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§0. Introduction. Low-dimensional topology is dominated by the funda-
mental group. However, since every finitely presented group is the funda-
mental group of some closed 4-manifold, it is often stated that the effective
influence of nx ends in dimension three. This is not quite true, however, and
there are some interesting border disputes. In this paper, we show that, by
imposing the extra condition of parallelizability on the tangent bundle, the
dominion of it\ is extended by an extra dimension. First, we prove

THEOREM A. For each n^5, any finitely presented group may occur as the
fundamental group of a smooth closed parallelizable n-manifold.

The proof may be compared with the usual proof that all finitely presented
groups are realized as fundamental groups of closed 4-manifolds, but is never-
theless more delicate, because of the need to avoid the obstruction to paralleliz-
ability. In dimension 4, the obstruction cannot be avoided. In fact, a smooth
closed almost parallelizable manifold M4 is parallelizable when both its signa-
ture Sign(M) and Euler characteristic x(M) vanish. In particular, the van-
ishing of the Euler characteristic severely restricts the groups which can occur
as fundamental groups of smooth closed parallelizable 4-manifolds. In fact,
for many fundamental groups the Euler characteristic bounds the signature
(see, for example, [4], [16]), but the relationship is neither universal nor
straightforward.

To describe our results, it helps to partition the class of finitely presented
groups as

n(4)uC(4),

where 11(4) is the class of fundamental groups of smooth closed parallelizable
4-manifolds, and C(4) is the complementary class. An exact algebraic descrip-
tion of this partition seems very unlikely. Nevertheless it is possible to give
some sufficient conditions for membership; the first involves membership of
n(4).

THEOREM B. IfT admits a presentation of the form

in which r<g, then ren(4).
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Our condition for membership of C(4) is given in terms of low dimensional
homological restrictions on a discrete group F; here k is a field.

W(fc): 2 dim* H\Y, k) =s 1 + dim* # 2 ( r , jfc);
.//(k): dimkH\r,k)^dimkH

2(T,k) and //4(r,/c) = 0.

THEOREM C. C(4) contains all finitely presented groups which satisfy some
condition - f(k) where k is a field, and all those which satisfy some condition

where k is afield of characteristic other than 2.

We conclude by discussing the 11(4)- C(4) partition with reference to some
familiar infinite groups, and give some applications to combinatorial/geo-
metric group theory.

The 4-dimensional results of this paper date from March 1991, and have
circulated in a number of versions since then. Some thanks are long overdue,
notably to Professor Hirzebruch and the staff of the Max-Planck Institut fiir
Mathematik for their hospitality when the first-named author was visiting the
Max-Planck Institut fur Mathematik, Bonn in 1991, to Thomas Delzant,
Dieter Kotschick, Ralph Strebel who saw the earliest version and made some
useful comments, and to Hansjorg Geiges and Charles Thomas for comments
on the material in Section 1.

§1. Framed surgery. We review briefly the theory of framed surgery on
stably parallelizable manifolds. The standard reference for such matters is [9].
Throughout we shall assume that all manifolds are smooth, closed and connec-
ted; we denote by Mx #M2 the connected sum of manifolds M\, M2. A mani-
fold M" is parallelizable when its tangent bundle tM is isomorphic, as a vector
bundle, to the product bundle TM=Mx R"; M" is stably parallelizable when
TM becomes trivial upon addition of a trivial line bundle zM®e=MxR"+l;
finally, Mis almost parallelizable when M — {pt} is parallelizable. We note the
following, which is essentially a restatement of Lemma (3.4) of [9].

(1.1) Let M be a smooth closed connected manifold. Then

M is parallelizable => M is stably parallelizable

=> M is almost parallelizable.

The following two propositions are straightforward.

(1.2) Let Mi, M2 be closed smooth manifolds. If M, is stably parallelizable
and M2 is parallelizable, then M, x M2 is parallelizable.

(1.3) Let Mi, M2 be closed smooth stably parallelizable manifolds. Then
Mi #M2 is also stably parallelizable.
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Now let T = (X>,..., Xg; WX(X),..., Wr(X)) be a finitely presented group.
Put

M , = (Sl x S"-l)#(Sl x S"~l)# • • • #(SX x S"~l).

