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Spectral bandwidth reduction of Thomson scattered light by pulse chirping

Isaac Ghebregziabher, B. A. Shadwick, and Donald Umstadter

Department of Physics and Astronomy, University of Nebraska-Lincoln, Lincoln, Nebraska 68588, USA
(Received 2 July 2012; published 19 March 2013)

Based on single particle tracking in the framework of classical Thomson scattering with incoherent

superposition, we developed a relativistic, three-dimensional numerical model that calculates and

quantifies the characteristics of emitted radiation when a relativistic electron beam interacts with an

intense laser pulse. This model has been benchmarked against analytical expressions, based on the plane

wave approximation to the laser field, derived by Esarey et al. [Phys. Rev. E 48, 3003 (1993)]. For laser

pulses of sufficient duration, we find that the scattered radiation spectrum is broadened due to

interferences arising from the pulsed nature of the laser. We find that by appropriately chirping the

scattering laser pulse, spectral broadening can be minimized, and the peak on-axis brightness of the

emitted radiation is increased by a factor of approximately 5.

DOI: 10.1103/PhysRevSTAB.16.030705 PACS numbers: 52.38.Ph, 41.60.Ap

I. INTRODUCTION

Intense, tunable, ultrashort, collimated, polarized, and
quasimonoenergetic radiation in the x-ray and �-ray region
of the electromagnetic spectrum has potential applications
in broad disciplines that extend to, but are not limited to,
natural sciences and health sciences. Such high-energy
radiation sources may be generated when a relativistic
electron beam interacts with an intense laser pulse [1–3].
During the interaction, relativistic electrons oscillate in the
electromagnetic field of the laser and emit radiation. The
emission of electromagnetic radiation by the accelerated
charges, also known as Thomson scattering, could be
interpreted as scattering of the incident laser pulse by the
relativistic electron beam. Thomson scattering is a classi-
cal description of the scattering process [4] and is valid as
long as the energy of the scattered photon is much less than
the electron energy, @!sc � �mc2, where @ is the reduced
Planck’s constant, � is the relativistic Lorentz factor of the
electron beam, m is the rest mass of an electron, c is the
speed of light in vacuum, and !sc is the angular frequency
of the scattered photon. This is the low energy classical
limit of the general quantum mechanical inverse Compton
scattering process. The scattered photon energies reported
in this paper are much less than the energy of the electron
and, hence, the terms Thomson scattering and inverse
Compton scattering are used interchangeably.

The oscillation of an electron in an electromagnetic field
is generally classified as linear or nonlinear, depending on
the strength of the laser field. A useful parameter for
determining the onset of a nonlinear regime is the

dimensionless laser strength parameter, a0 ¼ qA=mc �

8:5� 10�10�0 ½�m�I1=2 ½W=cm2�, where A is the magni-
tude of the laser vector potential, I is the laser intensity, and
�0 is the wavelength of the laser pulse. For a0 � 1, the
electron oscillation is linear and thus the corresponding
scattering is called linear Thomson scattering. In nonlinear
Thomson scattering, a0 > 1, the electron can absorb mul-
tiple photons simultaneously and emit a single photon of
higher energy [5–7]. In addition to the onset of nonlinearity
based on the strength of the laser pulse, signatures of
nonlinearity in the scattered radiation spectrum can occur
for arbitrarily low strength and sufficiently long laser
pulses [8–11]. The origin of these nonlinear signatures
due to the pulsed nature of the laser [12], as well as a
method of minimizing them, is discussed in this paper. By
considering laser intensities corresponding to a0 < 1, the
onset of nonlinearity due to the strength of the laser pulse is
decoupled from that which is due to the finite temporal
duration of the laser.
The general properties of Thomson scattered photons by

relativistic electron beams, which have been studied ex-
tensively [1,13], may be understood through Doppler effect
considerations. A relativistically moving electron beam
experiences the compressed wave front of the laser pulse.
The maximum compression of the wave front occurs along
the direction of the electron beam. The electron beam then
scatters the compressed wave front and an observer in the
far field detects angle-dependent high-energy photons. The
detected photon energy is highest for a detector placed in
the direction of the electron beam. In a counterpropagating
interaction geometry (i.e. laser and electron beam collide
head-on), the photon energy of the laser light is Doppler
up-shifted by a factor of 4�2. For example, if � ¼ 500, and
the photon energy of the laser pulse is 1.5 eV, then the on-
axis scattered photon energy is 1.5 MeV, corresponding to
a million-fold increase in photon energy. The emitted
radiation is well collimated, near monochromatic, and
has a high degree of polarization [14], unlike that from
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bremsstrahlung radiation source [15–18], which is typi-
cally unpolarized and with a broad energy spectrum.

The generation of bright, picosecond-duration x rays and
� rays through inverse Compton scattering has already
been demonstrated with head-on collisions of intense laser
pulses synchronized to picosecond-duration, high-energy
electron beams generated with conventional radio fre-
quency (rf)-based accelerators [19,20]. Ultrashort x rays,
with moderate brightness, have also been demonstrated
from the inverse Compton scattering of femtosecond lasers
in a 90� scattering geometry with a synchronized, rf-
accelerated, high-energy electron beam [21]. In addition
to the experimental demonstration of x-ray and �-ray
sources, the backscattered radiation was used as a diag-
nostic tool for the electron beam [22–24], to generate
polarized positrons [25] from dense targets, and to dem-
onstrate nuclear fluorescence (proving the utility of the
source for discerning isotope specific elements) [26–28].

