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Abstract

We improve the error term in the van der Corput transform for exponential sums Y., g(n)e*™/ (). For
many smooth functions g and f, we can show that the largest factor of the error term is given by a simple
explicit function, which can be used to show that previous results, such as those of Karatsuba and Korolev,
are sharp. Of particular note, the methods of this paper avoid the use of the truncated Poisson formula, and
thus can be applied to much longer intervals [a, b] with far better results. As an example of the strength of

these results, we provide a detailed analysis of the error term in the case g(x) = 1 and f(x) = (2/3)3/2.
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Chapter 1

Introduction

We are interested here in estimating the error term A associated with the van der Corput transform,

S ety =y L) ) (L)
aSn<b @ << o) ()
where f and g are several times continuously differentiable functions with f”(z) > 0 for = € [a, b] and where
x, is defined by f'(z,) =, , € [a,b].! A starred sum indicates that if a limit of summation is an integer,
the corresponding summand is multiplied by 1/2. The function e(z) denotes 2™,

The van der Corput transform is best-known in number theory for being the crucial element of Process B
in the theory of exponent pairs and is sometimes simply referred to as “Process B.” As a method of estimating
exponential sums, the van der Corput transform is often presented alongside other methods of Weyl, van
der Corput, and Vinogradov. Direct application of the van der Corput transform can take a complicated
sum to one more amenable to estimation techniques or it can reduce the number of terms and therefore
make computational estimations easier. The van der Corput transform itself is involutive—applying it to
the right-hand side of (1.1) will simply return the sum on the left-hand side of (1.1)—so one gains nothing
by applying it twice in a row; but one could alternate applications of the van der Corput transform with
other techniques (such as the Process A of the theory of exponent pairs) to achieve better results. This
alternation method is still a fruitful ground for modern research. Recently, Cellarosi [3] attained interesting
new results in the classical case of g(x) = 1 and f(x) = ax?, where the alternating technique employed is
simply reducing @ modulo 1; Nakai [30, 31, 32] has investigated the possibility of using an analogous method
when f(z) is cubic or quartic; and Hiary [13, 14] has used a similar iterative procedure to improve numerical
computations of the truncated theta function and the Riemann zeta function. The van der Corput transform
has also seen recent use in physical applications, including quantum optics and wave processes (see [19] and

the papers cited there for more details).

ince x) is assumed to be positive x) is surjective an ence I, is unique.
s " d to b tive, f/ t d h



Van der Corput [37] originally showed that, given
(@) =X, |fP(@) <X, gl@)=1,  forz € a,b],
the error term can be bounded like
A =0(;"%) +0Qog(f'(b) — f'(a) +2)) + O((b — &)Xy °Ay/%).

(Here we use the Landau and Vinodradov asymptotic notations which will be defined explicitly in Section

2.) Phillips [33] improved this error under the additional assumptions
|F B (z)] < A for « € [a, b] and A2 = Doy

in this case, we can replace O((b — a)/\;/5)\é/5) with O((b— a))\é/?’).

The form of the error term found in most modern texts on analytic number theory [11, 17, 20, 27]? has its
roots in the work of Kolesnik [23] and Heath-Brown [12], although the results of the latter authors required
the function f to be complex-analytic, an assumption which has since been circumvented. This moderately-
difficult-to-prove form of the error term suffices for many basic applications of the van der Corput transform.

We present this modern bound on the error in the notation used by Huxley.

Theorem 1.1 (Lemma 5.5.3 in [16]). Suppose that f(x) is real and four times continuously differentiable
on [a,b]. Suppose that there are positive parameters M and T, with M > b — a, such that, for x € [a,b], we
have

() =T/M?,  fO@)<T/M3,  and  f(z) < T/M*.

Let g(z) be a real function of bounded variation V' on the closed interval [a,b]. Then

agngb f’(a)STSf/(b) f”(‘rT)

+o@v+mwm(§§+baﬂw—f@””0>’

where x, is the unique solution in [a,b] to f'(x,) = r. The implicit constant in the big-O term depends on

the implicit constants in the relations between T, M, and the derivatives of f(x).

The error term M/ VT here corresponds to the Ay /2 term in the estimates of van der Corput and

2Curiously, [36] skips this form of the error term entirely, although it contains some finer estimates of interest.



Phillips.

Unfortunately, for many interesting cases, the above error is insufficient. As Huxley [16, p. 475] notes,
when applying the van der Corput transform to a multi-dimensional exponential sum, “...the error terms
and the truncation error in the Poisson summation formula may add up to more than the estimate for the
reflected sum.” Thus, finer error terms, useful for a broad spectrum of problems including computation and
physical applications, have been given by various people, including Kolesnik [22], Liu [25], Redouaby and
Sargos [35], Karatsuba and Korolev [19], and Blanc [2]. Liu [25] extends an (unfortunately not well-known)
earlier work of Min [26], removing the latter’s condition that f(z) be an algebraic function. Redouaby and
Sargos show that the conditions on f(*)(x) and ¢ (x) can be removed without greatly increasing the bound
on the error term. The work of Karatsuba and Korolev is the only one to give the implicit constants in the
big-O terms explicitly.

It is difficult to state most of these other forms of the error term in full detail; we will, however provide
the following inexplicit form of Karatsuba and Korolev’s result as an example of the comparative strength
of these errors compared with Theorem 1.1. (We supplement this result with a simplified error term that

comes from Karatsuba and Voronin [21].)

Theorem 1.2. Suppose that f(z) and g(x) are real-valued functions with f € C*[a,b] and g € C?[a,b].

Suppose there are positive constants M, T, and U, with M < b — a, such that, for x € [a, ],

F'(x) = T/M?, £ (2)| < T/M?, |f @ ()] < T/M* (1.2)
l9(z)| < U, lg'(z)] < U/M, 9" (x)] < U/M>. (1.3)
Then,

S gmefmy = Y el e R 8 g gy (ga) 1 7o)

asn<b F'(a)<r<f(b) f(ar)
M T
+0 (U (log(f’(b) — f'(a) +2) + T + el + 1)) ,
where x, is the unique solution to f'(x,) =r in the interval [a,b] and
0, i 1 ()l = 0.

T(n) = (14)

. M 1 . ,
mm{ﬁ’ IIf’(u)}’ Frl #o.

The size of the implicit constant in the big-O term depends on the implicit constants in the relations of M,




T, U, and the derivatives of f(x) and g(x).
If, in addition, M < T < M? and M > b — a, we may remove the terms O(T/M? +1).

The M/ VT term again makes an appearance in this theorem. It cannot, in fact, be completely removed.
If b is not an integer, but f’(b) is an integer, then changing b to b— € for some very small € > 0 will not change
the value of the sum on the left-hand side of (1.1), but removes a term of size M/+/T from the right-hand
side.

Blanc [2] gives the only instance (that the author is aware of) of an explicit main term for the error. We

give it below.

Theorem 1.3. Suppose that f(x) and g(x) are real-valued functions with f € C%[a,b] and g € C?[a,b].

Suppose there are positive constants M, T, U, and ¢, with M >b—a, ¢ > 1, ¢ M? < T < c¢M3, such that,

for x € [a,b],
fll(m) Z C_ITM_Q,

|f(2)] < eTM™T, forr =2,3,4,5,

19" (x)| < UM, forr=0,1,2.
Then,

L ()] 1
* g(xr)e(f(xr) — Ty + 7)
S gme(fm) = 3 L 2 R(b) - R(a) + OW),
a<n<b r=|f"(a)]+1 f (xT)

where

Rp) = 9()e(50 +1/) | * sinh (2rs(f (1)) (-f it ) iz,

0 sinh(7z)

s(+) is the sawtooth function, and the implicit constant depends only on c.

The function R(u) can be difficult to estimate in a simple way, although it does satisfy the type of bounds
in the Karatsuba and Korolev paper.

Van der Corput’s results in [38] also deserve a mention here, as they are of an entirely different flavor
from those listed above and because they are generally not very well-known.? Instead of having a coefficient

of g(x,)/+/f"(x;) in the transformed sum, he has a more general set of coefficients. In addition, his error

3This may be largely van der Corput’s fault. Robert Schmidt, in reviewing van der Corput’s paper for Zentralblatt, remarked
that because van der Corput provided no context for his results, neither in terms of past results or future goals, that the paper
was unlikely to spark much interest, and indeed it has so far only been cited once elsewhere, in [4]. Due to the desire to avoid
repeating van der Corput’s mistake, the complicated main theorem of this paper will not be presented in the introduction.



term—which would require too many definitions to state succinctly here—bears no resemblance to any of
the other error estimates cited or formulated in this paper.

While van der Corput’s results in [38] are quite complicated to use, they are aesthetically pleasing. As we
remarked above, the van der Corput transform is involutive, but in all the other results given above as well
as the main result of this paper, one can obtain very different error terms when one applies the transform to
the right-hand side of (1.1) instead of the left, assuming that the conditions necessary to apply the results
would even still hold. In [38], van der Corput shows that the conditions are still satisfied and the error term
unchanged regardless of which side one applies his transform to; his theorem is involutive.

The van der Corput transform and its error has been studied in much more general settings than we
go into here: of particular interest, Jutila [18] considered sums of the form " b(n)g(n)e(f(n)) for certain
multiplicative functions b(n) (see also [16, Ch. 20]), and Krétzel [24] considered the van der Corput transform
of a convergent infinite series.

One may ask what the best possible error term could be. Given the frequent restriction in theorems on
the van der Corput transform that f”(x) < Ay (or, equivalently f”(x) < T/M?), it is not surprising that
the case where g is constant and f is quadratic (that is, f”(z) = A2) is the most-commonly studied special
case of the van der Corput transform and the one with the best error terms [3, 4, 9, 29, 39]. Fedotov and
Klopp [9]* have given the error term in this case as an explicit integral, and in [10] they investigate this
result further. But perhaps most amazing are the results of Coutsias and Kazarinoff [4]: they showed that

for positive integers n, we have

N

2o n) T el )| seh -

for 0 < |w| < 1, N = [n/w] is the nearest integer to n/w, and 1 < C' < 3.14 is a particular constant. Not
only is the error bounded, but it shrinks to zero as n/w nears an integer.

The Coutsias-Kazarinoff result suggests that the van der Corput transform should be very accurate; in
particular, the van der Corput transform for nice enough functions f and g shouldn’t have compounding
error terms, such as the log(f/(b) — f’(a) + 2) seen in most of the other results mentioned above.

The main theorems of this paper (and Theorem 4.4, especially) confirm this hypothesis, allowing the van
der Corput transform to be applied on very long intervals with a much higher degree of accuracy than in
previous results.

As a quick example of this, consider the following well-known transform which appears in Iwaniec and

4This paper contains a small error in line (0.4) that helped to spark the author’s investigation into the van der Corput
transform.



Kowalski’s book [17, p. 211] (a version of this transform also appears in [25]). Given X > 0, N > 0, and

a>1, v >1, consider
N CIEON R N € RIS 16 DA

where 1/a +1/8 =1, p? =v*, and MN = X. Using a form of Theorem 1.1, Iwaniec and Kowalski® give
A = O(N~Y2log(M +2) + M~21og(N +2)),

with an implicit constant dependent on « and v.

Using the results of this paper, we may improve this to the following.

Corollary 1.4. Provided N > 1 and M > 1, in equation (1.5), we may take
A=O(N"Y24 M—1/2) (1.6)

with an implicit constant dependent only on « and the lower bounds on N and M.

Corollary 1.4 allows us to take v as large as we like (and hence our intervals as large as we like) without
increasing the bound on A. This, as well as the loss of the logarithmic factor, are common to applications
of the results in this paper.

More powerful results are possible. In many cases, the main theorems of this paper also allow one
to extract the next term in the asymptotic for the van der Corput transform. Under the same general

hypotheses of Theorems 1.1 and 1.2, we can improve the error terms to the following.

Corollary 1.5. Suppose that f(x) and g(z) are real-valued functions with f € C*[a,b] and g € C?[a,b].
Suppose there exist constants M, T, and U satisfying M =b—a > 1, T > 1, and the bounds on lines (1.2)

and (1.3). Moreover, assume that f"(a) and f"”(b) are both < 1. Then, we have

S ey = S i) Zrn R US) gy ey 40 (\7? (1 + A;)) ,

as<n<b f(a)<r<f'(b) [ (@)

5A typo in the book has the logarithms in opposite places.



where T (p) equals

g fO (we(f(w)  g'(we(f(w) 1 N
67rif”(,u)2 - 27”;][”(//4) + O <U (1 + )> ) lf Hf (,u)” - 07

UM - ! 12
0 <ﬁ) , if0 < (W] < VI,

e ) 4 17 G ) (= 5o + 0 s (G0 )

*%M(”@*M) |

Here, [z] represents the nearest integer® to x; (), the difference between x and the nearest integer to

if 1 ()l = V" ().

x, namely x — [z]; and ||z||, the distance between = and the nearest integer to x, so that ||x|| = |(x)|. The

function ¥ (z, €) equals

1 . e(rx)
_ lim § <
R r+e€ for le <
0<|r|<R

)

N =

which converges and is uniformly bounded for all real x.
The size of the implicit constant in the big-O term depends on the implicit constants in the relations of

M, T, U, and the derivatives of f(x) and g(z).

This in particular suggests that the size of T(u) in Karatsuba and Korolev’s result is optimal when

1wl = /f"(r). When || f'(1)|] = 0—that is, when f’(u) is an integer—the term 7 (u) can be more
simply bounded by O(UM/T).
Corollary 1.5 can, in certain cases, be used to improve the Kusmin-Landau inequality, a common result

in the study of exponential sums. A short history of this theorem is given on page 20 of [11].

Theorem 1.6 (The Kusmin-Landau inequality—Theorem 2.1 in [11]). Suppose f € Cta,b] and f'(x) is

monotonic on an interval [a,b]. Moreover suppose || f'(x)|| >80 > 0 on [a,b]. Then, we have

S e(f(m)] < cot (”29)

a<n<b

Corollary 1.7. Suppose f, T, and M satisfy the conditions of Corollary 1.5.
16 = minzci | £/(2)] is positive, |f' (@)l > /F7(a), and | £/(b)]| > /F7(B), then

o e®) _elf(a) L T\, T 1 M
S ettt = gty ~ aeigpay O (r (4 38) * amw v (14 T))

a<n<b

where (x) represents the difference between x and the nearest integer to x.

61f 2 = n 4 1/2 for an integer n, then it doesn’t matter if we let [z] equal n or n + 1 provided that we do so consistently.

7



Corollary 1.7 follows immediately as a special case of Corollary 1.5. Moreover, it suggests that the
constant in the classical Kusmin-Landau inequality may not be optimal. The function cot(w8/2) grows like
2/78 as 0 approaches zero; however, Corollary 1.7 suggests that the growth should be at worst like 1/76 as
# approaches zero.

While Corollaries 1.5 and 1.7 strengthen many previous results, they are still constrained to apply to
short intervals. The results of this paper do not give similarly simple conditions and error terms when the
size of the interval is allowed to grow arbitrarily large. But, given a specific sum, we can show very great

improvements as one endpoint of the interval tends towards infinity. Consider the specific transform

Y ((n/3)3/2> - S (24r) 12 - e(—4r® 1+ 1/8) + A, (1.7)

1<n<N (1/12)1/2<r<(N/12)1/2

where N is an integer. (We have kept the (1/12)'/2 due to it’s natural appearance in the application of
the van der Corput transform. It may be replaced by 1/2 with no change in value on the right-hand side,
however.)

If we apply the form of the error term from Theorem 1.1, then we obtain the following result, which was

included as an example in [27].

Corollary 1.8. In line (1.7), we have
A = O(N'4.

If we apply Theorem 1.2 from Karatsuba and Korolev instead, we obtain much finer results.

Corollary 1.9. In line (1.7), we have

0 ((10g 3?) + 0 (min {54, ot b ) l12)2) 0

O ((log N)?), if [(N/12)'/2] = 0.

A:

In this case, the (log N)? term comes from needing to break the sum on the left-hand side of (1.7) into
roughly diadic intervals, each of which contributes an error term of size around log N. One must also choose
the endpoints of these intervals to be values which are 12 times a square, in order to keep the error term
T(p) zero.

Using the results of this paper, we can show that the result of Karatsuba and Korolev is almost sharp,

1/2||=1 and extract

in that we will extract an explicit term of size N/ when N1/ is smaller than ||(N/12)

an explicit term of size ||(N/12)'/2||=! when ||(N/12)'/2||~! is smaller than N1/,



Corollary 1.10. In line (1.7), we have

+oo
A=c+sgn(N' —N)e ((N//3)3/2> /¢> o e <;f//(N’)y2> dy

_e ((N/3)3/2) b (N, <(N/12)1/2>) FO(NT/?),

where

= H(N/H)”Zﬂ . N =120"2%  éu(z) = (f(N’+E)f;(J;\§/];w) _T/x)m’

where f(x) = (x/3)*/? and c is a particular constant”. The remaining functions are all as in Corollary 1.5.

One way to understand these new error terms is via the geometry of the associated sums. Given functions

f and g, one typically considers the curve S(t) : [0, 00) — R? given by

St)=_ glne (f(n)) +{thg(lt] + e (f(lt] + 1)),

1<n<t

where |x] represents the floor of a real number x and {z} represents the fractional part of z. Geometric
aspects of these curves have been well-studied [1, 6, 7, 28].

Especially when f” is small, these curves generate a series of spiral-like figures. The van der Corput
transform of the sum associated to S(¢) then generates a new curve that can be seen to connect the center
point of successive spirals by straight lines like in Figure 1.1. Thus the van der Corput transform can be
seen as smoothing (if f” is small) or roughening (if f” is big) the curve. An easily accessible explanation
for why this occurs is given in [5].

For our example case (1.7), the corresponding curve is displayed in Figure 1.2.

"Mathematica calculations with N = 48,000, 000 give ¢ ~ —0.280 — 0.1864.

9
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Figure 1.1: The curves associated to the exponential sum > _ e(nlogn) and it slightly extended van der
Corput transform -, 1o, ny1 VE" ! e(—e" 1 4+ 1/8) with N = 4000.

=3
P!

10 20 30 40 50 &0 ] 10 20 30 a0 50 0

Figure 1.2: The curves associated to the exponential sums on the left-hand and right-hand side of (1.7) with
N =1,2,...,1200.
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Figure 1.3: The 500th spiral of the curve associated to the left-hand side of (1.7) and its approximation by
Corollary 1.10. These pictures are off-set closer to the origin.
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Chapter 2

Notation

We will frequently use the Landau and Vinogradov asymptotic notations. The big-O notation f(z) = O(g(x))
(equivalently, f(z) < g(x)) means that there exists some constant ¢ such that | f(z)| < ¢|g(x)| on the domain
in question. By O(f(z)) = O(g(x)), we mean that a function which is asymptotically bounded by f(x) will
also be asymptotically bounded by g(z). The little-o notation f(z) = o(g(z)) as x — a—typically with a
equal to oo—means that

f(=@)

lim —= = 0.
a—a g(z)

By f(x) < g(z), we shall mean that g(z) < f(x) < g(z).

