GEOPHYSICAL RESEARCH LETTERS, VOL. 24, NO. 22, PAGES 2841-2844, NOVEMBER 15, 1997

Calculated elastic constants and anisotropy of

Mg,SiO, spinel at high pressure

Boris Kiefer! and Lars Stixrude!

School of Earth and Atmospheric Sciences, Georgia Institute of Technology

Renata M. Wentzcovitch

Dept. of Chemical Engineering and Materials Science, University of Minnesota

Abstract. We calculated the elastic properties of
Mg2SiQ4 spinel, using the plane-wave pseudopotential
method. The athermal elastic constants were calculated
directly from the stress-strain relations up to 30 GPa,
which encompasses the experimentally observed stabil-
ity field of spinel. The calculated elastic constants are
in very good agreement with Brillouin scattering data
at zero pressure. We calculated the isotropically aver-
aged elastic wave velocities and the anisotropy from our
single crystal elastic constants. We find that the elastic
anisotropy is weak (azimuthal and polarization aniso-
tropy of S-waves: 5%, azimuthal P-wave anisotropy:
2.5%, at zero pressure) compared to other silicates and
oxides. The anisotropy decreases initially with increas-
ing pressure, changing sign at 17GPa before increasing
in magnitude at higher pressures. At typical pressures
of the earth’s transition zone (20-25 GPa), the elastic
anisotropy is 1% and 2% for P- and S-waves respec-
tively.

Introduction

The elasticity of Mg2SiO4 spinel (ringwoodite) is of
considerable geophysical interest for a number of rea-
sons: spinel is thought to be the most abundant min-
eral in the lower part of the transition zone (520-660km
depth) and its elastic properties will play an important
role for our understanding of the composition of this
region [Ita and Stizrude, 1992].

Another important issue is the elastic anisotropy of
this mineral at high pressures. Analyses of seismolog-
ical observations of anisotropy in terms of mantle flow
are primarily based on elastic constants measured at
zero pressure [Karato, 1997; Fischer and Wiens, 1996;
Montagner and Kennett, 1996]: the elastic constants
of spinel have only been measured at ambient condi-
tions [Weidner et al., 1984] and the pressure depen-
dence of the elastic constants and the anisotropy remain
completely unknown. Isotropic averaged velocities have
been measured below 3 GPa [Rigden et al., 1992].

To address these issues, we have determined the struc-
ture, the equation of state and the elastic constants of
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spinel up to 30 GPa which encompasses the experimen-
tally observed stability field of spinel. From the elastic
constants we determine the seismic wave velocities and

the single crystal anisotropy for spinel for the first time
at high pressure.

Computational Methods

To obtain the ground state properties of spinel at
arbitrary pressures, we use a method that combines
density functional theory and molecular dynamics with
variable cell shape [Wentzcovitch et al, 1995]. Den-
sity functional theory provides in principle an exact for-
malism for the ground state density and energy of an
electronic system. Our method makes two essential ap-
proximations: (1) the electrons are treated in the local
density approximation (LDA); (2) The pseudopotential
approximation. This method has been applied success-
fully to a wide variety of systems including silicates and
oxides. [ Wentzcovitch et al., 1995; Karki et al., 1997].

We used norm-conserving pseudopotentials [ Troullier
et al., 1991]. For silicon and oxygen we used the same
pseudopotentials as in previous calculations [daSilva
et al., 1997]. For magnesium we used a new pseu-
dopotential which treates the Mg 2p electrons as va-
lence electrons. The motivation was given by previ-
ous LAPW calculations on MgO where the Mg 2p elec-
trons were treated as semi-core states [Mehl and Co-
hen, 1988]. The magnesium pseudopotential we used
gives very good agreement between our predicted struc-
tures and experiments for periclase and spinel. Our
results underestimate the zero pressure volumes and
bondlength for both structures by ~3% and ~1% re-
spectively. Some of this error is attributed to LDA.
The Brillouin zone was sampled on a 2x2x2 Monkhorst-
Pack grid, the planewave cutoff was chosen to be 80Ry,
leading to 37500 planewaves per Mg,SiO4 unit.

To determine the elastic constants we first deter-
mined the equilibrium structure at each pressure. The
unit cell of the relaxed structure was then subjected
to a chosen strain and re-optimized. We used a single
(monoclinic) strain to calculate the three elastic con-
stants c;1, c12 and cs4. We applied positive and nega-
tive strains (magnitude 1%) in order to determine accu-
rately the stresses in the appropriate limit of zero strain.
Similar variable cell shape methods have been used to
calculate elastic constants for earth materials like per-
iclase [Karki et al., 1997]. In all cases the agreement
between experiment and theory was favorable.
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Figure 1. Computed elastic constants of Mg,SiO,
spinel. Filled symbols are theoretical results, solid lines
are Eulerian finite strain fits with the parameters given

in Table 1. Experimental results from Weidner et al.,
1984, are shown as open symbols.

