups do not preserve
any curve.

The proof of Theorem 1 is done in Section 3, using tools of birational geometry
of surfaces introduced in Section 2.

In Section 4, we refine the theorem by describing more precisely the possibilities
for the group Aut(A2,T), in the case where I' is geometrically irreducible and the
ground field k is perfect. We obtain then the following result (the tori T' of cases
iv), v) are precisely described in Proposition 4.5).

Theorem 2. Let I' be a geometrically irreducible closed curve in A2, defined over
the perfect field k. Applying an automorphism of A%, one of the following holds:
i) The curve T is the line with equation x = 0 and
Aut(A%T) = {(x,y) = (az,by + P(x)) | a,b e k*, P e k[x]}.
ii) The curve T' has equation x° = \y®, where X\ € k* and a,b > 1 are coprime
integers. Moreover, Aut(A% T) is equal to the group k* acting diagonally via
(z,y) = (t"z, t°y).
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iii) The curve I' has equation zy® = X\, where X\ € k* and a,b > 1 are coprime
integers. Moreover, Aut(A% T') contains the group k* acting diagonally via
(z,y) = (t%2,t7y), and is equal to this group if (a,b) + (1,1), or is the group
k* % Z/27 generated by k* and by (z,y) — (y,z) if (a,b) = (1,1).

iv) The curve I' has equation \x? +vy? = 1, where \,v € k*, —\v is not a square
in k and char(k) # 2. The group Aut(A2,T) is the subgroup of GL(2,k)
preserving the form \z? + vy?, which is isomorphic to T x 727 for some
non-k-split torus T'.

v) The curve I' has equation z* + pxy + y*> = 1, where p € k* and 2* + px + 1
has no root in k, and char(k) = 2. The group Aut(A2,T) is the subgroup of
GL(2,k) preserving the form x? + pxy + y?, which is isomorphic to T x /27
for some non-k-split torus T'.

vi) The group Aut(A2,T) is a zero-dimensional (hence finite) subgroup of Aff(A?)
or J, for some n.

2. REMINDERS ON COMPLETIONS OF A2
In this section, we define natural completions of A2, and links between them.
2.1. Natural completions of AZ.

Example 2.1. The morphism
A2 — P?
(z,y) — (z:y:1)
yields an isomorphism A2? 5 P2\Lpz, where Lpz is the line of P? with equation
z=0.

Example 2.2. For n > 1, the n-th Hirzebruch surface F,, is
F,={((a:b:¢),(u:v))eP? x P | bv" = cu™}.
Let E,, Ly, < F,, be the curves given by (1 : 0: 0) x P! and v = 0, respectively.
The morphism
A2 — F,
(z,y) — ((@:y":1),(y:1))
gives an isomorphism A%? = F,\(E, u Ly, ). Note that E, is the unique section
of m: F,, — P! of self-intersection —n, and Ly, is a smooth fibre, and has thus
self-intersection 0.

Remark 2.3. In Example 2.2, we could also have chosen n = 0, which yields the
surface Fo, isomorphic to P! x P!, via ((z : y: 2),(u:v)) = ((z : y), (u : v)), but
we will not need this one in the sequel.

Definition 2.4. A natural completion (of A?) is a pair (X, B) which is given in
Example 2.1 or Example 2.2: either (X, B) = (P?, Lp2) or (X, B) = (F,, E, U Lr,)
for some n > 1. The isomorphism A? — X\B given in the examples will be called
canonical isomorphism, or canonical embedding of A% into X.

A birational map (respectively birational morphism) (X, B) --» (X', B’) be-
tween two natural completions is a birational map (respectively birational mor-
phism) X --+ X’ inducing an isomorphism X\B — X'\B'.

We denote by Aut(X, B) the group of automorphisms of (X, B): it is the group
of automorphisms of X which leave B (or equivalently X\B = A?) invariant.
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Remark 2.5. Given two natural completions (X, B), (X', B), any birational map
v: (X, B) --» (X', B') restricts to an isomorphism X\B — X"\ B’, and corresponds
thus, via the canonical isomorphisms A? ~ X\B and A? ~ X'\B’, to a unique
automorphism of A2. Moreover, every automorphism of A2 is obtained in this way.

Let us recall some easy fact on the automorphisms of natural completions:

Lemma 2.6. Let (X, B) be a natural completion of A2, and let 1: A2 — X\B be the
canonical isomorphism associated. The group Aut(X, B) corresponds via v to the
following subgroups of Aut(A?) (see the introduction for the definition of Aff(A2)
and J,):

1) X =P?, Aut(X, B) = Aff(A%) ~ GL(2,k) x k?

2) X =F,, Aut(X,B) = J,, ~ (k*)? x (k x k"*1).

Proof. The first assertion follows from the fact that Aut(IP?) is the group of linear
automorphisms, equal to PGL(3, k).

Recall that the P!-bundle structure given by the projection on the second factor
is unique, and thus that the group of automorphisms of F,, preserve the P!-bundle
structure (since n > 1). In particular, all automorphisms of Aut(F,,E, u Ly,)
restrict on A% to automorphisms preserving the Al-bundle A2 — Al (z,y) — y.
The precise description on the degree follows from a straightforward calculation. [

2.2. Elementary links. There are two kinds of very simple birational maps be-
tween natural completions. The first one are automorphisms, that we described
in Lemma 2.6, and the second one are elementary links, that we describe now.
The results of this section are classical, we just remind them to the reader for
self-containedness and in order to fix notation.

Definition 2.7. A link is a birational map ¢: (X, B) --» (X', B") between two
natural completions, which is not an isomorphism, such that both ¢ and ¢! have
at most one k-base-point (and in particular there is no infinitely near base-point).
An elementary link is a link which does not decompose into ¢ = ¢’ o ¢", where
¢, " are links.

One can easily see that Definition 2.7 is equivalent to the classical definitions of
elementary links which appear in the minimal model program (see [Cor95, Theorem
of page 225] and [Isk96, Definition 2.2, page 597]):

Lemma 2.8. Any elementary link is one of the following three types:
i) link of type I: a map (P?, Lp2) --» (F1, By U Ly,) consisting of blowing-up one
k-rational point of Lpe.
i1) link of type 11: maps (F,, E,, U Ly, ) ==+ (B, Epy U Ly,,) given by the blow-up
of a k-rational point p of Ly, followed by the contraction of the strict transform
of Lg, . Moreover, m=n+1ifpeE, andm=n—1ifp¢ E,.
iii) link of type L: a morphism (F1, E1u Ly, ) — (P2, Lp2) given by the contraction
of the curve Ey onto a k-rational point of Lp=.

The inverse of a link of type 1, 11, 111 is a link of type 111, 11, 1 respectively.

Proof. Let p: (X, B) --+ (X', B’) be a birational map, which is an elementary link.

Suppose first that ¢ is a morphism, which implies that ¢ is the contraction of
a (—1)-curve onto a k-rational point. This implies that X = F; and X’ = P2, and
that we are in the third case. If ¢! is a morphism, we get symmetrically the first
case.
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In the remaining cases, both ¢ and ¢! have exactly one base-point. These
points are thus defined over k, and both maps contract one irreducible curve. The
curves have thus either self-intersection —1 or self-intersection 0, depending if they
contain the base-points. In the first case, we get a link (Fy, B3 U Ly, ) --+ (Fq1, B4 U
Ly, ), which is not an elementary link since it factors through P? as the composition
of links of type III and I. In the second case, we get a link of type II described
above. O

Proposition 2.9. Let ¢: (X,B) --» (X', B’) be a birational map between two
natural completions of A%. If ¢ is not an isomorphism, then there exist m > 1 and
elementary links 1, ..., ¢om such that ¢ = @, - 1.

Remark 2.10. We call ¢ = @, - -+ 1 a decomposition into m elementary links. If ¢
is an isomorphism, we sometimes say that it decomposes into 0 elementary links.
This is coherent with the fact that the composition of an elementary link with an
isomorphism of completions is an elementary link.

Proposition 2.9 implicitly follows from the work made in [Lam02] or from [BD11,
Theorem 3.0.2]. The proof given here is however direct. Note also that Jung-van
der Kulk’s Theorem is a direct consequence of this Proposition.

Proof. As all birational maps between projective smooth surfaces, ¢ admits a min-
imal resolution, i.e. two birational morphisms e: ¥ — X, n: Y — X' such that
¢ = ne~!, and such that no (—1)-curve of Y (not necessarily defined over k) is
contracted by both € and 1. Moreover, each point blown-up by 7 and ¢ belongs to
the boundaries B, B’, as proper or infinitely near points.

We proceed by induction on the number of k-points blown-up by 7 and €, corre-
sponding to the number of base-points of ¢! and ¢. If 5 is an isomorphism, ¢ is
only a sequence of blow-ups in the boundary of B. Because of the nature of B and
B’, this implies that ¢ is either an isomorphism or a link of type I, from X = P? to
X’ = ;. Similarly, ¢ is an isomorphism or a link of type III if € is an isomorphism.

We can thus assume that n (respectively €) contract at least one (—1)-curve of
Y, not contracted by e (respectively 1), and which is thus the strict transform of
an irreducible curve E ¢ B (respectively E' ¢ B’) of self-intersection > —1. If
E? = —1, we factorise Y with a link of type III from X = F; to P2. We do the
same with o1 if (E)? = —1.

Looking at the self-intersections of the curves of the boundaries B and B’, the
remaining case is when E? > 0, (E’)? > 0 and only one (—1)-curve of Y is con-
tracted by n (respectively €). This implies that ¢ and ¢! have exactly one proper
base-point. If E? = 1, we factorise ¢ with a link of type I from X = P? to F;.
Otherwise, E? = 0 and we factorise ¢ with a link of type II from X = F,, to F,,
with m = n + 1. It remains to see that m = 0 is impossible. Indeed, otherwise
the (—1)-curve of X would not pass through the unique proper base-point of ¢
and would thus be sent by ¢ onto a curve of self-intersection > 0, not contracted
by ¢~ 1. (]

Corollary 2.11. Let ¢: (X, B) --» (X', B') be a birational map between two natu-
ral completions of A2. All k-base-points of ¢ (that belong to X as proper or infinitely
near points) are defined over k.

Proof. Follows from Proposition 2.9 and from the fact that the base-points of any
elementary link are defined over k (Lemma 2.8). O
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For our purpose, we will need the decomposition into elementary links given
by Proposition 2.9, but we will also need to have more precise information on the
composition of links and their base-points, provided by Lemma 2.12 and Proposi-
tion 2.14 below.

Lemma 2.12. Let ¢: (Xo, Bo) --+ (X1, B1) and ¢: (X1, B;1) --+ (X2, Ba) be two
elementary links. The birational map 1) o ¢ is an isomorphism if and only if one of
the following occurs:

i) X1 =Ty, Xo=Xo="P? (i.e. ¥ and o1 are both of type I11)

ii) The maps 1 and =1 are both of type I or both of type 11, and share the same

base-point.

Moreover, if X1 = F,, and Xog = X9 = Fp11, for some n = 1, the map ¢ o p is
always an isomorphism.

Proof. If neither ¢ nor ¢! has a base-point, we have X; = F; and Xy = X, = P2,
and both 1 and ¢! are contractions of the (—1)-curve of F;. This implies that
1 0 ¢ is an automorphism of P2.

If 4 has a base-point, which is not a base-point of ¢!, then 1) o ¢ has a base-
point, and is thus not an isomorphism. The same holds exchanging the role of
and .

The last case is when both v and ¢! are links of type I or II, having the
same base-point. The description of the links (Lemma 2.8) implies that ¢ o ¢ is
an isomorphism. It remains to see that this is always the case when X; = F,, and
Xo = X5 = F,, 1. Indeed, this is true as the base-point of every elementary link
from (F,, E, U Lg,) to (Fy41, Eny1 U Ly, ) is the intersection point of E, and
Lp |

n

Definition 2.13. A decomposition of a birational map ¢: (X, B) --» (X', B") into
elementary links is called reduced, if the composition of two consecutive elementary
links is never an automorphism.

Proposition 2.14. Let ¢: (X,B) --+ (X', B’) be a birational map between two
natural completions of A%, and let ¢ = @, --- @1 be a reduced decomposition of ¢
into elementary links, with m = 1. Then, the following hold:

i) The number 1 of base-points of ¢ is equal to the number of elementary links p;
of type I or I1. If 1 = 1, then ¢ has a unique proper base-point, which is equal
to the base-point of 1 if p1 is of type I or 11, or to the preimage by p1 of the
base-point of po if w1 is of type I11.

it) If ¢ = -+ is another decomposition into elementary links of ¢, then
k = m. Moreover, if kK = m the decomposition is unique, up to isomorphisms
of completions.

Proof. We prove i) by induction on m, the case m = 1 being obvious. Let m > 2.
Suppose that ¢; is a link of type III. It contracts E; < X onto a point which
is not a base-point of o, and thus not of ¢,, - -- p2, by induction hypothesis. In
consequence, the number of base-points of ¢ is equal to the one of @, - - p2, and
© has a unique proper base-point, being the preimage by ¢1 of the one of ¢s.
Suppose now that (s is a link of type III, which implies that o7 is a link Fy --» [y
of type II, with one base-point g. If m = 2, the result is clear. If m > 3, we use
the induction hypothesis and see that the unique proper base-point of ¢, - - - @2 is

a point of Ly, \F1, which is not a base-point of (¢;)~1. This implies that ¢ has
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one more base-point as ¢, -+ p2. Moreover, the proper base-point of ¢, - @2
being on Ly,, contracted by (¢1)~! onto g, this implies that ¢ is the only proper
base-point of .