We will need several functions that relate a real number z to the integers nearby it. Let |x| denote the
usual floor of a real number z, the largest integer less than or equal to z, and let [x] denote the usual ceiling
of a real number z, the smallest integer greater than or equal to x. Let {z} := x — |z] denote the fractional

part of a real number x. Let s(x) := {x} — 1/2 denote the sawtooth function, and let

s(z), ifzgZ,
() =
0, ifx € Z,

denote the “smoothed” sawtooth function, with Fourier series

() = _% Z sin(2r7rrx).

r=1

We also wish to have a modified sawtooth function, given by

1 e(rz)
- S <
P(z,€) - lim p—— for |e] <
0<|r|<R

DN | =

The convergence of 1 (x, €) will be guaranteed by Proposition 5.10.

Let (z) := s(xz + 1/2) denote the difference between x and the nearest integer to z, let [z] := = — ()

12



oo 0.5

Figure 2.1: The real (left) and imaginary (right) parts of the function ¥ (x, €)

denote the nearest integer to x, and let ||z| := min{l — {z}, {z}} denote the distance from z to [z]. Let
|z]|* be given by

. )l it il # 0,
[l]" =

1, if ||z|| = 0.
A few more definitions will simplify the (nonetheless still complicated) statement of the theorem. For
visibility’s sake, we will avoid writing (z) all the time when the choice of argument is always the same. Given

functions f and g, let

H:gf(3) +3g/f// G = 12gg/l(fll)2
W, — (29")%' __ (29M*("9) S . o ki (2.1)
Ar2(H £ VH? — G)2  4n2(H £ VH? — G)3 108m2g(f")® '
., H+VH*—G o 3g(f")?
T+ = f - 29/, To = f H )

and given an integer r, let

_(ff=r)g —gt”
h, = QT (2.2)
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Chapter 3

Heuristics for the van der Corput
transform

The van der Corput transform is a simple two-step process: the Poisson summation formula is first applied to
obtain a sum of integrals, and then each integral is estimated using stationary phase methods. In particular,

the Poisson summation formula (see Lemma 5.9) gives

* Ll b
S gme (fm) = Im S / g(@)e (f(z) - ra) de. (3.1)
__R a

R—o0
a<n<b r

An oscillatory integral, like

b
/ g(@)e (f(z)) da, (3.2)

is said to have a stationary phase point if there exists an 2’ € [a,b] such that f/(z’) = 0; if such a point

exists, then we expect (3.2) to be roughly

o) 1)
f”(x’) ’

plus some small error, where c(z’) equals 1/2 if 2’ equals a or b and equals 1 otherwise. In our case, the

stationary phase point of the integrand

g(x)e(f(z) —rz)

occurs at x = x,., which is defined by f'(z,) —r = 0. Provided f'(a) < r < f’(b), this stationary phase point

will be inside the interval of integration, and so we expect

S e (fmy ~ Y deelilan) Zran £ 1/8)

a<n<b (@) <r< 1) ')

The error term for the van der Corput transform thus comes from the error in estimating all the integrals
of (3.1).

The first problem in doing such an estimation comes from the integrals without a stationary phase point.

14



Typically the method one uses to estimate such an integral is an application of integration by parts.

@) @)
[ e an= ST i e =

(We will assume that g(x) = 1 for a while to simplify the heuristics.) The terms e(f(z) —rax)/2mi(f'(z) —r)
at a and b are referred to as the first-order endpoint contributions and exhibit a great deal of cancellation

(see Proposition 5.10); for example, if f'(a) is an integer, then

. e(f(a) — ra)

oo b= 2mi(f/(a) — 1)

r#f (a)

=(a)e(f(a)),

and similarly if f/(b) is an integer.

However, we are still left with the integral

b—fn(x) e(f(z)—rz) dx
. s e =) 4

to evaluate. We could estimate the integral by taking absolute values of the integrand, but we would then
obtain an estimate of the size O(|f'(a) —r|) =) +O(| f/(b) —r|~1), which is of the same order as the first-order
endpoint contributions, but without the cancellation that would allow them to be nicely summed.

One possible solution would be to apply integration by parts a second time: this gives

F(@)e(f(x) - ra) }
@mi)2(f'(x) —1)3 ],

- /ab % ((2m)2{;/((z)) _ r)3> e(f(xr) —rx) dr, (3.3)

S AL ) B
_/a omi(f!(x) — r)2 (f(z) ) dx =

with a second-order endpoint contribution and a new integral. The second-order endpoint terms are abso-
lutely convergent, and if f'(a) and f/(b) are integers, they sum to O(f”(a)) + O(f" (b)), which is a good
estimate if f” is small at the endpoints. On the other hand, if we try to bound the new integral in (3.3) by
taking absolute values of the integrand, we get terms of the same order of magnitude as the second-order
endpoint contributions (which, unlike the first-order endpoints, are summable). But in addition, we have
the total variation of f”(z)/(f'(x) — )3 on [a, b], which may be roughly bounded by the sum of the moduli
of local maxima and minima of f”(z)/(f'(x) — )% on [a, b].

Unless f(z) is quadratic—as in Coutsias and Kazarinoff’s casel—it is difficult to find good estimates on

LCoutsias and Kazarinoff actually analyze the resulting integrals and endpoint contributions in the quadratic case when
inegration by parts is repeated many times.
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these integrals. More applications of integration by parts or the presence of a non-constant g only make
things worse. Therefore, these terms are often avoided entirely by applying the truncated Poisson formula

instead of the full Poisson summation formula.

Proposition 3.1 (Truncated Poisson formula—Proposition 8.7 in [17]). Let f € C?[a,b] be a real function

with f"(x) > 0 on the interval [a,b]. We then have

b
S ()= 3 / ¢ (f(z) —rz) dz+0 (¢ +log(h —a+2)) (3.4)
a<n<b a—e<r<f4e’ @
where a, B, and € are any numbers with o < f'(a) < f/(b) < B and 0 < € < 1, the implied constant being

absolute.

The truncated Poisson formula is the source of the O(log(f’(b) — f'(a) + 2)) error term in many of the
results mentioned above. An explicit version of the truncated Poisson formula for non-trivial g is given in
Lemma 7 of [19].

After applying the truncated Poisson formula with 8 = f/(b) and o = f’(a), one is left with approximately
f'(b) — f'(a) integrals with which one hopes to apply stationary phase estimates. These estimates work best
on a small interval around the stationary phase point, where the second derivative of f is fairly constant,

and the higher derivatives of f are small. So we would like to break the integrals in (3.4) into several pieces,

/ab_/:'+/;+/b,b (3.5)

where the point of stationary phase is near the middle of [a’,b']. However, to make this effective, we would

such as

again require good estimates on integrals with no stationary phase point (the integrals from a to a’ and b’
to b). In addition, one is faced with possible first-order (and higher) endpoint contributions at o’ and ¥'.
(While estimates of stationary phase integrals benefit from integrating on a small interval, they suffer again
if the interval is too small. The O(T'(a) + T'(b)) terms on line (1.4) that appear in stronger results on the
van der Corput transform arise from bounding the stationary phase integrals where x,. is closest to a or b.)

Because of this, many results on the van der Corput transform seek to treat the entire integral from a
to b as a single stationary phase integral, hence the common conditions, as in Theorem 1.1, that f”(x) has
constant order on the entire interval [a,b] and that higher derivatives of f be likewise small on the entire
interval [a, b].

The techniques of this paper seek to overcome some of these difficulties.

First, we use the recent and powerful stationary phase estimates first proved by Huxley [15, 16] and
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refined by Redouaby and Sargos [34]. These estimates show that stationary phase integrals, such as the
middle term in (3.5), also generate first-order endpoint contributions. In fact, these contributions directly
cancel the first-order endpoint contributions at a’ and b’ generated by the first and third term in (3.5). Thus
we no longer need to treat the full integral from a to b with stationary phase estimates and so can replace
the global restrictions on the derivatives of f and g (such as those in Theorem 1.2) with local restrictions.

In particular, we replace the standard assumptions

') =TM™2,  |f® )| < TM3, and |fP (@) < TM™*

for « € [a,b], with an assumption that looks like

') =T@)M@),  [fPe)<T@)M@)®,  and  [fD()] < T(x)M(x)™*

for z € [x — M(z),z + M(z)] and z € [a,b], with some function M (z) discussed in more detail in Section
4.1.

Second, to avoid use of the truncated Poisson summation formula, we develop a method to get reasonable
bounds on the integrals arising from applying integration by parts twice, as in (3.3). Instead of looking at
one integer 7 at a time and counting the contribution of f”(x)/(f'(z) — r)? for each x’s which give local
maxima and minima, we instead look at each x and imagine a possible fixed real-valued r that causes the
point x to be a critical point of this function. This then defines a function r(z), and we estimate the sum over
all values of x where the function r(z) takes integer values using a variant of Euler-Maclaurin summation
(see Proposition 5.8 and Section 7.5).

Third, since the previous two techniques frequently benefit from f” being large, we develop a method to
deal with the large second-order endpoint contributions in this case. The reason for these terms being large

is that
f"(a)
(f'(a) —r)?

is large when r is close to f’(a) (and likewise at b). However, if f”(a) is large and f(*)(a) is not too large in
comparison, then a small shift in a to, say, a + € should greatly increase the size of the denominator while
keeping the numerator roughly the same size. Therefore, by altering the endpoints of the integrals in the
Poisson summation formula by a small amount when r is close to f’(a) or f/(b), we can reduce the size of
the second-order endpoint contributions.

With these techniques, the main theorems of this paper give the van der Corput transform in the following
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form.

S ey = 3 LA TR ) ) 4 pga) 1 O(A + Ba+ Ag A
a<n<b P @<r<sm) ()

The D terms will usually equal the first-order endpoint contributions and will be explicit in many cases.
The term A; will estimate the error that arises when there exists an x, close to a or b and is analogous to
the T'(a) +T'(b) terms present in the results of Kolesnik, Liu, and Karatsuba and Korolev. The term Ag will
estimate the second-order endpoint contributions at @ and b. The term As (and a bit of A4) will estimate
the remaining error in applying stationary-phase methods and the second-order endpoint contributions at
a’ and b’. The remainder of Ay will estimate the size of the integrals that arise from applying integration
by parts twice.

The techniques outlined in this section allow for a number of interesting extensions to the van der Corput
transform.

Since we replace the global restrictions on the derivatives of f and g with local restrictions, we can apply
the van der Corput transform to many new sums, including those where f and g have moderate oscillations.
Likewise, we can now directly apply the van der Corput transform to sums where f” is large.

The function f(f'~!(x)) —xf'~1(x) that appears on the right-hand side of the van der Corput transform
(1.1) is sometimes referred to as the van der Corput reciprocal of the function f. (Redouaby and Sargos [35]
and the papers cited within have studied the van der Corput reciprocal in much greater detail, including
useful asymptotics for how the reciprocal changes as f is perturbed.) If the second derivative of f is large,
then the second derivative of the van der Corput reciprocal of f will be small, so the results cited above, if
they cannot be applied directly to a sum, can be—and frequently are—applied “backwards” to the van der
Corput transform of the sum.

For example, if we attempted to apply the form of the error from Theorem 1.2 directly to the sum

> ela-B)

0<n<N

for some 3 > 1, then the error term O(log(f'(b) — f'(a) +2)) would be at least O(N), the size of the trivial
bound on the sum (and that doesn’t even take into account the size of the implicit constant!). Theorem 4.1
allows us to apply the transform to this sum directly and obtain a O(1) error.

In general, if f”” > 1 is reasonably large compared to g and both are free of wild oscillations, then A
should be no larger than O(max,<z<p g(x)).

As a final note, the results of this paper do not give an improvement in all possible cases. The strength
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of Corollary 1.10 comes from looking at the transformation in both directions. In one way, f” is very small,
and in the other, it is very large, and different techniques are employed in each case. But if, for example,
f" varies between a very large value and a value very close to zero, then the results of this paper may give
very poor error terms. Another case where the results of this paper do not give any improvement over the

other theorems cited is

Z* sin(an)e(fn?);

a<n<b
here the oscillations in the sin(an) are simply too frequent.

We will make the frequent notational convention that a and b denote the endpoints of an interval and in
this context, the variable p will refer to an arbitrary endpoint of such an interval. We shall also generally
assume that for the function f(x), the second derivative f”(z) is always positive in every context in which

it occurs, unless otherwise noted.
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Chapter 4

Details of the main theorems

4.1 The auxiliary function M (z) and condition (M)

We will use a function M (x) to measure the length of an interval around x where the functions f”(z) and
g(x) are well-approximated by their Taylor polynomials up to the second degree. The larger M (z) is, the
more linear the functions f”(z) and g(x) will appear at the point x.

To be more concrete, by condition (M), we shall refer to the existence of bounded, positive-valued,
continuously differentiable functions M (z) and U(z) on [a, b], along with several associated positive constants

Cy, Cy—, C3, C4, Dy, D1, Do, §, which together satisfy several conditions:

(I) we have § < 1, and for
'_ 30
T 502 0y

we also have n > 1;

(I1) If ¢(a) = 1, where

0, HZN(f'(x) = f"(@), f'(z) + (@) \ {f'(2)} = 0, and
1, otherwise,
then M (a) must be at most b — a, and if ¢(b) = 1, then M (b) < b — a as well;
(II1) If J := [a — c(a) - M(a),b + c(b) - M(b)], then f € C*[J] and g € C3[J]; and,

(IV) If I, denotes the intersection [z — M (x), z+ M (x)]NJ, then all the following inequalities hold for every

x € a,bl and z € I:

o 1"@) < () < Caf "), 9(2)| < Dol (z),
196 < cah D, /) < D
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£0E) < Ot and 9"(2) < Ds

For any given f(x), g(x), a, and b, there are infinitely many possible choices of the functions M (z), U(x),

and the associated constants that satisfy the above conditions. Therefore, for the remainder of the paper,

we shall assume that if f(z), g(z), a, and b remain unchanged, the particular functions M (z) and U(z) and

associated constants we reference will be likewise unchanged. We shall also assume that if f(z) and g(x) are

unchanged, but a and b allowed to vary, then, first, the associated constants will be unchanged, and, second,

given two sufficiently large intervals [a1, b1] and [ag, be] with corresponding auxiliary functions M (z), Uy ()

and My (z), Us(z), we have M;(x) = My(z) and Uy (z) = Us(x) on [a1,b1] N [ag,bs]. The sufficiently large

condition is needed since for small intervals, the controlling factor in the size of M (a) and M (b) might not

be the properties of f or g but instead the length of the interval [a,b] due to part (IT).

Since condition (M) is rather intricate, we pause a moment to illuminate it further.

(D

(IT)

(I11)

The requirement of 6 < 1 in condition (M) part (I) guarantees that the Taylor approximation to f”
has good properties (see Proposition 5.5, Lemma 6.5, and the remark following the lemma). Note that

the condition on 7 implies that Cs must be less than 2.

The restriction on 7 is somewhat malleable. If n < 1, then we can weaken the above restrictions by
replacing M (z), Cs, Cy, D1, Do, and 1, by nM (x), nCs, n*Cy, D1, n?Ds, and 1, respectively. The

term nC3 must again be less than 2 (in fact, it will be less than 3/2).

In Section 3, we described a process of sometimes shifting the endpoint p of an integral by a certain
amount. The function ¢(u) is an indicator function of whether we will shift endpoints or not, and
M (p) is the distince the endpoint will be shifted. The restriction M (u) < b — a guarantees that there
is enough room in our interval to do the shift we want. Often, this will not be a difficult restriction

unless b — a is very small.

The restriction of condition (M) part (III) to have f and g be several times continuously differentiable
on the larger interval J is often no restriction at all. Many applications of the van der Corput transform
have f(x) and g(x) be polynomials, exponentials, logarithms, or other C'* functions that exist on large

domains.

The bounds on the derivatives of f” and g in condition (M) part (IV) allow us to use estimates on
stationary phase integrals that will be discussed in Section 5. By expecting the properties of f” and g
to extend to the larger interval J, we can also extend the integrals under consideration to this larger

interval.
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(While typical stationary phase results require only that g is twice continuously differentiable, we

require three times in order for the functions W/ and 7/, to exist.)

(IV) To understand the complex system of inequalities in condition (M) part (IV), it is helpful to rewrite

them in terms of Taylor approximations. The first three inequalities then become

f'(z) = f(2),

7 =@ (140 (36 -0) ).
7 =10 (140 (gt - 02) ) + 19z - o) (4.1)

for z € I, with implicit constant 1 in the second and third lines. The equality on line (4.1) gives
definite form to our earlier statement that the larger M (z) can be, the more linear f” appears at the

point x.

Alternately, one can interpret M (x) as somehow representing the rate of decay as one takes successive
derivatives. At the point z = x, the various inequalities imply—among other things—that |f(®)(z)| <
f'(@)/M(x) and | [P (2)] < f"(x)/M (x).

Here are some examples of the function M (x) in different circumstances. In each case we assume that
the associated constants always take the same values. We will also assume that a and b are both positive

and that if U(z) is taken to equal g(x), then g(z) is bounded away from 0.

e If f(z) and g(x) are polynomials, then there exists an € > 0 such that condition (M) is satisfied with
M(z) =€-z and U(z) = g(z).
e If f(x) and g(x) are power functions (a constant times z® for some « € R), then there exists an € > 0

such that condition (M) is satisfied with M (z) =€z and U(z) = g(z).

o If f(x) and g(x) are exponential functions (« - 5%, with 8 > 1), then there exists an € > 0 such that
condition (M) is satisfied with M (z) = € and U(z) = g(z). (This holds regardless of whether a and b

are positive or not.)

o If f(x) =t(logx)/2m and g(r) = x~7, which corresponds to the Riemann Zeta function at z = o + i,

then there exists an € > 0 independent of ¢ such that condition (M) is satisfied with M (z) = ex and

o If f(z) = az? + Bax~!sin(yz) and g(x) = 1, then there exists an ¢ > 0 such that condition (M) is

satisfied with M (z) = ey/z and U(x) = 1.
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o If f(x) is a power function and g(z) = sin(ax) for some constant «, then there exists an ¢ > 0 such

that condition (M) is satisfied with M (z) = € and U(z) = 1.

4.2 The assumptions

Assume that condition (M) holds for some function M (z) and U(z). Let J be as in condition (M) part
(IIT). We assume that f”(x) is a positive-valued function, bounded away from 0 on the interval J, and that
g(x) is a real-valued function on J as well. (The case f”(z) < 0 may be considered by taking the conjugate
of the sum.) This will guarantee that f’(x) is a continuous, monotonic function, so that =, := f'~!(r) is
well defined.

Recall the definitions

H(x) = g(x) fP(2) +3¢'(2)f"(x) and  G(x) = 12g(x)g" (@)(" (2))*.

Let J4 be the union of all intervals [a/, '] C J such that G(z) # 0 and H(z)? — G(x) > 0 for x € [a’, V], let
Jo be the union of all intervals [a’,b’] C J such that ¢’ (z) =0, g(z) # 0, and H(z) # 0 for = € [a/,]], and
let Jyuu be the set of points z € J such that g(z) = 0 but ¢’(x) # 0 and ¢”(z) # 0. It is possible that Jy
will contain isolated points due to H(x)? — G(x) having a zero on an interval where it is otherwise negative,
and it is also possible that Jy will contain isoluted points due to ¢’ (z) having a zero on an interval where
it is otherwise non-zero; we denote the set of isolated points in J4 and Jy by Ji and Jj respectively. Let
0J+ and 0Jy denote the endpoints of the non-zero-length intervals contained in their respective sets. In
particular, 0J+ N Ji = @ and 0Jy N J§ = 2.