Then TTi(Mi) is a free group of rank g. We may identify the canonical gener-
ators of ff,(M|) with Z i , . . . , Xg. Observe that Mx is stably parallelizable, since
S1 x 5"'"' is parallelizable. We may represent each relator Wj(X) by a closed
path X/.S* —>M\. By a standard general position argument, we may assume
that A i , . . . , Xr are all imbeddings, with empty mutual intersections. Since M\
is stably parallelizable, the normal bundle to any X, is trivial. Let M be
obtained from M\ by framed surgery on A i , . . . , Xr. Then we obtain the classi-
cal result

(1.4) Letr = {Xl,..., Xg; WX{X),..., Wr(X)) be a finitely presented group.
Then, for each «ss4, there exists a smooth closed stably parallelizable n-mani-

fold M" such that i , ( M " ) s r .

If M" is a closed almost parallelizable n-manifold, then the obstruction to
parallelizability is a single element

'\M; nn_,(SO(n))) = nn^(SO(n)).

Let a: n,,^l(SO(n))^nn^x(SO) denote the stabilization map, and put

Then a(y/(M)) represents the obstruction to the almost parallelizable manifold
M being stably parallelizable, so that, when M is stably parallelizable, \I/(M) G
H"(M;.'//„) = .'//'„. We can rephrase matters as follows.

(1.5) Let M" be a smooth closed connected stably parallelizable n-manifold.
Then there is a single obstruction y/(M)s H"(M; .//„)=//„ which vanishes pre-
cisely when M is parallelizable.

The groups %'„ have been computed by Kervaire [8], using earlier work of
Paechter [14]. When n is even, //„ = !_, and, in this case, the obstruction y/(M)
to parallelizability of the stably parallelizable manifold M" may be identified
with the Euler characteristic %{M). When n is odd, 7/n is isomorphic to
Z/2Z, except in three special dimensions n = l , 3 , 7 , where one has
. l ^ . ' / i ' j S . ^ s O ; in these dimensions, stably parallelizable manifolds are
necessarily parallelizable.

Proof of Theorem A. The first three cases, n - 5, 6, 7, are essentially differ-
ent, and we give separate arguments for each. By means of (1.4), we may first
construct a smooth closed stably parallelizable «-manifold M" such that
7ti(Mi) = T. Then Mx is orientable and so satisfies Poincare Duality with
rational coefficients.
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If n = 5, the obstruction to parallelizability \ff(M) can be identified with the
mod 2 semi-characteristic of M, namely

X dimf2Hr(M;¥2) (mod 2),

where F2 is the field with two elements. This follows easily from (9.2) of [7],
or rather from the equivalent statement in cohomology.

Thus, if y/(M,)*0, then y/-(M, #(S2 x S3)) = 0. Hence either M, or
M, #(S2 x S3) is parallelizable, so that the desired result follows, since

2 3

If n = 6, then the Euler characteristic of Mx is even. In fact, we have

where J5k is the Mi (rational) Betti number. However, the middle dimensional
intersection form is here skew-symmetric and non-degenerate, so that /33 is also
even. Thus we may write ^ ( M ^ = 2k. If k - 0, put M-Mx. Then y{M) =

= 0, and so M is parallelizable. If k > 0, put

M = M, #(S3 x S3) #• • • #(53 x S3),

whilst if A: > 0, put

M = Mx #(S2 x S4)#- • • #(S2 x 54).

Either way, M is stably parallelizable with nx{M) = n](Mx) = Y. However
y/(M) = ^(M) = 0, so that M is parallelizable as desired.

If n - 7, there is nothing left to do, since //n - 0 and M, is automatically
parallelizable.

If n > 7, then we may write n = m + 3p, where m = 5,6,7. By (1.3), we can
find a smooth closed stably parallelizable w-manifold X'" with nl(X) = r. Put

Then M is parallelizable by (1.2), and nx{M) = T. This completes the proof.

§2. Proofs of Theorems B and C. The above discussion shows that, for
stably parallelizable 4-manifolds, the Euler characteristic may be identified
with the obstruction to parallelizability of M4. The problem of finding a
smooth closed 4-manifold with given fundamental group and vanishing Euler
characteristic was previously considered by Hausmann and Weinberger [2]; see
also the article by Kotschick [10].