0

Results

We calculated the pressure dependencies of the three
elastic constants ci1, ¢12 and ca4 up to 30 GPa. Our
elastic constants agree favorably with available experi-
mental Brillouin scattering data at zero pressure [ Wei-
dner et al., 1984]. The athermal elastic constants are
systematically larger than those determined by experi-
ment (largest deviation: 9% for ¢11). Deviations of sev-
eral percent are expected due to the experimental tem-
perature (300K). The remaining discrepancies between

theory and experiment are attributed to the LDA. The
elastic constants depend sub-linearly on pressure over
the whole pressure range. The pressure dependence of
the elastic constants was represented by a third order
expansion in the Eulerian finite strain [Davies, 1974]
(Fig. 1 and Table 1).
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We calculated the isotropic averaged velocities for
compressional (P) waves and shear (S) waves in the
Hashin-Shirikman [1962] scheme to compare our result
to ultrasonic measurements below 3 GPa [Rigden et al.,
1992] and to the velocity structure of the lower part
of the transition zone (Fig. 2). The velocities deter-
mined from our athermal elastic constants are higher
than those of room temperature experiments (P-wave:
by 5%, S-wave: 2%). We used the measured tempera-
ture dependence of the elastic constants for MgAl,04
spinel to estimate the temperature effect (Table 1).

The pressure derivatives of the wave velocities we find
are smaller than those derived from ultrasonic experi-
ments [Ridgen et al., 1992] (Table 1). We speculate
that this difference may be due to the porosity of the
samples at low pressures, the small pressure range (1.5
GPa) of the ultrasonic experiments. Moreover, we note
that our calculated value of K} agrees with subsequent
equation of state measurements [Meng et al., 1994].

In order to address the issue of the pressure depen-
dence of elastic anisotropy in spinel, we calculated the
directional dependence of the P- and the S-wave veloc-
ity by solving the Christoffel equation. P-wave veloci-
ties are extremal for propagation along [111] and [100].
The shear wave polarized in (001) (S1) is extremal along
[100] and [110]. The shear wave polarized in (110) (S2)
is extremal along [1/2,1/2,1//2] and [100].

As a measure of single crystal anisotropy in cubic
crystals we use (Karki et al; [1997]):

_ Mx|[ng] — Mx[100]

Ci1

Ax 1)

where 7p is the extremal propagation direction other
than [100], X € {P,S1,S2}, and Mx is the modulus
corresponding to the wave velocity Mx = pVZ. From
the Christoffel equation it can be shown that this mea-
sure of anisotropy for the three acoustic waves can be
cast into a single parameter [Karki et al., 1997]:

_ 2caatc1p
c11

A ~1 (2)

Table 1. Comparison of elastic moduli, My, their pressure derivatives M}, elastic wave velocities
and their pressure derivatives (in km s=! GPa~!) as determined from theory and experiment.
Theory Experiment
Mo (GPa) M Mo (GPa)! M{(-)?
e 361 (348) 6.32 327 .
c12 118 (112) 3.18 112 -
Cas 134 (129) 0.82 126 -
K 199 (190) 4.19 184 4.99,4.2
u 129 (125) 1.12 119 1.73
Vp (km s™') 10.08 (9.93) 0.052 9.79 0.078
Vs (km s7) 5.94 (5.87) 0.010 5.77 0.025

References: 1, Brillonin scattering data Weidner et al. [1984]; 2, ultrasonic measurements Rigden et
al. [1992], except for the second value listed for K from Meng et al. [1994]. Theoretical values are from
a third order finite strain fit to the first principles results. Bulk and shear moduli are Hashin-Shtrikman
averages calculated from the elastic constants. The values for Ko and K{, are consistent with the values
derived from the equation of state Vo =512.6A%, Ko = 196.0GPa and K}, = 4.34. Values in parentheses give
the elastic constants at 300K, the temperature dependence is taken from measurements in the MgAl,O4
system [Cynn, 1992]. Experimental values of K and p are determined as Voigt-Reuss-Hill averages.
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Figure 2. Hashin-Shtrikman average velocities de-
termined from our theoretical elastic constants (filled
diamonds and filled circles) compared with ultrasonic
measurements [Rigden et al., 1992, thick dashed lines];
Brillouin spectroscopy data [ Weidner et al, 1984, open
symbols); P-wave seismological models GCA [Walck,
1984, thin long-dashed line] and CJF [Walck, 1985,
thin short-dashed line]; S-wave models TNA and GNA
[Grand and Helmberger, 1984, thin long-dashed and
thin short-dashed line respectively]; the values from
PREM (Dziewonski and Anderson [1981]) are shown as
thin solid lines.