For our final assumption, suppose that if (a/,b’) is an interval contained in J, then either H(z)? — G(z)
equals 0 on the whole interval and H (z) does not equal 0 at any point on the interval nor does it tend to 0
at the endpoints, or H(x)? — G(x) does not equal 0 at any point on the interval nor does it tend to 0 at the
endpoints; and if (a’,b') is an interval contained in Jy, then g(z) does not tend to 0 at the endpoints of this

interval.

4.3 Statement of the main theorem and its variants

Theorem 4.1. Assume all the conditions of Section 4.2 hold. Then

S gty = S L) e D) g pay s,

agngb f/(a)STSf/(b) f”(x’l")
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where

D(x) = D (x) + Daf),
g(@)e(f(z) + [f'(@)] z)x
1 !
x <_2m<f’(:c)> +(w, (f ($)>)> )
D, (z) = { 9@)e(f (@) + [f' (@) 2)v(z, (f'(x))), if [1f' (@) < f"(x) <1—|f @),

0(0,U(x L= @) < (=) <1

);
oo s i) o7
M(x) ~ /f7 (@) M(x) -

if 17 () <[/ (@)];

(@e(f(@) g'@elf(@) 1o _
Dyla) 6mf,(x) amifr(e) o I @I=0,
0, if |f' (@)l # 0,
and
3
A=) "0(Ai(a) + Ai(b) + O(A4) + O(As),
min Ulz) Ufz) if || f/(x m
{95 f//(x)veﬁnf/(x)u }> f1f ()] # 0, x> 1,
= o e i1l @) =0,
0, if If" (@) #0, my =0,
Bal) = sy O+ 00 TOIM () + 5 S (fh0+ 010" ()M ()
U(x) . 1
012 min ¢ 2, —
ey 2 o Ly HIP@I =0 orm, > 1,
+ +913U(x)m1n{4f (z), @

912 U(z) 913 Ul(x) f" (z)
(@] '(x)H2 2 ff(@3

615 916
/ e x—a>3 ((’“W' T ) >> e

otherwise,

o <f”(a) <(Z a7 >U<(§)‘ ay >
/ b2 (914+ e 915 f//( ?(ll?x)) o

®) U(a)
e (f”(b)z(b PO H O a)B) ’
_ [ M (2 U@ b+ 4M @)
A“‘/a f”(ar)M(x)3 (615 + 000/ T @) M ) (1+U(x)~f”(x)+ () M) ) d’
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g//($)2

As = K(Jo, Wo, o) + K(J, Wa,r4) + K(J&, W_,7-) + Z 3672¢ () " (1)

€ Jpunl
and

K(I,W,r) =/I(|W(w)\lr’(:v)l+\W’(9€)|) de+ Y [W(2)|

xzel*

+2 > 9 (r(z)) - W(z)|.

z€l and v’ changes sign at z,
or x€dl

The number m,, equals the cardinality of the set

Z0(f'(x) = f" (@), (@) + £ (@) \ {f'(2)}-

In particular,
0 [ () < |1 (@)]
O+ f"(x) f"(z)> [ (@)]

My =

Also, @ equals the smallest value in the interval [a + min{M (a),Cy'},b] such that f'(@) is an integer;
if no such value exists, then we may take Az(a) = 0. Similarly, b equals the largest value in the interval
[a, b—min{M (b), C5 *}] such that f'(b) is an integer, and if no such value exists, then we may take Az(b) = 0.

The functions M (x) and U(x) are as in condition (M), the sets Jy, J5, Jo, and J§ are all as in Section
4.2, and the functions ¥, s, Wy, ro, Wx, v+, (), [-], and || - || are all as in Section 2.

The convergence of the integrals in the IC terms will be guaranteed by Proposition 5.11

The implicit constants in the big-O terms are all 1, with the various 0 terms dependent upon the constants

Cy, Cy-, Cy, Dy, Dy, Do, § in condition (M), as follows:

0, =21,
b 8Cy*(Dy +2D1) L 2Dy | 3(Dy +2DyCa +3D1 +Cs) )

2 N 2 472 ’
o _ 2D 5. _ 2(Do +2D)) o 8C,/*(Dy +2D))

o _ 2100 Dy

67 Tog T or2(1—6)3

Dy 1 2\’ 2\’
98_7r2(1—5)3+zm2<D1<2—03> +D°(2—c3> )
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V6 Dy (305 C303 + (1+6)C3. (1G5 + 1C304))

e m(1—0)5
n Cy- (CaDy + C3Dy) (1 n 2C5- ) n 2(0303, Dy + 302051, C3Dy + Cy-C3Dy + CQQ,DQ)
27 T 2 ’
1 2\’ 2 \* 2D,
= — D - D 2
b0 o2 ( 1(2_03> + 0<2—03> +(1_5)3>7
o __ Do, 3Dy, 5Dy, _ Dy
11 — 71_(2 — 03)3 12 — 2 9 13 — 272 9 14 — 27T(1 — 6)37
01 — D1+ QCgDO 01 — 3Dg 0, — Dg
T or2(1=6)3 167 9r2(1 = 6)3 T re (1= 6)3
Dy 1 2\’ 2 \°
b1s = 21 —0p 2 (D1 (2-@) Do (2-@,) ) ’
o VB8 Dy (30 C3C3 +(1+0)C03 (Ch03 + 1C3C)
1 (1 —0)5
" Cy- (CQDQ + Cng) (1 n 2Cy- ) n 2(0303_ Dy + 302051_ C3D1 + CQ—C22D2 + 022_ Dg)
27 T 2 ’
020 = 2C3

Before continuing to further refinements of the main theorem, let us pause to assure the reader that
the vast collection of error terms above are more psychologically daunting than they are computationally
difficult. In particular, provided f”(z) > 1 and M(z) > 1 on [a,b], the error terms D(z) and A;(z) for
i = 1,2,3 are all bounded by O(maxi, U(x)), where the implicit constant is dependent on the implicit
constants in the lower bounds of f” and M. We shall demonstrate this in more detail in the proof of
Corollary 1.4.

There are multiple ways of getting nice bounds on the terms in Az(z). If f” and M are generally quite
large, then we can often assume no more that @ — a,b — b > 1 to obtain good bounds (see the proof of
Corollary 1.4). Alternately, if f” is small, then we can show that most of the time, @ — a and b — b are very
large (see the proof of Corollary 1.5).

Also, we expect that if g(z) and f”(z) share the same rate of decay in their derivatives, then the various
functions H, GG, and the W and r functions should all be relatively well-behaved. If g and f” are both power
functions, taking derivatives of each entails multiplying by a constant and dividing by . Thus, we have that
g(x)f®)(z) is a constant multiple of ¢’(x)f”(x), hence why H is a power function as well.

Under fairly strong and yet quite common conditions, we can remove much of the complication from the

assumptions of Section 4.2 and from Ay.

Theorem 4.2. Assume that f and g be real-valued functions satisfying " (z) > 0 on [a,b] and that condition

(M) holds for a function M(x) such that m, = 0, where m,, is defined as in Theorem 4.1, and such that
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M(u) > b—a, for p equal to both a and b.

Under these conditions, the result of Theorem 4.1 holds, with A now just equal to

A =0 (Ar(a) + A1(b) + Ay(a) + Ay(b) + Az(a) + Az(b) + Ay)

and with no As term. Here we have

U(x) U(e) Ue) ()
AL(z) = —E) gt ST M () + 0y g 2T )
(%) = Fteparay s 0V I @M@) + 0o presraye s )
with

9/ _ DO

ey S
VG5 Dy (104 CIC3 + (14 8)CE. (303 + 3C3C)

0= T(1=0)

, 2Dy + D,

12 — ’/T2 3

;o 3<D0 +2DyCy +3D1 + 03)

13 — 47_(2 .

Moreover, we may replace 615 in the definition of A4 with

Dy

A
b5 = g0

We may relax the condition that n > 1 in condition (M), but, if we do, then we must replace all instances

of M(z), Cs, Cy, D1, and Dy with nM (z), nCs, n*Cy, nD1, and n?> D, respectively, in all places except 0},

and 01.

Theorem 4.3. Assume that the conditions of Theorem 4.1 hold, and that, in addition, there exists an integer

" such that 0 < |r' — f(b)| < 1/2 and 0 < |z, — b < M(z,/). If 0 > b, then we assume that condition

(M) holds on the interval [a,r'] as well. (We could also assume that the conditions of Theorem 4.2 hold and

permit that my, = 1 with one term that corresponds precisely to r'.)

Then the conclusion of Theorem 4.1 (respectively, Theorem 4.2) holds, but with D(b) replaced by

D'(b) = Dy (b) + Dj(b) + Dy (b),
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where

g(®)e(f(0) + [ )] )¢ (b, (f'())), if f7(0) <1—[If" @),

Di(b) = { 061U (D)) L=l <o) <1,

03 64 e
O<U(b) <02+M(b) + f,,(b)M(b)>>, i () > 1,

5(b) = sgn(b — x,)g(xp el f(xp) — 7z o el”x/Z
DY) =senlb — oo )e(S ) <) [ (G ) ay
N gl ) fO) (x)e(f(b) = 1'b) g/ (x)e(f(b) —1'b)

67 f (x,0)? 2mi f! ()

R G N
e M@ " ’“') 7

Da) =0 ("22 ﬁ((i:;z <M(;>3 e 1—a>3>> o (f”(ai?;gg\;()xw)2> ’

where

+0 (921

flzy +2)— flzp) — r’x>1/2
%f”(mw) .

Moreover, each occurence of ||f'(x)| in Ai(z) and Ag(x) can be replaced with 1 — ||f'(z)|]. If m,; =1

oot =

and |z, — b < f"(b), then we can instead let Ai(x) = 0. In Theorem 4.2, we replace || f'(z)||* with

L if 1 ()] =0,
L=[[f" @), if |lf" (@) # 0.

If b = z,/, then we may replace b by the largest number in the interval [a,x,/) such that f'(b) is an integer.

The new implicit constants are given as follows:

(90§ + 20204)03, Dy Cy- Dy 4~ O ) 3 02032 02204
01 247 HETLI O GGG+ (145 ) & 6 4

O22 = ¢7
272(1 — 0)3
V66 - Dy (103 C3C3 + (1+9)C3 (LG>C3 + 1C3Cy))
(1 —0)
N Cy- (CQD; + C3Dy) (1 N 2C,- > N 2 (C5C3- Dy + 3C>C- 0312)1 + Cy-C3Ds 4+ C2_Ds)
™ s

O3 =

™

Note that since z,» # b, we have that Dy(b) = 0 automatically.
We conclude with two additional theorems which extend the results of Theorem 4.1 in specific directions.
The following theorem shows that if the various error terms from Theorem 4.1 are nicely bounded as b tends

to infinity, then many of them can be replaced by a constant plus a o(1) error.
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Theorem 4.4. Assume all the conditions of Section 4.2 hold with a fized and b tending to infinity, and
assume that the interval [a,b] is large enough so that the function M (x) does not change as b increases. In
particular, this will require that b —a > M (a).

Let Ky, be the set of all x € [a,b] such that © + M(x) > b, where M(x) is as in condition (M). Let
K} := K; N [a,b], where b equals the largest value in the interval [a,b — min{M (b), Cy '}] such that f'(b) is
an integer, and if no such value exists, then Kj = 0. As in Section 4.2, let OS for an arbitrary set S denote
the endpoints of all non-zero-length intervals contained in S and let S* denote the isolated points of S. Then

let

_ [ Ul O15 f16 .
Bo = /Kg P — ) <"“ T P@ME T M@)o - x>> d
Dy U(x
> 0

¥ o 2P0 @R o)
U(x) . U@t M@
2 | ot (2 + oM ) (ot 7 o) ¢

+2 Z f”(agglx\i)(x)?’ (2917 + 019 f”(x)M(:z:)) ,

xEBKbUK;‘

and assume that Ag tends to 0 as b tends to co.

Suppose we have

B U(b) U(b) z
8o(8) = O Fraty = + TR (2 + o/ @M ()

and that Ag(b) tends to 0 for some increasing sequence {b)} tending to co. Suppose in addition, we have a
(possibly different) increasing sequence {0} tending to infinity on which Ay(b®) tends to 0 and for which
bOHD — () < max{M(b®), M (p+1)},

In addition, assume that the sums and integrals in Az(a), A4, and As terms all converge as b tends to
infinity in Theorem 4.1.

Then, we have that

S gme(fm) = S glan)elf@) —rart5) D(b) +c+ A

a<n<b f(a)<r<f'(b) [ ()

as a remains fived and b tends to infinity, where c is some constant and

A =0 (A1(b) + Az(b) + As ([b,00)) + Ag(b) + A7 ([b,00)) + Ag ([b,00)) + Ag) ,

29



where As([b,00)) is defined as As was in Theorem 4.1 but as though the interval in question were [b, 00) not

[a,b]. Also, we let

_ [T U) O 10 x
Ar([b,00)) 7/17 f"(z)(x — a)? <914 * J"(x)M(z) " fr (@) (x - a)) o
Ag([b,00)) = Q/b Jm (2917 + bhg f”(x)M(z)) (1 + U<xU) (;ﬁ’)’(x) + 02;/72564)%(;?)) dz,

and all other functions are as in Theorem 4.1.
An analogous result holds if b is fized and a tends to —oo. This can also be combined with the result of

Theorem 4.5.

Much of the accuracy gleaned from Theorems 4.1 and 4.2 comes when f”(x) is small. If f(z) is large,
instead, then D(x) shifts from being an explicit term to a big-O term. However, with additional work it can

be made somewhat explicit.

Theorem 4.5. Assume the conditions of Section 4.2 hold. Suppose that M(a), f"(a) > 1, and let C and L

be real numbers satisfying

@) V?P<C<M@) and  /f"(a) < L<min{f"(a),C- f"(a), f"(a) — |la]]}.

Also let e = (a) and € = (f'(a)).

Then we may replace

Di(a) =0 <U<a> (1 + 315 * waj)M(a)»

in the statement of Theorem 4.1 or 4.2 with

Dl(a):m(ano<U(a)f”(a>C4L VL, Ve, Ve V),

M@  f@c T LZ @ Ma)

where Ds(a) can be estimated in multiple different ways.

o [fe=0, then

D5(a) =0 (U(&)|€/|L n U(a)‘e/‘(l + ‘C/IC) 10g(1 i f”(a))

a //a 6/3 4 .
() o +U(a)f"(o) c)

o Ife =0, then



o Ifc =0 and |e| > C, then

o Ula)
Del) <<|| >f~<a>>'

Suppose that ¢ =0 and M(a) < f"(a)?. We can then optimize the above results, so that Di(a) equals

We(f(a) - f(a)a) + O (a)f" (a) e[/ R
U(a) Ula) el = Joa)= 7,
+0 (M )2/15 f11(q)1/15 + M( )>

Ula (a) U(a) . " \—1/2
O (i) + O (s s * i) 7142 17072

In all cases, the implicit constants depend on the constants associated to condition (M) and on the

implicit constants in the bounds on C and L. This theorem holds true if a is everywhere replaced by b.

Remark 4.1. The results of Theorems 4.4 and 4.5 can be combined to provide a more explicit D(b) term as

b tends to infinity.

31



Chapter 5

Necessary lemmas and useful
propositions

The first and second derivative tests below are well-known and often accompany any discussion of the van

der Corput transform.

Lemma 5.1 (First derivative test—Lemma 5.1.2 in [16]). Let f(x) be real-valued and differentiable on the
open interval (o, B) with f'(x) monotone and f'(x) > k > 0 on (o, ). Let g(z) be real, and let V be the

total variation of g(x) on the closed interval [a, ] plus the mazimum modulus of g(x) on [a, B]. Then

Lemma 5.2 (Second derivative test—Lemma 5.1.3 in [16]). Let f(z) be real-valued and twice differentiable
on the open interval (o, B) with f""(x) > X > 0 on (o, B). Let g(x) be real, and let V' be the total variation

of g(x) on the closed interval [a, 8] plus the mazimum modulus of g(x) on [a, B]. Then

4V

B
/a ola)e( () da| < S

Proposition 5.3 (Condition (M) version of first and second derivative tests). Suppose condition (M) holds.
If for some x € J, we have [o, 8] C I, .= J N[z — M(z),z + M(x)], then

B Ul(x) b (z)
[ swetston) ) < oua M and | [ o) do] < 0,
where
o2
b= DBy gy, 1O “;-;QD”.

Proof. Using condition (M), we can bound V in Lemmas 5.1 and 5.2 by

Ul()

B
max{g(a),g(5)} +/ lg'(y)] dy < DoU(x) +2M () - Dy < (Do +2D1)U(=).

Also by condition (M), we have that the minimum of f”(z) on I, is at worst > C’;_lf”(as). O
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In some cases, the first derivative test needs to be made explicit, for which we have the following result.

Proposition 5.4. Let f € C3([o, B]), and g € C*(|a, B]), and define h,(z) as in (2.2).

Suppose that f'(x) # r on an interval [, 8], and let

Then we have

[ oets@) vy do = [ Bty ]|

+ O(Kr(, 8)) + O2[hr(@)]) + O2|h(5)])

«

Proof. We begin by applying integration by parts twice to our original integral.

/j g(x)e(f(z) —rz) do = |:g(:1:§

The two terms on line (5.2) are bounded trivially by O(|h.(a)|) + O(|h,-(b)]).

The remaining integral on line (5.3) is bounded by the total variation of h,(x), which is at most the

modulus of h,.(z) at every critical point added to |h.(«)| and |h,(8)|. K,(«, ) is, by definition, the sum

of the moduli h,.(x) at every critical point (since the derivative—by the assumption that f/(z) # r on

[, f]—always exists), so the proof is complete.

O

By making use of the following proposition, we can sometimes avoid the K, term in Proposition 5.4. An

alternate form of the resulting error terms can be found in Lemma 5.5.5 of [16].

Proposition 5.5. Suppose condition (M) holds. If e = +1, then for all x such that x,x +¢- M(x) € J and

all v such that either f'(x) —r =0 or sgn(f'(x) —r) = sgn(e), we have

Cs

ke M) =1l 2 17w ol + (12 ) o)),
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Proof. By Taylor’s remainder theorem, we can write

1
fllx+e M) —r=(f(z)—r)+e- M) f"(z)+ O (M(x)2 max f(3)(y)> (5.4)
2 y€[z,z+e M ()]
with implicit constant 1.
By condition (M), we have
Csf" ()
(3) Z3J \r)
max < .
y€Elz,z+e M(z)] ‘f (y)‘ - M(.’L‘)

Therefore the big-O term in (5.4) is at most C3M () f”(z)/2. Since C3 < 2 and since f'(z) — r is either 0

or shares the same sign as ¢, this gives the result. O

Proposition 5.6. Suppose f and g satisfy condition (M) for some function M(x) and its associated con-
stants. Let e € [—-1,1] \ {0}. Assume that x, is not in the interval from x to x + € - M(zx), and that

sgn(f'(x) —r) = sgn(e). Then we have that

x

’ . _ 9(y)
L o S =) dy = B

U) " (2) |
/() = r|3> o (9” M) ([ (@) )2

() =)

y=z+e M (x)

+0 <926'

We also have the following bound if e = £1:

Here,

Dy +2DyCs + 3D + Cs
472 ’

2D, + D,
- 472

a 71'(2—03)

= 027 , and Oog

Proof. As in Proposition 5.4, we apply integration by parts twice to our starting integral:

x

”” ey = [0
[ g6t =) dy = |t )

+ O (|he(2)]) + O (Jhy (x + € - M(x))|)

’ d (f'(y) —1)g'(y) —
+0 (/ere.M(z) dy Cri2(f'(y) — )3

y=z+e-M(x)
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The relation

9(v) e(f(y) —ry)

Dy U(x) >
2mi(f'(y) — )

y=x+e-M(x) =0 (7((2 - 03) M(x)f/l(x)

holds by Proposition 5.5.