To prove i), it remains to study the case where 1 and @9 are links of type I or
II. As in the previous case, @, - @2 has a unique proper base-point (here equal
to the one of ,), which is not a base-point of (1)~ but belongs to the curve
contracted by (¢1)~! onto the base-point of ;. This again implies that ¢ has one
more base-point as ¢, - -- 2 and that its unique proper base-point is the one of
P1-
Now that ¢) is proved, let us show that it implies 7). Suppose the existence
of another decomposition, that we can assume to be reduced, of length & < m:
O = QPm--p1 =Yg ---P1. If p has no base-point, both decomposition consist of
one link of type III and the result is clear. Otherwise, the unique base-point of ¢
determines the first link, so we have ¥; = a¢p; for some isomorphism of natural
completions «. Proceeding by induction, we get £k = m and the unicity of the
decomposition. O

Proposition 2.14 implies that the “length” of a reduced decomposition of ¢ only
depends on ¢. The following definition is thus natural.

Definition 2.15. The number of elementary links in a reduced decomposition of
o is called the length of ¢ and we denote it by len(yp).

3. BIRATIONAL MAPS PRESERVING A CURVE AND THE PROOF OF THEOREM 1

This section is devoted to the proof of Theorem 1, which is done using elemen-
tary links and by looking at the singularities of the curve obtained in the natural
completions.

Definition 3.1. If I' € X is a (closed) curve with no component in B and
p: (X,B) --» (X, B) is a birational map, then we denote by ¢(I") the closure
of (' n X\B) in X and call it the image of T' under ¢. Moreover, we denote
by Bir((X, B),T") the group of birational maps ¢: (X, B) --» (X, B) such that
pI) =T.

Remark 3.2. If ' c X is a curve having no component in B, then Bir((X, B),T") =
{g € Aut(X\B) | g¢(T'\B) = (I'\B)}. In particular, Bir((X, B),T") corresponds to
the group Aut(A2,T' n A?) of automorphisms of X\B = A? that preserve the closed
curve I' n A? of A2

To study maps preserving a curve, we will study the singularities of the curves
on the boundary.

Definition 3.3. Let ' be a curve and let p € T’ be a k-point. We define the height
htr(p) of T in p inductively, as follows
i) If T is smooth in p, then we define htr(p) := 0.
i1) Otherwise, let m: I' — I be the blow-up of T' in p and let py,...,p, be the
points of T’ with 7(p;) = p. We define htr(p) := max;{ htz(p;) +1}.

Recall that for any curves I'y,I's having no common component on a smooth
projective surface, the intersection number I'y - I's is non-negative, and corresponds
to the sum of the intersection numbers (T'y - I'z),, where p runs over all k-points of
I’y nT'2. The intersection number (I'; - T'y), satisfies (I'1 - I'2)p = mp(I'1) - mp(T'2),
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where m,,(I';) is the multiplicity of I'; at p, and equality holds if and only if the
tangent cones of I'y and I's at p are distinct.

The next proposition is the key ingredient in the proof of Theorem 1.

Proposition 3.4. Let ¢: (X, B) --» (X', B’) be a birational map between natural

completions of A%, admitting a reduced decomposition ¢ = @, --- 1 into elemen-

tary links, with m > 1. Let I’ c X be a curve having no component in B and let

I'" = o(I") € X' be its image under ¢. Suppose that one of the following holds:

a) 1 is a link of type 111 (from Fy to P?) and (Ey - T),, > 1, where po is defined
by {po} = F1 n Ly, =: A. B

b) @1 is a link of type 1 or 11, and the finite set A = Lx of k-points lying on T
which are not (proper) base-points of ¢ satisfies 3, o(Lx - T')p > 1.

Then, there exists a k-point g € Lx: such that

htr(¢) = I + maxhtr(p),
peEA

where [ is the number of base-points of p~'. If 1 > 1, then q can be chosen as the
unique proper base-point of o1, which is a k-point.

Proof. We proceed by induction on the number m of elementary links in the reduced
decomposition of ¢. We distinguish the following cases, depending on the nature
of the first link ;.

i) If 1 is a link of type III, it contracts the curve £y € Fy onto a k-point q € P2.
By assumption, we have (E; -T'),, > 1. The multiplicity of I'1 = ¢;(I') at ¢ is equal
to By -T' > 1, which implies that I'y is singular at ¢ and that htr, (¢) = htr(po) + 1.

If m =1, we have [ = 1 and htr, (¢) = htr(p) + 1 = | + maxpe 4 htp(p) (because
A = {po}), so we are done. So, assume m > 1. The point ¢ is not a base point of g,
since otherwise ¢ 0 1 would be an automorphism of Fy. Moreover, (Lp2 -I'1)q > 1
because I'; is singular at ¢. The claim follows by applying the induction hypothesis
t0 Y - -+ P2, as q is not a base-point of ¢, - - - po.

1) Suppose that o7 is a link of type II, i.e. p1: Fpr —-» F,, where n’ = n + 1.
By definition there exist blow-ups ¢: S — F,» and n: S — F, of k-points ¢’ € Ly ,
and q € Lg, respectively, such that ¢; = noe~!. Denote by [ © S the strict
transform of T' under 7!, and by E, < S the irreducible curve contracted by
n onto g, which is the strict transform of Ly , under €71, The map ¢! is an
isomorphism in a neighbourhood of every point of A c Ly _,. By hypothesis, one has
2pealLr,, -T)p > 1, which implies that [-E,>1onS. The curve I'y = 5(T') c F,
is thus singular at ¢, and the height of I'y at ¢ is at least equal to 14+max,eca htr(p).
If m = 1, then we are done. If m > 1, ¢ is not a base point of 5, since otherwise
2 0 1 would be an isomorphism. Moreover, ¢ is a singular point of I'; which
belongs to Ly, , and if o9 is of type III, then n = 1, n’ = 2, so ¢ is the intersection
point of £ and Ly,. In any case, the point ¢ belongs to the set “A” associated to
©m - -+ P2, so the result follows by induction.

iii) The last case is when ¢ is of type I, i.e. when it is a map ¢;: P? --» Fy.
If m = 1, then [ = 0 and the result is obvious, by choosing ¢ as the image of a
point of A with a maximal height. If m > 1, the link ¢y is a map F; --» Fy
centered at the intersection point of F; and Ly,. In particular, the map ¢; induces
an isomorphism at a neighbourhood of any point of A, sending Lp2 onto Ly,, and
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sends the set A onto the set “A” associated to ¢y, - --@2. The result follows by
induction hypothesis. ([

The following corollary is a direct consequence of Proposition 3.4.

Corollary 3.5. Let ¢ € Bir((X, B),D)\ Aut(X, B) and let ¢ = @ --- 1 be its
reduced decomposition into elementary links. We assume that (Lx -T'), > 1 for
some k-point p and if @y is of type I (i.e. a link from Fy to P?), then we also
assume {p} = E1 n Ly, .

Then the height in I of the proper base point q of ¢ is (strictly) bigger than the
height in T of every other point of ' n Lx. In particular, (Lx -T)y > 1, ¢ and ¢~!
have the same proper base-point q, and either T' n Lx = {q} or q is a singular point
of T.

Proposition 3.6. Let (X, B) be a natural completion of A? and let T be a curve
in X having no component in B. Then, there exists a natural completion (X', B')
of A% and a birational map ¢: (X, B) --» (X', B') such that one of the following
holds:

1) Bir(X', BY), ¢(T)) € Aut(X', B');

2) o(T) intersects transversally Lx:, i.e. (o(T) - Lx/), <1 for any p e X'(k).

Proof. We define (Xo, Bg) = (X, B), define ¢g = id € Aut(Xy, By) and construct
inductively a sequence of elementary links

(%) (X0, Bo) 25 (X1, B1) 25 (X2, Ba) 5 ...

Let ¢ > 0 and assume that ¢g,...,@; are already constructed. We write I'; =
i - p1(D), G; = (Bir(X;, B;), ;) and define now ;41 in the following way:
i) If G; € Aut(X;, B;) or T'; intersects transversally Lx,, we define (X;.1, B;y1) =
(X“BZ) and Yi+1 = id.
i1) If ¢) doesn’t hold and the decomposition into elementary links of every g €
G\ Aut(X;, B;) starts with the link 79: F; — P? (which contracts the (—1)-
curve of Fy), we define ;1 = 79, and thus set (X;;1, Biy1) = (P?, Lp2).
2it) If 4) and i) do not occur, there exists g € G;\ Aut(X;, B;) such that the
decomposition into elementary links of g starts with a link 7 being not from
F; to P2. In this case we define p;11 = 71, and (X;.1, Bix1) as the target of
this link.
Now, we claim that the sequence (x) satisfies the following two properties.

a) If ;41 is not an automorphism, then we have for all g € G;

len(pis1gpr7h) <len(g) or len(piigel) = len(g) = 0.

b) The sequence (#) is stationary after finitely many steps, i.e. ¢; is an automor-
phism for i large enough.

Property a) will serve to show Property b), which directly implies the result. It
thus remains to prove these two properties.

Proof of Property a):

In case 7), there is nothing to prove.

If we are in case i), then for all g € G;\ Aut(X;, B;) the decomposition into
elementary links starts with 79: F; — P? and ends with (7)™, since Gj is a group.
The conjugation of G; by 7o decreases the length of any element of G;\ Aut(X;, B;)
by two. Moreover, (X;, B;) = (F1, E1 v Ly,), so Aut(X;, B;) preserves the curve



50 JEREMY BLANC AND IMMANUEL STAMPFLI

E; contracted by 79, which implies that 7o Aut(X;, B;)(70) ! < Aut(P? Lp:) =
Aut(X;41,Biy1). It follows that a) is satisfied.

Assume that we are in case iii). As we are not in case i) there exists py €
X, such that (I'; - Lx,)p, > 1. Moreover, by definition of case 4ii), there exists
g € G;\ Aut(X;, B;) such that the decomposition into elementary links starts with
wiv1: (X, B;) --» (Xi41, Biv1), and ;41 has a base-point p since it does not go
from F; to P2. Applying Corollary 3.5 to g, we see that (I'; - Ly,), > 1 and that
the height in I" of p is bigger than the height in I" of every other point of I' n L.
This implies that any element h € Aut(X;, B;) n G; fixes p, and thus satisfies
Lpi+]_hg0;+11 € Aut(X;41, Bir1). If X; = Fq, then ¢;41 is a link from F; to Fo, so p
is the intersection point £y n Ly,. We can thus apply Corollary 3.5 to any element
h € G;\ Aut(X;, B;), and see that p is the unique proper base-point of h, so the
reduced decomposition of h starts with ¢;11. This yields a).

Proof of Property b):

By property a), for all i, ;-1 is a reduced decomposition into elementary
links, if we are for no index < i in case 7). For any ¢ > 0 such that neither ¢;;1
nor ;.o is an isomorphism, we define p; € Lx, < B, < X, as the unique proper
base-point of ¢; 190 @;y1.

Under the assumption that neither of the three maps ;4+1, @;+2 and ;43 is an
isomorphism we show that (I'; - Lx,)p, = (I'iz1 - Lx,,,)pi,, and describe the cases
when equality holds:

o i1 is a link of type II: we can write ;11 = nom 1, where 7: S — X;
is the blow—up of of pi and 1: S — X;;1 is the blow-up of a point ¢ F p;;1.

Denote by Fz, LX c S the strict transforms of I'; and LX and let I, be

the exceptional divisor of 7. It follows that 7 contracts Ly, x,. Note that n~1

restricts to an isomorphism in a neighbourhood of p; 1, which sends Lx,_,
onto E,,. This yields the following estimate

(Li - Lx,)p, = my, (1)
= ﬁl ’ Epi
= (Fl ’ Epi)ﬂ_l(pi+1)

= (Fi+1 ! LX¢+1 )Pi+1
where m,, (I';) denotes the multiplicty of I'; in p;. Moreover, if (I';-Lx,)p, =
mpz(Fl) = (FiJrl ’ LXi+l)pi+1 > 1, then htri (pl) > htFi+1(pi+1)’

e ;1 is a link of type I: Remark that (¢;41) ': F; — P? is the blow-up
of p; € P2 and that I';;; and Ly, are the strict transforms of I'; and Lp
under (p;41)7" respectively. It follows that (I'; - Lp2),, = (Tig1 - Lr, )p,, -

e ;11 15 a link of type III: Since ;41 is an isomorphism in a neighbourhood
of p; and pit1 = @it1(p;) it follows that (I'; - Lg, )p, = (Div1 - Lp, )p,y, and
htr, (pi) = htr, ., (Pis1)-

Now, assume towards a contradiction, that the sequence (*) is never stationary,
i.e. ; is not an isomorphism for all i > 1. According to this case-by-case-analysis,
we see that (I'; - Lx,)p, is a decreasing sequence in ¢ and for every r > 1 there are
only finitely many ¢ with (I'; - Lx,),, = r. Thus, there exists I such that for all
i = I we have (I'; - Lx,),, < 1. As the sequence (x) is not stationary, we have a
@i+1 with ¢ > I which is a link of type I or II. The point p; is thus the base-point
of ;41 and satisfies (I'; - Lx,)p, < 1. By Corollary 3.5 applied to an automorphism
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of G;\ Aut(X;, B;) that starts with ¢;41, this implies that (I'; - Lx,), = 1 for all
g€ Lx, nT;. Hence, we are in case ), a contradiction. ([

Lemma 3.7. Let (X, B) = (P?,Lp2), and let T be a conic (as always, reduced but
not necessarily irreducible) in X = IP?, intersecting Lp2 into two distinct points (not

necessarily defined over k).
Then, Bir((X, B),T') € Aut(X, B).