The theory of Thomson backscattering of an infinitely
long electromagnetic field by a relativistic electron beam
has been well documented [1,2,29]. Moreover, extensive
numerical studies have also been performed for scattering
from a pulsed plane wave electromagnetic field. We extend
these previous works by including the realistic six-
dimensional nature of the electron beam as well as the
three-dimensional nature of the focused electromagnetic
pulse with curved wave fronts [30,31]. This treatment
includes spectral broadening of the scattered light due to
wave front curvature and finite temporal duration of the
scattering laser, and broadening associated with the trans-
verse and longitudinal emittances of the electron beam.
Such a detailed calculation of Thomson scattering is nec-
essary to provide not only a framework for the analysis of
experimental results, but also a guide to the design of
Thomson scattered x-ray sources.

In this paper, we discuss a numerical model that calcu-
lates the scattered radiation during the interaction of an
intense laser pulse with an electron beam. In addition to
benchmarking the code against previously reported results,
we use it to demonstrate a technique to reduce the spectral
bandwidth of Thomson scattered light by means of chirp-
ing the incident scattering laser pulse. Section II discusses
the core ingredients of the model and Sec. III contains a
comparison of the numerically calculated and analytically
obtained radiation energy. Section IV discusses the effect
of finite temporal width of the laser on the scattered
spectrum as well as a method to overcome broadening
due to the pulsed nature of the scattering laser. Section V
provides a summary of results.

II. MODELING

The three-dimensional and relativistic Thomson code
[32] is divided as follows: (1) six-dimensional phase space
sampling of the relativistic electron beam, (2) classical
electron dynamics for an electron in phase space, and

(3) calculation of the radiation across the electron
beam phase space and three-dimensional laser focus.
A linearly polarized laser pulse with a central wavelength
�0 ¼ 800 nm is used for the results presented in this paper.
The polarization and propagation directions of the laser are
parallel to the x and z axis, respectively.
There have been other numerical models that are based

on the cross section approach [33,34]. In such models the
total number of scattered photons is obtained by the over-
lap integral of the product of the total Thomson cross
section and the flux of incident laser photons in the rest
frame of the electron beam. Such cross section-based
models do not account for the spectral oscillations in the
radiated spectrum due to the pulsed nature of the scattering
laser [12]. Instantaneous electron dynamics in the laser
pulse must be included to account for the oscillations in
the radiated spectrum. In our model, electron dynamics are
obtained by solving relativistic equations of motion; hence,
our model is able to account for finite beam shape effects.

A. Phase space sampling of the electron beam

The electron beam, described by its average energy E0,
relative energy spread �E=E0, and divergence angle �e, is
sampled by a six-dimensional phase space distribution.
The phase space coordinate, ðx; y; z; px; py; pzÞ, of each

electron in the beam is generated with a normal random
number distribution of particles with respective standard
deviations �px ¼ �e � pz0, �py ¼ �e � pz0, �x ¼ �xe,

�y ¼ �ye, and �z ¼ c� �e=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2Þp

, where �e is the

full width at half maximum (FWHM) temporal duration
of the electron beam. The longitudinal momentum
spread is then obtained with �pz ¼ Eð�E=pzc

2Þ �
pxð�px=pzÞ � pyð�py=pzÞ. Since the electron beams con-

sidered here are relativistic with small divergence angles,
the longitudinal momentum spread, �pz, of the electron
beam is approximately equal to �E=c.

B. Accurate treatment of the laser field

It is clear that the plane wave approximation to a laser
field may be valid when the electron beam probes only the
central region of the laser focus. In reality the laser focus
has curved wave fronts that depend on space. When the
beam waist of the scattering laser focus is comparable to
the size of the electron beam, the plane wave approxima-
tion may not be valid. To leading order, the paraxial
approximation for fields in the laser focus may be adopted
to calculate the scattered radiation more accurately. In the
paraxial approximation the laser electromagnetic fields are
assumed to be transverse. The longitudinal field compo-
nents, which become significant for a tightly focused laser
beam, are neglected since the expansion parameter
� ¼ �=�s0 for a Gaussian beam, is very small for the laser
focus beam waist radius s0 used in this paper. The electric
and magnetic field components of a linearly polarized
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laser pulse propagating along the z axis under the
paraxial approximation are Ex ¼ ~Efð	Þ cosð� þ 
Þ
and By ¼ ~Efð	Þ cosð�þ 
Þ=c, respectively, where ~E ¼
E0½s0=sðzÞ� exp½�r2=sðzÞ2�, r2 ¼ x2 þ y2,�¼!0t�kz�
zr2=zRsðzÞ2, 
 ¼ arctanðz=zRÞ, zR ¼ ks20=2, E0 is the laser

field amplitude, zR is the Rayleigh length, sðzÞ the beam
diameter at a given propagation distance, fð	Þ ¼
expð�	2=�2Þ, 	 ¼ t� z=c, and � is the 1=e2 temporal
duration of the laser pulse.

C. Relativistic electron dynamics

Once the electron beam is described accurately by a
sampled six-dimensional phase space distribution, the dy-
namics of each electron in the laser field is calculated by
solving the relativistic equations of motion:

dp

dt
¼ q

�
Elaser þ p

�m
� Blaser

�
;

dr

dt
¼ p

�m
;

where q is the charge of an electron, p the particle mo-
mentum,Elaser andBlaser are the laser electric and magnetic
field vectors.