The anisotropy defined in (1) is then given by:

2 3

1
= - = —— = ——A. 3
Ap 3A, Agy 2A, Ago 5 3)

The pressure dependences of the parameter A is shown
in Fig. 3. In addition we calculated the polarization
and azimuthal anisotropy for S-waves and the azimuthal
anisotropy for P-waves, defined by:

maz{|Vs1[ii] — Vsa[id]|}

VS,a_q_qregate

(4)

AS,polarization =

[{Vs1[rio]} — {Vs2[100]}|
VS,aggregate

[{Velrial} — {Ve[100]}

VP,aggrcgate

()

AS,azimuthal =

(6)

The pressure dependence of these measures are shown
in Fig. 3. For cubic systems, S-wave azimuthal and
polarization anisotropy coincide.

The anisotropy decreases initialy with increasing pres-
sure, at 17 GPa spinel is elastically isotropic. For higher
pressures, the anisotropy changes sign and increases in
magnitude. This behavior can be understood in terms
of the direction of the extremal wave velocities. At low
pressures, the P-wave is fastest along [111] direction (A
positive), at higher pressure the fast P-wave direction
is [100] (A negative). The change of sign of A also ex-
plains why S2 waves are fastest at low pressure but S1
waves are fastest at high pressure and also the behavior
shown by the polarization and azimuthal anisotropy.

We found that the single crystal elastic anisotropy
of Mg>SiOy4 spinel is small (Fig. 3) in contrast to the

AP,a,u'muthal =
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anisotropy in forsterite [daSilva et al., 1997]. At typical
pressure conditions for the lower part of the transition
zone (20-25 GPa) the anisotropy is 1% and 2% for P-
and S-wave anisotropy respectively.

Geophysical Implications

A comparison of the pressure dependence of our cal-
culated isotropic P- and S-wave velocities with the ve-
locity structure for the lower part of the transition zone,
shows that the velocity profiles are almost parallel and
that the calculated values are shifted to higher values
by 8% and 9% for P- and S- waves respectively. The
differences can be accounted for by the presence of iron,
which lower the velocities by ~2-3% and the high tem-
peratures in this depth range which decrease the veloc-
ities by 8% relative to the athermal values [ Weidner
et al., 1984]. Other abundant minerals in the tran-
sition zone like majorite and Ca-perovskite may also
contribute to this difference.

The relatively weak anisotropy of spinel found here
contrasts with the global seismological study of Mon-
tagner and Kennett, [1996], who find a transverse aniso-
tropy in the lower part of the transition zone of 2-4%.
The anisotropy due to an aggregate of spinel at transi-
tion zone pressures may be a factor 5 less than that ob-
served, based on our results and assuming typical poly-
crystalline textures [Karato, 1997]. Moreover this differ-
ence cannot be accounted for by the presence of iron or
high temperatures in the mantle [Cynn, 1992; Wang and
Simmons, 1972]. An iron content of 11% is expected to
raise the elastic anisotropy by 1% while transition zone
temperatures increase the anisotropy by 1% and 3% for
P- and S-waves respectively. Accounting for the effect
of iron and temperature, our results are consistent with
the observations of Fischer and Wiens, [1996] who find
an upper bound of 0.5% for transverse S-anisotropy in
the transition zone below the Tonga subduction zone.

Models that interpret observations of anisotropy in
terms of mantle flow rely primarily on the measured
elastic constants at zero pressure. However elastic aniso-
tropy can show a complex pressure dependence as in

8 - ,

7 kAnisotropy Factor A ]

6| ]
< °n S-Azimuthal, ]
o - - ,
= 4 Polarization y ]
z 3|
S 2 Pagel N g
3 1 - _\\\\ \\\\\ ’,r" ’—_’—’
2 0 P-Azimuthal™~~ -2 ---
< _, [4sotropic System

2 F

-3

-4 . .

0 10 20 30

Pressure [GPa]

Figure 3. Computed anisotropy factor A (solid line),
S-wave polarization anisotropy and S-wave azimuthal
anisotropy (short dashed line), P-wave azimuthal aniso-
tropy (long dashed line).
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periclase [Kark: et al., 1997] or spinel. The magnitude
of the elastic anisotropy of spinel is small in the whole
pressure range form 0 to 30 GPa, but it changes sign at
17 GPa. This shows that the zero pressure anisotropy is
not necessarily representative of the elastic anisotropy
at high pressures as in the lower part of the transition
zone.
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