Proof. Suppose, for contradiction, the existence of g € Bir((X, B),I"), which is not
an automorphism of P2,

Applying Proposition 3.4, one of the two points of I' n Lx is a base-point of g
(and in particular it is defined over k). By Proposition 2.9 and Lemma 2.12,
there exists an integer n > 2 such that the reduced decomposition of g into ele-
mentary links starts with @9, 02,1 --- @1, where ¢ : P2 --» Fy, pon: F1 — P2,
wi: By -=» F; and @ 1: Fpjyo -—» Fpy 41 for i@ = 2,...,n. The curve
©1(T") intersects transversally F; into one point and Ly, into one point, and does
not pass through the intersection point of E; and Ly,, blown-up by 2. This
implies that the same holds for a1 (T"), with Ey and Lp,, and that ¢a¢1(T)
passes through the point blown-up by (¢2)~!. Proceeding by induction, the curve
on -+ p1(I") € F, intersects transversally E,, into one point and Ly, into one point,
and passes through the point blown-up by (¢, )~!. In consequence, it does not pass
through the point blown-up by ¢,+1, which implies that @,11¢p - ©1(T) € Fp_q
intersects Ej,—1 U Ly, _, into two distinct points, both being on E),,_;. Proceeding
by induction, the curve wo,_1---¢@n---p1(I') © Fy intersects E; U Ly, into two
distinct points, both on E;. The curve s, ---¢1(I') € P2 intersects Lp2 into one
point ¢, and is singular at this point, with two branches. The remaining part of
the decomposition of g is equal to @, - - Y2,+1, and its unique proper base-point is
different from ¢. Proposition 3.4 implies that g(T") is singular at a point of B = Lps,
which is a contradiction. ([

Proposition 3.8. Let (X, B) be a natural completion of A% and let T be a curve
in X. If T intersects transversally Ly, there exists a natural completion (X', B')
of A% and a birational map ¢: (X, B) --» (X', B') such that one of the following
holds:

i) Bir((X', B'), o(T)) € Aut(X’, B');

ii) X' =P? and ¢(T') < P? is defined by a polynomial in k[z].

Proof. We can assume the existence of g € Bir((X, B),T")\ Aut(X, B), admitting a
reduced decomposition g = ¢, - - - ¢1 into elementary links.

a) Suppose that X = P2. By Corollary 3.5, the curve I' intersects Ly into at
most 2 points, hence I' is a line or a conic. If I is a line the equation can be chosen
to be x = 0, and if I" is a conic, the result follows from Lemma 3.7.

b) Suppose that X % P? but that there exists 1 < i < m such that ; is a link
©;: 1 — P? of type 111, contracting E; onto a point q € Lpz. If IV = ;- -+ 1 (T)
intersects transversally Lpz, we conclude by applying case a) to I'V. There exists thus
a point p € Lp2 with (I'V- Lp2), > 1. We claim that p can be chosen to be equal to g.
If ¢ = 1, this is true because IV = 1 (T") and T" intersects transversally Lg,, which is
the strict transform of Lp2. If ¢ > 1, the claim follows from Proposition 3.4, applied
to (¢1)7 - (pi)~t: (P2, L3) --» (X, B). Since ;41 is a link of type I and g is not
a base-point of ¢;+1, w;+1(I") does not intersect transversally Lg,. This implies
that m > i + 2, and that (., --@;+1) " has at least one base-point. Applying
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Proposition 3.4 to @, -+ @41, the curve T' = ¢, - - - ;1 (V) has a singular point
at the proper base-point of (¢, ---@;11)"!. Since this one lies on Ly, we get a
contradiction.

¢) We can now assume that X = F, for some n > 1 and that all ¢; are links
of type II. By Corollary 3.5, Lg, n I' contains at most 2 points and if it contains
2, then one of these is a base-point of ¢;. If one of the points of Ly, n I' is the
intersection point p,, of Ly, and E,,, we perform an elementary link ¢: F,, --» F,, ;1.
Because Ly, nT' contains at most 2 points, the curve 1(I") intersects transversally
Lg, ., into at most 2 points. Moreover, writing {p,4+1} = Lg,,, N En41, we obtain
(W) - Ens1)ppy, = (I'- Ey)p, — 1. Performing a sequence of elementary links if
needed, we reduce to the case where Ly, n I contains at most 2 points and that
none of them belong to FE,.

If Ly, n T is empty, then T is contained in a finite set of fibres of F,, — PL.
Going from F,, to F; and then to P?, we send the fibres onto lines of the form z = a
where a € k, and see that Ly, has equation in k[z].

It remains to see that it is not possible, in the case where Lr, n I' contains 1
or 2 points that belong to Ly \E,, to have g € Bir((X, B),T")\ Aut(X, B) having
a reduced decomposition consisting only of links of type II. Such an element has
a decomposition g = @or -+ -1, where k > 1, ; is a link F, ;1 --» F,,; for
i=1,...,k, @;isalink F 08 ;11 --+ Fpyop for i = k+1,...,2k, and where
(pr)~! and ¢g41 do not have the same base-point (see Lemma 2.12). In particular,
the base-point of ¢, is the intersection point of E,, and Lr, , and does not lie on T,
so ¢1(I") passes through the base-point of (¢1) !, which is not a base-point of ¢s.
By induction, we deduce that (¢; - - - ¢1)(T') passes through the base-point of (¢;) 1,
fori=1,...,2k. In the case i = 2k, this implies that ¢g(I") passes through the base-
point of (¢a1)7!, i.e. through the intersection point of E,, and Lp, , contradicting
the fact that ¢g(T') =T. O

Corollary 3.9. Let (X, B) be a natural completion of A? and let T be a curve in X
having no component in B. Then, there exists a natural completion (X', B') of A2
and a birational map ¢: (X, B) --» (X', B’) such that one of the following holds:
1) Bir((X’, B"), p(T")) € Aut(X’, B);
2) X' =P? and ¢(T') € P? is defined by a polynomial in k[z].

Proof. Follows directly from Propositions 3.6 and 3.8. (]
Theorem 1 is now a direct consequence of Corollary 3.9:

Proof of Theorem 1. In the case where the equation of I' is in k[z], i.e. when T
is a fence, the explicit description of Aut(A2,T') is an easy calculation. If " is not
equivalent to a fence by an automorphism of A2, Corollary 3.9 and Lemma 2.6 imply
that we can conjugate Aut(A2 T') to a subgroup of Aff(A?) or J,, for some n. This
implies that Aut(AZ2,T) is an algebraic group. Moreover, we obtain a morphism
of algebraic groups Aut(A2 T)) — Aut(T'). It remains to observe that curves fixed
pointwise by elements of J,, and Aff(A?) are fences in a suitable coordinate system
of AZ. O

3.1. Generalisation to other subsets.

Definition 3.10. If A = A%(k) is any subset, we denote by Aut(A%, A) the group
of automorphisms of A2 that leave the set A invariant, and denote by Autz(A2Z, A)
the group of automorphisms of A2 that fix any element of A.
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By Definition, Autz(A2, A) is always a normal subgroup of Aut(A2 A). More-
over, if Aut(A2, A) is an algebraic group, then Autp (A2, A) is a an algebraic sub-
group. Theorem 1 implies the following result:

Proposition 3.11. Let A < A%(k) be a subset. Applying an element p € Aut(A?),
the following hold:

i) The set A is contained in a fence given by f(x) = 0 where f € k[z], and the
group Autr (A2, A) is not algebraic: it contains the group

{(z,y) = (z,y + p()f(z)) | p € K[z]} ~ Kk[z].

ii) The group Aut(A% A) is equal to {g € Aff(A?) | g(A) = A}, and then
Aut(A2 A) is an algebraic subgroup of Aff(A2). Moreover, Autp(A2,A) is
trivial.

iii) There exists an integer n = 1 such that the group Aut(A% A) is equal to
{g € Jn | g(A) = A}, and then Aut(A% A) is an algebraic subgroup of J,.
Moreover, Autp (A2, A) is trivial.

Proof. Denote by I(A) c k[z,y] the ideal of polynomials vanishing on A, and by
A c A%(k) the closure of A, which is the set of points where I(A) vanishes. Then
we obtain Aut(A%, A) = Aut(A%?, A) and Autp(A?,A) = Autp(A%, A). We can
thus replace A with A.

If A is a finite union of points, we get case (i). Otherwise, A is the union of one
curve I' (reduced but not necessarily irreducible) and of a finite number of points of
A%(k), and Aut(A?, A) c Aut(A2,T). The result follows then from the description
of I and Aut(A?,T), given in Theorem 1. O

In the case where A is finite, the group Aut(A2, A) is quite big; indeed it is often
maximal. This is the case for example when k = C, as pointed out to us by J.-P.
Furter and P.-M. Poloni. This is a consequence of the following observation.

Lemma 3.12. Let G be a group acting on a set S. Let A c S be a finite subset of
r = 1 points. Suppose that G acts 2r-transitively on S, and that |S| > 2r. Then,

Ga={geG|g(A)=A}
is a mazimal subgroup of G.

Proof. Since Ga is not trivial and not equal to G (because of r-transitivity), it
suffices to take a € G\Ga and to show that a and G generate G. We can write A =
{Z1,... 2.}, with a(z), ..., a(zg) ¢ A and a(xg+1), ..., a(z,) € A, where 1 < k <
r. The hypotheses yield the existence of g € G that fixes 1, ..., z,, a(z2),. .., a(zk),
and does not fix a(z1). Then, g € Ga and f = a~'ga fixes za,...,z, but f(x;) ¢ A.

It remains to see that any h € G\Ga is generated by f and Ga. We write
A = {z,...,2}, with h(z1), ..., h(z;) ¢ A and h(zj+1), ..., h(z) € A, where
1 < j < r. Replacing h with its composition with an element of GA we can assume
that h(z;) = z; fori=j+1,...,r. Fori=1,...,j, we choose g; € Ga that sends z;
onto z1 and sends h(z;) onto f(z1). Then, (g;)~'fg:; sends z; onto h(z;) and fixes
A\{z;}. Composing this element with an element of Ga, we find an element f;,
generated by f and G, which sends z; onto h(z;) and fixes (A U h(A))\{zi, h(z:)}.

Since A1 fy - -+ f; belongs to Ga, this achieves the proof. (Il
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Corollary 3.13. Assume that the ground field k is not a finite field of character-
istic 2 and let A < A™(k) be a finite proper non-empty set, with n > 2. Then,
Aut(A™, A) is a mazimal subgroup of Aut(A™).

Proof. 1f k is infinite, we use Lemma 3.12 and the fact that Aut(A?) acts m-
transitively on A%(k) for every m > 1, which can be seen using the subgroup

{(1,...,xn) = (21 +p(x2, ... Ty), T, ..., xy) | p E K[Xa, ..., 20]},

and permutations of coordinates.

If k is a finite field of characteristic > 2, the group Aut(A?) acts m-transitively
on A?(k) for each m by [Mau0l]; we can then apply Lemma 3.12 to A or its
complement. [

Corollary 3.14. Assume that the ground field k is a finite field of characteristic
2 and let A c A™(k) be a finite proper non-empty set, with n > 2.

Then, the group Aut(A™ A) is a mazimal subgroup of Aut(A™) if and only if
Al £ 5[A™(K)].

Proof. Let us write |A" (k)| = 2m for some integer m.

If |A| < m, the fact that Aut(A™, A) is a maximal subgroup of Aut(A™) follows
from Lemma 3.12 and from the fact that the action of Aut(A™) on the 2m points of
A" (k) give all even permutations (see [Mau01]), and thus acts (2m —2)-transitively.
If |A| > m, we exchange A with its complement.

If |A] = m, there exists an automorphism ¢ of A exchanging A with its comple-
ment (by the result of [Mau01] cited before). Denoting by H the group generated
by Aut(A™, A) and ¢, we have Aut(A", A) & H ¢ Aut(A"™). O

Remark 3.15. Corollaries 3.13 and 3.14 raise the question of describing all maximal
subgroups of Aut(A™) in general.

3.2. Generalisation to higher dimension. Let us show that in higher dimen-
sion, the hypersurfaces X < A" such that Aut(A", X) is not an algebraic group are
not as simple as in dimension 2:

Example 3.16. Let X < A3 be the hypersurface with equation zy = f(z), for
some polynomial f € k[z]. Then, Aut(A3, X) contains the group

{(I,y,z) s (x,y L flet (@) = fz)

x
and thus it is not an algebraic group.

o)) [ e el = K]

A possible generalisation of Theorem 1 would be to show that every hypersurface
X < A3 such that Aut(A3, X) is not an algebraic group admits an Al-fibration
X — A! given by a coordinate projection.

4. CLASSIFICATION OF THE POSSIBLE GROUP ACTIONS AND THE PROOF OF
THEOREM 2

This section is devoted to the proof of Theorem 2, which describes more precisely
the curves and groups appearing in Theorem 1, in the case where the ground field
k is perfect, and where the curve is geometrically irreducible.
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4.1. The possibilities for I' and Aut(A2,T).

Lemma 4.1. Let T' be an affine geometrically irreducible curve, defined over a
perfect field k. The group Aut(T) is an affine algebraic group. If it has positive
dimension, one of the following holds:

i) T ~Al;

ii) T is a unicuspidal curve with normalization Al;
iii) T is isomorphic, over k, to A'\{0}.

Proof. Let T be the normalization of T', which can be viewed as an open subset of
a smooth projective curve X, defined over k. We write (X\I')(k) = {x1,...,2,}
its complement, which is a finite set of points z1,...,x,, not necessarily all de-
fined over k (the union is however invariant by Gal(k/k)). We also denote by
Tyi1,...,Tm the k-points of T’ which are send onto the singular k-points of I'. As
before, not all are necessarily defined over k.