Using condition (M) and Proposition 5.5, we have the following additional bounds.

DU (z) DoU () f" ()
OIS T e =P e -
e JlteM@)  glete M@)f'(e+ e M)
ol e MEDI S Tatite v e at) —r2 T an?f(z + ¢ - M(@) — P
DU (z) DoCoU () f" ()

T ATM(x)(f' () —r)? ArR(f (@) =P
Finally, to estimate the integral in (5.5) first notice that

A ('(y) =19 (W) —9W) W) | _ 9" (y) n 39' ()" (y)
dy (2mi)2(f'(y) — )3 T Am(f(y) =) Ar?(f(y) —)?
9@W) S () L 39w (y)?
Am?(f'(y) — > Ar2(f(y) — )t

On the interval between a2 and z + € - M (x), the maximum of the first term is

Similarly, one can show that

teM() 4T3 (y) =P Am? ' (y) — P Ar? | f (@) =P

/”“' 39'Wf"y) 9(y) [P (y) dy‘ _3D1+Cs U@)/["(@)

We estimate the remaining integral by using f”(y) < Cof”(z) on I,:

- 39(5) " ()? Dy | )
/.HE.M@) () -t Y| S g U@ /W.M(m) Fly) -t
< D%y l o]

(f'(y) —r)?

z+e- M(x)
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DGy U(@)f"(x)
1w ()

Remark 5.1. If g(x) is a constant, then we may remove the term

X (M(@(%) - r>2)

from the statement of Proposition 5.6. This would remove the term U(z)/M (x)| f'(x)|*> from Ay(zx) in

Theorem 4.1. However, very often one finds a term of this same size occuring in Ag(x) regardless.

The primary technique we shall use to evaluate sums will be a version the Euler-Maclaurin summation
formula; however, the Euler-Maclaurin formula itself sums over all integers in an interval [a, b], while we will
often want to sum over all values z in some interval [a, 8] for which F'(z) is an integer (for some function

F).

Lemma 5.7 (Euler-Maclaurin summation, first derivative version—page 10 in [20]). Suppose f is a differ-

entiable function on [, B]. Then

B
/ f(z) dz — $(B)F(B) + (@) f(a) + / V() f'(z) de

Proposition 5.8. Suppose G is a real-valued, differentiable function on |a,b]. Suppose F : [a,b] — [a, (] is

a<n<ﬁ

an onto differentiable function, then

’ b
2. cume) :/ Gly) - |F"(y)l dy + O (/ G" () dy)
0 (2 1(F@) - G(a)]) +0 <W)

!
where G(F~1(n)) is a sum over all G(x) for x € F~(n) and Z runs over all x that are local extrema of

F on [a,b]. For the purposes of this proposition, endpoints are considered to be local extrema.

Proof. Let a’,b" be two successive extrema for F' (that is, there are no extrema in the interval [¢/, ']). Then
F|(a’ ] is monotonic and hence F\[:L,l b is 1-1. Let [/, B'] be the image of [a’, '] under F.

Then, by applying Lemma 5.7 and then the change of variables y = F|[;'1.b'] (x), we have

Z* (F| 2 )) :/:/ <F|[a, v dm+/ P(x a: Z:]Egi dx

a’'<n<p’
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— 0BG (Flgh i (8)) + ()G (FIit (@)

~ [ 6w IFWwldy+0 (; | ew) dy>

O ([¢(F(a)G(d)]) + O (I (F()G®)])

If F(b') = 5 and if & is not an endpoint, then by summing over the interval [a, ¥'] and the interval [V, ¢/],
where ¢ is the next extrema after b, we see that the term G(b') is countedwith the correct multiplicity.
Therefore, summing over all such intervals gives the desired left-hand side, up to possibly two terms of the

size G(a)/2 and G(b)/2. O

Lemma 5.9 (Lemma 5.4.2 in [16]'—Poisson summation). Let f € C?([a,b]) for real numbers a < b, then

Proof. We start with the Euler-Maclaurin summation formula as

B
/ F(z) dz — $(B)F(B) + w(a) f(a) + / b(@) (@) de

a<n<ﬁ

But by integration by parts, we also have

P(z)f'(z) de = —— lim / Z sin QWTI (z) dz

=¢(8)f(a) — ¥(a)f(a) + lim Z/ 2cos(2mrx) f(z) dx

R—o0

which completes the proof. O

We end this section with two more specific propositions. The first will give us good bounds on the partial
sums and tails of ¥ (x, €), our modified sawtooth function, as well as guarantee its convergence. The second

will show that the integrals in Theorem 4.1 involving the W and r functions will converge.

1Huxley assumes a and b are integers, so we provide the proof when a, b are real.
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Proposition 5.10. Suppose 8 > a >1, e € [-1/2,1/2], and z € R. Then

Z e(mzx) < 21 if az| <1
m-+e|l 35

a<|m+e|<B m otherwise.

In particular, the sum is always less than 21. Also, the sum is convergent as B tends to co and the same

bounds hold in this case.

Proof. We begin with a quick calculation we will need later. Suppose z is a real number at least 1.

1 1 o0 1
2 =1 S 1) +/Z oy —1/2) Y

n>z

<#+/w¥dy
=cip ) woiep
4
2z —1°

Without loss of generality, we may replace that « with (x) and so may assume that = € [—-1/2,1/2). We

start with the assumption that (§ is finite.
Next, we remove all appearances of the e from the sum. We use Cy ¢ and CY, , . to denote constants

which only depend on the variables «, x, and e.

Z e(mz) _ Z Zgnjrxz FCasi 40 <ﬁ_21/2>

m 4+ €
a<|m+e|<pB a<|m|<B

> e(mz) S e(ma) <m(m€+€)> + Cope+ O (264— 1)

a<|m|<B m a<|m|<B

e(mx) Z ( € ) ( 4 ) ( 4 )
= Z — e(mz) | ——— |+ 0O +Cuze+0
aglmi<s " a<im| m(m + ¢) 26 -1 26 —1
- > Mg, o (5).

m s 5 551
a<|m|<p

Here, C, 4. contains the terms where |m| < a < |m + €| or [m + €| < a < |m/|. In particular, it is no larger
than 4/(2« — 1). By our earlier calculations, C, , . is bounded by 4/(2a — 1) as well.

o,z,€

Now we pause a moment to show that we may let 5 = oo with no problems of convergence. The sum

Z B(WT:LI)

1<|m|
is, up to a constant multiple, the Fourier series for the sawtooth function 1 (x) and converges for all x. This
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implies that

) e(mx)
1
L

asg|m|<pB

converges for all o and z. Therefore, since

- 3 e(mz) ) e(mzx) — .+ Cone
- ,

— m €
P70 \agimra<s ™ TE  adimi<s

we have that

converges for all o, x, and e.

If x =0, then

and hence

e(mx 8 8 16
) (mz)| _

) 1+2 1§2 1
<ol <B m+ e o — 58— a—

This proves the proposition in the case = 0, so we may assume for the remainder of the proof that x # 0.

Now we remove the absolute value in the condition on the sum and apply summation by parts.

e(mz . sin(2mmx
s clma) _y 5 sin(om)

a<mizs " asm<p "
1 1 1
=2 _ - sin(2rkzx) | + 2i—— sin(2mmz)
as%:szf <m m+1) agzk;m Lm+1a§§ﬁ
. 1 sin(w(m + [a])z) sin(w(m — [a] + 1)z
py ;<ﬁm2+m. (m( f])s)m(ﬂ(@( [a] +1)z)
L2 sin(e(B + [a])a)sin(x(15) o] + )e)
8] +1 sin(mz) '

Since we assumed x € [—1/2,1/2], we have that |sin(7x)| > |2z|. For the numerators of the functions, we

use that |sin(y)| < min{1, |y|}. For the sum, we have the following estimate:

9 Z 1 sin(r(m+ [a])z)sin(m(m — [o] + 1)z)

ws m?+m sin(mx)
<2 ¥ i { g el
min ,(m*+m
T SLymtm 2|||
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<2 Y e+ % !

asm<1/|z| m>max{a,1/|z|/} m?||z|

If afjz|| <1, then we get the following bound:

9 Z 1 sin(r(m+ [a])z)sin(7(m — [o] + 1)z)

5 -
at g M M sin(mx)
— _ 1
<ol -lal "+ el Y <4

m2 |||~

If af|z|| > 1, then instead we obtain

s Y L snlr(n+ [al)singnlm = o] + a)| o0 5

3 -
wlsm +m sin(ma) =

Likewise, for the additional term, we have

' 2 sin(r([B) + [a])z) sin(r(|8] — [a] + 1)
18] +1 sin(mz)

1 (1
Sﬁmm{Qmﬂﬂﬁlﬂ@
1
:Im“{2ﬂwv’””“'}

= min {1 1}
B 280" S

So, in total, if a|z[| < 1, then we have

16
3y e(mz)| _ Sl

m+ € 2c
a<|m+e|<B +

And otherwise, we have

Z e(mx) < 16 2 1

+ +
m+e|” 2a—1  afz| 28|

a<|m+e|<B
16 2 1
= allel " afzll T 2afle]
35
~ 2afle]

This completes the proof.
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Proposition 5.11. Suppose the conditions of Section 4.2 hold, then the function |W§|+|Wo-ro| is integrable

on Jo and the function |Wi|+ |WL|+ Wy - |+ |W_-r"| is integrable on J .

Proof. Let the functions H, G, Wy, W4, 19, and r+ be as in (2.1).

The functions H and G are continuous and bounded on J. The functions Wy and 7y are continuous
inside Jy, and the functions W and r4 are continuous inside Ji. The only possible barrier to integrability
is the presence of a zero in the denominator of one of these functions at an endpoint of an interval in the
corresponding set.

The only terms in the denominator of W} are g and f”, which are both bounded away from 0 on Jp.
The only terms in the denominator of Wy are g and f” again, but r{, has a factor of H? in the denominator;
however, in |Wy - ro|, the H? in the denominator of 7, is cancelled by the factor of H? in the numerator
of Wy, so this too has no zeroes in the denominator at the endpoints of Jy. The case of an interval (a’,d)
where H? — G is identically zero but H does not equal nor tend to zero is dealt with in the same way.

Therefore, we will assume we are in the case where H?(z) — G(x) does not equal nor tend to 0 on the
interval in question for the remainder of this proof.

We have

r

. (EevEE=C\
+=f" = g

and

-3 -2
H+vVH?-G H++vH?-G

H+vEE =G\  [(H+vEE =G\ .,
+3 2g" 29" (f g)

-3
2<Hi\/H2—G> (Hi\/H2—G>/ )
_ g
2g// 2g//

In addition,

/
H+VH?2 -G :Hi\/HQ_Gg(?))_ 1 H’( /7H2—G:I:H)¥g (5.6)
2g" 2¢'"? 2¢9"VH? — G 2

So, the only terms in the denominator of r/, are ¢’ and v H? — G, and the only terms in the denominator

of Wi are H++vH? — G and VH? — G as all the ¢g” terms cancel.
The technique required will change slightly depending on whether we consider the + terms or the —

terms. As G tends to 0 (which is itself implied by g” tending to 0), H ++/ H? — G will tend to either 2H or
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0. By the assumptions of Section 4.2, if G tends to 0 at the endpoint of an interval in J4, then H cannot

tend to 0 at the same point.

If the sign is chosen so H + v H? — G tends to 2H, then the terms H + v H? — G and vVH? — G in the

denominator of W/ do not vanish, and the two copies of ¢’ in the denominator of /y are cancelled by the
two copies of ¢’ in the numerator of W. Therefore, in this case, there are no zeroes in the denominator.

For the remaining case, when H £+ H? — G — 0, we have that

HxVH? -G _|H|(H [ G
29" 72// |H| H

(e ()

Sg(fu) ( (g//))7

where the implcit constant depends on the size of H near this point. In particular, since g and f” do not
approach 0 at the endpoints of J, equation (5.7) implies that a copy of H £ VH? — G tending to 0 in the
denominator of a function can be cancelled by a copy of ¢g” in the numerator to prevent the presence of a
zero in the denominator. In particular, Wy will not have a zero in the denominator.

By (5.7), the only term in W/ |+ |W4 -7/, | that could produce a zero in the denominator is the derivative

(M M) . (5.8)

29//

Therefore, it suffices to show that (5.8) has no zeroes in the denominator at an endpoint of Jx.

By applying (5.7) to line (5.6) and noting that in this case +£(H? — G)~Y/2 = —H~1(1+ O(G)), we have

o(1)

HEVET—G\ _ 39(4")%® < L1 >qE Sg(f")?H' | 12¢'(f")* +249f" P
2g" g H JVH2-G 2WH?2 -G 4/ H?2 -G

3 m2 (3) G 3 m2 g’ 12 M2 1 944 " £(3)
_ g(f/)/g _O<)jF g(f")*H" | 129'(f")* + 249" f o)
g 2VH? -G 4/H? -G
3 "2 ! 124" ( 1)2 +24qgf" (3)
_ 3T H | 129'(F7) 917 o,
2VH? -G 4/H? -G
Since v/ H? — G does not tend to 0 on Jg, the derivative (5.8) has no zeroes in the denominator. O
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Chapter 6

The Redouaby-Sargos estimates

It is crucial to the van der Corput transform to have very good evaluations of integrals that contain stationary
phase points. The most powerful results known to the author are those of Redouaby and Sargos in [34].
They do not provide explicit bounds on their big-O constants, which we would like to provide.

For the duration of this section, unless otherwise stated, we shall consider a C* function f : [a,b] — R
and a C? function g : [a,b] — R. We shall assume that for certain constants, Co, Cy—, Cs, Cy, Dy, D1, Do, M

and ¢ which satisfy 6 < 1, b —a < M, and for all = € [a, b], we have

1 T T
@'Wﬁf//(z)ﬁczw> l9(2)| < DoU,
T U
3
1f®(2)] < CSW’ l9'(2)] < DIN’
T U
IF®(2)] < Cagpa and lg"(2)] < D2753-

Also, we will define
. 34
T a0z o0y
In addition, we shall assume that there exists ¢ € [a,b] with f’(c) = 0, and that f”(z) > 0 on [a,b]. We

make two last definitions:

c — e\ V2
a= %f”(c) and  ¢(t) = sgn(t) <f(+t)f()> , t€la—c,b—cl (6.1)

(%

6.1 initial lemmas

Lemma 6.1 (Lemma 4 in [34]). Let ¢ : [a — ¢,b— c] N [-nM,nM] — R be as above. This function is a C3

function, satisfying the following properties:
O29]1] g
B(t) (+O<2M +0 5) )
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¢(t)—1+0(02]\94|t> —1+0(5)
3) (e
vo=o(%)  wi o0-179

0
690 =0 (15).

where all big-O constants are 1 uniformly.

Here,
2022_ CyCl
3

C,C2
6

029 = and 930 = Cg)_ (

Proof. We can write out the derivatives of ¢(t) explicitly as

o) = B (f(e+1) - ),
s e

al/? (f( ) f( ))1/2»
¢//(t) _ Sgn(t) . 7%(16 (Cth)) + 3 (f(Cth) f( ))f”(Cth)
al/? (f(c+1t)— f(c)? ,

POIER.CLON e+t - e+ t)f"(c+i)+3

+ 02204).

4

s(flett) -

FEPFO(c+1)

)3/
1(fle+t) = fl)f
al/2 (f

(c+1t) = f(e)*/?

And, by a simple Taylor series expansion of f(c+ t), we have
4(0) = 0 #(0) = 1,

Now the Taylor expansion of f(c+1t) —

f(c) has zero constant and linear terms, and since

T TC,
e < 5 Ut — 1) < 55
we have
T ’ TCQ T 2 TC2 2
mt<f(c+t)gm~t and M-t Sf(c—l—t)—f(c)g?MQ-t.
Now consider the numerator of ¢’ (). We take it’s derivative to obtain
d 1 ’ 2 1 7"
G (F e 02 4 JUler 0 - f@) e o)
1 1 1
= =3[+ e+ )+ 5 e+ Df" e+t + 5 (fle+8) = F(O) [P e+1)
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(flet+t) = f(e) fP (e +1).

N | =

From this, we can see that ¢”(0) = f®(c)/3f"(c). And by using the upper and lower bounds on f(c 4+ t)

and its derivatives, we have

1T205Cy o] ,
1 @ 5 2C ,CQCg
6"()] < S Y

FEENYE T 327 7 3M
- >
(2M202> (2M202 )

This gives the first three results by the Taylor remainder theorem.

Bounding ¢*)(¢) nicely requires a fair bit more work. In particular we need to show that the numerator
that appeared in our earlier derivation is bounded by a constant times ¢°. To do this, we first look at the
derivative of the numerator to obtain

d (3 / 3 3 ! " 1 2 £(3)
(Bt = (Fet ) = F@) Flet D" (e 1) + 5 (flet 1) = () FD e+ 1)
3 1
=3+t [f'le+ £)? = 2(fle+1) = f() f'(e+ D] + ; (Fle+1) = f(0) f'c+ t)f@e+1)

+ 5ot 1) = F@2FD (et 1)

The last summand can be seen to be bounded by

1<T02 2>2 TCy  T?C3Cy
2

_ 4
2M?2 MR T s b

We take the derivative of the remaining two terms again to obtain

i (37 0174 07 =20 1) = FF e+ 0] + 1 e )~ O (et 0V e+ )

= gf(g)(cﬂ) [f'(e+6)? =2(f(c+1) = f(e)f"(c+1)] + i(f(ch t) = f(Nf (e +)f D (e+1).