We use an adaptive fourth order Runge-Kutta ordinary
differential equation solver [35] with relative error-
tolerance threshold of 10�6, a local error threshold of
10�12, and a time step typically of the order of
10�4 femtosecond. Since the electron beams considered
in this paper are relativistic and have low density
(ne=�

3 � 1016 cm�3), space charge forces are neglected
[1,2]. In the absence of the laser field, the electron beam
trajectory is ballistic. Also neglected in these calculations
is radiation damping since the energy radiated by an elec-
tron per passage through the laser pulse is small compared
to the energy of the electron.

D. Radiation calculation

Once the dynamics of each electron is obtained, the
energy density radiated per unit frequency ! and solid
angle � by a single electron moving in the intense laser
field can be described by the classical formula [36]

d2I

d!d�
¼ 2jAð!Þj2;

where

A ð!Þ ¼
�

e2

8�2c

�
1=2 Z 1

�1
ei!t

�
n� ½ðn� �Þ � _�

ð1� � � nÞ3
�
dt;

where e is the charge of an electron, n is a unit vector in the
direction of observation, and � is the velocity of the
electron normalized by the speed of light.

The energy radiated per unit frequency ! and solid
angle � per electron by the electron beam, sampled with
Ns particles, is then obtained by summing over the entire
phase space:

d2Ie
d!d�

¼ 1

Ns

XNs

i¼1

d2Ii
d!d�

:

The total energy radiated from an electron beam distribu-
tion with an integrated total electron number Ne ¼R
d3rd3pfðr;pÞ is given by

d2Itotal
d!d�

¼ Ne

d2Ie
d!d�

;

where fðr;pÞ is the electron beam phase space distribution
function.

III. BENCHMARK RESULTS AND DISCUSSION

To benchmark our code, we used the general analytic
expressions of the radiated energy density, derived by
integrating the Liénard-Wiechert potentials [1,2]. Of
particular interest is the limit of low strength laser fields,
a0 < 1, where the radiation is dominated by the first
harmonic. For the results presented in this section, a laser
field with intensity of 9� 1016 W=cm2 corresponding to
a0 � 0:2 is used. In this case, for small observation
angle,�, the energy radiated by a single electron per unit
solid angle � and per unit frequency ! may be written as
[37,38]

d2I

d!d�
¼ remc�2N2

0a
2
0

�
!

4�2!0

�
2
Rð!;!0Þ; (1)

where

Rð!;!0Þ ¼
�
sinð �kL=2Þ

�kL=2

�
2
;

and kðk0Þ are scattered (laser) wave numbers, �kþ k0 ¼
kð1þ �2�2Þ=4�2, L ¼ N0�0 is the interaction length, N0

is the number of laser periods with which the electron
interacts, and re ¼ e2=4��0mc2 is the classical electron
radius.

A. Electron beam with finite energy spread

For an ultrashort electron beam with a finite energy
spread and negligible divergence angle and transverse
beam size, the total scattered spectrum can be estimated
analytically by summing over the electron beam energy
distribution, with the spectrum from a single electron given
with Eq. (1). Typically, laser-wakefield accelerated elec-
trons have large energy spread compared to the linewidth
of the scattered Thomson radiation from a single electron.
In this case, the resonance function Rð!;!0Þ can be ap-
proximated with a delta function, and the total radiated
energy per unit frequency per unit solid angle per electron
may be obtained [37,38] with

d2IT
d!d�

¼ 1

2
remcN0a

2
0�

3fð�Þ; (2)

where fð�Þ ¼ ð1=NeÞdN=d�, Ne is the total number of
electrons in the beam.
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The energy distribution of an electron beam sampled
with Ns ¼ 105 particles is shown in Fig. 1(a). The average
energy of the beam is approximately 100 MeV and the
energy spread around the average energy is 34%. Initially,
the electron beam is located at (x ¼ 0, y ¼ 0, z ¼ ze ¼
2c�) and travels in the negative z direction. An intense
plane wave laser pulse, I0 ¼ 9� 1016 W=cm2 and �0 ¼
800 nm, located at z ¼ �ze and traveling in the positive z
direction is backscattered by the electron beam. The result-
ing backscattered energy density is shown in Fig. 1(b). The
radiation is calculated with an electron beam sampled with
three different total numbers of electrons (Ns ¼ 104,
3� 104, and 105). Overall, the radiation calculated numeri-
cally with our model is in close agreement with that ob-
tained analytically with Eq. (2); see Fig. 1(b). The radiation
spectrum calculated with the three different total number
of electrons is identical with the radiation calculated with
the smallest number of electrons (Ns ¼ 104) showing
small modulations in the scattered radiation. This indicates
that such an electron beam sampled with Ns ¼ 104 parti-
cles provides sufficient resolution for Thomson scattering
calculations. The peak radiated photon energy calculated
with our model is 0.26 MeV which compares well to the
analytically obtained value of 0.27 MeV. The peak photon
energy is also consistent with the formula Esc ¼ 4�2

@!0.
The scattered number of photons per electron per unit solid
angle obtained by integrating the curves shown in Fig. 1(b)
is 416 photons=sr=electron.