This yields a natural inclusion

Aut(T) € {ge Aut(X) | g({x1, ..., 2m}) = {z1,. .., Zm}},

and a group homomorphism Aut(I') — Sym,,. The kernel is of the same dimension
as Aut(T).

Let us recall easy classical facts on automorphisms of smooth projective curves.
If the genus of X is at least 2, then Aut(X) is finite. If the genus is 1, the sub-
group of Aut(X) that fixes a point is also finite. If X is rational, the subgroup of
automorphisms fixing three points is trivial.

If the dimension of Aut(X) is positive, we obtain that X is rational and that
1<r<m<2.

Ifr=m=1then D =T ~ A! (every form of the affine line over a perfect field
is trivial, see [Rus70]).

Ifr=1and m =2, then I' ~ A! and T is a unicuspidal curve.

If r = m = 2, then T’ = I is smooth and isomorphic, over k, to A"\ {0}. O

Remark 4.2. Lemma 4.1 is false over a non-perfect field, since there are non-trivial
forms of the affine line and its additive group; see [Rus70] for a classification of
such curves.

Lemma 4.3. Assume that k is a perfect field. Let T' € A2 be a closed geometrically
irreducible curve and assume that Aut(A2,T) is an algebraic group that is of positive
dimension (over k). Then, Aut(A2,T') contains a closed subgroup G defined over k,
which is either

i) a one-dimensional torus, i.e. isomorphic to G, over k,
i1) or isomorphic to G, over k.

Proof. The algebraic group Aut(A2,T') is isomorphic to a closed subgroup of Aut(T")
(Theorem 1). This gives three possibilities for I', according to Lemma 4.1.

a) T' ~ A', hence Aut(l') ~ G, x G,,,, and contains thus a closed torus G,,.

b) I is a unicuspidal curve, in which case Aut(T") is a torus.

¢) T is isomorphic, over k, to A\{0}. The connected component of the identity
Aut(A2, 1) is a connected algebraic group, defined over k, which is a torus. [

The two possibilities given by Lemma 4.3 are described respectively in §4.2 and
§4.3. We will in particular show that the second case does not occur.



56 JEREMY BLANC AND IMMANUEL STAMPFLI

4.2. Torus actions.

Lemma 4.4. Assume that k is a perfect field. Let T < A2 be a closed geometrically
irreducible curve and assume that Aut(A2,T) is an algebraic group that contains a
closed one-dimensional torus T. Then there exists an automorphism @: A% — A2
such that p o T o =1 € GL(2,k).

Proof. By Corollary 3.9 we can assume that either Aut(A2,T) € Aut(F,, E, U Ly, )
or Aut(A2,T) € Aut(P?, Lpz).

Moreover, we can assume that T is defined over k and T is isomorphic to G,,
over k (Lemma 4.3).

Assume Aut(A2,T) € Aut(F,,, E, U Ly, ). Thus T acts on Ly, . If this action is
trivial, then there exists a fixed point on Ly, \E,, that is defined over k. Otherwise,
T has exactly two fixed points on Ly, ~ P! defined over k. As Lp, n E, is a
fixed point of the T-action that is defined over k, there is a fixed point on Ly, \E,
that is defined over k. Thus by performing elementary links, we can assume that
T < Aut(Fq, E; U Ly,). But T preserves the exceptional divisor E; and therefore
poTop ! c Aut(P? Lp2), where ¢: F; — Py denotes the contraction of E; onto
a point in Lp2.

Thus we are left over with the case T' S Aut(P?, Lp2). It is enough to show that
the induced action of T on A? = P?\Lp: has a fixed point that is defined over k.
The set of points of A%(k) that are fixed by T'(k) consists either of one affine line
or one point. This set is invariant by the action of the Galois group Gal(k/k), and
is thus defined over k. Using again the fact that every form of the affine line over
a perfect field is trivial (see [Rus70]), we find a k-point of A? fixed by 7. O

Proposition 4.5. Assume that k is perfect. Let T' C A? be a closed geometrically
irreducible curve and assume that Aut(A% T) contains a closed one-dimensional
torus. After conjugation by an automorphism of A2, the curve I’

i) has equation x =0, or

i1) has equation x° = \y® where a,b > 1 are coprime integers and \ € k*, or
iii) has equation xby® = \ where a,b = 1 are coprime integers and X € k*, or

) has equation \x? + vy? = 1, where \,v € k¥, —\v is not a square in k and
char(k) £ 2, or
v) has equation x% + pxy + y?> = 1, where p € k*, 2 + px + 1 has no root in k

and char(k) = 2.

Moreover, the group Aut(A2,T) is respectively equal to

i) {(z,y) = (ax,by + P(x)) | a,b € k*, P e k[z]} ~ k[z] x (k*)?;
1) {(z, ag, tb ) | t € k*} ~ k*;

y) — (
iii) {(x,y) (tez,t7by) | t € k*} ~ k* if (a,b) *+ (1,1);
g xbjy) f (tf t=ly) | t e k*} U {(x,y) = (ty,t7'z) | t € k*} ~ k* x Z/27Z if

w) T x{oy=T xZ/2Z, where T, {c} c GL(2,k) are given by

. a _l/b 2 2 _ 1 0
T_{<)\b u )a-{-/\yb—l},a—(o _1>.

Moreover T is a torus, which is not k-split.

v) T x{o)y~T xZ/2Z, where T,{c} c GL(2,k) are given by

— a b 2 2 _ (1
T—{(b a—i—ub)a + pab +b —1},0—(0 1>.
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Moreover T is a torus which is isomorphic to T' (and which is not k-split).

Proof. By Theorem 1, we can suppose that Aut(A2 T) is an algebraic group, and
using Lemma 4.4, we can moreover assume that I' is preserved by a torus T <
GL(2,k).

There exists an element ¢ € GL(2,k) which conjugates T'(k) to

A0
(0 )

for integers a, b with (a,b) # (0,0) and a, b are coprime. If a or b is equal to zero,
then it follows that I' is a line. Hence we can assume that ¢ and b are non-zero.
Now, let (z9,%0) € ¥(I'(k)), such that (zo,y0) # (0,0). If 2y or yo is zero, then T
is again a line. Hence, we may assume that xg # 0 # yo. By symmetry, we can
assume that b > 0. Then the equation of ¢(T") is

yiaxb —2fy* =0 ifa>0,
ydaby=* —ab =0 ifa<O.

In the first case, we can assume that ¢ > 1 or b > 1, otherwise the curve is a
line. This implies that a £ b, since both are coprime, and we can thus assume
that @ > b. The Galois group Gal(k/k) fixes the unique point at infinity, which is
then defined over k. Hence, we can assume that the unique point of the closure of
I' at infinity is the direction y = 0, and that the equation of I' is the polynomial
(ax + By)? — (vy)? € k[x,y], for some a, 8,7 € k, ay + 0. If B/a € k, we make
a change of coordinates (x,y) — (z — gy,y) and obtain an equation of the form
xb — Ay for some A\ € k, as desired. It remains to see that 3/a always belong to k.
If the characteristic of k is zero, we develop (az + y)? and divide the coefficient of
x°~1y by the coefficient of z°. If the characteristic of k is p > 0, we write b = gm,
where ¢ is a power of p and p does not divide m. Developing, we find

(az + By)’ = (@927 + BlYy?)™ = a2’ + malTIp92 "0y 4 ..
hence (8/a)? € k, which implies, since k is a perfect field, that 8/« € k.

In the second case (a < 0), the closure of the curve 1 (T") has two points at infinity
in P2. If a & —b, the two points have different multiplicities. In consequence the
Galois group Gal(k/k) has to fix the two points at infinity of I', which are thus
defined over k. We can assume that these points correspond to the directions x = 0
and y = 0, and that v € GL(2, k) is diagonal. The equation of I is then of the form
xby® — X for some \ € k*, and we get case iii). The only remaining case is when
(—a,b) = (1,1) and the two points at infinity of I are exchanged by Gal(k/k). The
equation of ¥(I") being of the form zy = xgyo, the equation of I" is of the form

Ao+ pry +vy® =1,

where \, y, v € k, and A\z? + pxy +vy? € k[x,y] is irreducible. When the character-
istic of k is not 2, we can make a change of coordinates (z,y) — (z — 45y, y) and
assume that g = 0. The two points at infinity are thus given by Az? + vy? = 0.
Because the two points are not defined over k, we find that —v\ is not a square in
k, and obtain iv). If the characteristic of k is 2, the elements A, v are squares in k,
since k is perfect. Making a diagonal change of variables, we can then assume that
A =v =1. Then 22 + pz + 1 has no root in k, and we get v).

It remains to prove that Aut(A% T') has the desired form. Case i) is a direct
calculation. In cases ii),iii),iv),v), it can be checked that the group given are
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contained in Aut(AZ2 T), so we just need to see that there is no other automorphism.
The group homomorphism Aut(A% T') — Aut(I') being injective, the only case to
consider is the curve z%y® — X = 0, with (a,b) % (1,1), and to prove that there is
no automorphism of A? inducing on I' an“exchange” of the two points at infinity.
These two points are p; = (1 : 0 : 0) € P2 and p, = (0 : 1 : 0) € P2, and have
multiplicity a and b respectively on T', and htr(p;) = htr(p2) > 0 if b > 1. We can
moreover assume a > b > 1. The hypothetic automorphism extends to a birational
map ¢: P? --s P2 which is not an automorphism of P2, and thus decomposes into a
sequence of elementary links ¢ = ¢, - - - 1 (Proposition 2.9). By Corollary 3.5, we
have b = 1 and the point blown-up by the first link ¢ : (P?, Lp2) --» (Fy, By U Ly, )
is p1. Looking at the equation of I' in A?, we can describe the closure of T on F;.
This projective curve is smooth, intersects transversally Ly, in one point away from
FE4, corresponding to pg, and intersects F; into one point gi, with multiplicity a,
corresponding to pp; this latter is moreover not on Ly,. In consequence, the next
links of type II do not affect the point ¢1, and after the first link of type III, the
image of the curve is singular at a point of P? with multiplicity > a and height 1.
This point being not the base-point of the next elementary links, the image of I"
by ¢ has again a singular point, corresponding to the image of p;. It is thus not
possible to “exchange” p; and ps. O

4.3. G,-actions. The classification of all G,-actions on A? is known when the
ground field k is of characteristic 0 [Ren68] or algebraically closed of positive char-
acteristic [Miy71]. The following lemma gives the generalisation of MIYANISHI'S
result to the case where k is perfect. The proof is probably known to the special-
ists, we include it for the sake of completeness and lack of reference.

Proposition 4.6. Assume that k is a perfect field of characteristic p > 0. Then
every Gq-action on A? that is defined over k has the form

(t,z,y) — (z,y + tfolx) + P f1(z) + ...+ fo(z)).

Proof. By [Miy71] it follows that the G,-action has the claimed form over the
algebraic closure k. Thus there exists a G,-invariant polynomial f € k[z,y] which
is a variable of k[x,y], i.e. which admits g € k[z,y] such that k[f, g] = k[x,y].
Let G := Gal(k/k) be the Galois group of the extension k/k, and assume that the
Gg-action is non-trivial. Then Kk[f] is the subring of G,-invariant polynomials of
k[x,y] and since the G,-action is defined over k, the subspace k[f] is invariant
under G. Thus, the action of G on k[f, g] = k[x,y] is given by

U(f) =as,f +¢o, O'(Q) =byg +ds
where a,,b, €k, ¢, € k and d,, € k[f]. Tt is enough to show that the I1-cocycle
G_)JR(E):(E*)Q X (E[XE[]C])7 UH(aU7bU)CJadU)

is a 1-coboundary. The vanishing of H'(G, J,,(k)) follows from the vanishing of
HY(G,X") (see [NSW00, (6.2.1) Theorem]) and from the vanishing of H' (G, k[f]) =
lim | HY(G,K[f]<n) (see [NSWO0O, (1?.1) Proposition] and [NSW00, (6.1.1) Theo-
rem]) by using exact sequences (here K[ f]<, denotes the polynomials in f of degree
< n). O
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Lemma 4.7. Assume that k is perfect. Let T € A? be a closed geometrically
irreducible curve that is defined over k and assume that it is preserved under a non-
trivial G, -action (defined over k). Then there exists an automorphism ¢: A% — A2
such that o(T') is an affine line in A2,

Proof. By Proposition 4.6 (in case char(k) = p > 0) and by [Ren68] (in case
char(k) = 0) we can conjugate the action to an action of the form (¢, z,y) —
(x,y+p(t, x)) where p € k[¢, z] is a non-zero polynomial. Hence, every geometrically
irreducible invariant curve is a line in AZ. O

Lemma 4.7 implies that the second case of Lemma 4.3 does not occur. The proof
of Theorem 2 is now clear:

Proof of Theorem 2. By Theorem 1, either T is a line or Aut(AZ2 T') is an algebraic
subgroup of Aff(A?) or J, for some n > 1. If Aut(A% T) is an algebraic group
of positive dimension, it contains a closed one-dimensional torus by Lemmas 4.3
and 4.7. The description of the possible cases follows then from Proposition 4.5. [

4.4. The case of finite groups. There are plenty of examples where Aut(A2,T')
is finite. The simplest way to get such examples is to take a finite subgroup G
Aut(A?) and to look for invariant curves. Since G has a finite action on k[, y], one
can find a lot of invariant polynomials, and in practice most of them are irreducible.

In characteristic zero, the group G is reductive and thus contained, up to conju-
gation, in GLg (see [KamT79]). In positive characteristic, there are however plenty
of non-linearisable subgroups of Aut(A?), and, as far as we know, there is for the
moment no classification of the conjugacy classes of such subgroups.