Proof of Theorem B . L e t {Xu..., Xg; WX{X),..., Wr(X)) b e a finite p r e s -
entation of the group T for which r < g. Let Mo be the smooth 4-manifold
obtained by attaching g 1-handles to S4; then 7ti(M0) is a free group F^ of
rank g, and the cores of the attached 1 -handles may be identified with a set of
free generators Xx,..., Xg. Moreover,
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Using general position, we may represent W,(X),..., Wr(X) by a collection of
r imbedded frame 1-spheres E , , . . . , Zr. Let M, be formed by framed surgery
on Z | , . . . ,Er. Then M, is a smooth closed stably parallelizable 4-manifold
with /r,(M,) = F, and

= -2(g-r-\).

Observe that ^(M,) «s 0, since (r + 1) =sg. If r + 1 = g, we are finished on putting
M = Mi, since £(A/,) = 0. If r + 1 < g, put

M= Mi #(S2 x S2)#,..., #(S2 x S2).

g-r-l

Then again #(M) = 0, and M is a closed parallelizable 4-manifold with
7ti(M) - T. In either case, it follows that rel~l(4).

Proof of Theorem C. Let M be a smoth closed orientable 4-manifold for
which x(M) — 0, and let c: M—>K{T, 1) be a map inducing an isomorphism of
fundamental groups. Write h,,{T, k) = dinu H"(T, k), where k is a field. Observe
that the induced map on cohomology c*\ H'(T,k)-^H\M,k) is an isomor-
phism for 2=1, and is injective for i - 2.

Writing dimA. H2(M, k) = h2(T, k) + e with e&0, we have

2 - 2hi(T, k) + h2(r, k)^2- 2hx(T, k) + h2(T, k) + e

from which it follows that 2 + dimkH
2(T,k)^2dimkH\T,k). Hence we see

that, if F belongs to n(4), then T fails to satisfy conditions ,/{k) for any field
k.

Suppose, in addition, that k has characteristic different from 2, and that
dim/t//'(r,A:)=£dimi//

2(r,/t) and H4(T,k) = 0. Let x,yeH2(r,k); since
H\T,k) = 0 we see that xuy - 0eH4(T, k). However, c*(xuj>) = c*(x)u
c*(y) ~ 0, so that c* maps H2(F, k) isomorphically to a subspace of H2(M, k)
which is totally isotropic with respect to the cup product form. Thus
2/22(r, k)« dimA. H2(M, k).

Writing dim/t H2(M, k) = 2h2{T, k) + e with e3=0, we see that

= 2 - 2/1, (r, A:) + 2/22(r, /t) + c = 2 + 2(A2 -A,) + e.

Since h,^h2, we see that ^ (M)>0 , which is a contradiction. Thus, when F
belongs to n(4), F fails to satisfy /i{k) for any field of characteristic other
than 2.

One should point out that the / (k) conditions are related to an inequality
which Epstein ([1]) attributes to Philip Hall.

§3. The n(4)-C(4) partition. We begin with some general observations
about the class C(4). Let T denote a finitely presented group. The abeliani-
sation Yah may be identified with HX{T:Z), and when Tah is finite then
Hl(T • Q) = Hi(F: Q) = 0, so that Y satisfies the condition ./'(Q), that is,

(3.1) 7 / r is finitely presented and Tah is finite, then r eC(4) .
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It follows from the condition ^(k) that

(3.2) IfT satisfies (orientable) 3-dimensional Poincare Duality over a field k
of characteristic other than 2, then F G C(4).

Next consider products. It follows easily from the Kilnneth Theorem that

(3.3) 7 / r , ,T2,...,Tnall satisfy / / ' (F, : <Q)*0, then F, x F2 x • • • x Fne C(4),
provided that n 3= 5.

It follows from (3.1) and (3.3) that, for any finitely presented group F, the
n-fold direct product F*'0 belongs to C(4) for all «3=5. It is tempting to conjec-
ture that C(4) is closed with respect to direct products.

Finally, observe that a finite covering of a parallelizable manifold is paral-
lelizable. Thus FI(4) is closed with respect to taking subgroups of finite index;
dually

(3.4) C(4) is closed with respect to extension by finite groups.

We conclude by showing how some familiar groups are situated with
respect to the Fi(4)-C(4) partition; we confine our attention to infinite groups
since, by (3.1), all finite groups belong to C(4).