By using the bound on the term in brackets that we found before, we see that this is bounded in size by

5 TC3 2T%CyCjs

8 M3 3M>3

1 TCy , TCy

P+ = -t
||+4 20M?2 M2||

TCy, _ T? (5C,C3  C3C, f?
M+ T M8 12 8 ‘
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If we now combine these estimates into a bound on ¢®)(t) we obtain

LB OQO?? C(226’4 |t|5
1 M\ 48 32 _ <02032 N 02204)

T 1/2 T 5/2 T M2 6 4
- T 42
(o) (Gwea®)

which completes the proof. O

0@ (1)) <

Lemma 6.2 (Lemma 5 in [34]). Let 1) be the inverse function to ¢. Then ¢ has the expansion

1
¥(y) =y — 50" (0" + G(y)
on the interval [Y1,Ys] which is the image of ¢. Here, we have that G € C3[Y1,Ys] and

ly[>~7

Iy < gy — 20—
IG7 ()| < O B M2

j20717213> ye [Yla}/?]a

where
| 2C3.C3C3 + (140)C3_ (3C2C3 + 5C3Cy)
B (1-19)°

031

Proof. We have that the first three derivatives of ¥ (y) satisfy

Wy) = [0/
W) = [0 W) (—" ).
¥ () = [0 @) (36" DI - ¢ W) - 6P W) -

From these equation sand ¢(0) = 0, ¢'(0) = 1, it is clear that the Taylor series for ¥(y) begins with

0+y— %d)”(O)yQ. Therefore, it suffices to show that

We know that 1(y) must be in the domain of ¢. Therefore, by Lemma 6.1 the desired bound holds. O
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6.2 The main result

Lemma 6.3 (Lemma 6 in [34]). Assume the conditions at the start of this section, and in addition, assume

¢ € [a,b] satisfies 0 < ¢c—a <nM and f'(c) =0. Then

inja e(f(©) [P (e)e(f(e)  e(f(a))
2/f"(c)  6mif’(c)*  2mif'(a)

e(f(a)) — e F(e e olan? 032
+ driad(a — c) (f(o) /_¢(a_c) (ay”) dy + O (f”(c)B/QMQ)’

where a and ¢(t) are as in (6.1), with a —c <t <0, and

[ etron ar=c

~—

g V33 VB3 305 G303+ (140)CF (5CeCF + 3C5Cy)
32 \/5'7{_ 31 \/§~7T (1_5)5 .

If we have 0 < b—c <nM, then

e ) O | erv)
2,/ f"(c) 6mif"(c)? 2mif'(b)

e(f(b) —e(f(e oo oo 032
) [ ety dy+0 (Gt )

 dmiad(c — b)
Proof. We begin by considering the integral on the interval [a, ¢ — €] and at the end of the proof we will allow

[zwu»M=

€ to tend to 0. By integration by parts, we have for sufficiently small €

[ =[S [ s

In the last integral we make a change of variables y = ¢(x — ¢). With 1 as in Lemma 6.2, we have

c—e f”(l‘) - m P(—¢) M - w )
/a f'(x)? e(f(z)) dov = o /¢(a_c) ( 2 y > e(ay?) dy.

By Lemma 5, we have

3031 an
20 =Ty

H(y)| < (6.2)
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If we let

(-9 o(on? (—o)
J1(e) ::/q5 ( g ) dy and Ja(€) ::/¢ H(y)e(ay?) dy,

(a—c) Y (a—c)

then we have shown so far

/H e(f(z)) dz = [ e(f(x)))} T ) (J1(€) + Ja(e)). (6.3)

2mif!(x dmic
We focus next on bounding Jo(e). Let § = 1/11/3 - =/ and split the integral of Ja(¢) in the following
#(—¢€) #(—¢) —2K-15 —2Ks
[T DR DR DR A
(a—c) —2K§ ¢(a—c)

Using (6.2) to bound the integrand directly, we obtain

$(— e)
/ y?) dy

For the remaining integrals, we use the first derivatives test (Lemma 5.1) to obtain
[H(=2%8)] + 216 - maxye_ors v 14 [H/ (1)

_2k7 16
2
dy| <
‘/ s v)dy| = 20 (=2F-10)]
< %931M_2 + 2k—15. 4931‘ — Qk_l(s‘_lM_2
- V11/3 - 2kral/2
33 . 031

okt 1o l/2 2

way:

031
< V33 CYSYEIVER

Summing these together we have

dric T dra \ 2al/2M? 0 L= 2kt lgal/2 )2

e(f(c))Jg(e)‘< 1 (\/@'9314_% V33 - 631 >

031 V33
< Ama3/2 M2 ( 2 +\/72 2k+1

B V33 031 o 032 6.4
 Anad/2M2 f”(c)3/2M2' ( ) )

For Jy(¢), we undo the integration by parts we performed at the start of this proof, now that the non-

quadratic part of f has been removed. This gives

. 241 ¢(—¢€)
" oy LD [l ©9

Ti(e) = e(£(©)) / e(oy?) dy =

¢(a—c) 47Ti0[
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Combining (6.3), (6.4), and (6.5), we have

@) | elf@)
/a e(f(2)) do = 2mif’(a) + driag(a — c)
p(—¢€) 5 039
* e(f(C)) /d)(a—c) e(ay ) dy - A5 o (f‘//(C)SW) ,

where the implicit constant is 1, and where

as € — 0.

Cefle-)( 1 1 (el f(e)
A= <f’(c—e) 2a¢<_€>)—> G ()2

The proof is completed by noting that

/: e(ay?) dy = /;we(ay% dy /m e(ay?) dy.

(a—c) —¢(a—c)

Lemma 6.4 (Lemma 9 in [34]). Assume the hypotheses at the start of this section. Then, we have

c

[ et do = gte) [ etr@) ot SEZ08 ()

+ %gil;,c,)(c)e(f(c)) Lo (% (933 + 934]‘]\{))

b _ b g(b) — g(e)
/C g(x)e(f(z)) dex = 9(6)/0 e(f(z)) dx + “omifi(h) e(f(b))
g'(c)

UM? M
- We(ﬂc)) + 0 <NT3/2 (933 + 934N>> ;

where

033 — Cy-C3Dq 14 2C5- n 0305’, Dy + 3CQC§,CgD17
47 T 2
Cy-C5D 205 - Cy-C2Ds +C2%2.D
Oy = 2-Cal)2 (1+ 2 ) n 2- 035 22 2
47 T T

This result still holds if we weaken the assumptions at the start of this section so that f is only C? instead

of C*, and the condition on f(x) may likewise be ignored.

Proof. First, note that

/ g(@)elf(x) dz = glc) / Ce(f(@) +
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where

€ T )e(f(z)]1¢7° ¢
5= [ (o) gtenetse) ao = | LEZADLEN] 2 L ogeqp(0)) o

a

by integration by parts, with

(9—g)f"—g'f
f/2 '

In order to bound the new integral [ p(z)e(f(z)) dz, we want to have a bound on p and it’s derivative.

Consider the numerator of p(x), and take its derivative. This gives

UDi | _ . TCs [ UDs TCy
N METNTM? ’

(9(x) = 9(eN D (x) = g (@) f ()| <

and hence, by the Mean Value Theorem,

(6(0) = ()" (@) = (O (@) < 5375 (D1Cat DaCaTy ) -l el

Therefore,

p(x)| = [(g(z) — g() " () — g (@) f'(@)] - | £ ()|~
UrT M ) T -2
< TN <D103+D202N> =l (M|x—c|>

UMCy- M
= 2NT2 (D103+D202N) (6.6)

For p'(z), we have

The first summand we may bound by

UDO|.13—C
N

<

‘(g(x) —9(0) [P ()
f'(@)?

3]

The second summand we may bound by

‘_ g"(x)
f'(x)

UD, T L UM2?DyC,-
S N2 . —_— - &
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For the third summand, we first bound the derivative of the numerator to obtain

¢ (@) (@) (@) + o (@) (2) O ) — 2(9(x) — 9(e)) () O ()

_UDy (TCy 2| g YD TGy TC UDy o TC TG

=N o\ ) PTAT TN e M3 N VR VE)
UT? M

= M N (3D10203+D202 )ll‘—c.

Thus the third summand is bounded by

UT? ) T UMGE g
MSN (3D CyCs + DQC2 ) |.’IJ - C| . (Mkt - C|> TN (3D10203 + DQC2 N) |CE - C|

Thus, in total, we have

UM M
1P/ (z)| < TN (D00302 +3D105C5-C3 + (D2C3 + DyCo- )N) |z — |7t (6.7)

Now, to bound the term
1 C
p(x)e(f(x)) dx

2mi

and complete the proof, we first break the integral up into the following pieces, letting § = M /Tl/ 2,

c c c—6 c—29 c—2Ks
[
a c—0 c—20 c—45 a

The integral from ¢ — § to ¢ is bounded trivially, giving

1
21

UM2C,-
= 4rNT3/2

/ " p@elf(x)) de| <
c—0

M
(chg + D202N> .

Each of the remaining integrals is bounded using the first derivative test using (6.6) and (6.7), giving

c—2k—1s
L / p(@)e(f(z)) da

21 _9k§

_ lple=250)[ +2"716 - maxycpe_ovse2k-15) [P/ (@)

= T
272 .9k—1§
TMEC,
UM?C3- M
= ok+172 NT3/2 (C3D1 + C2D2N)
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UM2Cy-

‘ M
WrZNTH? <C3C§— Dy +3C>C3-C3Dy + (C3Ds + Cy-Dy) N> '

Summing these all together gives

1

UM? (02 C3Dq <1 i 2C5- ) n CSCS,DQ + 302051, 03D1>
e

— <
5 | plaetre) do| < S (S =
UM3 [ Cy-CyDs 20, Cy-C3Dy + C2_Dy
1
+ N2T3/2 ( 47 + T + w2
UM? M
~ NT ("33 +934N> ,

which completes the proof.

6.3 The “long” stationary phase integral

Lemma 6.5 (Lemma 2 in [34]). Assume all conditions from the start of this section.

If0<c—a<nM, then

‘ _elf0+1/8)  fB(e(f(c)  e(f(a))
/a e(f (@) dv = 2/f"(c) 6mif"(c)? 2mif'(a)

o (2ﬂ2f”(6)2(01a)3(1 = 5)3) o (f(f/M) '

If0<b—c<nM, then

' Cef(©+1/8) | fD(ef(e) | elf(a)
/C () de = O 4 T arip e

(0] O —+— |-
i (27f2f”(6)2(b —c)?(1— 5)3) i (f”(0)3/2M2>
The implicit constants are 1 uniformly in both cases.

Remark 6.1. The above result is a one-sided form of Huxley’s result [15]. Redouaby and Sargos include the
additional assumption that T, M > 1; however, this condition is never used in the lemmas we cite, and so

may be safely ignored. This was confirmed in private correspondence with Sargos.

Proof. We use Lemma 6.3. If a # ¢, then, by integration by parts, we have

e ef(@) (f(0) [t elay?)
() [ o)y = s / e,
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By the first derivative test (Lemma 5.1), we have

1
S W2 (oalpla—oP
1
S 32 (c—aP(1=0)p

Y@ [ o)
PYSETTIRY Y

27T'if”(C) —¢(a—c) y2

The proof of the second equality follows by the same argument. O

Proposition 6.6. Suppose the hypotheses of Lemmas 6.5 and 6.4 hold and suppose a < ¢ <b. Then

: Q18 D) glaelf@) @) o
| sty o= g% 2 S L Sl b e (0) + ()

and

) +1/8) | 9P @elf(©) | gDelf() g0

2/ f"(c) 6mif"(c)? 2mi f'(b) N 2mif"(c) e(f(c)) +E(b),

b
/ g(@)e(f(x)) dz = g(c)

where

£ =0 (e sy =) +© (i) +© (s (o))
with implicit constants all equal to 1.
Proof. We just apply Lemma 6.4 followed by Lemma 6.5. O
The advantage of our condition (M) is now the following.
Proposition 6.7. Suppose condition (M) holds, that [ has a stationary phase point at © € J, and that

z € [a,p] C [z — M(x),x+ M(z)]NJ. Then the conditions at the start of this section hold with

M = M(z), N = M(z),

U=U(z), T = f"(x)M(x)?,

and with Cy—, Co, Cs3, Cy, Do, D1, Do and § equal to the similarly named constants in condition (M). Since
n > 1 in condition (M), this guarantees that f —x < nM and x — a < nM.

Moreover, with these definitions, the error terms become

Ulz Ulx Uz
E(@) +EB)=0 (935-W) +O(935'f~(x)2|(x)—5|3> +0 (2936'f~(x)3/(2134(x)2>’
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where
b= — 20
3T 9r2(1 - 6)3
036 : = Dobsa + 033 + 034
VB Do (ACLCICE + (14 )CS. (30:C2 + 1C3C)

V3 -n(1—0)
" Cy- (CQDQ + Cng) <1 i 2C5- ) n 030123, Dy + 30203, C3Dy + Cy- CQQDQ + 022, D,
4 T 2

and if x = « (resp., x = ) then the first (resp., second) big-O term disappears and 2036 may be replaced by
O36.

6.4 The “short” stationary phase integral

Lemma 6.8 (Lemma 3 in [34]). Assume all conditions from the start of this section.

If0<c—a<nM, then

‘ _ef(©+1/8) [P (e(f(0) | FPo)e(f(a))
/a e(f(x)) de = 92 f”(C) 67rif”(c)2 + 67Tif”(c)2

+oo _
—e(f(e)) /_W_C) e(ay?) dy+ O (037 : cTa) +0 (M) ,

where

(9C3 + 205,C4)C3 Co- " o 8\ 5 [(CaC3  C2C,4
24 +127r(1—5)3 2 O\ 115 ) O (5 T

If0<b—c<nM, then

O37 :=

’ _e(f(0)+1/8) [P (oe(f() [P (c)e(f(a))
/C e(f(x)) dr = ) f”(C) + 67Tif”(c)2 67Tif”(c)2

“+o0

— e(f(c) /¢ o clov) 0 (937 . b;) Lo (f(f/M) .

The implicit constants are 1 uniformly in both cases.

Proof. By Lemma 6.3, we only need to show that

_e(f(a)) e(f(@) _ [P()elf(a)) c—a
2mif'(a) = 4miag(a—c)  6mif’(c)? +0 <037 T > '
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(The second case follows by the same method.)

First, consider the Taylor expansion of (z — ¢)/f/(z) around x = ¢:

x—c 1 @) (e

= — ) T —c (z )’ max (4 —¢ ’
7@~ 7@ 207 ”0< a e () )

We have

(:17 - c>” _ 2z — 0 f"(@)* = 2f'(2) (@) = (@ = ) f' (2) f O (@)

f(@) @)

If we take the derivative of the numerator, we obtain

‘Sf(g)(w) (& =) f"(2) = ['(2)) = (z = ) " (2) V) ()

C3T 3C3T CZT C4T

SS—M?) e (96—0)2—&-|;10—c|~—]w2 x— \-—M4
9C3 +20,Cy 17
= ap-o
3, 17
= 302,3(34W(x — )%
Thus on [a, ¢|, we have
_ T?
z—c\” < 027364-W($—c)3 _c 1
f@) |~ -

Next, we consider a second Taylor expansion (expanding now about xz = 0):
x F®(e) a? ( y )”
— =1- 4+ 0| — max — .
o(x) 6f"(c) 2! yelo,c—a) \ &(y)

( r )H - 22/ (x)? — 2¢(x)¢/ (x) — xp(2)¢" (2)
d)(l“) ¢(x)3 7

and by applying 6.1, we see that the derivative of the numerator is bounded by

Again, we have

36" (2) 20/ () = $(2)) — ()9

<3

- 3M M 2
4 Cy,C2  C2C. 1
_ 4 22 3 243 24 2
1
= 3(1 - 5)3C5W{1§2.

95

(20 CoCy G5 OoC - (1 - 5) x- % (02601? L GG

4
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And thus

1
T " ( )365 M2 C5
<¢ x)) ST -0 P
Therefore, we have
e(f(a)) e(f(a) () Cic—a
" 2mif(a) * dmiag(a —c) 2m f(e)(a—c¢)  2f"(c)? +0 (2 T )>

2mffz>< L co(55)

This completes the proof.

Proposition 6.9. Suppose the hypotheses of Lemmas 6.5 and 6.4 hold and suppose a < ¢ <b. Then

¢ e(fle +oo
| st@etre) dr = (o) DT e pe)) [ ey ay

2 f”(C) —¢p(a—c)
9D (e) Celf(@) + -2 50 — el (a a
omi e (@) = elf (@) + 3o 5 (e(F(9) = elf (@) + Fla),

and

' xT)e X T = wa cle C +OO€O[2
| st@etsta) de = o)L s g()(f())/¢(bc)(y)dy

n 9(c)f®)(e) g'(c)
6if" ()2 2mif" (c)

e(f(e)) —e(f(b)) -

(e(f(c)) —e(f () + F(b),

where

N 022_03])1 UM CS_OQDQ U]\I2 |C—y‘
F) = 0 sty + 2P DL, D2 D32 el

f32 - g(c) UM? M
+0 <f”(6)3/2M2 +0 NT32 933+034W ,

with implicit constants all equal to 1.

Proof. We apply Lemma 6.8 followed by Lemma 6.5. In this case, however, we also need to show that (in

the first case)

g(c) —gla) _ g'(c) C2.UM M
i) omie) ( 4nNT <C3D1 " C2D2N) (e a>> .
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Consider the derivative of the above quantity:

<g(0) - g(ff))/ _ —f'(@)g (x) — (9(c) —g()) f"(x)
2mif(x) 2mif!(x)?

The derivative of the numerator can be bounded in the following way:

CoT CsT
VA A Ry ARy v
UT M

= (37 — C) <03D1 + CQD2N> .

~['(@)g" (@) — (9() — 9(@)) /(@)

IN

NM3

Thus,

‘(g(c) g<x>>’| . it~ (CoDr + CaDy )

omif'(x) , <02_TMQ(03 _C))z

C2UM M
= ANT (Cle + C2D2N> .

The desired bound then follows from Taylor’s theorem. O

Proposition 6.10. Assume the same conditions as in Proposition 6.7. With the definitions there, the error

terms in Proposition 6.9 become

Fla) +F(B) =0 (egsf”(fc])(]\?(a:)Q : |:E—a|) +0 (egsf”(fc])]W(x)Q : |x—ﬂ>

+0 (2036 : M) ’

where

2

Cs_
938 L= D0937 + ﬁ(CSDI + CQDQ)

_ (90§ +20204)0§,D0 Cy- Dy 4~ 1) 3 CQC% 02204
- 24 + 127(1 — 0)3 20O\ L5 )G (5 T

C2
+ ﬁ(cle + CyDs)

and if x equals o or B, then the 2055 may be replaced with Os.
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Chapter 7

Proof of the main result: Theorem 4.1

7.1 The initial step

We begin by applying Poisson summation (Lemma 5.9). This gives

a<n<b r=—R

We wish to alter the end-points of some of these integrals. With the function M (x) as in Section 4.1,

define a,., the new left endpoint, by

a+ M(a), if0< f'(a)—7r<f'(a),
ar =9 a— M), if0> f'(a)—r>—f"(a), (7.1)

a, otherwise,

and b,., the new right endpoint, by

b+ M), if0< f(b)—r< f(b),
bri=qb— M), if0>f/(b)—r>—f"(b),

b, otherwise.

Note that f’(a) —r is positive, if and only if z, lies to the left of a and vice-versa. The transformation from
[a, b] to [ar, b.] has the effect that if z,. is close to—but not equal to—an endpoint a or b, then we shift that
endpoint away from x,. by a distance M (a) or M (b), respectively.

In the statement of Theorem 4.1, m, is defined by

M =20 (f'(z) = (@), f'(2) + (@) \{f' (@)}
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The values m, and m; thus count the number of r such that a, # a and b, # b, respectively.

After altering the end-points, we have

* R by
> gmetrm) = Jim > [ gl @) - o) do
a<n<b r=—RY%r
R a b
_ ngnoo 2 </a +/b> g(@)e(f(x) —rz) do (7.2)

Since there are only finitely many values of r for which a, # a and b, # b, the sum on line (7.2) is finite and
so we may omit the limit and sum from —oo to oco.