Example 4.8. Let k be of characteristic p > 0. For any integer a > 1

p: (2, y) = (z,y + 2%
is a non-linearisable automorphism of order p of A2, which preserves the family of
curves of the form

yP —yzP = g(x),
where ¢ € k[z].
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CENTRALIZER OF A UNIPOTENT AUTOMORPHISM IN THE
AFFINE CREMONA GROUP

IMMANUEL STAMPFLI

ABSTRACT. Let u be a unipotent polynomial automorphism of the affine 3-
space A3. We describe the centralizer Cent(u) inside the group of polynomial
automorphisms of A3. First, we treat the case when u is a modified translation.

In the other case, we describe the subset Cent(u),, of unipotent elements of
Cent(u) and prove that it is a closed normal subgroup of Cent(u). Moreover,
we show that Cent(u) is the semi-direct product of Cent(u), with a closed al-
gebraic subgroup R C Cent(u). Finally, we prove that the subgroup of Cent(u)
consisting of those automorphisms that induce the identity on the algebraic
quotient Spec O(A3)" form a characteristic subgroup of Cent(u).

1. INTRODUCTION

Throughout this paper, we fix an uncountable algebraically closed field k of
characteristic zero. An interesting and important object in affine algebraic geometry
is the automorphism group Aut(A™) of the affine n-space A™ = k™. Let k"l be the
polynomial ring in n variables over the field k. For polynomials g1, ..., g, € k[,
we use the notation g = (g1, ..., gn) to describe the automorphism

g: A" = A" (a1,...,an) — (g1(ar, .., an),- . gn(ar, ..., an)).

We define degg := max; degg;. Prominent examples of automorphisms are the
affine automorphisms, i.e. the automorphisms (g1, ...,¢g,) where deg(g) < 1 and
the triangular automorphisms, i.e. the automorphisms (¢1,...,9,) where g; =
gi(zi,...,x,) depends only on x;, ..., z, for each i.

A further important class of automorphisms form the unipotent automorphisms
which we introduce now. Recall that a derivation D of k" is called locally nilpotent,
if for every f € k[ there exists an integer n = n(f) such that D™(f) = 0 (see [Fre06]
for a reference on the theory of locally nilpotent derivations).

Definition 1.1. An automorphism of the form Exp(D) € Aut(A") is called unipo-

tent where D is a locally nilpotent derivation of k(™ = k[z,...,2,] and
o Di(1) o~ Di(zn)
Exp(D) = (Z IR i :
i=0 ’ i=0 ’

Note that we have a bijective correspondence between locally nilpotent deriva-
tions of k" and unipotent automorphisms of A” given by Exp.
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Definition 1.2. Let u = Exp(D) be a unipotent automorphism of A™ and let f €
ker D. Then fD is a locally nilpotent derivation and we call Exp(fD) a modification
of u. We then denote
f-u:=Exp(fD).

We call u irreducible, if u # id and the following holds: if u = f - u’ for some
unipotent u’ € Aut(A™) and some f € ker D, then f € k*. If u # id, then there
exists an irreducible u’ € Aut(A™) such that u = d - u’ for some d € ker D and u’
is unique up to a modification by some element in k*. We call then u = d - u’ a
standard decomposition.

A natural problem is to describe the centralizer Cent(f) C Aut(A™) of a given
automorphism f € Aut(A™). We consider in this paper the case when n = 3 and f
is unipotent.

In dimension n = 2 SHMUEL FRIEDLAND and JOHN MILNOR proved that every
automorphism of A? is conjugate to a composition of generalized HENON maps (i.e. a
map (p(z) —ay, z) where p € k[z] and 0 # a € k*) or to a triangular automorphism
(cf. [FM89, Theorem 2.6]). In the first case, STEPHANE LAMY showed that the
centralizer of such an automorphism is isomorphic to a semi-direct product of Z with
a finite cyclic group Z, (cf. [Lam01, Proposition 4.8]). In the second case, assuming
in addition that the automorphism is unipotent, it has the form u = (z+d(y), y) for
some polynomial d, up to conjugation. Thus, u = d-u’ is a standard decomposition
where u’ = (241, y). One can check that the centralizer Cent(u) fits in the following
split short exact sequence

1 — OA%)" .1’ < Cent(u) - Aut(A',T) — 1 (1)

where O(A2)" denotes the u/-invariant functions and Aut(A',T") denotes the au-
tomorphisms of A! preserving the principal divisor I' := div(d) in Al.

In dimension n = 3, CINZIA BisI proved that any automorphism g that com-
mutes with a so-called regular automorphism f satisfies g™ = f* for certain integers
k, m (cf. [Bis08, Main Theorem 1.1]). As a counterpart to the regular automor-
phisms, one can regard the unipotent automorphisms (a regular automorphism is
always algebraically stable and thus can not be unipotent). The work of DAvVID
FINSTON and SEBASTIAN WALCHER [FW97] can be seen as a first step in the
study of the centralizer of a unipotent automorphism. They explore the centralizer
of a triangulable (locally nilpotent) derivation inside the algebra of all derivations
of the polynomial ring k3.

Before we state our main results, we introduce some notion from the theory of
ind-varieties and ind-groups (see [Kum02, ch. IV] for an introduction). An (affine)
ind-variety is a set X together with a filtration by affine varieties X; C X5 C ...,
each one closed in the next, such that X = Uz>1 X;. We write then X = @Xz
We endow an ind-variety X = lim X; with the following topology: a subset A C X
is closed if and only if AN X is closed in X; with respect to the Zariski topology.

An ind-variety G = lim G; that is also a group is called an ind-group, if the map
G x G — G, (x,y) — x -y~ is a morphism of ind-varieties. For example, Aut(A")
is an ind-group with the filtration Aut(A™); C Aut(A™)y C ... where Aut(A"); is
the set of all automorphisms g € Aut(A™) with degg < i (see [BCWS&2]). In fact,
one can check, that Aut(A™) is a locally closed subset of End(A") = lim End(A");
where End(A™); denotes the polynomial endomorphisms of A™ with degree < .
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A subgroup H of an ind-group G = lim G; is called algebraic, if H is closed in G
and contained in some G;. We call an element g € G algebraic, if the closure of the
cyclic group (g) is an algebraic subgroup of G.

2. STATEMENT OF THE MAIN RESULTS

In order to state our main results we introduce some notation and recall some
facts about G,-actions on A3. Let id # u = Exp(D) € Aut(A®) be a unipotent
automorphism and let u = d-u’ be a standard decomposition. The automorphism u
induces a G,-action on A® via (t,v) — (t-u)(v). We denote by 7: A3 — A3/ G, its
algebraic quotient. The invariant ring satisfies O(A%)" = ker D and thus A3 G, =
Spec(ker D).

Definition 2.1. Let u = Exp(D) be a unipotent automorphism of A3. We call the
ideal im D Nker D of ker D the plinth ideal and we denote

plD:=imDnNkerD.

By [DKO09, Theorem 1] the plinth ideal is principal. We fix some generator of the
plinth ideal and denote it by a = a(D). We denote further by

I' := div(a) = div(a(D))

the principal divisor in A%/ G, corresponding to a and call it the plinth divisor of
D (respectively of u).

Note that A3 G, ~ A? by Mivanisur’s Theorem (cf. [Fre06, Theorem 5.1])
and that the restriction m|ga\,—1(ry: A* \ 77 H() — A%\ T is a trivial principal
G,-bundle.

We have an induced action of Cent(u) on the algebraic quotient A3/ G, that
preserves I'. This implies that there is an exact sequence of ind-groups (see Propo-
sition 5.1)

1— O(A*)Y -’ < Cent(u) > Aut(A®) G,,T). (2)

In contrast to the 2-dimensional case (see (1)), the homomorphism p is in general

not surjective (see [Stal2, Proposition 1]). So, it is interesting to ask, what can be
said about the image of p in Aut(A?) G,,T).

The description of Cent(u) special in the case when u’ is a translation (see

Section 5.2 for a precise definition of “translation”). By abuse of language we call
then u = d - u’ a modified translation.

2.1. The case when u is a modified translation. The next result is the content
of Proposition 5.5.

Proposition A. Letid # u € Aut(A3) be unipotent and let u = d-u’ be a standard
decomposition. If u is a modified translation, then

1— OAY -1’ < Cent(u) — Aut(A®) G,,T) — 1

s a split short exact sequence of ind-groups where I" is the plinth divisor of u.



64 IMMANUEL STAMPFLI

2.2. The case when u is not a modified translation. The next result follows
from Theorem 5.17, Theorem 5.19, Corollary 5.20 and Proposition 5.21.

Theorem B. Let id # u € Aut(A3) be unipotent and let W' = d - u be a standard
decomposition. If u is not a modified translation, then

i) The set of unipotent elements Cent(u),, of the centralizer Cent(u) is a closed
normal subgroup, and there exists a closed algebraic subgroup R C Cent(u)
consisting only of semi-simple elements such that Cent(u) ~ Cent(u), x R as
ind-groups.

i1) All elements in Cent(u) are algebraic.

iii) The subgroup O(A*)™ - u’ C Cent(u) is characteristic.

In the next two results we describe the group Cent(u), of unipotent elements
more precisely. There are two cases for I' which are completely different. For this
distinction we have to introduce the following term.

Definition 2.2. Let I' = ), n;I"; be an effective divisor in A?. We call T a fence,
if I'; ~ A! for all 4 and the I'; are pairwise disjoint.

2.2.1. The case when I" is not a fence. This is the generic case. As I is not a fence,
the underlying variety cannot be a union of orbits of a non-trivial G,-action on
A?. Hence, there exists no non-trivial unipotent automorphism of A2 preserving
I'. Thus all the unipotent automorphisms of Cent(u), induce the identity on the
algebraic quotient. Hence we get from (2) the next result.

Proposition C. Letid # u € Aut(A?) be unipotent and let u = d-u’ be a standard
decomposition. If u is not a modified translation and the plinth divisor T' of u is
not a fence, then the subgroup of unipotent automorphisms in Cent(u) is given by

Cent(u), = OA®)Y -u'.

2.2.2. The case when T' is a fence. This is the hard case. As I' is a fence there
exists a proper non-empty open subset C' C A! such that we have the following
commutative diagram

A3 2 A3\7U) =~ (CxAl)xA!

ﬂl ! ipr

A2 2 A\T =~ C x A!

where pr denotes the projection onto the first two factors (see Proposition 3.3).
There exists coordinates (u,v,w) of (C' x Al) x Al such that the automorphism
induced by u on (C' x Al) x Al is given by (u,v,w) — (u,v,w+1) and the unipotent
automorphism (u,v,w) — (u,v + 1,w) of (C' x Al) x Al extends to an irreducible
unipotent automorphism e on A3 that commutes with u (see Section 5.3). Thus,
Cent(u), contains O(A?)(we) . e beside O(A3)Y - w’. Let Iner(A3) G,,T') be the
group of automorphisms of A3/ G, that induce the identity on I'. The difficulty in
the next theorem lies in proving that the image of p: Cent(u) — Aut(A3/ G,,T)
lies in Iner(A3) G,,T). The result follows from Proposition 5.15 and from Theo-
rem 5.19.
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Theorem D. Let id # u € Aut(A3) be unipotent and let u = d - v’ be a standard
decomposition. Assume that u is not a modified translation and that the plinth
divisor T is a fence. Then the set Iner(A3 )/ G4, 1), of unipotent automorphisms in
Iner(A3)) G,,T) is a group and the sequence induced by (2)

1 — O(A*)Y - u < Cent(u), — Iner(A®) G,,T), — 1

is a split short exact sequence of ind-groups. Moreover, p induces an isomorphism
O(A%)(we) . e 5 Tner(A3 ) G,,T), for a certain irreducible unipotent e € Aut(A®).

Let |T'| be the underlying scheme of the plinth divisor I'. Then the reduced scheme
IT|rea has the following geometric description. The complement of |T'|peq is the
maximal open subset of A%/ G, such that the algebraic quotient 7: A3 — A3/ G,
is a locally trivial principal G,-bundle over it. So far - to the authors knowledge -
there is now geometric description of |I'|. At least in the case when T' is a fence we can
give the following geometric description of |T'| (which is an immediate consequence
of Theorem D).

Corollary E. Let u € Aut(A®) be unipotent. Assume that u is not a modified
translation and that the plinth divisor T' is a fence. Then |U'| is the fized point
scheme of the induced action of Cent(u), on the algebraic quotient A3 G,.

(see [FogT3] for a definition of “fized point scheme”)

3. AUTOMORPHISMS OF A? THAT PRESERVE A DIVISOR

Recall that for a non-trivial G,-action on A3, the algebraic quotient A3 G, is
always isomorphic to A2. In view of the exact sequence (2) we study in this section
the automorphisms of A? that preserve a given effective divisor I' in A2. Clearly, I’
is completely determined by its underlying scheme and vice versa. Thus we can and
will identify this underlying scheme with T'. We denote by Aut(A?,T) the subgroup
of all g € Aut(A?) such that the scheme-theoretic image g(T') is again I' and we
denote by Iner(A2,T') the subgroup of all g € Aut(A2,T') such that the pullback to
T" is the identity. Thus we have an exact sequence

1 — Iner(A% T) «— Aut(A% T) — Aut(T).
In the following proposition we list some facts about Iner(A2,T') and Aut(AZ% T).

Proposition 3.1. Let T’ be a non-trivial effective divisor of AZ.

i) The subgroup Aut(A% T') C Aut(A?) is closed and all elements of Aut(A% T)
are algebraic.
ii) The following statements are equivalent
a) T is a fence
b) Aut(A2,T) contains unipotent automorphisms # id.
c¢) Iner(A2 T) # {id}
d) Aut(A2 T) is not an algebraic group

For the proof of this proposition we recall some facts about Aut(A?). As men-
tioned in the introduction, an automorphism of A? is conjugate to a composition
of generalized HENON maps or to a triangular automorphism (cf. [FM89, Theo-
rem 2.6]). But a composition of generalized HENON maps never preserves an alge-
braic curve, by [BS13, Theorem 1]. This implies the following result.
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Theorem 3.2. An automorphism of A? that preserves an algebraic curve is con-
jugate to a triangular automorphism.