B. Scattering of a focused laser
pulse by a realistic electron beam

The two essential components of ultrashort and high-
energy radiation sources that are based on the process of

inverse Compton scattering are a pulsed electron accelera-
tor and a laser undulator. Accelerators that are based on
rf- and laser-plasma technologies have been proposed and
employed in inverse Compton scattering experiments
[37,39–41]. Electron beams generated by either of these
technologies are pulsed by nature and have finite energy
spread, divergence angle, and transverse beam extent.
These realistic electron beam parameters must be included
in inverse Compton scattering calculations to quantify the
emitted radiation accurately. The transverse size of the
electron beam could also be comparable to the focal spot
size of the scattering laser pulse. Hence, the electron beam
as a whole experiences the curved wave front of the laser
even though single electrons experience local plane waves.
Therefore, the plane wave approximation of the laser field
is not valid. To calculate the radiation more accurately, a
TEM00 spatial mode laser field with Gaussian profile is
used in this subsection.
The six-dimensional phase space distribution of an elec-

tron beam that has an average energy, E0 ¼ 100 MeV, and
relative energy spread, �E=E0 ¼ 0:24, as generated with a
normal random number generator, is shown in Fig. 2. The
electron beam is sampled with 105 electrons. The electron
beam which is located initially at a longitudinal position,
ze ¼ 2c�, has a Gaussian temporal profile with a FWHM
width of 12 femtosecond; see Fig. 2(b). On average, the
electron beam travels in the negative z direction. The
FWHM angular spread of the electron beam is 2.4 mrad.
At its initial longitudinal position, the FWHM transverse
spatial width of the electron beam is 12 �m.
An intense Gaussian laser pulse, with I0 ¼

9 � 1016 W=cm2, �0 ¼ 800 nm, and s0 ¼ 10:2 �m
(corresponding to 12 �m FWHM focus size), initially

FIG. 1. Histogram of electron beam energy distribution (a), and the corresponding on-axis Thomson scattered radiated energy
density (b) calculated numerically with an electron beam sampled with Ns ¼ 104 (dark green), Ns ¼ 3� 104 (blue), Ns ¼ 105 (red),
and analytic estimate (black). The scattering laser intensity is 9� 1016 W=cm2, �0 ¼ 800 nm, and � ¼ 90 fs. The energy spread of
the electron beam is 34%, and the corresponding Thomson bandwidth is 66%. The scattered number of photons per electron per unit
solid angle is 416.
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located at z ¼ �ze and traveling in the positive z direction
is backscattered by the electron beam, and the resulting
backscattered energy density is shown in Fig. 3. The back-
scattered energy density is calculated for four different
observation polar angles (� ¼ 0, 1.6, 3.2, and 4.8 mrad)
and in the plane parallel to the polarization direction of the
scattering laser pulse. The polar angles are measured with
respect to the electron beam propagation direction, i.e., the
direction � ¼ 0 is parallel to the direction of electron beam
propagation. Consistent with the analysis based on classi-
cal Doppler shift, the amplitude of the radiated energy
density as well as the photon energy at which the energy
density reaches its maximum as calculated with our model
are the highest for the smallest observation angle, i.e.,
� ¼ 0. The calculated peak on-axis radiated photon energy
is 0.23 MeV and is consistent with the prediction by the

formula 4�2EL, where EL is the scattering laser photon
energy as can be seen from Fig. 4(a). The calculated
on-axis radiated energy is about 57 MeV=sr=electron and
reduces to 2:1 MeV=sr=electron at an off-axis observation
angle � ¼ 4:8 mrad; see Fig. 4(b). Correspondingly, the
calculated off-axis peak photon energy is 0.14 MeV and is
in close agreement with the analytic estimate given by
4�2EL=ð1þ �2�2Þ, which with � � 197 predicts photon
energy of 0.12 MeV.
Based on the radiation yield of a single electron moving

on axis [1] and in the case of small scattering and incidence
angles at nonrelativistic laser intensities, previous works
[37,42] provide an analytic estimate of the radiation distri-
bution of an electron beam. The analytic estimate which
assumed invariance over the azimuthal angle of the electron
beam distribution involved a convolution of the form

FIG. 2. Electron beam phase space, as generated by a normal random number generator. Electron beam energy spectrum (a), electron
beam temporal profile (b), and transverse electron beam phase space plots (c), (d). The energy spread of the electron beam (FWHM) is
24%. The electron beam angular, temporal, and spatial Gaussian profiles have corresponding FWHM widths of 2.4 mrad, 12 femto-
second, and 12 microns, respectively.
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d2IT
d!d�

¼
Z

d�ed�dre expð�2r2e=s
2
0Þ

� fð�e; �Þ d2I

d!d�
ð�� �e; �;!Þ: (3)

Equation (3) has been used to provide framework for
analysis of experimental results and has proven successful
in predicting on-axis radiated spectra [43]. The validity of
this assumption however, needs to be quantified when
using it for a full angle-and-energy resolved characteriza-
tion of the scattered radiation. The scattered radiation
yield obtained with Eq. (3) compared to the yield calcu-
lated using our three-dimensional model is shown in
Figs. 3 and 4.
For an on-axis observation angle (� ¼ 0), the analytic

estimate based on Eq. (3) agrees reasonably well with the
detailed calculation using our model. The analytic estimate
is able to predict the shape of the scattered energy spec-
trum. This can be seen from Fig. 3(a) where the shapes of
the two energy spectrum curves match quite well.
Furthermore, the radiated peak photon energy obtained
with our model is 0.23 MeV which compares well with
the value 0.225 MeV obtained with Eq. (3); see Fig. 4(a).
The radiated energy per unit solid angle and per electron
obtained with the simplified expression given by Eq. (3)
slightly overestimates the radiated energy as predicted by
our model. This can be seen from Fig. 4(b) where the on-
axis radiated energy density calculated with our model is
57 MeV=sr=electron compared to 64:8 MeV=sr=electron
obtained with Eq. (3). The overall reasonable agreement
for (� ¼ 0) between the radiation calculated with our
model and that obtained with Eq. (3) is expected since
the simplified expression is based on a single electron
moving on axis, i.e., (�e ¼ 0). For an on-axis observation,
only electrons with �e � 0 contribute to the radiated