First, consider those integrals in the sum on line (7.2) arising from 0 < |f'(a) —r| < 1. If (f'(a)) =0
or if m, = 0, there are no such integrals, and so the total contribution of this (null) set of integrals is 0.
Otherwise, there are at most two such integrals, which by Proposition 5.3 (our variant of the first and second

derivative tests) are together bounded by

N { 2095 - U(a) 2024 -U(a) } ' (7.3)

f(a) "l (@)

Thus the contribution of these integrals is bounded by Agl)(a)7 where

{2025 . U(a:) 2924 . U(CL‘)

@) @)l } if (f'(z)) =0 or my =0

Agl)(l‘) =

0, otherwise.

There can only be additional integrals in line (7.2) if f”/(a) > 1, so we will assume as such when bounding
them.
Consider next those integrals from a, to a arising from 1 < |f’(a) —r| < \/f"(a). There are < 2,/ f"(a)

such integrals, each of which, by Proposition 5.3 is bounded by

Ula)

/f”(a :

a5 -

~—

So the total contribution of these integrals is bounded by

2925 . U((l) .

Lastly, we consider the sum of those integrals in line (7.2) arising from /" (a) < |f'(a) —r| < f"(a). In
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particular, let
a

Sy = Z / g(@)e(f(z) —rzx) do

Fr@)<|f (a)—rl<f(a) " "

denote the sum in question. We apply Proposition 5.6 to each integral in S; to obtain

Sy = Z QM(JC,((Z)))e(f(a) — ra) (7.4)
30 (02 i) i
> (0 (o srarar=e) +0 (o (paimas)) (76)

Here, each sum is over all r satisfying +/f"(a) < |f'(a) —r| < f"(a).
For the sum on line (7.4), we apply a change of variables m + € = f'(a) — r, where € = (f’(a)), and then
apply Proposition 5.10. The sum is then bounded by

21Dg
2

-Ula).

The sum on line (7.5) has at most 2 - f”(a) terms, so it is bounded by

Ula)
205 - .
%" N (a)
Since, for z > 1, we have
1 1 <1 2 1 1 <1 3
;TLQSCEQ—F/L nydySE, and ,;n?)égcg_'—/z Edygﬁ’ (7.7)
the sum on line (7.6) is bounded by
U
46y — D sp0 Ua).

M(a)y/ f"(a)

Thus the total contribution of the integrals from a, to @ in line (7.2) arising from 1 < |f'(a) —r| < f"(a)
is bounded by D%l)(a), where

940 O .
U 039 + , if f(x) > 1
N ECI GRS e B

0, otherwise,
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and

21D,

039 L= 2025 + 0 + 3926

B 80;(2(1)0 +2D1) | 21Dy | 3(Do +2DyCs + 3D; + Cs)

N Nz 21 472 ’

2D,
010 : = 20
28 (2 — CB) )
2D, + D

041 : = 4027 17; 2

Similarly the contribution of the integrals from b, to b in line (7.2) is bounded by Dgl)(b) + A(ll)(b)

Therefore,
S gl = fim 3 / —ra) dw+0 (A0 (@) + AL (1))
a<n<b r=—R
+0 (D§1>(a)) +0 (D§”(b)) : (7.8)

with implicit constants equal to 1 in all cases.

7.2 The half-stationary phase estimate

Suppose that there exists r € Z with f'(a) = r. We will need to estimate the integral at this particular r in
(7.8) separately.
We shall break the integral into a piece surrounding the stationary phase point and an integral away

from the stationary phase point. In particular, we write

/abr g(x)e(f(r) —rz) dov = </a/% +/iT> g(x)e(f(x) — ra) dr,

where 3, = min{a + M(a),b,}. Since z, = a is to the left of b, we have that b, either equals b or b+ M (b).

By Propositions 6.6 and 6.7, we have

s ) do = S 10 L D) | (Bl (50) o)
| st@rets(@) = ra) da - R
N <> fO@e(f(@)  g'@)elf(a)
6mif"(a)? 2wt f"(a)
Ula) 1 1
+0 (05 70 (Gap * 7y (79)

61



e (936W>

f//(a)3/2M(a)2
— g(a)e<f(a’) —ra+ 1/8) g(ﬂr)e(f(ﬁr) - 7’57’) a
B 2\/f"(a) i) = P (7.10)

+0(AP (a) + A3 (a)),

where,

Ul(z)
f"(@)?(b - a)®

= f”(x[;;(% (935 + 036 f”(a:)M(x)) .

Here we used the bound

1 < 1 1
Br—a)P = b—ap | Ma)p

Note that Aq(z) given in Theorem 4.1 is given by
Ar(a) = AP (@) + AP (),

Similarly, if there exists r € Z with f/(b) = r, then we dissect the integral from a, to b in (7.8) in a

similar way, obtaining,

A - _ gD)e(f(0) —rb+1/8)  glar)e(f(ay) —rar)
</ar +/M> g(x)e(f(x) —rx) doe = NIO] 2l () — 1) Dy(b) (7.11)

a

+O(2a(8) +0 (W) + [ glale(f(a) o) da.

ar

where a, = max{b— M(b),a,}.

7.3 The full stationary phase estimates

For all remaining integrals with a stationary phase point in (7.8), we may assume | f'(a)—7|,|f’(b)—r| > 0. As
before, we denote the stationary phase point corresponding to a given r by z,.. For each such r € (f/(a), f'(b)),

we write the corresponding integral in line (7.8) as

/azf g(@)e(f(x) —rz) de = </a‘" +/j +/l:r) g(@)e(f(z) — rz) de,

r
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where a, = max{z, — M(z,),a,} and B, = min{z, + M(z,),b,}. By construction, [a,, 5] = I, N [a,, b;]
with I, as in the statement of condition (M).

For this section, we shall focus on the contribution of the middle terms. Consider
Br
Sy = Z —rz) dx.

frla)<r<f’(b) " "

Applying Propositions 6.6 and 6.7 with ¢ = x,. to Ss, this becomes

Sy =

5 gz, )e(f (@) = ra, + §) (7.12)

F(a)y<r<f'(b) [ (@)
+ Z 0 (27‘(‘2(1 — 5)3 f//(xr)2 <(xr _ ar)3 =+ (br — xr)?))) (7.13)

f/(a)<r<f’(b)
+ Z L(Qg 20 \/uiM )

" 3 35 + 2036/ f xr xr (7.14)
f'(a)<r<f’(b) ()2 M ()

_ g(ar)e(f(ar) _Tar) ) (f( >_Tﬁr)
) AT IS 2m(f’(f3) ) (7.15)

fr(a)<r<f(b) fr(a)<r<f'(b)

The sum in line (7.12) added to the first terms in lines (7.10) and (7.11)—if they exist—sum to

* (zr)e(f(zr) — 1o, +1/8)
Z . " ’
J(@<r< 1) fran)

the main term in the van der Corput transform.
To begin evaluating the sum in line (7.13), consider values r such that 0 < z, —a < min{Cy*, M(a)}.

By the Mean Value Theorem, we can write 2, —a = (r — f/(a))/f"({) for some ¢ € (a,z,) C (a,a + M(a)).

By the bounds of condition (M), the r under consideration must also satisfy

0<r—fla)=f"(Ox, —a) <G ") < f"(a),

which, in turn implies that x, — a, = x, —a + M(a) > M (a).

Therefore, we split the sum over
g(xr)
f"(@e)?* (2 — ar)?

in line (7.13) into two pieces. The first piece, over all r such that z,, — a < min{C; ', M(a)}, has at most
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mg terms, with each term bounded by

C2.D
Ula) where Oas : 2~ 0

% R T a0 i

Thus the total contribution of these terms is at most

g(zr)
271-2(1 _ 5)3 _ Zf f”(l‘,-)Q( )37 (7.17)

where @ is the smallest value in the interval [a 4+ min{M(a), C5 *},b] such that f’(@) is an integer. Note that

if no such integer exists, then this sum is empty. We now apply Proposition 5.8 to (7.17) with

_ 9(y)
Cly) = f"(W)2(y —a)?

and F(y) = f'(y) on the interval [f'(@), f'(b)]. Using the bounds from condition (M) liberally, for example,
to replace all instances of f"/(z) with O(Csf"”(x)/M(x)), we see that (7.17) is bounded by

b 2 X
800 = g || ey (P 0+ Py ) e )
O35 U(a) U (b)
T <f”(a)2(a—a)3 + F0)2(b — a)3> : (7.19)

Since f”(z) > 0 on [a,b], f’ has no local extrema on this interval, so the final term from Proposition 5.8

does not appear.

We have a similar bound for the second sum in line (7.13):
1

(zr) @)
Z 1" g S AQ (b) + AS(b)
2 (1= 07 |,y @), — 2,7

We apply Proposition 5.8 again to the sum on line (7.14) to get

> Ju/(gf)g% (2935 + 2036/ f”(ﬂﬂr)M(l’r)) (7.20)

f(a)<r<f’(b)
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C_ Ul M U@] 23 @)y
g/a IGIIEE (2935+2636 f! () M( )) <1+ OB LCRR A ) dr  (7.21)

bt (6 + a0 (o)) (722

LU
PRI

= AP + AP (0) + AP ).

(635 + 86/ F/ )M (b)) (7.23)

Now consider

S3 = lim Z / ' g@)e(f(x) —rz) do

R— o
[r|[<R
r<f'(a) or r>f'(b)

9(Br)e(f(Br) —1Br) o —rx) dx
’ f’(a)<zr:<f/(b) < QWi(fl(ﬁr) — 7‘) + /T g(I)e(f(x) ) d. )

coy ["g@)e(ﬂx)m) to - 2ol ) ~re))

— T
(@) <r< £ (b) 2mi(f'(r) = 1)

Note that the remaining terms of S in line (7.15) as well as the second terms from lines (7.10) and (7.11)—if
they exist—appear in Sj3.

We have thus far shown that

S gme(fn) = 3 Lol Zrn R U8) g ) 4 Dy(a)

a<n<b Fr(a)<r<f'(b) [ (@)

3
+0 <D§1>(a) + DV ) + Ar(a) + A1)+ (A0 (0) + Aé“(b)))

=1

+0 (Ag(a) + As(b) + Ag”) .

7.4 The remaining integrals

For each integral in S3, we apply Proposition 5.4. This gives

— — lim g(ar)e(f(ar) - Tar) im g(br)e(f(br) - Tbr)
= Rlﬂoo#;,(a) 2mi(f'(ar) — a) +RL°°T7§:U,> 2mi(f/(br) — 1) (7.24)
+ lim > 0@h(ar) + Jim > 0(@2he(by) (7.25)
%t (a) T At
+ 3 0@k () +O02h,(8,)) (7.26)

fr(a)<r<f'(b)
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+ﬁW§;ﬂwwuewmw»+OMM@m»»+gg%qmg;NWfXKmnm»
where in each sum it is assumed that |r| < R and K, is defined as in Proposition 5.4. The primed sum in
line (7.26) denotes that only the only terms O(2h,(«,)) that appear are those where o, # a,, and likewise
for the terms O(2h,(5,)). This comes from the fact that if o, = a, or 8, = b,, then there is no integral to
apply Proposition 5.4 to. We could also remove these terms from (7.25), but the results are made simpler
by including them.

We start estimating the first sum of (7.24) and write

. g(ar)e(f(ar) - Tar) ( g(a — M(a))
— lim > — = > O / (7.27)
R—s00 e 2mi(f'(ar) — 1) O<r @< (@) 2n(f'(a — M(a)) — r
(a + M(a))
+ > 0 ( : (7.28)
o< franspr  N2rUat Ml@)=1)
_ g(a)e(f(a)) .. e(=ra)
2mi Rh—r>n<>o Z fl(a)—r (7.29)
Ir|<R
[£/(a)=r|>f"(a)
There are at most m, terms on lines (7.27) and (7.28), each with size bounded by
.U
*f7(a)M(a)
by Propositions 5.5 and 5.6, for a total contribution of at most
U(a)m
A (@) i= o - 2
2 =0 )
We can evaluate the sum on line (7.29) explicitly in some cases. Suppose f”(a) < 1 — |f'(a)||. If

f"(a) < |If'(a)]], then we pull out the term where f'(a) — r = (f’(a)), so that the remaining terms on line
(7.29) form a modified sawtooth function. Otherwise, if f”(a) > 1—|/f'(a)||, we may bound the sum on line

(7.29) using Proposition 5.10. In particular, the sum on line (7.29) becomes

e (@) + [P @) (=g + 0o @) ) it 1@ < 17,
D) 1= 1 gla)e(f(a) + [ (@] @) (o (7' (@), it [17/(@)] < £"(a) < 1= (@),
0(21U(a)), it 1- (@) < (@)

We then let Dy (x) = Dgl)(i) + 'D;(LZ)(QU)-
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By a similar argument, one can show that all the sums on line (7.24) are equal to
~DP (1) + D () + 0 (A5 () + A ().

We break the sum from (7.25) into three smaller sums like so

Jim Y [2h(a)| = Jm o Y [2h(a) (7.30)
Ir|I<R [rI<R
r#f'(a) If'(a)=r|>f"(a)
+ > 12h,(a — M(a))| (7.31)
0<r—f'(a)<f"(a)
+ > 12h,(a + M(a))|. (7.32)

0<f"(a)—r<f"(a)

The sum on the right-hand side of line (7.30) is

. (' (x) = 1)g'(x) — g) " ()
pmo 2 ‘ w2 (f@) = e
£/ (a)=r|> 1" ()
. DyU(a) DoU(a)f"(a)
<in ¥ (mmmmra—r o) (7:39)

Ir|<R
[ (a)=r|=f"(a)

If | f'(a)|| = 0 or my > 1, then the smallest |f/(a) — | could be in this sum is max{1/2, f”(a)}; otherwise,

we will have a term where |f’(a) — r| = || f'(a)||. Thus by an argument similar to that of (7.7), this sum is
bounded by
O43 - Ula) min{Q }+944-U(a)min {4]”’(@) 1} if ||f'(a)||=0o0r mg >1
AP (@ @ M ) @) =t
Ula) Ula)f"(a) )
043 944
“a .~ ot A otherwise,
oM@ @i 2 @)
where
3D, 5Dg
043 = 7_‘_2* and 944 = 7271_2

By using condition (M) and Proposition 5.5, each term on lines (7.31) and (7.32) has size at most

045 - U
f(a)2M(a)?’
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where
1 2 \? 2 \°
945 _2772<D1 (2—03) +DU (2-03) >7

and there are m, such terms for a total contribution of at most

U(a)m,

©)(g) —
A2 ( ) =45 f//(a)ZM(a)S'

By a similar argument both sums on line (7.25) are bounded by Aé@(b) + A;ﬁ)(b).
For the first sum on line (7.26), in all terms that appear, we have «, equals =, — M(x,). By Proposition
5.5 and the bounds of condition (M), each such term is bounded by
0 (‘TT)
4572y 2 3°
[ (@ )2 M ()
We may therefore bound the sum over those r with . = z,,—M (z,.) by a sum of terms g(z,.) f" (z,) "2 M (z,,) =3

for all r € [f'(a), f'(b)] and obtain

Ul(wr) ’ U(x) U’ ()] 205 +3|M" ()]
m;b]%f" (@r)2M (2,)? —/ 015 ) M ()2 (1+U(w)~f”(:r)+ (@) M () >d
05 Ula) 015 UD)
Yy PlanM@r T 2 PR

= AP + A (a) + A (v)

by the same argument as in line (7.20).

Therefore, we have shown that

, B o glae(f(ar) —ra +4) & | ‘

S gme(fm) = S g D)+ D(a) + 3 O(Ai(a) + Ai(b) + O(Ay)

a<n<b f(a)<r<f’(b) f ( 7’) i=1
+ > (0K (ar, ap)) + O(K, (b)) + > O (aby),
f/(a)<r<f’(b) r<f’(a) or r>f’(b)
where
7
Do(2) i =Y A ()
— f”(;CI)Jz(]x\J)(x)?’ (2935 + 9;;5 + 2034 f”(q;)M(.T)) + M (942 1045+ 928f”(33)M(x)2)
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U(x) .
043 min < 2, m
M(x) { ) (CU)} 1 if | f'(x)|| =0 or my > 1,
+ +944U(x)min{4f”(x),f,,(x)} J
U(z)

o U@) (@)
M@ @F @R

+ 044 otherwise,

Ay:=A% 1 AP

[P U T M(a U’ ()| 205 +3|M'(2)])
= [ Fmarg (205 0 + 250 FEIM ) (1+U(I)~f”(a¢)+ ()M (@) ) -

The proof will therefore be finished when we show that the sum of all the K, terms is bounded by O(As).

7.5 Bounding the variation

In this section, K, is defined as in Proposition 5.4 and h,. is defined as in (2.2). We may safely ignore points
where the derivative does not exist, since all the intervals that give rise to the K, terms do not contain
stationary phase points.

The derivative of h,.(z) is (using f; as shorthand for f’(x) —r)

=0l O 4 g (P 39 =39 FAT ()P — HEL 4+ 39(f")

i 4n?(f1) 2 ()

We set the numerator equal to 0 and solve for f/.

First, suppose g(z) = 0. If ¢”(z) also equals 0, then the numerator of A/ (x) is 0 if and only if ¢’(z) also
equals 0 (f”(z) is never 0, and we assumed f’(x) # 0 at all points in consideration); but if g(z) and ¢'(z)
equal 0, then h,(z) also equals 0, so these points contribute nothing to K,.. Thus the only contribution from
points = where g(z) = 0 comes when ¢”(z) # 0 and ¢'(x) # 0, i.e., from those points in Jy, as defined in
Section 4.2. At these points, solving for f/ yields 3¢'(x)f"(z)/g"(x), so the contribution to the K, terms
from these points is bounded by

9" (x)?
I;ﬂﬂ 36m2g' (z) /' (x)?

For the remainder of this section, we will suppose then that g(x) # 0. There is no way to make the

numerator equal to zero if ¢”(z) = H(x) = 0, since both g(z) and f”(x) are assumed to be non-zero, or if

H(x)? — G(z) < 0, since all the above functions are real-valued; otherwise, the solution is given by

H++vH?-G
, # on Ji,
1= s , (7.34)
gT on JO
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where Jy and Jy are as defined in Section 4.2. Plugging this value of f! into h,., we obtain

Wi(z)+W_(z), ifzeJy,

hT(l‘) =
Wo(l‘), if x € Jy,
where
(29")%d (29")%(f"9)
Wi = — , and
472(H +VH? — G)?> 4n2(H £VH? - G)3
H2g/ HBf//g H2f(3)

Wo = 2@g(f2)2 ~ 1 Bg(f7RP  108w2g(f7)

If we ignore the constraint that r be an integer for the moment, then we can imagine that (7.34) determines

functions

H+VH? -G 3g(f")?
ry=f - ————— onJs and rozf’—%

% on Jy.