Another result that we will constantly use, is the ABHYANKAR-MOH-SUZUKI-
Theorem which says that all closed embeddings A! — A? are equivalent (see
[AM75]). In fact we will use a slightly more general version of it.

Proposition 3.3. Let T be a fence in A%. Then there exists a 0-dimensional closed
subscheme F of A, an automorphism of A% and an isomorphism T ~ F x A! such
that the following diagram commutes

I - A2
FxAl © A?

Proof. Clearly, we can assume that I' 2 &. Moreover, we can easily reduce to the
case, when I is a reduced scheme. Let I';, ¢ € I be the irreducible components of
I'. Let ig € I be fixed. By the ABHYANKAR-MOH-SUZUKI-Theorem, there exists a
trivial Al-bundle f: A2 — Al such that T';, is a fiber of f. Now, if the restriction
flr,: T; — A is non-constant, then it is surjective, since I'; ~ Al. But this implies
that I'; NI, # @, a contradiction. Thus every I'; is a fiber of f. This implies the
proposition. [l

Proof of Proposition 3.1.

i) Assume that T' = div(a) for some non-zero a € k! = k[z,y]. For (f1, f2) €
klxz,y]* we denote by a;;(f1,f2) the coefficient of the monomial z'y/ in the
polynomial a(f1, f2). The subgroup Aut(A2 T') of Aut(A?) is defined by the
equations

a;j(f1, f2)ar(z,y) = aw(fr, f2)aij(x,y) for all pairs (i,7), (k,1).
This proves the first statement.

Let g € Aut(A2,T). By Theorem 3.2, g is conjugate to a triangular auto-

morphism and hence g is algebraic. This proves the second statement.
ii) a) = b): This follows immediately form Proposition 3.3.

b) = c): Let g € Aut(A2,T) be a unipotent automorphism # id. Choose
some a € k2 such that T' = div(a). As g preserves I, it follows that a is a semi-
invariant for the G,-action on A? induced by g. Since G, has no non-trivial
character, a is an invariant. Hence, id # a - g € Iner(A%,T).

¢) = d): Let g € Iner(A% T') with g # id. By Theorem 3.2, there exists
a trivial Al-bundle f: A2 — A! such that g preserves the fibration of A2
induced by f. Let I';, ¢ € I be the irreducible components of the reduced
scheme associated to I'. If every I'; lies in a fiber of f, then I' is a fence
and thus Aut(A2?,T) is not an algebraic group. Therefore we can assume that
f(T;) € Al is dense for some i. As g is the identity on I, it follows that g
maps each fiber on itself. Hence, there exists o € k* and a polynomial b(y)
such that for each y € A! the restriction of g to the fiber f~1(y) is given by

g,c Al = Al 2 az+b(y).

As g is the identity on I';, it follows that g, has a fixed point for all y € f(T;).
If @ = 1, then g, is the identity map for all y € f(I';) C A'. Since f(T;) is
dense in A! we get a contradiction to the fact, that g # id. Thus, « # 1. But
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this implies that g, has exactly one fixed point for each y € A'. Thus, I'; ~ A!
and it is the only irreducible component of I'. Therefore, I' is again a fence and
Aut(A2,T) is not an algebraic group.

d) = a): Assume that T is not a fence. By [BS13, Theorem 1], Aut(A2, T'yeq)
is an algebraic group, where I'}q is the reduced scheme associated to I'. Now,
Aut(A%T) is an algebraic group as well, since it is a closed subgroup of
Aut(A2, Fred)-

O

4. SOME BASIC PROPERTIES OF LOCALLY NILPOTENT DERIVATIONS

Let A be a k-algebra and assume it is a unique factorization domain (UFD).
Let B be a locally nilpotent derivation of A. We call B irreducible, if B # 0 and
the following holds: if B = fB’ for some locally nilpotent derivation B’ and some
f € ker B, then f € A* where A* denotes the subgroup of units of A. Remark, if
A = k"] then a unipotent automorphism u = Exp(D) is irreducible if and only if
D is irreducible. We list some basic facts about locally nilpotent derivations, that
we will use later on (see [Fre06] for proofs):

i) The units of A lie in ker B. In particular, k C ker B.
ii) The kernel ker B is factorially closed in A, i.e. if f,g € A such that fg € ker B,
then f, g € ker B.
iii) If S C ker B is a multiplicative system, then B extends uniquely to a locally
nilpotent derivation of the localization Ag.
iv) If B # 0, then there exists f € A such that B(f) € ker B and B(f) # 0.
v) If s € A such that B(s) = 1, then A is a polynomial ring in s over ker B and
B =09/0s.
vi) For f € A, the derivation fB is locally nilpotent if and only if f € ker B.
vii) If B is irreducible and E is another locally nilpotent derivation of A such that
E(ker B) = 0, then there exists f € ker B such that E = fB.
viii) If B # 0, then there exists a unique irreducible locally nilpotent derivation B’
(up to multiplication by some element of A*) such that ker B = ker B’.
ix) The exponential exp(B) = Y .o, B"/i! is a k-algebra automorphism of A and
the map exp defines an injection from the set of locally nilpotent derivations
of A to the set of k-algebra automorphisms of A.
x) If B(f) € fA, then B(f) =0.

5. CENTRALIZER OF A UNIPOTENT AUTOMORPHISM IN Aut(A?%)

5.1. The first unipotent subgroup in Cent(u). Let id # u € Aut(A3) be
unipotent and let u = d - v’ be a standard decomposition. There exists an obvious
subgroup of unipotent automorphisms in Cent(u): The modifications of o/, i.e. the
subgroup O(A®)" . u’. This subgroup has another characterization:

Proposition 5.1. Let id # u € Aut(A®) be unipotent and let u = d - u’ be a

standard decomposition. The subgroup (’)(A?’)u/ -u’ consists of those automorphisms

of A3 that commute with u and that induce the identity on A3 )| G,, i.e. the sequence
1— O(A*)Y - u’ — Cent(u) % Aut(A®) G,,T)

is exact, where I' denotes the plinth divisor of u. Moreover, the homomorphisms in
the sequence above are homomorphisms of ind-groups.



68 IMMANUEL STAMPFLI

This result is an immediate consequence of the following remark and the next
lemma.

Remark 5.2. Choose generators ¢, 7 of the polynomial ring O(A3)" and choose a
k-linear retraction r: O(A3) — O(A3)". The map p: Cent(u) — Aut(A3)G,,T)
is a morphism of ind-varieties due to the following commutative diagram

g—(g"(9),8"(2))

End(A?) o O(A*)2 — " (O(A%)%)?
loc. closed loc. closed
Cent(u) £ Aut(A3) G,,T).

Lemma 5.3. Let A be a k-algebra and assume it is a UFD, let B, B’ be non-zero
locally nilpotent derivations of A such that B’ is irreducible and ker B = ker B’. If
p: A — A is a k-algebra automorphism, then we have

Olker5 =1id and po B=Boy if and only if ¢ =exp(fB’), f €kerB.

Proof. Assume that ¢|ker g is the identity and ¢ commutes with B. There exists
0 # d € ker B, such that Aq = ker(B)4[s] is a polynomial ring in an element
s € Ag and B(s) = 1, if we extend B to A4. Since ¢ commutes with B there exists
g € ker(B)g such that the extension ¢ to Ag of ¢ satisfies ¢(s) = s + g. Now,
we have ¢ = exp(¢gB)|a. A density argument shows that exp(tgB)(A) = A for all
t € k. Since

(exp(tgB) — id)

t t=0"

we have gB(A) C A. Hence ¢B is a locally nilpotent derivation of A that vanishes
on ker B = ker B’. Thus, gB = fB’ for some f € ker B. The converse is clear. [

9B =

5.2. Centralizer of a modified translation in Aut(A3).

Definition 5.4. We call an automorphism f € Aut(A3) a translation, if there exists
a coordinate system (z,y, z) of A3 such that f = (z + 1,y, 2).

Clearly, a translation is unipotent. Note, that a unipotent u € Aut(A3) is a
translation if and only if the plinth divisor of u is empty. By abuse of language, we
call a modification of a translation a modified translation.

Proposition 5.5. Let id # u € Aut(A3) be a modified translation and let u = d-u’
be a standard decomposition. Denote by I' the plinth divisor of u. Then

1— OA*Y .1’ — Cent(u) & Aut(A®) G,,T) — 1
is a split short exact sequence of ind-groups. Moreover there exists a closed subgroup
of Cent(u) that is mapped via p isomorphically onto Aut(A3) G,,T).

Proof. By Proposition 5.1, the sequence above is left exact. Since u’ is a translation,
we can identify the algebraic quotient 7: A® — A? with the map (z,y,2) — (y,2)
and T’ = div(d). Let f € Aut(A% T). Then f*(d) = \d for some A\ = \(f) € k*. One
can see that Aut(A2,T) — k*, £ — A(f) defines a morphism of ind-varieties. Thus
H:={(\z, f1, f2) | £ = (f1, f2) € Aut(A*,T) and £*(d) = Ad }

is a closed subgroup of Cent(u) (note that the subgroup Aut(A%,T') C Aut(A2)
is closed by Proposition 3.1) and p|g: H — Aut(A%,T) is an isomorphism of ind-
groups. (I
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5.3. The second unipotent subgroup in Cent(u). Let u € Aut(A®) be unipo-
tent and let u = d - u’ be a standard decomposition. Throughout this subsection
we assume that the plinth divisor I' = div(a) of u is a fence. There exists another
subgroup of unipotent automorphisms inside Cent(u) in addition to (’)(A?’)“, -/,
that we describe in this subsection.

Lemma 5.6. Let u € Aut(A?) be a unipotent automorphism. If the plinth divisor
I = div(a) is a fence, then there exists a variable z of O(A%)® = k2 such that
a € k[2] and any such z is a variable of O(A3) = k3.

Proof. By Proposition 3.3 there exists a coordinate system (z,w) of A% such that
the embedding div(a) = T' C A? is given by the standard embedding F x A! C A?
for some 0-dimensional closed subscheme F of A'. Thus a € k[z]. Since 7 is a trivial
A'-bundle over A2\ T, it follows that only finitely many fibers of z: A% — Al are
non-isomorphic to A2. Thus z is a variable of k3!, according to KALIMAN’s Theorem
[DKO09, Theorem 3] (cf. also [BEHEKO8, Theorem 3.1]). O

Remark 5.7. If u = Exp(D) is irreducible, then I" is a fence if and only if rank D < 2
(i.e. there exists a variable z of k[®! that lies in ker D). This follows from the lemma
above and from [DF98, Theorem 2.4, Proposition 2.3].

Definition 5.8. Let A be a UFD and let P € A[z,y] be a polynomial in z and y
over A. We denote 5 5

where P, and P, denote the partial derivatives of P with respect to = and y re-
spectively. Obviously, Ap is a derivation of A[z,y] and Ap(P) = 0.

Let D, D’ be locally nilpotent derivations of O(A3) such that u = Exp(D) and
u = Exp(D’). Let z € ker D be a variable such that a € k[z] and let (x,y, z) be

a coordinate system of k¥l (sece Lemma 5.6). Let A := k[z]. It follows now from
Remark 5.7 and [DF98, Theorem 2.4] that there exists P € A[z,y] such that

D'=Ap and kerD =kerD =k[z P].

Obviously, d divides a in k[z]. Let a = da’. An easy calculation shows that div(a’)
is the plinth divisor of u’ and that for all Q € A[x,y] we have
D(Q)=a ifandonlyif D'(Q)=4d . (3)

Lemma 5.9. Let A = k[z]. If Q € Alz,y] such that D(Q) = a, then E := Aq is
an irreducible locally nilpotent derivation. Moreover, E commutes with D.
Proof. Let K be the quotient field of A. The extension of D’ to K|[x,y] satisfies
D'(Q/a’) = 1. Thus K[z,y] = K[P, Q). If we extend E to a derivation of K|z, y]
one easily sees that F is locally nilpotent. Thus F is a locally nilpotent derivation
of Alx,y].

By [DF98, Theorem 2.4]) there exists S € A[z,y] such that E = hAg and Ag
is irreducible. Thus —a’ = E(P) = hAg(P) = —hAp(S). Hence Ap(S) € pl(Ap)
and thus Ap(S) is a multiple of a’. This implies that h € k* and proves that E is

irreducible.
If we extend Ap and Ag to Klz,y] = K[P,Q], we get Ap = a/(9/90Q) and

Ag = —ad/(0/0P) where
P, P
"=det{ 5 Y |eK.
¢ G(Qx Qy>
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Thus F commutes with D’. But since a = da’, it follows that d € k[z] C ker D N
ker E. This implies that £ and D = dD’ commute. ([

Definition 5.10. For any Q € kI3 with D(Q) = a we call
e := Exp(F) = Exp(Ag)
an admissible complement to u.

By (3), we get that e is an admissible complement to u if and only if e is an
admissible complement to u’. Tt follows from Lemma 5.9 that O(A%)(eW . e is
a subgroup of unipotent automorphisms inside Cent(u) where (e,u) denotes the
subgroup of Aut(A3) that is generated by e and u.

Remark 5.11. We have A2 \I'=C x Al for some curve C C Al. The restriction
of u and of e to the open subset

7 1A%\ T) = (C x A') x A' = Spec(k[z]4[P, Q])

are given by (u,v,w) — (u,v,w+1) and (u,v,w) — (u,v+1,w) respectively, where
(u, v, w) is the coordinate system (z,—P/a’,Q/a).