FIG. 3. Radiated energy density calculated numerically
(dashed-blue line) and estimated analytically using Eq. (3)
(red line). The radiation is calculated at four different observa-
tion angles: � ¼ 0, 1.6, 3.2, and 4.8 mrad; measured with respect
to the electron beam propagation axis and in the plane containing
the polarization-propagation axis of the scattering laser pulse.
For the smallest angle, �, the radiation yield calculated analyti-
cally is in a reasonable agreement with our model. The agree-
ment gets worse as the observation angle, �, is increased.

FIG. 4. Radiated peak spectral photon energy versus observation polar angle (a) calculated numerically (blue squares) and estimated
analytically (red full circle). The radiated energy obtained numerically (solid blue square symbols) and estimated analytically with
Eq. (3) (solid red full circle symbols) is shown in (b). The lines are to guide the eye. The photon flux obtained by integrating the curves
in (a) is 0:015 photons=electron (analytic estimate) which is greater than 2 times 0:006 photons=electron obtained with our model.
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energy significantly. In this case, the azimuthal invariance
assumption of the electron beam distribution is valid. This
can be seen more easily with the approximate analytic
expression of the radiated fundamental frequency derived
in [42]. For linear scattering (a0 � 1), the analytic solu-
tion that included the incident and scattering azimuthal

angles may be written as !sc ¼ 4�2!0=½1þ ð�~�Þ2�,
where ~�2 ¼ �2 þ �2e � 2��e cosð’� ’eÞ. According to
this expression, the effect of an azimuthal angle of the
electron beam on the scattered photon energy is negligible
for an on-axis observation angle and, hence, a reasonable
agreement between our model and Eq. (3).

For an off-axis observation (� ¼ 1:6 mrad), the shape of
the radiated energy spectrum as well as the radiated peak
photon energy obtained with Eq. (3) and calculated with
our model are in reasonable agreement; see Figs. 3(b) and
4(a). The radiated energy per unit solid angle and per
electron obtained with the simplified expression given by
Eq. (3) is a factor of approximately 1.5 times higher than
the yield calculated with the detailed computation using
our three-dimensional model. This means that estimating
the number of photons radiated within a collection angle of
1.6 mrad using Eq. (3) will overestimate the radiated
photon number by a factor as high as 1.5 times when
compared to radiated photon number estimation using
our three-dimensional model. The assumption of an azi-
muthal angle invariance of the electron beam distribution
and radiation calculation based on an electron moving on
axis implicit in the simplified expression given by Eq. (3)
undermine the effect of electron beam divergence and
overestimates the radiated energy.

Similarly, the agreement between the radiated energy
spectrum as well as the peak photon energy calculated
with our model and obtained with Eq. (3) worsens when
the off-axis observation angle is increased further to
(� ¼ 3:2 mrad), greater than the divergence angle of the
electron beam (�e ¼ 2:4 mrad). This can be seenmore easily
from Figs. 3(c), 4(a), and 4(b). The peak photon energy
obtained with Eq. (3) is 0.16 MeV which is smaller than
0.18 MeV computed with our model. The radiated energy
per unit solid angle and per electron obtained with Eq. (3) is
36 MeV=sr=electron which is approximately a factor of
3.6 times higher than the yield obtained with our model.

The peak photon energy and the radiated energy
per unit solid angle per electron calculated with our model
for an observation angle � ¼ 4:8 mrad are 0.14 MeV
and 1:4 MeV=sr=electron, respectively. This can be com-
pared to the respective values 0.12 MeV and
20:5 MeV=sr=electron obtained with Eq. (3). The analytic
estimate underestimates the radiated peak photon energy
and overestimates the integrated radiated energy by an
approximate factor of 15 times. Though the radiation yield
from the scattering of an electron beam overestimates the
radiated energy, the radiation emitted off axis from a single
electron moving on axis calculated with our model is

consistent with the analytic estimate [2] that is based on
the plane wave approximation of the laser.

IV. SCATTERING FROM A PULSED
LASER AND SPECTRAL BROADENING

Previous investigation of the effect of beam shapes on
the Thomson scattered spectrum [8–12], in particular, the
pulsed nature of the laser has been shown to introduce
spectral substructures within the radiated harmonics. When
an electron interacts with a pulsed laser pulse, it undergoes
small oscillations during the rise of the pulse, where
aðtÞ � a0, and emits radiation at the relativistic Doppler-
shifted laser frequency !1, as shown in Fig. 5. When the
laser field amplitude increases, the ponderomotive force
pushes the electron backward and it emits radiation which
is frequency down-shifted by a factor of 1þ a20=2. When

the field decreases back to zero, the electron radiates again
at !1 [9]. The spectral difference in the radiation from the
increasing and decreasing parts of the laser pulse results in
spectral interference of the radiated field, creating oscilla-
tions in the radiated spectrum [9,11]. A recent study [10]
has arrived at an analytic expression that relates the num-
ber of oscillations to the laser intensity and temporal
duration according to the empirical formula

N� ¼ 0:24a20� ½fs�: (4)