The contribution of the K, terms is then at most

< D Wol'm)+ Do Wi () + Y Wo(rZi(n).

ro  (n)EJo T‘II(TL)EJ:E r-(n)eds

We now apply Proposition 5.8 to see that the contribution of the K, terms is bounded by
As = ’C(JQ, Wo, 7‘0) + ’C(J:t, W, T’+) + ]C(J:t, Ww_, 7‘,)

This completes the proof of Theorem 4.1.
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Chapter 8

Proofs of variants on the main
theorem

8.1 Proof of Theorem 4.2

We will follow the proof of Theorem 4.1, except in place of M (x), Cs, C4, D1, Do, and 7, we use M*(z) =
nM(z), C; = nCs, C; = n?Cy, Df = nD1, D5 = 1?Ds, and n* = 1, respectively. This guarantees that the
restriction on 7 in condition (M) is satisfied. Otherwise the proof continues unaffected until Section 7.4.
Since m,, = 0 and M () > b—a for p equal to a and b, we may use Proposition 5.6 in place of Proposition
5.4 on the integrals in S3. However, we will apply it with M (z) and the unaltered assocatied constants.

Thus, we obtain

o 3 @@ ) s gel) )
S = RLOO#;(G) 2mi(f(a) —a) *zzl%org;(b) 2mi(f1(b) —7) (8.1)
im .M . U(a)
+R1H°°T¢f/<a>0<9% T S =) 52
. U L, U
i 2, 0 (0 70 = 0 0= (5

We used a and b in place of a, and b, due to m, and m; being zero, and for each integral in S3, we always
apply Proposition 5.4 with x equal to either a or b.

Just as in the proof of Theorem 4.1, the terms in line (8.1) equal
2 (2) A Ao (b
D17 (b) + Dy (a) + O(Asz(a) + Az (b))

By the same arguments that we applied to (7.33), the terms on lines (8.2) are bounded by

Ula)
M(a)| " (a)[|**

Ula)f"(a)

Qo -~ )
30 e

Ag/(a) L= 4927 .

and likewise with (8.3).
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Since we have no K, terms, the As term never exists. In addition, we only have

As(p) = A () + AP (1) + AP (1) + AP () + AT ()

G ST M U@
= Frparey (2 + 2/ FOM@) + 462 - 3o

U(a)f"(a)
300 )

and Ay = Afll), which gives the corresponding new implicit constants. This completes the proof of Theorem

4.2 in this case.

8.2 Proof of Theorem 4.3

Recall from the statement of the theorem that we have ' such that 0 < |v' — f/(b)] < 1/2 and 0 <
|x — b < M(x,). We will follow the proof of Theorem 4.1, but make key changes in evaluating the integral
[ 9(@)e(f(x) —r'z) da.

In Section 7.1, the only change we make is to have b, equal b instead of b & M (b). As a result, we
may replace || f/(z)|| with 1 — ||f'(x)|| in the definition of Agl)(m) in Section 7.1. Further, if m, = 1 and
|r" — f'(b)] < f(b), then no integrals get changed in Section 7.1, so we may take Agl)(b) =0.

In Section 7.3, we let a,v = max{x, — M(z,),a,} and take 5, = b. If v’/ > f/(b), then we extend the
sum in the definition of Sy to the range f'(a) < r <7’

First, suppose ' < f’(b). In this case, we apply Propositions 6.6 and 6.7 (the “long” Redouaby-Sargos

estimates) to f(frl , and Propositions 6.9 and 6.10 (the “short” Redouaby-Sargos estimates) to [ f :/. This

yields

Byr
‘/ g(@)e(f(z) —1'z) da

]

e(f(xp) — 1"z +1/8)

/ e 1 " T 2
e e —9@wkﬁ@w)—ﬂmﬁﬂwwx”6<2f(r)y)dy
o)D) =) | o a)elf0) D) _ glon)e(Slay) ~ o)
67 f" (x,0)? 2mi f! (xyr) 2mi(f' (cpr) — 1)

U(x,«/) U(xr’)
+O<%“f%mwuw—mw>+O<%”waMﬂw¥'w‘“J
2936U($r’)
+O<WWMW%HWW)
e(f(zr) —r'z +1/8)

= Loyt —Ds3(b
gler) f" (@) 30

w0 (o gz (e * 773)
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2036U (2,)
o (f”(wr/)?’/QM(afw)Q) ’

where

+o0 1
Da(t) = senls — sy )ate el o) = r'z) [ (3w )
¢pr (b—,r)
g(xr’)f(g)(xr’ e(f(b) — le) o g/(‘rr’)e(f(b) — le)
67 f" (x,0)? 2mif ()
U(wa)
+ O (938 : f”(.’tw)M(iL’w)z ! ‘b - xr’l)
and

-t

Note that this definition of ¢ lacks the signum function.

If ' > f'(b), then recall that the condition (M) can extend to the larger interval, [a, z,/]. So we likewise

have

By
/ g(@)e(f(x) —r'z) da

!

T,

= [ stortsto) 0y ao [ st ) e
= —D3(b) + O (935 : ng))Q (M(;le N xw1_ a))

2036U ()
o (f”(xw)?’/QM(frw)Q)

= —Dg(b) - D4(b)
Note that if z, < b, then the big-O terms

X (935 e (M(ims b )) o (f(jeyiﬁ(ﬁ(i)?) /

also appear in lines (7.13) and (7.14), and these terms can be bound as before. However, if x, > b, then

these terms do not appear in (7.13) and (7.14), hence why we created the separate term Dy (b).

There are only three remaining difference in the error terms. The first is that, since we no longer have a
term

g(b)e(f(b) —1'b)
2mi(f'(b) — ')’
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we have that

=D1(b) = g(b)e (£(b) + [ (9)] 0) ¥ (b, (£(B)))

for f”(b) < 1 —||f(b)]|]. Second, since we do not have any term of the form h, (b), we may replace the
(I£/(®)| in AgS)(b) with 1 — || f/(b)||. Third, since the term |z,» — 8,.|~3 does not exist, if b = -, then we
may replace b by the largest number in the interval [a,z,.) such that f/(b) is an integer.

This completes the proof of the theorem.

8.3 Proof of Theorem 4.4

The proof of this theorem mostly entails following the proof of Theorem 4.1 and simply being more careful
with how certain error terms arise.
In Section 7.1, we want to show that we can replace O(’Dgl)(a)) + O(Agl) (a)) with some constant ¢;. But
these terms simply serve as a bound for the sum
> |

r=—oco"”®

" g@ef(x) - ra) dr,

which is a constant. (By assumption, The interval [a, b] is large enough so that M (a) is fixed.)

Likewise, the terms O(Agz)(a) + Agl)(a)) that appear in Section 7.2 arise from £(/3,), which is the error
in our estimate of the integral ff' g(x)e(f(x) —rx) dx in Proposition 6.6. In particular, since the interval
[a, B;] is fixed, the term £(B,) may be replaced by a constant ca.

The error terms from Section 7.3 arise from bounding the sum

Z (Erlar) + & (Br)) (8.4)

a<x,<b

where &, (o) (respectively, £-(8,)) is the error from Proposition 6.6 applied with a (resp., b) and ¢ in the
statement of the proposition equal to «,. (resp., §,) and z,..

Consider first the &.(a,) terms. Each such term is fixed. Thus we write

Z gr(ar): Z - Z gr(ar)~

a<z,<b a<z,.<b  b<z,.<b’
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Note that we have, from Proposition 6.6 itself, that

1 o (1) ) = Ul(zy) U(z,) 1 /11 (2 z
2‘&( )l < Ag () : 017f”($r)2($r —a,)3 + F ()2 M (z,)3 <917+ 2919 I (@) M T)>

Suppose we have an increasing sequence {b(?} such that Aél)(b(i)) tends to 0. If ¢ < j, then we have that

Yo &)

b)) <z, <bl)
p()

Ul(x) 015 016 N
<</b<i> F(@) (e — a)? (91” Fr@)M@) f”(ﬂc)(ﬂca)) I

" U ) . U'(z)] | 620 + 4M'(2)]
+/bm M EF (2017+019WM(x)) <1+ OB IO ) dz

+ A8 D)+ A0 D)

. ) 1 ) ; ) .
= Ar((p,59]) + S As(p,0]) + AP () + AP ()

by Proposition 5.8. By the assumptions of the theorem, the two integrals here can be bounded by an

arbitrarily small constant, provided i and j are taken sufficiently large. Thus the sum

Z Er(ar),

a<T,
with no right endpoint, converges by Cauchy’s criterion, and therefore

S &) =i+ 0 (APM) + 000 +0 (55l )

a<x,<b

We must apply an additional idea to perform the same technique to the terms &.(5,). Unlike &, (),
some of &,(B,) may change value as b changes. Namely, if z, + M (z,) > b, (i.e., z, € K}), then 3, changes

as b grows. Let £F(8,) denote the corresponding value once b is larger than x, + M (x,). Then we have

S EB)= D EBI+ D (E(B) — EXBY))-

a<z,<b a<z,<b z, €Ky
As above, we have that

&)

a<z,.<b
=, +0 <J”’(l§2(]?2f(b)3 (917 + %919 f”(b)M(b)>>

(0]



S ; @) 30+ 4M ()]
+O</b f”(ﬂ[c])(1\4)(af)3 (2037 + 010 P00 () <1+U(g~(f’)’|(ar)+ f?;’z;;lly(x) )dm)

— e+ 0 (Agf)(b)) +0 <;A8([b, oo))> .

Moreover, we have

Do 1EB) 1€ (B

z,.€Ky
U(l‘) 915 916 -
= wx; f(@)(b— )3 (91”f~<x>M<x> M(w)(b—x)) I
D U(JZ) (2)
f i e O
U(z) e U'()] | oo +4|M'(2)|
“/m T (20 + 0V @M @) <1+U(w)~f”(w) 77 (@) M () )d

+2 Z &3 (2917 + 619 f”(x)M(m))

/ 2
seorory | @M @)

= AP () + Ag(b).

The coefficient of 2 in the last sum and integral is an overestimation. We could replace 2 f P with f T f K.’
and likewise in the sum. (Note that Agg)(b) is implicitly contained in the last sum.)

In Section 7.4, the first sum on line (7.24) is constant for b sufficiently large, and the second sum is just
D1 (b) + O(AS" (1)).

By following the details of Proposition 5.4 that we applied to S5, we see that what we are left with at

this point is

D < [+ b) e (@)e(f (@) — o) da (55

' (a)<r<f7(b)

b,
Y @) - i 86)

r<f’(a) or r>f’(b)

where in the latter sum we assume we are taking the limit as R tends to infinity of the sum with the

additional restriction that |r| < R. Let us, for ease of notation, rewrite the integrals as

/ he(@)e(f () - ra) da.
[ar,br]\ Iz,

where as in condition (M) the set I, equals [z — M (x,),z + M (x,)].

Again, let us consider a (possibly different) increasing sequence {b(¥} such that A, (b)) tends to 0 and
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so that b0+ —p() < max{M (b®), M(b¢+1)}. Then for i < j we have

i hr(a:) —rx) dx
lm 3 /[b;,b']\lm ) e(f(2) - ra) d

R—o00
r|<R
< Zo( 0D) + AL E9)) +0 (AP (p0,60])) + 0 (a5 (B9,697))

Recall that by assumption, the integrals and sums in A, and Aj converge—and since they are positive, con-
verge uniformly—as b tends to 0, so the corresponding terms above must be arbitrarily small for sufficiently
large ¢ and j.

Thus we have that the terms on (8.5) and (8.6) are equal to

e+ 27: 0 (AL°1)) +0 (A (1b,50))) + O (As([b, %)) .

n=>5

Setting ¢ = ¢1 + ¢2 + ¢3 + ¢4 + ¢5 completes the proof of Theorem 4.4.

8.4 Proof of Theorem 4.5

In the proof of Theorem 4.1, we gave only a coarse estimate of the size of —D(b) + D(a)—which roughly are
the first-order endpoint contributions at b and a—when f” was large. In this case, we included error terms
of the size O(U(a)) + O(U (b)), which are at least the size of the first and last term of our initial sum. These
terms can be improved, but this requires additional work.

But recall, at the beginning of the proof of Theorem 4.1, we bounded a sum of the type'

Z / —rz) dx (8.7)

r=—00

in line (7.2), which along with the sum in line (7.29) contributed to the O(U(a)) error in D(a). In bounding
this sum, we exploited the fact that the first-order endpoint contributions at a should cancel significantly
(for example, in our estimation of line (7.4)). We expect, however, that more should be true, that not only
should the first-order endpoint contributions display cancellations, but the integrals themselves should also
display cancellation near a.

As in the conditions of Theorem 4.5, assume that M (a), f”'(a) > 1, let C and L be real numbers satisfying

f"(a)V? <« C< M@ and  \/f"(a) < L <min{f"(a),C - f"(a), f"(a) — ||},

1Since a, = a for almost all r, the sum is in fact finite.
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and let € := (a) and € := (f’(a)). We now define a value a!. similarly to how we defined a, on line (7.1).

a+C, if1< f'(a)—€—r<L,
4, =Ya—C, if —1>f(a)—¢—r>-L,

a, otherwise.

If a!. # a, then a.. is between a and a,..

We now break the original sum (8.7) into several pieces:

[ [+, 5 fwee

where the last term comes from the term r = f/(a) — € as in (7.3). In the sequel, we shall refer to these

1<|f( a) e’ —r|<L 1<|f(a —e/'—r|<L (a)—¢€ r\>L

three groups of integrals as Type I, Type II, and Type III integrals, respectively.
We will postpone fully estimating the Type I integrals for now, and instead modify them into a more

symmetric form. We first replace g(z) by

o)+ 0 (max /() 1ol

and f(z) —rz by

max.cia’ ,a 3) z
uwww@+umw—mu—@+éﬂmmwwf+0< [gﬂf()m—ﬂﬁ.

Doing so gives

_ 4(a) / c ((f(a) —ra) +(/'(a) = )& — @) + ¢ f(a)(x - a)Q) (1 +0 (LEZ; o — a3>> da

U(a)f"(a)04>
M/(a) '
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Shifting the bounds of integration and sending f’(a) — r to r + ¢/, the Type I integrals can be rewritten as

/ —rx) dx
1<|$ (a) e —rj<L”or

— gla)e(f(a) + (€ ) Y /a_a (f"“x —|—rx+m+em> da

1<\ <L

+0(W>

The Type II and Type III integrals we evaluate using Proposition 5.6. This gives us

/ / —rz) dx
<1<f(a) ¢—r|<L7 |f/(a) e’—r|>L ar)

e GO

(Al
Sy 2 ) )

Y A () - ra)

L<[f (a)—¢ |
[ (a)=r|<f"(a)

Ula) U(a)f"(a)
o\ v (w1 —r|3>)

|f'(a)—€ —r|<L

U(a) U(a)
ol 2. (warw  werrw)
|/ (@)=r] <" (a)

Ula) U(a)f" (a)
ol 2 (M(a)(f’(a) =2 7 (a) —r|3>) '

L[ (a)—€' —r|

Similar to Proposition 5.5, we have that

f’(aj:c)=f'(a)if/l(a)'c(1+0(%>>

(8.8)

(8.9)

(8.10)

(8.11)

with implicit constant 1, so that |f'(a).) — r| > f"(a)C for 1 < |f'(a) — € — r| < L. Thus, the sum in line

(8.8) is bounded by

°(ac) = (7iae)

|f'(a)—€ —r|<L
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and the sum in line (8.9) is bounded by

1<r

Ula) Ua)f'(a) | Ula) Ula)
(Z M@ (@C+2 T (F(a)C +r>3) =0 (M(a)f”(a)C * f”(a)02>

since C' < M (a). The terms on line (8.10) are bounded by

¢ @((Z)) * f”(ci])(l\?(a)?’) -9 (Z@) |

Finally, we apply Euler-Maclaurin summation to the sum on line (8.11) to bound it by

0 (Azf((;))L N U(a)LJ;”(a)) _0 (U(a)LJ;”(a)) ’

since L is at most f”(a).
Using all of these estimates for the integrals on line (8.7) (with the negative sign now, as they appeared

in the proof of Theorem 4.1) and adding the terms from line (7.29), we obtain the following:

- —rx) dx — lim gla)e(f(a) —ra)
T_Zoo/ S ,|Z<R 27i(f'(a) — ra)
|f" (a)=r|>f"(a)
f”(a /
= —g(a)e(f(a) + (¢ P +re+ra+eér) do
! 1<%:<L/ngn ( 2 )
— lim ﬁe a)—ra
Jm o Y T @=ra) (8.12)

r|<R
LE|f'(a)—€' =]

co(YSact Vel , VI | U V),

+ +

M(a) f"(a)e L2 77(@)C2 " M(a) (8.13)

Now we estimate the Type I integrals and the sum on line (8.12) in three separate cases.

8.4.1 Case 1: a is an integer.

In this case, we begin by adding the r and —r terms from the Type I integrals together, obtaining

—g(a)e(f(a) + (¢ Z /ngn(r) <f// )x +7‘x+ra+e'a:> dz

1<| |<L
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= —g(a)e(f(a)) > /Oe<mz2+rm>-2isin(2ﬂ'e’x) da. (8.14)

2
1<r<r /¢

We estimate each integral in (8.14) by an application of integration by parts.

/ " (f”(“)x? + r:17> isin(2mer) do = —RCTET) (f ) 2y ms)] i (8.15)

C 2 W(f”(a)ac—i—r)e 9 ;
C o¢ cos(2me’x) f"(a)
—|—/O @z +r e ( 5 z2 + rx) dx (8.16)
¢ f"(a)sin(2ne'z) [ f"(a)
_/0 (" (@) + 1) e( 5 22 —|—m‘> dx.  (8.17)
The term
m(f"(a)x + 1)

on line (8.15) is 0 when = 0, and bounded by O(€¢'/f"(a)) if z = C.
We will then apply the first and second derivative tests (Lemmas 5.1 and 5.2) to the integral on line
(8.16). The total variation may be bounded by
(& C| 2 / C_ren /
2 2
/ dr = O / €% sin(2me’ ) i) + 0 / €' f"(a) cos(2me’ ) de
0 o | f'a)z+r o | (f"(a)z+7)?

O (6;2 /Oc|sin(27re'x)| dx) +0 <€/| /OC (JW(J;I)/% dx)
o (K140 o (1)

Since |cos(2mex)| < 1 and f”(a)z +r is at least r for z € [0, C], the maximum modulus on the interval is at

2

(26’ cos(2me'x) ) '

f"a)x +r

most |€'|/r. Therefore the integral on line (8.16) is bounded by

O(le'imwmmm{ 1 1})
r \/W’r

We will also apply the first and second derivative tests to the integral on line (8.17). Using sin(2w¢'z) =

2’z + O(e323), we have that

[ e e (530 )

B C 26’f”(a)x f”(a) Cf//(a)€/3$3
_/0 (f/’(a)x+7")2€( 5 x2+m:) dr+ O /o — dx

_ Hmin 1 1 f//(a)|€/|304
_O<7’ { f”(a),r}>+0< 2 )
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Here we used that the function az/(ax+b)? is 0 at = 0, increases monotonically to a maximum at z = b/a,
and then decreases mononotonically to 0 as x tends to infinity.

Thus the Type I integrals (8.14) are bounded by

e el1+1€|1C) . 1 1 "(a)lePCt
g(a>( Z O(f//(a))+1<Z<LO<I |( tl | >mm{ f@)’r }>+1<Z<L0(f ‘ )T‘ ‘ >)

1<r<L

U@L o (U@t 10 log(1 + £(a) I
—o (e )+0< - >+0(U< (@l

Also, we bound the sum in line (8.12) by

using Proposition 5.10.