5.4. The property (Sat). We introduce in this subsection a property for a subset
S C Aut(A"™) and we will show that Cent(v) satisfies this property for any unipotent
automorphism v € Aut(A™). This property will then play a key role when we
describe the set of unipotent elements inside the centralizer. One can think of this
property as a saturation feature on the unipotent elements in S.

Definition 5.12. Let S C Aut(A"™) be a subset. We say that S has the property
(Sat) if for all unipotent automorphisms w € Aut(A™) and for all 0 # f € O(A™)Y
we have

f-weS = weS. (Sat)

Proposition 5.13. If v € Aut(A") is unipotent, then the subgroup Cent(v) C
Aut(A™) satisfies the property (Sat).

Proof. Let v = Exp(B) and let w = Exp(F'). Assume that f-w commutes with v
for some w-invariant 0 # f € O(A"™). If v = id or w = id, then (Sat) is obviously
satisfied. Thus we assume v # id # w. For the Lie-bracket we have

0=[fF,B] = f[F,B] = B(f)F . (4)

Thus, it is enough to prove that B(f) = 0.

First, assume that F' is irreducible. By (4), it follows that f divides B(f)F(g)
for all g € O(A™). As F is irreducible, the ideal (im F) is equal to O(A™). Hence f
divides B(f). As B is locally nilpotent, it follows that B(f) = 0.

Now, let F' = f'F’ for some irreducible F’. Thus, ff'F’ commutes with B and
by the argument above, B(ff’) = 0. Since ker B is factorially closed in O(A"), we
have B(f) = 0. O

5.5. The subgroup N C Cent(u). Let u € Aut(A3) be unipotent. We define
in this subsection a subgroup N of Cent(u) and we gather some facts about this
group. In the next subsection, we will prove that N is exactly the set of unipotent
automorphisms Cent(u) if u is not a modified translation. We treat first the case
when u is irreducible and consider afterwards the general case.
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5.5.1. The case when u is irreducible.

Definition 5.14. Let u € Aut(A?) be unipotent and irreducible. We define the
subset N C Cent(u) as

N V) O(A3)(eW e o O(A*)" - u if the plinth divisor of u is a fence
= = O(A?’)u -u otherwise.

where e is an admissible complement to u (cf. Subsection 5.3). Moreover, we define

ker ENker D)E +ker(D)D if rank D < 2,
ker(D)D otherwise.

where u = Exp(D) and e = Exp(E) (cf. Lemma 5.9).

M_M(D):_{ (

Proposition 5.15 (Properties of N). Let u € Aut(A3) be unipotent and irre-
ducible. Then:

i) The set N consists of unipotent automorphisms and we have N = Exp(M).
ii) The group Cent(u) normalizes O(A3)"-u and we have for all g € Cent(u) and
for all f-ue O(A®)" -u

g lof-uog=g"(f) u.
Moreover, N is a closed normal subgroup of Cent(u).
iii) Denote by Iner(A2,T), the set of unipotent automorphisms of Iner(A% T'). Then
1 —=O0A)" u——>N RN Iner(A%,T), —1.
is a split short exact sequence of ind-groups. If ' is a fence, then p|y induces
an isomorphism O(A%)(®W . e ~ Iner(A%,T), for any admissible complement

e to u. Moreover, N is independent of the choice of e.
iv) The subgroup N C Aut(A®) satisfies the property (Sat).

Proof. Assume first that I" is not a fence. Then i) and iv) are clear, ii) follows from
Proposition 5.1, iii) follows from Proposition 3.1. Thus we can assume that I' is a
fence.

i) Let hE + fD € M. By induction on [ > 1 one sees that (hE + fD)! is the
sum of terms of the form gE'DJ where g € ker D. From this fact, one can
deduce that hE + fD is locally nilpotent and hence M consists only of locally
nilpotent derivations.

For all f € ker D and h € ker D Nker £ and ¢ > 0 we have

fDad(hE)? = (—1)?hIEI(f)D

where Aad(B) = [A, B]. With the aid of this formula, an application of the
Baker-Campbell-Hausdorff formula yields Exp(hE)oExp(fD) = Exp(L) where
L is the finite sum

(1)t fDad(fD)**~tad(hE)? ---ad(fD)Pm ad(hE)™™
2.2 m > (pi + ¢) pilqi! - pmlgm! €M

m Pi,qi
(see [Jac62, Proposition 1, §5, chp. V]). Hence N C Exp(M) which shows in
particular, that N consists of unipotent automorphisms. Moreover, Exp hE and
Exp(fD + hE) coincide on ker D. Lemma 5.3 implies (Exp hE)~! o Exp(fD +
hE) = Exp(f'D) for some f’ € ker D and thus Exp(M) C N.
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ii)

iii)

iv)
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The first part is a calculation. One can check that N = p~!(Iner(A2,T),)
by using Proposition 5.1. Since Iner(A2,T), is a closed normal subgroup of
Aut(AZT) it follows that N is a closed normal subgroup of Cent(u).

It is enough to show that the homomorphism O(A%){®W . e — Iner(A% T),
(induced by p) is an isomorphism of ind-groups. Injectivity follows from the
fact that O(A3)eW .e N O(A®)" - u = {id} and surjectivity follows from a
straightforward calculation. As N = p~!(Iner(A2,T),) it follows that N is
independent of the choice of e.

Let 0 # hE + fD € M. It is enough to prove that

ged(h, f)=1 = hE+ fD is irreducible (A)

where the greatest common divisor is taken in the polynomial ring ker D =
klz, P]. Indeed, let gB = hE + fD € M for some locally nilpotent derivation
B # 0 and some 0 # g € ker B and let h = ged(h, )i/, f = ged(h, f)f’. Thus
B vanishes on ker(h'E + f'D) and since W' E + f'D is irreducible, there exists
b € ker(h'E + f'D) such that B = b(h/E + f'D). This implies gb = ged(h, f) €
k[z] and therefore b € k[z]. This shows that B € M.

Let us prove (A). Since E and D are irreducible (see Lemma 5.9) we can
assume that h and f both are non-zero. A calculation shows

hE + fD = Ap, F:hQJrfP—/(g]J;P) apr

where the integration is taken inside the polynomial ring ker D = k[z, P] and
Ap is taken with respect to R[z,y] where R = k[z]. Let f = Y1 | fi(2)P".
Thus we have

fP—/(aPP) dP:;fi(z) (1—H21>P+1.

Denote this last polynomial by G € k[z, P].

Now, assume towards a contradiction that hE+ f D is not irreducible. Hence,
we have hE + fD = bB for some locally nilpotent derivation B and some non-
constant b € ker B. By plugging in P and @ in hE + fD = bB and using
the fact that ged(h, f) = 1 we see that b divides a (recall that D(Q) = a and
E(P) = —a). Hence there exists a root 2z of a such that the induced derivation
of Ap = hE + fD on klz,y,2]/(z — z9) =~ k[x,y] vanishes. Thus, there exists
a constant ¢ € k such that

Qo z0) + 3 i) (1=
=0

)Pt e @

The polynomial P(x,y,z9) € k[x,y] is non-constant, since otherwise D = Ap
would have a 2-dimensional fixed point set, contradicting the irreducibility of
D (cf. [Dai07, 2.10]). If h(zp) = 0, then we have f(zo, P) = 0 by ([J). Hence
ged(h, f) # 1, a contradiction. Thus we can assume h(zp) # 0. In this case it
follows that Q + h(zo)~*(G(z, P) — ¢) is divisible by z — 2 inside k*l. Thus,

. (Q+h<20>1<G<z,P> c)) __a

Z— 20 z—2y

But this contradicts the fact, that a is a generator of pl D.
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5.5.2. The general case.

Definition 5.16. Let id # u € Aut(A3) be unipotent and let u = d - u’ be a
standard decomposition. We define the group N as

B o N(u') if the plinth divisor of u is a fence
N=N(u):= { O(A*Y . v’ otherwise.

It follows from Subsection 5.1 and Subsection 5.3 that N(u) C Cent(u).

5.6. The group Cent(u) as a semi-direct product. In this subsection, we prove
our first main result: There exists an algebraic subgroup R C Cent(u) such that
Cent(u) is the semi-direct product of N with R, if u is not a modified translation.
This shows, that the quotient Cent(u)/N is rather small. If we endow the quotient
Cent(u)/N with the algebraic group structure induced by R, then we will see in the
next subsection, that the quotient Cent(u)/N consists only of semi-simple elements
(cf. Corollary 5.20).

Theorem 5.17. Let u € Aut(A3) be unipotent and assume that u is not a modified
translation. Then the subgroup N C Cent(u) is closed and normal, and there exists
an algebraic subgroup R C Cent(u) such that Cent(u) is the semi-direct product of
N and R as an ind-group. Moreover, all elements of Cent(u) are algebraic.

First, we prove Theorem 5.17 in a very special case and deduce the general case
to it.

Lemma 5.18. Letu = d-u’ where u’ = (z+1,y, z) and assume that d € O(A3)™ =
kly, z] is non-constant. Then N = N(u) is a closed normal subgroup of Cent(u)
and there exists a closed subgroup R C Cent(u) such that Cent(u) is the semi-
direct product of N and R as an ind-group. Moreover all elements of Cent(u) are
algebraic.

Proof. By Proposition 5.15, N = N(u) is a closed normal subgroup of Cent(u).

If T is not a fence, then it follows from Proposition 3.1 that Aut(A2, T) is an
algebraic group. By Proposition 5.5 there exists a closed subgroup of Cent(u)
that is mapped via p: Cent(u) — Aut(A2,T)) isomorphically onto Aut(A% T') and
Cent(u) ~ N x R.

Now, assume that I is a fence. By Lemma 5.6 we can assume after a coordinate
change of A2 = A3/ G, that a € k[2] and Iner(A2,T),, = { (y+h,2) | h € k[2], alh }.
Thus we have a split short exact sequence of ind-groups

1 —> Iner(A2,T),—— Aut(A2,T') —— (k* x k[z]/(a)) x Aut(Al,V(a)) — 1

Ny +hyaz+ ) ——— (A\ b+ (a),az + 5)
()\y+h0,az+ﬁ)<—|()\,0,az+ﬁ)

where hy € 0 C k[z] is the representative of o of minimal degree. Let R be the
algebraic group (k* x k[2]/(a)) x Aut(V (a), A'). Since N is generated by O(A3)™ .o’
and O(A%)(®) . e ~ Iner(A2,T),, we have the desired split short exact sequence
of ind-groups

14>NC—>Cent(u)q—Op»R—>1,
By using Proposition 5.5, Proposition 5.15 ii) and the fact that every element of
Aut(A2,T) is algebraic, one can see, that every element of Cent(u) is algebraic. [
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Proof of Theorem 5.17. Let O(A%)™ = k[7, 2] and let & € kPl such that D(%) = a,
where a is a generator of the plinth ideal pl D. Of course we can interpret g, Z as
elements of kB, Let @t :=a - (Z + 1,7, %) € Aut(A®) where we interpret a € k[f, Z].
The morphism A® — A3 induced by the inclusion k[Z,§, 2] C k[z,vy, 2] = O(A3) is
birational and hence we get an injective homomorphism of groups

n: Cent(u) — Cent().

In fact, n is a homomorphism of ind-groups, due to the following commutative
diagram, where r: k[z,y, z] - k[Z, 7, Z] is a k-linear retraction

3 g—(g" (2),8"(9),8" (%)) 3 TXrXr - 3
k[il%yaz] morph. k[ﬁC,y,Z] lin. k[x,y,z}
loc. closed loc. closed
Cent(u) ! Cent(1)

According to Lemma 5.18, Cent(a1) is the semi-direct product of N() with some
closed algebraic subgroup R C Cent(a). Let H C R be a closed algebraic subgroup.
We claim that n~*(H) C Cent(u) is an algebraic subgroup. Since 1: Cent(u) —
Cent (@) is a homomorphism of ind-groups, it follows that n~!(H) is a closed sub-
group. As H is algebraic and thus acts locally finite on A3, it follows that n~!(H)
acts also locally finite on A® by [KS12, Lemma 3.6]. This implies the claim.

According to the claim all elements of Cent(u) are algebraic and R := n~'(R) is
algebraic as well. Since 7 is an injective homomorphism of ind-groups we have the
following commutative diagram

1—— N(u)—— Cent(a) —>p——>1
iso. of groupsT T’? cl. embedd.
1 — N(u)——— Cent(u) —> R ——>1

As the first column is a split short exact sequence of ind-groups, the second coloumn
is also a split short exact sequence of ind-groups. This proves the theorem. O

5.7. The unipotent elements of Cent(u). The goal of this subsection is to prove
our second main result: The unipotent elements of Cent(u) are exactly N provided
u is not a modified translation. As we know from Proposition 5.15 the set N satisfies
the property (Sat). This will be a key ingredient in the proof of the next theorem.

Theorem 5.19. Let u € Aut(A3) be unipotent and assume that u is not a modified
translation. Then the set of unipotent elements of Cent(u) is equal to N.

Proof. Let u = d-u’ be a standard decomposition. Let g € Cent(u) be a unipotent
automorphism with g # id. If T is not a fence, then Aut(A2 T') contains no unipo-
tent automorphism # id (see Proposition 3.1). By Proposition 5.1 it follows that
geOA)Y .u' = N.