The most familiar infinite groups are perhaps the free abelian groups Z"
with M3= 1. By (3.2) and (3.3), these belong to C(4), with Z, Z2, Z4 as the only
possible exceptions. In fact, these are genuine exceptions, being the funda-
mental groups of the parallelizable 4-manifolds S1 x S3, S*1 x S] x S2 and
S ' x S ' x S ' x S 1 , respectively.

By a direct argument on the connected sum of parallelizable 4-manifolds,
after adding on a copy of S2 x S2 to kill the Euler characteristic, one may
prove

(3.5) Fi(4) is closed under free products.

It follows that the non-abelian free groups ¥„, with «ss2, all belong to
n(4). More generally

(3.6) 11(4) contains all Fuchsian groups.

This follows from Theorem B, by the canonical description of Fuchsian
groups as 1-relator groups [6].

Since the classical Wirtinger presentation of a knot group has deficiency
equal to one, we see also that any knot group belong to n(4). The referee of
a previous version of this article pointed out that, by Artin spinning, any knot
group is the fundamental group of a ribbon 2-knot, so that there is a more
general and geometrically natural observation that one can make, namely

(3.7) The fundamental group of any 2-knot complement belongs to FI(4).

To see this, one does framed surgery on an embedded 2-sphere in S4, to
obtain a stably parallelizable 4-manifold M4 with %(M) = 0. However, by Van
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Kampen's Theorem, ni(M) = Kl(S
4\S2); this line of argument seems to go

back to Hausmann and Weinberger [2].
Next consider lattices in semisimple Lie groups. The simplest examples are

lattices in PSL2(IR), that is, Fuchsian groups, and so belong to FI(4) as already
noted. By contrast, "most" semisimple lattices belong to C(4). One may argue
as follows. A lattice F in a connected linear semisimple Lie group contains a
subgroup Fo of finite index which is a direct product

where F, is an irreducible lattice in a linear semisimple Lie group Gt. If each
Gj has real rank at least 2, then, by a result of Kazhdan [5], Matsushima [13]
and Wang [15], the abelianisation of each F, is finite; thus Tab is also finite, so
that r e C(4) by (3.1).

The remaining cases, where some of the irreducible components have rank
1, are more obscure. Even so, one can still say something; for example, if F,
is Fuchsian for at least two indices i, then, after passing to subgroups of finite
index for which //i(F,: G>) is suitably large, a Kiinneth argument shows that Fo

satisfies condition / (<Q>), hence F G C(4). Note also that a torsion free uniform
lattice in PSL2(C) satisfies 3-dimensional Poincare Duality, and so belongs to
C(4).

By applying the ./ (k) conditions, we also obtain

(3.8) If F is a finitely presented group satisfying 4-dimensional Poincare
Duality over a field k of arbitrary characteristic, and if #(F) > 0, then F G C(4).

From the examples given above, one might be forgiven for assuming that
n(4) was a small and reasonably tractable class. This is far from the case,
however; from Theorem B, we obtain

(3.9) Let F be a finitely presented group. Then F * FmeFI(4)/or some large
enough integer m.

In particular, every finitely presented group imbeds as a subgroup of an
element of FI(4). In fact, taking F to be Higman's universal finitely presented
group [3], and observing that F is contained in F * Fm, we see that

(3.10) There exists an element of FI(4) which contains every other finitely
presented group as a subgroup.

The above results have an application to combinatorial group theory which
is worth pointing out. Say that a finitely presented group F is overdetermined
when every finite presentation for F has at least as many relations as gener-
ators; then Theorem B implies

(3.11) 7/Te C(4) then F is overdetermined.
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In particular, we obtain

(3.12) Any irreducible lattice in a non-compact semisimple Lie group of rank
at least 2 is overdetermined.

This does not seem to be well known, although we are informed that the
question has recently been considered in the preprint by J. Lott [11]; the corre-
sponding question for lattices in the rank 1 group PSL2(C) has previously been
considered, for example in [12].

Other classes of groups are also shown to be overdetermined by this
method; for example, finite groups, PD3-groups, and PD4-groups F with
#(F)>0 . The first two of these have more elementary proofs, but the result
for PD4 groups seems to be not only new, but, since Z4eTl(4) and #(Z4) = 0,
also best possible; it is not known if there exists a PD4-group F with ^(F) < 0.
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