When designing a narrow-band �-ray source for preci-
sion applications such as nuclear resonance fluorescence,
this nonlinear oscillation of the spectrum must be taken
into account.
This nonlinear oscillation in the spectrum may be mini-

mized by using an appropriately chirped laser pulse. We
propose a chirped laser pulse whose frequency changes

with time as !ðtÞ ¼ 2!0f1þ ½aðtÞ= ffiffiffi
2

p
a0�2g=3. When the

laser field amplitude increases, the radiated frequencies are
down-shifted by a factor of 1þ a2ðtÞ=2. However, for
scattering with a chirped laser pulse, the frequency of the
laser field is up-shifted by the same factor. This would
ensure that the radiated frequencies during the period of the

FIG. 5. Schematic diagram illustrating the time varying pon-
deromotive potential experienced by an electron as it collides
with a counterpropagating laser pulse.
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laser pulse will be identical, and the spectral oscillations
resulting from the spectral interference of the different
radiated frequencies would be minimized. Since most of
the radiation occurs near the peak of the laser intensity, the
proposed chirp may be realized with a phase ’ðtÞ ¼ !0t�
bt3 þ ct5 þ � � � , where b ¼ !0=ð3�2Þ is a third-order
phase and c ¼ !0=ð30�4Þ is a fifth order phase. For a 90-
fs laser pulse, the amount of chirp required (b�1 ¼
30903 fs3, c�1 ¼ 1:08� 108 fs5) can be produced with
conventional stretcher/compressor and pulse-shaper com-
binations. Figure 6 shows the radiated on-axis energy
density (d2I=d!d�) when an 300-MeV electron is scat-
tered by a pulsed laser field with temporal duration of 90 fs
FWHM and peak intensity of 1:6� 1018 W=cm2. The
figure shows the spectral oscillations in the radiated spec-
trum that are reduced in the chirped pulse case. For scat-
tering from the transform-limited laser pulse, the radiated
fundamental harmonic is split into 14 substructures which
are consistent with Eq. (4). For the chirped case, the
radiated spectrum is dominated by the fundamental har-
monic; with only two substructures that are less prominent.
This reduction of the substructures effectively reduces the
bandwidth of the scattered �-ray pulse. Integrating the
curves shown in Fig. 6 gives the radiated energy per unit
solid angle. The on-axis integrated photon flux per unit
solid angle per electron for scattering with the chirped laser
pulse is 4:1� 104 photons=sr=electron, which is slightly
smaller than 4:3� 104 photons=sr=electron obtained for
the nonchirped case. The amplitude of the radiated energy
density is, however, greater by approximately 5 times for
scattering with the chirped laser pulse. The bandwidth of
the radiated energy density is also narrower for the chirped

case. With typical electron beams from linac or LWFA
based accelerators consisting of � 109 electrons, the total
number of photons for this simulation (contained within a
cone of half angle 1=�) is 4� 108. This analysis indicates
that the peak on-axis brightness of the emitted radiation
could be increased by approximately 5 times. Never-
theless, detailed calculation that includes realistic electron
and laser beam properties as well as finite detector size is
required for practical application of the chirped pulse
technique in the design of narrow-band inverse Compton
scattering sources. In the following subsections, we discuss
the effect of finite detector size as well as realistic beam
parameters on the scattered spectrum.

A. Finite detector size

In the above, the scattered radiation was calculated in a
fixed direction, i.e., in the direction of the initial electron
motion. But we have shown in Sec. III that the emitted
radiation strongly depends on the observation angle.
A finite size detector collects all photons that hit its area
and, hence, measures the integrated spectrum over a certain
range of observation angles. It is not clear a priori whether
the observed spectral oscillations will be smeared out and
if the proposed scheme of using a chirped laser reduces the
bandwidth of the scattered radiation spectrum. A narrow-
band spectrum is desired for applications such as nuclear
resonance fluorescence imaging. The smallest bandwidth
of Thomson scattered radiation is limited by the linewidth
of the scattering laser pulse. We chose a pinhole with a

half-cone angle �cen ¼ 1=ð� ffiffiffiffi
N

p Þ, where N is the number
of optical cycles the electron interacts with, since the
linewidth of the Thomson scattered radiation integrated
over the solid angle subtended by the pinhole is / 1=N
(consisting of all of the scattering laser bandwidth) and our
objective is to obtain an optimized peak on-axis brightness
of the Thomson radiation. The solid angle subtended by the
detector should be less than the solid angle subtended by
the central radiation cone, i.e., �det < �cen. Assuming an
ideal detector with unity acceptance for photons hitting its
surface and null acceptance otherwise, the spectrum mea-
sured by the finite size detector may be obtained by calcu-
lating the scattered radiation integrated over the solid angle
subtended by the detector.
For an 300-MeV electron interacting with a laser pulse

of temporal duration FWHM 90 fs, the central radiation
cone half angle is �cen ¼ 0:293 mrad. A circular detector
with radius R placed at a distance L away from the inter-
action point along the initial electron motion subtends a
collection cone of half angle tan�det ¼ R=L. The radiated
energy density, collected by the detector, per unit fre-
quency ! may then be obtained with

d2Idet
d!