Hence we can assume that I' = div(a) is a fence. Let 2 € O(A3)" be a variable
of kB such that a € k[z] (see Lemma 5.6). If O(A%)8 = O(A3)Y, then g is a
modification of u’ and therefore g € N. Now, assume O(A%)8 £ O(A3)". Thus
g is not a modification of u’ and hence id # p(g) € Aut(A2%,T). Since p(g) is
unipotent and 0 # a € k[z], it follows that z € O(A%)8 and thus O(A%){&W is an
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oo-dimensional k-vector space. By Theorem 5.17 there exists an algebraic subgroup
R C Cent(u) and a split short exact sequence of ind-groups

1—>N<—>Cent(u)f»R—>1.

If g ¢ N, then O(A%)®W . g N N = 1, since N satisfies the property (Sat). We
get an injection O(A%)®™" — Cent(u) - R, h +— 6(h - g). Choose any filtration
by finite dimensional k-subspaces to turn O(A3)(®Y into an ind-group. It follows
that O(A%)&" — R is an injective homomorphism of ind-groups. But this implies
that R has closed algebraic subgroups of arbitrary high dimension, which is absurd.
This finishes the proof of the theorem. O

If we endow Cent(u)/N with the algebraic group structure induced by the semi-
direct product decomposition coming from Theorem 5.17, then we get immediately
the following corollary from Theorem 5.19.

Corollary 5.20. If u € Aut(A®) is unipotent and u is not a modified transla-
tion, then the algebraic group Cent(u)/N consists only of semi-simple elements.
In particular, the connected component of the neutral element in Cent(u)/N is a
torus.

5.8. The subgroup O(A3)" .u’ C Cent(u). The next proposition is an application
of Theorem 5.17 and Theorem 5.19.

Proposition 5.21. Let u € Aut(A3) be unipotent and assume that u is not a
modified translation. If u = d - u’ is a standard decomposition, then the subgroup
O(A®)Y -’ of Cent(u) is characteristic.

Before we prove this proposition, we construct an appropriate coordinate sys-
tem on the quotient A3/ G, = A? in the case when I' is a non-empty fence. Let
R C Cent(u) be a closed algebraic subgroup such that Cent(u) = R x N (see The-
orem 5.17). Let T := R be the connected component of the neutral element in R.
By Corollary 5.20, it is a torus (possibly dim 7" = 0). The torus T" acts faithfully
on the quotient A3/ G,, since the kernel of the map p: Cent(u) — Aut(A3) G,,T)
consists only of unipotent elements (see Proposition 5.1). Let (z, P) be a coordi-
nate system of A% = A3/ G, such that I' C A? is given by the standard embedding
F x A' C A? for some 0-dimensional closed subscheme F C A! and u’ = Exp(Ap)
(see Subsection 5.3).

Proposition 5.22. There exists ¢ € k and r € k[z] such that the action of T on
A% G, = A? is diagonal with respect to the coordinate system (z +q, P + 7).

Proof. As the torus T leaves I' = V(a) C A? invariant and since a € k[z], it follows
that there exists ¢ € k such that z + ¢ is a semi-invariant for the action of T. By
replacing z + q with 2z we can assume that 7: A2 — Al (2, P) — z is T-equivariant
with respect to a suitable T-action on A!. Due to [KK96, Proposition 1], every lift
of a T-action on A' to A? (with respect to 7) is equivalent to a trivial lift (with
respect to 7). Thus, there exists r € k[z] such that P 4 r is a semi-invariant with
respect to the action of T'. This finishes the proof. O

According to the last proposition we can and will assume that the action of 7" on
the quotient A®) G, = A? is diagonal with respect to the coordinate system (z, P).
Let A := k[z] and let A x A[P] be the semi-direct product defined by

(h, f)- (W' f') = (h+ B, f(P + h'a) + f') ()
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where a € A such that ' = div(a). From Proposition 5.15 it follows that
Ax A[P] = N(u), (h,f)——h-eof-u

is an isomorphism of groups where e is an admissible complement to u. Under this
isomorphism the subgroup A[P] is sent onto O(A3) - u’.

From the next lemma it follows that O(A%)" - u’ is a characteristic subgroup of
the connected component of Cent(u) in the case when I' is a non-empty fence and

dimT > 0.

Lemma 5.23. Let Ax A[P] be defined as in (5) and let G := T x (Ax A[P]) where
T is a torus with dimT > 0. Assume that A[P] C G is a normal subgroup, that
the action of T by conjugation on A[P] induces a faithful diagonal representation
on kz @ kP and that T acts on A[P] by k-algebra automorphisms. Furthermore we
assume that the action of T by conjugation on the quotient G/A[P] is non-trivial
and the product in G satisfies

(A 0,0) - (1, A, f) = (N A, f).
Then A[P] = Centg G where G?) denotes the second derived group of G.

Proof of Lemma 5.23. As the action by conjuagtion of T on G /A[P] is non-trivial, it
follows that the first derived subgroup G!) is not contained in A[P]. As T is abelian
it follows that G(Y) C A x A[P] and as A is abelian we conclude G(? C A[P]. Thus
there exists (1, ho, fo) € G with hg # 0. Denote by p: T — GL(kz @ kP) the
representation of T' on kz @ kP. By assumption p()) is a diagonal matrix

p(N) = (pléA) p;()/\)>

and ker(p;) Nker(pz) = {1}. As A[P] is abelian, we get A[P] C Centg G®). Now,
we prove Centg G(?) C A[P]. We have for all (1,0,q) € G

(1,0, — q(P — hoa)) = [(1,0,q), (1, ho, fo)] € G

where [-,-] denotes the commutator-bracket. Moreover, (1,0,2°P7) € GM) for all
(i,7) € N2 such that pip} is not the trivial character, as we have (1,0, 2'P7) =
[(A,0,0), (1,0, 2" P7)] for some well chosen A € T. For all j > 0, the character pﬁpg
is non-trivial, provided that 7 is large enough. For all (1,0, f) € A[P] we have

Cente(1,0,f) = {0, f)eG[(N,1 f)-(1,0,f)- (N, W' f)~" = (1,0, f) }
= {(NW ) eG [ f=Nxf(P—Na)}

where * denotes the action by conjugation of T on A[P]. Let (X, i/, f') € Centg G®).
Since (X, 1, f') € Centg(1,0,z'hga) for i sufficiently large, it follows that A\ €
ker p;. Moreover, we have (X, 1/, f') € Centg(1,0, z2*hoa(2P — hoa)) for sufficiently
large i. Thus, 2p2(N)P — 2h'a = 2P and therefore A" € ker po, b/ = 0. Hence we
have (N, 1/, f') = (1,0, f) € A[P]. This proves Centg G?) C A[P]. O

Proof of Proposition 5.21. It follows from Theorem 5.17 that T'x N C Cent(u) is
a subgroup of finite index. Moreover, T' X N has no proper subgroup of finite index,
as this group is generated by groups that have no proper subgroup of finite index.
This implies that T x N is a characteristic subgroup of Cent(u). Let G := T x N
and let H := O(A*)" - u’ C N. We distinguish several cases.
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i) T is a fence, dim T > 0: From Lemma 5.23 it follows that H = Centg(G®)).
ii) T is a fence, dim7 = 0: Let h-eo f-u’ € Centg(G™)). A calculation shows

that

id=[h-eof -u [P* U, e]]=—2ha* 1.

Hence h = 0. It follows that H = Centg(G™).

iii) T isnot a fence, dim 7" > 0: There exists a coordinate system (vy,v) of O(A3)™
such that the action of T on O(A3)" is diagonal with respect to (vy,vs) (see
[Kam79]). Let p; and ps be the characters of T such that t*(v;) = p;(t)v; for
allt € T. Let to f-u’ € Centg(G™W). A calculation shows that for i = 1,2 we

have

id=[tof u [t v u]]=(1—p(t™")(1—pi(t))v; - 0.

Thus p;(t) = 1 for i = 1,2. As the action of T on O(A3)¥ is faithful, it follows
that t = 1. It follows that H = Centg(G™).
iv) T'is not a fence, dim 7T = 0: In this case we have H = G.

In every case it follows that H C G is a characteristic subgroup and thus H is a

characteristic subgroup of Cent(u). This finishes the proof. (]
REFERENCES
[AM75] Shreeram S. Abhyankar and Tzuong Tsieng Moh, Embeddings of the line in the plane,

[BCWS2]

[BEHEKOS]

[Bis08]
[BS13)
[Dai07]

[DF98]

[DKO09]
[FM89]
[Fog73]
[Fre06]
[FW97]

[Jac62]

[Kam79]

J. Reine Angew. Math. 276 (1975), 148-166.

Hyman Bass, Edwin H. Connell, and David Wright, The Jacobian conjecture: reduc-
tion of degree and formal expansion of the inverse, Bull. Amer. Math. Soc. (N.S.) 7
(1982), no. 2, 287-330.

Moulay A. Barkatou, Hassan El Houari, and M’hammed El Kahoui, Triangulable
locally nilpotent derivations in dimension three, J. Pure Appl. Algebra 212 (2008),
no. 9, 2129-2139.

Cinzia Bisi, On commuting polynomial automorphisms of CF, k > 3., Math. Z. 258
(2008), no. 4, 875-891.

Jérémy Blanc and Immanuel Stampfli, Automorphisms of the Plane Preserving a
Curve, Submitted, 2013.

Daniel Daigle, On polynomials in three variables annihilated by two locally nilpotent
derivations, J. Algebra 310 (2007), no. 1, 303-324.

Daniel Daigle and Gene Freudenburg, Locally nilpotent derivations over a UFD and
an application to rank two locally nilpotent derivations of k[X1,- -+, Xn], J. Algebra
204 (1998), no. 2, 353-371.

Daniel Daigle and Shulim Kaliman, A note on locally nilpotent derivations and vari-
ables of k[X,Y, Z], Canad. Math. Bull. 52 (2009), no. 4, 535-543.

Shmuel Friedland and John Milnor, Dynamical properties of plane polynomial auto-
morphisms, Ergodic Theory Dynam. Systems 9 (1989), no. 1, 67-99.

John Fogarty, Fized point schemes, Amer. J. Math. 95 (1973), 35-51.

Gene Freudenburg, Algebraic theory of locally nilpotent derivations, Encyclopaedia
of Mathematical Sciences, vol. 136, Springer-Verlag, Berlin, 2006, Invariant Theory
and Algebraic Transformation Groups, VII.

David R. Finston and Sebastian Walcher, Centralizers of locally nilpotent derivations,
J. Pure Appl. Algebra 120 (1997), no. 1, 39-49.

Nathan Jacobson, Lie algebras, Interscience Tracts in Pure and Applied Mathematics,
No. 10, Interscience Publishers (a division of John Wiley & Sons), New York-London,
1962.

Tatsuji Kambayashi, Automorphism group of a polynomial ring and algebraic group
action on an affine space, J. Algebra 60 (1979), no. 2, 439-451.



78 IMMANUEL STAMPFLI

[KK96] Hanspeter Kraft and Frank Kutzschebauch, Equivariant affine line bundles and lin-
earization, Math. Res. Lett. 3 (1996), no. 5, 619-627.
[KS12] Hanspeter Kraft and Immanuel Stampfli, On Automorphisms of the Affine Cre-

mona Group, accepted for publication in Ann. Inst. Fourier (Grenoble) (2012),
http://arxiv.org/abs/1105.3739.

[KumO02] Shrawan Kumar, Kac-Moody groups, their flag varieties and representation theory,
Progress in Mathematics, vol. 204, Birkhauser Boston Inc., Boston, MA, 2002.

[LamO01] Stéphane Lamy, L’alternative de Tits pour Aut[C2], J. Algebra 239 (2001), no. 2,
413-437.

[Stal2] Immanuel Stampfli, A note on Automorphisms of the Affine Cremona Group, Sub-

mitted, 2012.

MATHEMATISCHES INSTITUT, UNIVERSITAT BASEL, RHEINSPRUNG 21, CH-4051 BASEL
E-mail address: Immanuel.StampfliQunibas.ch



Curriculum Vitae

Immanuel Stampfli, born on July 6th, 1984, in Bern. I am a citizen of Giinsberg,
Solothurn. My parents are Rudolf and Christiane Stampfli-Rollier.

Aug. 91 - July 97
Aug. 97 - July 99
Aug. 99 - June 03
Oct. 03 - Sept. 08

Sept. 07 - Aug. 08

Oct. 05 - Aug. 08
Oct. 08 - May 13
Oct. 08 - Sept. 13

May 30th, 13

Education

Primary school in Langgasse

Secondary school in Langgasse

Maturity (Matura) scientific, Gymnasium Neufeld,
Bern

Studies of Mathematics, minor in Computer Science
and Physics at the University of Bern

Diploma in Mathematics supervised by

Prof. Dr. A. Jeanneret at the University of Bern.
Title: Differenzierbare Strukturen auf S”
Assistant at the Department of Mathematics,
University of Bern

Ph.D. in Mathematics supervised by

Prof. Dr. H. Kraft at the University of Basel
Assistant at the Department of Mathematics,
University of Basel

Doctoral Colloquium

I have visited seminars and lectures of Prof. P. Mani-Levitska, Prof. Z. Balogh,
Prof. C. Riedtmann, Prof. I. Molchanov, Prof. F. Kutzschebauch, Prof. A. Jean-
neret, Prof. J. Husler, Prof. J. Schmid, Dr. M. Rickly, Prof. S.O. Smalg, Prof. H.
Bieri, Prof. T. Braun, Prof. T. Strahm, Prof. O. Nierstrasz, Prof. K. Stoffel, Prof.
H. Bunke, Prof. K. Pretzl, Prof. C. Greub, Prof. W. Benz, Prof. T. Stocker, Prof.
J. Schacher, Dr. G. Ostrin, Dr. D. Probst, Prof. H. Kraft, Prof. G. Zwara, Prof.
D. Masser, Dr. G. Favi, Dr. J. Déserti, Dr. H. Ahmadinezhad, Prof. S. Baader,

Dr. T. Bihler.

79