This completes the proof in this case.

8.4.2 Case 2: f’(a) is an integer, a is close to an integer.

As in Case 1, we sum 7 and —r terms and use the first derivative test, obtaining

gla)e(f(a) + (¢ Z /ngn (f// )m +r:c+7"a+e’x> dz

1<|r|<L

= g(a)e(f(a) a) Y 2isin(2mer) / e(f2(a)ac +m:> dzx

1<r<L

By the same argument, we may complete the Fourier series in (8.12).

— lim %e(f(a) —ra) = _gla)e(f(a) - f'(a)a) lim e(er)
R-—00 TIZSR 2mi(f'(a) — r) 2mi R—o00 Ak
L[ f (a)—r|
+0 (U(a) 3 Sm(i“”)
r<L

= 1(a)g(a)e(f(a) = f'(a)a) + O (U(a)le|L) .
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Together these complete the proof in this case.

8.4.3 Case 3: f’(a) is an integer, a is far from an integer.

In particular, by saying a is far from an integer, we want |e| > C. This implicitly requires that C' < 1/2.

In this case, we sum over all positive values of r separately from all negative values of r. Ignoring the

constant

for the moment, the sum over positive r values give

0 "
Z / e(f(a)xQ—&—m"—i—ra—l—e’x) dz
c 2

1<r<L

:/Oe(f"?“)x?) S e(r(z+a)) da

c

1<r<L
_ 0 f”(a) 1 i
n /C ¢ ( 2 '+ 2:c> 2sin(7(z + a)) de
O 7 f"(a) 1 0
B /C “\ 2 @’ + <L * 2) x) 2sin(m(z + a)) de.

Here we will apply the second derivative test to the integrals in lines (8.18)—(8.19).

The variation plus maximum modulus in both integrals is bounded by

()

(8.18)

(8.19)

so that both integrals, as well as the corresponding integrals for the sum over negative r, are bounded by

0 (1 ) .
(- O/ @)

In this case, again, we bound the terms in line (8.12) by O(g(a)/Lle|). But since 1/ f"(a) < L, this term

is dominated by

0 (1 ) .
(- O @)

This completes the proof in this case.
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8.4.4 Combined case analysis

When € = 0 and M(a) < f”(a)”, the following choices of L and C optimize the error terms from line (8.13):

L:f//(a)8/15M(a)l/l5 and C:f"(a)_2/5M(a)l/5,

when [e] < f(a)=%/>M(a)~V/5 or f"(a)=%/>M(a)"/5 < |¢];

L=f"(a)"3e™* and  C=f"(a) ||,

when f"(a)=*°M(a)~"/® < |e| < f"(a)~"/?; and,

L=f"a)*%e"® and C=¢/2,

when f"(a)1/2 < |e] < f"(a)"2/5 M (a)"/%,
Inserting these values into the error terms for Cases 2 and 3 gives the result at the end of Theorem 4.5.

These methods work similarly at b in place of a.
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Chapter 9

Proofs of simple corollaries

9.1 Proof of Corollary 1.4

Recall that we are attempting to bound the error term in

« rant (X /n\@ * B T /1 X ymaB
2 G (&) = () (-3 G)) e
where X >0, N> 1, M>1,a>1,v>11/a+1/8=1, p? =v*, and MN = X.

We will be applying Theorem 4.1. Without loss of generality, we may assume N < /X (otherwise,
M < v/X and we would instead consider the right-hand side of (1.5)).

Note that f(x) and g(x) are both power functions, so, as noted at the end of Section 4.1, condition (M)
holds with M (z) equal to ex for some small € > 0 dependent on «a and the implicit constant in N > 1 only,
and with U(z) equal to |g(z)].

The benefit of our conditions 1 < N < +/X is that on the interval [N,vN], the functions f”(x) and
M (z) are both bounded below by some constant (depending on a and the implicit constant in 1 < N).
This immediately gives that the D(z), A(x), and As(z) terms are all O(U(a) + U(b)) = O(N~Y/?), since
each summand of these three terms contains a factor of U(x) divided by some positive power of f”(z) and
M (z), which are bounded from below. (Note that || f'(z)|| terms only appear if || f'(z)|| is bigger than f”(z)
to begin with.)

For the As terms, we need to consider @ and b. It might be quite difficult to calculate these values
explicitly, but we only make the As terms bigger by assuming @ is as small as possible (that is, @ =
a+min{M (a),C5'}) and b is as large as possible. Since M(x) > 1 on [N,vN], we have that @ — a > 1
and b—b>> 1. Thus, by first applying the fact that f”(z) > 1 and M(z) > 1 and then that @ — a >> 1, the

integral in Ag(a) may be bounded as

b U(x) 1 1
/a P — a) (1 T @M@ T @) - a>> e
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< U(a)/ab ((xla)g + (mla)4) da:
< U(a) <(a—1a)2 M (a—la)3>

< Ula),

which is O(N~1/2?) again. A similar argument shows that the remaining terms in As(a) and all the terms
in Az(b) are O(N~'/2) as well.
To nicely bound the integral in A4, however, we must use the fact that M(z) and f”(z) are not only

bounded below, but also somewhat large. In particular, we have

b U e UEl 1@y
| et (1 VM) <1+U(x)-f”(x) * f”(x)M(x)) ;

b U(x)
<</a M(J:) dx

<</ 2732 dg
N

< N~V2,

The greatest complication comes in evaluating the remaining condition from Section 4.2 dealing with the
functions G and H and the remaining error terms in As. In this case, the function g’ is never zero on the
interval J = [N(1 —¢€),vN(1 + ¢€)]. Hence Jy and Jyu are empty, so both K(Jy, Wy, 7o) and the final sum
of Ag are 0. This also shows that the functions f and ¢ satisfy the remaining condition from Section 4.2.

Since f and g are power functions, we can verify with simple hand calculations that the functions H, G,

W, and W_ are all power functions as well; that is, each is of the form ¢; - . In particular, the functions

NeN? o o
Cat (X) p1/2-2 ’

where ¢, 1 is a constant depending on a and the sign of +. The functions r4 (z) are equal to

Wi (z) are equal to

with new constants dependent on a and the sign of +.
Also, H(x)?—G(z) is a power function; so, Jx is the interval [N (1—¢), v N (1+€)] (or else, if H(x)?~G(z) <

0 for all z, Jy is empty, in which case the remaining K terms equal 0 and we are finished).
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Returning our attention to the remaining error terms of As, first consider the integrals. We have

/J (W= @)l @) + Wy @)y @)]) + (WL ()] + W (2)]) da

VN (14€) N N2«
< / 7:371/2701 + x71/272a dx
Ni-e X X2

Ne 1/2—a N2 1/2—2a
<x NN
N1/2

X
S N—1/2

<

The functions r/, and r’_ have at most one zero on [a, b], and since the functions W, and W_ are decreasing
and since JI is empty, the sum in A5 are bounded by

N\
K |W_(N(1 =€)+ |[Wi(N(1—-e)| < <X> NY/272a « N~1/2,

(We implicitly used that N > 1 and M > 1 implies X > 1.)

Since we assumed N < \/)7, we have N=1/2 > M~1/2_ This completes the proof.

9.2 Proof of Corollary 1.5

Recall that the conditions are that f(x) and g(x) are real-valued functions, f € C*[a,b] and g € C?[a,b].
Also,
() >1T/M?,  fC @) < T/M*T, g (2) < U/MT,

for r =0,1,2 on [a,b], for constants T > 1, M =b—a> 1, and U.
We will use Theorem 4.2.

First, we wish to remove from consideration the case when

0 < F ()l <V f" () (9-1)

for pu equal to a or b.
Suppose that not only is (9.1) satisfied for both a and b, but that [f'(a)] = [f'(b)]—that is, the nearest
integer to f'(a) and f’(b) are the same. In this case, we have by the Mean Value Theorem that f'(b)— f'(a) =

(b—a)f"(&) for some £ € [a,b]. But by our assumption on the size of ||f'(a)|| and || f'(b)||, we have that
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f'(b) — f'(a) < VT/M. Combining these we have that b —a < f"(¢)"*v/T /M < M/\/T. Thus we have

We can add in the sum

: 9(@,)
e @) — ey +1/8
f/(a)<z7“<f’(b) V(@) (f(zr) /8)

to the right-hand side, since this sum by assumption has at most one term, which is of size UM/ VT. Thus
the corollary is proved in this case.

If (9.1) is satisfied for some endpoint u, but [f/(a)] does not equal [f/(b)], then we may replace p with
', the closest value to u inside the interval [a,b] where || f/ ()| = /" (1) or || f' (/)| = 0; by the same
argument as in the previous paragraph, doing this generates an error of size O(UM/ VT ). The only way we
could not do this is if [f'(a)] +1 = [f'(b)] and f”(z) is at least 1/4 at some point x on [a, b, in which case,
f'(b) — f'(a) < VT /M, so that b—a < M/~/T and the corollary follows in this case by the same argument
as in the last paragraph.

Thus it suffices now to prove Corollary 1.5 in the case where ||f'(1)|| > /f" (1) or ||f' ()| = 0 for p
equal to a and b. Note that, by assumption, we have m, = 0 in both these cases.

The conditions of Theorem 4.2 hold with M (x) = b — a on [a,b]. The size of the constants in condition
(M) occur in the bounds on the derivatives of f and g in terms of the constants T, M, and U, and U(x)
just equals U.

Now, we go through the error terms of Theorems 4.1 and 4.2. First, we have that

S0+ 1000 (= iy 0o G0N ) 10l > VTG

g fP (We(f(w) g’ (we(f (1)) M ]
Grri f” () 2mifi() O (U (1 + Tz)) , A ()] = 0.

D(p) + O(A1(p)) =

For the AL (z) terms, we use that M(z) =b—a = M and f”(x) < T/M? to obtain

UM U UT UM U UT
Ab(p) < = (14+VT) + + < + + :
2(1) < 7 ( ) MI[frGll=2 — M2 fr()ll*3 — T3/2 - M| f/(w*2 - M2 f/ ()]

Here we have combined both cases || f/(u)|| = 0 and || f'(1)]] > \/f" (1) through the use of the notation || - ||*.
Recall that ||z||* equals 1 if « is an integer and equals ||z|| otherwise.
For the Az(z) terms, we again need to understand @ and b. By the Mean Value Theorem, for some

€ € [a,b] we have @ —a = (f'(a) — f'(a))/f"(€) > || f'(a)||* M? /T since f’(@) must be an integer.
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Thus for Asz(a), we have the following bound:

. ’ U 1 1 . 9(@) 9(b)
200 < [ ey (1 o * Poe—a) “ Pk PR

< UM? (1+M+ M? >+ UM* +UM

T@—a)? T "Tl@a—a))  T?@—a)p ' 12
< ur <1+M+ 1 > UM

M2 f"(a)|[* T @l T?
<<7U (1+T)+ ur +UM.

M| f"(a)|[* M) Mf(a)|*® T

A similar bound holds for A3(b).
Now for the last term Ay, we have the following much simpler calculation, since U(x) and M(z) are

constant:

Bi= /ab Frr (L VIEME) (1 * fff(x)lMu)) e

<</abT[jw(1+\/T) <1+]\T4) dz

This completes the proof of Corollary 1.5.

9.3 Proof of Corollary 1.10

Recall that we are attempting to bound the error in the following van der Corput transform.

Y ((n/3)3/2> - 3 V245 - e(—4r% + 1/8) + A, (9.2)

1<n<N (1/12)1/2<r<(N/12)1/2

with N a positive integer.

9.3.1 Calculating the function M(x)

In our case we have

ro-g@™ egE @7 - ()

g(x) =1, g'(x) =0, g"(z) = 0.
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In order to guarantee that 6 < 1 and n > 1, it is easiest to presume specific values for §, Cy-, Co, and Cj
first and calculate M (z) after. In particular, we let § = (2/3)Y/® and Cy- = Cy = C3 = (3/2)'/: this will
guarantee that 7 = 1. Therefore, condition (M) part (I) holds.

We claim that the requisite bounds on f”(z) and f®)(z), for z € I, hold for M (z) = 2. (Note that in

this case we would have I, = [6x/7,8z/7] for all z.) In particular, we have that

1 1 1 —-1/2 1
Izrg}xf”(z):f” <I7x) B \1/2 92.3 <§> = @ <G ).
1-7) 1-7)
Likewise,
. - 1 " %
gggf(z)—m'f(x)zcir'f@)
3 1 [ (@) (@)
rzré%}ff (Z)i 14(1_%)3/2 M(x) <Cs M(Qf)

One can also show that the remaining inequalities in condition (M) part (IV) hold with U(z) =1, Dy =1,
Dy = Dy =0, and Cy = 3/100.

Condition (M) part (IT) clearly holds as soon as N > 7/6, since both M (1) = 1/7 and M(N) = N/7
are less than N — 1. (The statement of the corollary is trivially true for 1 < N < 7/6, so we will assume
N > 7/6 for the rest of the proof.)

Condition (M) part (III) also holds, since f and g are in fact C°°[(0, c0)].

9.3.2 The additional assumptions

First, we note that, as needed, f” is a positive-valued function bounded away from 0 on any interval [1, N].

(It is not uniformly bounded for all N, but this is not necessary.) The function g is trivially real-valued.
We also have that

H(z) = f®(z) = —ﬁ <§)73/2 and G(z)=0.

By definition we have that J,,1 = Jx = @ and Jy = J. Clearly g(x) does not tend to 0 anywhere, so the
conditions of Section 4.2 hold.

Note that we also have
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9.3.3 The proof proper

We will apply Theorem 4.4 together with the alternate D term, given by Theorem 4.3. We shall presume for
now that 0 < | — f'(N)| < 1/2 and consider the remaining cases at the end of the proof, using continuity.

Let us consider the additional conditions of Theorem 4.3. Here,

- oo,

where [] notation again denotes the nearest integer function. Thus we have that

2
1 /N\Y* 1 N\ 2
(A (=) -2 =N-6(=) +
T = f (7")12(2(3) 2> N 6(3> 3

N 1/2

and

Therefore, we have
N V2
|x,«/—N<6<3> + 3.

This implies, first, that z,» < N and second that |z, — N| < xl/ % and thus is clearly less than M (x,) for
sufficiently large N. Since we showed that condition (M) holds on all intervals [1, N], all the conditions of
Theorem 4.3 hold.

Now we consider the conditions of Theorem 4.4. First consider As(z). Recall that in Theorem 4.3, we

replaced all incidences of || f/(z)| with 1 — ||f/(z)]|. Also, we have m, < 1. Therefore, we have

Np(r) < f,,(()]( 5 (14 VI @M(@) + (@) M(@)?) + ]\04'(:5) U@ ()

<z 31+ x3/4 + 2% 47 4 71/

< z 12,

We can clearly find an increasing sequence {b(¥} for with the necessary conditions for which Ay(b®) tends
to 0.

Likewise we have

U@ U)
fr(@)P(@—1)3  f"(x)*M(z)3
231+ x3/4)

Ag(z) < (L4 f"(z)M(x))




< 3;5/47

and again we can find an increasing sequence with the desired properties.
We shall reserve the proof of convergence of the remaining terms for later.

Now let us consider the error terms. First we have D/(b). For all N > 1, we have f”(N) < 1/2, so that

Di(N) =e(f(N)+ [ (N]N) ¢ (N, (f'(N)))
—e ((N/S)?’/Q) " (N, <(N/12)1/2>) .

Here we used that N and [f'(N)] are both integers. We also have

/ / oo 1 " 2
DS(N) = Sgn(N - 1'7«/)6 (f(xr’) =T xr’)/q5 (N—2.1) € <2f (xr’)y ) dy

+0(Frast) =0 (e )
—sgn (N — N')e ((N’/3)3/2) LTN_N/) e (214 (i) o y2> dy

+O(N"Y2),

where
/ /—1 1/2 2
N = f'=Hz,) =12 H(N/12) ﬂ .
Here, we used the facts that z,» < N, that |b — z,»| < M(x,), and that x,» and f'~!(x,/) are both integers.

Finally we have

1 1

Dy(N) < F ()2 M (2,0)? (1 + fu(xr')M(xW)) - (@) (@ — 1)3
<at(1+ )+
< N71/2.

Therefore, we have that

—D'(N)=sgn(N'—N)e ((N’/3)3/2) /(;::N/) e (214 (f) o y2> dy

i ((N/3)3/2) b (N, <(N/12)1/2>) FO(NTY2),
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Since f”(x) < 1 for sufficiently large x, we have that my is at most 1 for sufficiently large N, and since
f"(x) < M(x) for sufficiently large, we have that A;(N) = 0 for sufficiently large N.
As noted above Ay(N) < N=1/2,

For arbitrary 1 < a < b, we have

Ay([a, b)) < me (1 + WM(x)) <1 + W) dx
b

<</ 21+ 23N+ 27V?) da

b
< / ™ da
< a3,
and this clearly converges as b tends to infinity. Thus Ag([N, 00)) = N~3/4,

For arbitrary 1 < a < b, we have

8b/7
AS([avbD<</6 . (IWo()| - rh(z)] + [Wo(2)]) da + 2[W (6a/7)| + 2|W (8b/7)]

8b/7
< / (2752 4 273) dx + a2
6a/7

< a2,
Here we used the fact that r((z) does not change sign on (0, 00). This again converges as b tends to infinity,
s0 As([N,00)) < N73/2,

As noted above Ag(N) < N=5/4,

We have

oo 1 1 1
A7([N,OO)) < /N f”(l‘)(l‘*l)‘g (1+ f”(SC)M(:L’) + f//(x)(xa)> dx
< [ aea ) ds
N

< N7L

Finally, for Ag we need to consider the set K. For large enough N, we have that Ky = [TN/8, N]. We

will not calculate N explicitly, but let us consider for the moment that it is greater than 7N/8 as otherwise
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the bound of the first integral and sum in Ag is zero. Therefore, we have

N 1 1 1
/m/g F@) (N = 2)? <1 M@ T M@0 - x>> e
1 1
T PN —INSP T NN N

<</N S S P N VE S N BN
TN/8 N_I/Q(N—l')g N(N_I) N

N1/2 N—1/2 )
< = + —— + N+ ———.
(N-N)2  (N-N)? (N —N)?

However, by the Mean Value Theorem, we have, for some n € [N, N|,

N\Y2 N2 Y2
v (MY (XN . /2
N-=N <<12> (12> 24(12) > N

since we have that f'(N) — f/(N) is at least 1/2. (If it were less than 1/2 then f'(N) = 7/, and hence

N = z,, contrary to hypothesis.) Therefore, we have

/N ; (1 + 1 + L ) dzx
ongs PN —2p \' T P@M@ T M@O —2)
1 1
T FaN/RR(N —INJSP T I (N)R(N — V)P

< N—1/2 +N_2+N_2+N_1/2

< N71/2.

The remaining integral and sum in Ag are bounded by N~%/4 by our earlier calculation on A,. This
completes the proof in the case where |[r/ — f/(IN)| does not equal 0 or 1/2. The case |r' — f'(N)| = 0 can
be seen to still hold since there is no integral term that arises in this case, and appropriately enough the

signum function also vanishes. The case |r’ — f'(N)| = 1/2 can also be seen to hold by one-sided continuity

(namely the direction that preserves continuity of {f'(IN))).
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