¼ Xj¼K

j¼0

�
d2I

d!d�
� �f½ðjþ 1Þ ����2 � ðj��Þ2g

�
;

FIG. 6. On-axis radiated energy density from the scattering of
a 300-MeV electron by a 90-fs FWHM and 1:6� 1018-W=cm2-
peak-intensity chirped laser pulse (blue line) and transform-
limited pulse (black line). The photon flux per unit solid angle
is approximately 4:1�104 photons=sr and 4:3� 104 photons=sr
for scattering with the chirped and transform-limited laser
pulses, respectively.
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where K�� ¼ �det. The angle subtended by the detector is
divided into a total of K angular bins with �� spacing
between each angular bin. The spectrum should not vary
significantly over the angular bin size. In the above, cylin-
drical symmetry of the radiation spectrum is assumed. To
determine the required number of angular points for a
converged result, the radiated energy density integrated
over a circular detector with radius R ¼ 1 mm is calcu-
lated with three different angular increments. The detector
is located at a distance D ¼ 3:4 m subtending a radiation
collection cone of half angle �det ¼ 0:293 mrad. The inte-
grated energy density calculated for K ¼ 200, 500, and
1000 corresponding to �� ¼ 1:47, 0.587, and 0:293 �rad
angular steps, respectively is shown in Fig. 7. The figure
shows at least 500 angular bins are required for a
converged result. Integrating the curve shown in Fig. 7
(K ¼ 1000) and dividing the result by the peak photon
energy (� 1:6 MeV) gives 4� 10�3 photons=electron
collected by the detector (�det ¼ 0:293 mrad). With typical
electron beams consisting of � 109 electrons, the total
number of x-ray flux collected by the detector for this
simulation is 4� 106 photons.

To the best of our knowledge, the harmonic substruc-
tures shown in Fig. 7 have never been observed experi-
mentally. This may be due to the small spectral separation
among neighboring subpeaks (< 5%) which may easily get
smeared out due to realistic electron and laser beam pa-
rameters. Previous study [10] indicates that the experimen-
tal observation of the subpeaks (without getting smeared
out) shown in Fig. 7 may not be possible for scattering with
the laser and electron beam parameters used in this study.

Though the substructures are smeared out with realistic
beam parameters, they broaden the bandwidth of the scat-
tered radiation spectrum. In this paper we concentrate on
the spectral broadening in the scattered radiation spectrum
due to the pulsed nature of laser and discuss how it can be
minimized.
Figure 8 shows the radiated energy density from

scattering a 300-MeV electron by a 90-fs FWHM
and 1:6� 1018-W=cm2-peak-intensity chirped laser pulse
and by a transform-limited pulse (solid black line),
integrated over three different detectors subtending a
radiation collection cone of half angles �det ¼ 73:25 �rad,
�det ¼ 146:5 �rad, and �det ¼ 293 �rad. As expected, a
larger detector collects more photons. For scattering with
the transform-limited laser pulse, the contrast of the
subharmonic structures is identical when the energy
density is integrated with the two smaller detectors
(�det ¼ 73:25 �rad, �det ¼ 146:5 �rad). However, the
energy density integrated over the largest detector
(�det ¼ 293 �rad) shows a reduced contrast of the subhar-
monic peaks. The radiated energy density collected by the
three different detector sizes has the narrowest bandwidth
and the highest amplitude in the case of scattering from the
chirped laser pulse compared to scattering from the
transform-limited laser pulse. The total number of photons
(N�) collected by the three detectors from the scattering of

an 300-MeV electron beam with 109 electrons may be
obtained by integrating the curves shown in Fig. 8 and
multiplying the result by the number of electrons. For this
simulation, the number of photons scattered by a
transform-limited and chirped laser pulse is approximately
equal. With such an electron beam, 3:3� 105, 8:1� 105,
and 4� 106 photons are collected by the detectors
with �det ¼ 73:25 �rad, �det ¼ 146:5 �rad, and �det ¼
293 �rad, respectively.

B. Practical considerations of the
pulse chirping technique

The analysis of emitted radiation from the scattering of a
single electron by a plane wave laser pulse is an ideal-
ization and has to be checked when using the concept of a
chirped laser pulse in the design of a narrow-band inverse
Compton scattering source. A realistic laser pulse at focus
has curved wave fronts with spatially dependent field
amplitude. To leading order, the effect of wave front cur-
vature on the radiated spectrum can be estimated by
�!sc=!sc � 0:25� ð�0=�s0Þ2, where s0 is the 1=e2

intensity radius of the laser pulse [33]. For an 800-nm laser
pulse focused to a spot size s0 ¼ 14 �m, the broadening
due to wave front curvature is �!sc=!sc � 8� 10�5 and
is much less than the broadening due to the pulsed nature of
a 90-fs laser that is 1=N ¼ 0:03. Though the effect of wave
front curvature is small and can be neglected, the spatial
variation of the laser field amplitude can have a significant
effect on the scattered spectrum since the electron beam

FIG. 7. Radiated energy density from the scattering of a
300-MeV electron by a 90-fs FWHM and 1:6� 1018-W=cm2-
peak-intensity transform-limited pulse integrated over a
detector subtending a cone of half angle �det ¼ 0:293 mrad.
The angle subtended by the detector was divided into 200
(blue line), 500 (red line), and 1000 (black line) differential
angular bins. The spectral intensity at each angular bin was
calculated and the radiation density was then integrated over
the detector. Integrating the curve shown (K ¼ 1000) and
dividing the result by the peak photon energy (� 1:6 MeV)
gives 4� 10�3 photons=electron collected by the detector
(�det ¼ 0:293 mrad).
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transverse size could be comparable to the laser beam
waist. Therefore, the plane wave approximation of the laser
field may not be valid and the focused nature of the laser
field has to be included when calculating the scattered
radiation. Moreover, electron beams obtained with rf and
laser-plasma technologies have finite energy spread and
emittance. Hence, these electron and laser beam properties
must be included in the calculation of the scattered spec-
trum when designing a narrow-band inverse Compton
scattering source based on a chirped pulse.

High quality electron beams with normalized emittance
of 0.35 mmmrad at 163 MeV with 0.16% energy spread
and a 7:24 �m root-mean-square focus size could be gen-
erated with an x-band linac [44]. On the other hand, based
on a laser-plasma accelerator technology, the production of
electron beams with an average energy of 86 MeV, energy
spread 2%, and angular divergence of 3 mrad (FWHM)
have been demonstrated in laser-wakefield acceleration

(LWFA) experiments [45]. It has been shown that LWFA
electron beams have a source size on the order of a few
�m. The calculated on-axis energy density from scattering
of a 90-fs FWHM and 1:6� 1018-W=cm2-peak-intensity
chirped laser pulse and transform-limited pulse using both
the x-band linac and LWFA electron beams is shown in
Fig. 9. We considered two models for the laser pulse,
namely, plane wave and a focused (14 �m FWHM)
TEM00 mode with Gaussian spatial profile. As can be
seen from Fig. 9(a), the spectral oscillations in the radiated
spectrum are well resolved in the case of scattering with a
transform-limited plane wave laser pulse using the x-band
linac. In the case of scattering from a chirped plane wave
laser pulse using the x-band linac, the spectral oscillations
are reduced significantly and the radiated energy density
shows a single peak with amplitude 5 times greater than the
scattered amplitude using a transform-limited plane wave
laser pulse. The scattered energy density using an x-band

FIG. 8. Energy density integrated over a finite detector size from the scattering of a 300-MeV electron by a 90-fs FWHM
and 1:6� 1018-W=cm2-peak-intensity chirped laser pulse (blue line) and transform-limited pulse (solid black line). The energy
density is calculated for three different detectors subtending a collection cone with half angles: �det ¼ 73:25 �rad (left panel),
�det ¼ 146:5 �rad (center panel), and �det ¼ 293 �rad (right panel). The number of photons per electron (N�=e) collected by a

detector for the chirped laser pulse (blue line) is shown in the figure.

FIG. 9. Scattered on-axis energy density per electron from the interaction of an x-band linac electron beam with a 90-fs FWHM and
1:6� 1018-W=cm2-peak-intensity transform-limited (black line) and chirped laser (blue line) under the plane wave approximation (a)
and a TEM00 spatial mode with Gaussian profile (b). The scattered on-axis energy density from a LWFA electron beam using a
Gaussian transform-limited laser focus (black line) and chirped laser focus is shown in (c). The FWHM beam sizes of the laser focus
and the LWFA electron beam are 14 and 2 �m, respectively.
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linac with transform-limited and chirped paraxial laser
focus is shown in Figs. 9(b) and 9(c). The figures show
the spectral oscillations in the radiated spectrum (observed
with transform-limited laser pulse) are smeared out for
scattering in a realistic transform-limited laser focus due
to the large x-band linac electron beam size and large
energy spread LWFA electrons. The bandwidth (amplitude)
of the scattered energy density in the chirped laser case
using the x-band linac is 0.38 (1.82) times that of the
transform-limited laser focus. Thus, the peak on-axis spec-
tral brightness could be increased by a factor of 5 times.

The scattered energy density using the LWFA electron
beam and realistic laser focus is shown in Fig. 9(c). The
energy density calculated with the plane wave laser
(not shown here) is identical with the focused laser case
since the LWFA electron beam has small focal size. For
LWFA electron beams, spectral oscillations are smeared
out due to the large electron energy spread. However, the
peak on-axis brightness of the scattered radiation can still
be increased by scattering from a chirped laser pulse. The
bandwidth (amplitude) of the scattered energy density
using the chirped laser pulse is 0.5 (1.75) times that of
the transform-limited laser focus using the LWFA electron
beam. Thus, the peak on-axis spectral brightness could be
increased by about 4 times.

For both the x-band linac and LWFA electron beams,
the divergence of the electron beams �e is smaller than the
full radiation cone with a half angle of 1=�, the photon flux
contained within a cone of half angle �e may be obtained
by integrating the on-axis spectral intensity shown in
Fig. 9. The scattered number of photons per electron is
0:01 photons=electron, and 0:04 photons=electron for
scattering of the x-band linac and LWFA electrons by a
paraxial laser focus, respectively.

V. CONCLUSION

In summary, based on single-particle-trajectory track-
ing, a relativistic three-dimensional nonlinear Thomson
scattering code has been developed and benchmarked
against analytical expressions for scattering in a plane
wave laser field. It is shown that the use of a simplified
analytic expression that is based on the radiation yield of a
single electron moving on-axis overestimates the total
radiation yield from the scattering of a laser focus by a
relativistic electron beam and underestimates the radiated
peak photon energy.

Scattering from a pulsed laser results in nonlinear spec-
tral modulation in the radiated spectrum. These modula-
tions broaden the radiated spectrum and should be taken
into account when designing narrow-band radiation
sources that are based on the process of inverse Compton
scattering. By using an appropriately chirped laser pulse,
we show that the oscillations in the radiated spectrum can
be minimized significantly. The required amount of chirp
can be produced with conventional stretcher/compressor

and pulse-shaper combinations. This concept might be
used in the design of narrow-band �-ray sources that are
based on scattering from relativistic electron beams gen-
erated both with rf- and laser-plasma based accelerator
technologies.
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