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Introduction  

Piezoelectric materials have been used for a long time 
to make various electromechanical transducers. In par-
ticular, due to their strong piezoelectric coupling, polar-
ized ferroelectric ceramics have been used for force or 
power handling devices including actuators and trans-
formers, etc. Recently, due to the rapid development of 
wireless electronic devices in both civilian and military 
applications, operating some of these devices without a 
wired power source has become an important issue. One 
approach is to harvest power from the operating envi-
ronment. Piezoelectric materials are natural candidates 
for devices that scavenge ambient vibration energy 
by converting mechanical energy into electric energy, 
which will then be used for powering small electronic 
devices of a very low power requirement, (e.g. Cho et 
al., 2000; Engel et al., 2000; Ha, 2001; Taylor et al., 2001; 
Roundy et al., 2003; Jiang et al., 2005; Yang et al., 2005). 
More references can be found in a recent review article 
by Anton and Sodano, 2007. Such a piezoelectric device 
used to be called a piezoelectric generator, but a more 
recent terminology is a piezoelectric power harvester. 

Ambient mechanical vibration energy may have var-
ious frequency spectra. A piezoelectric power harvester 
is a resonant device (Yang et al., 2005) in the sense that 
its electrical output is frequency dependent, and is rela-
tively large near a particular resonant frequency of the 
harvester structure. Therefore, a specific power har-

vester can effectively pick up vibration energy only at 
a particular frequency. Common beam bimorph flexural 
mode power harvesters (Cho et al., 2000; Ha, 2001; Ji-
ang et al., 2005) are for relatively low-frequency energy 
source. Plate or shell thickness mode power harvest-
ers (Yang et al., 2005; Jiang et al., 2006; Yang et al., 2007) 
are for relatively high frequency applications. There are 
also spiral-shaped harvesters (Hu et al., 2006; Hu et al., 
2007a) and corrugated plate harvesters (Hu et al., 2008) 
for very low-frequency situations. Various other tech-
niques have also been used for adjusting the vibration 
characteristics of harvester structures. This includes at-
taching concentrated masses for their inertial effect on 
frequency (Jiang et al., 2005; Jiang and Hu, 2007), vary-
ing the geometry of the structural member (Hu et al., 
2007b), and using mechanical pre-load for frequency ad-
justment (Hu et al., 2007c). 

The above efforts on frequency design are all still 
based on the resonant frequency of one particular mode. 
Although power harvesters of different frequencies can 
be obtained, the resonances are all narrow-band in the 
sense that they can only collect energy effectively near a 
particular resonant frequency. In this article, we propose 
to use connected or coupled bimorph beams whose reso-
nant frequencies are very close to each other and are ad-
justable. It will be shown through a theoretical analysis 
that with proper design such a structure is wideband in 
the sense that it can pick up vibration energy over a wider 
frequency range than a single-beam harvester structure.   
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Abstract 
We analyze coupled flexural vibration of two elastically and electrically connected piezoelectric beams near resonance 
for converting mechanical vibration energy to electrical energy. Each beam is a so-called piezoelectric bimorph with 
two layers of piezoelectrics. The 1D equations for bending of piezoelectric beams are used for a theoretical analysis. 
An exact analytical solution to the beam equations is obtained. Numerical results based on the solution show that the 
two resonances of individual beams can be tuned as close as desired by design when they are connected to yield a 
wide-band electrical output. Therefore, the structure can be used as a wide-band piezoelectric power harvester. 
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Structure 

Consider the structure shown in Figure 1. The left ends 
of the two beams are cantilevered into a wall that is in 
a vertical, time-harmonic motion with a known ampli-
tude A at a given frequency ω. The right ends of the 
beams are each connected to a concentrated mass and 
are connected by a spring with a constant K. The con-
centrated masses are made from heavy materials. Their 
mass needs to be considered, but they are geometrically 
small so that their rotatory inertia can be neglected. The 
two beams are identical. Each beam is what is called a 
piezoelectric bimorph with a pair of identical ceramic 
layers as shown in Figure 2. The ceramic layers are 
shown by the shaded areas, poled along the thickness 
direction and separated by an elastic layer in the mid-
dle. The thick lines in the figure represent electrodes, 
placed upon the upper and lower surfaces of the piezo-
electric layers. The two electrodes in contact with the 
elastic layer are connected where the electric potential 
φ is taken to be zero as a reference. The very top and 
very bottom electrodes are also connected. When the 
beam bends, one piezoelectric layer gets stretched while 
the other is compressed in the length direction or vise 
versa. This causes opposite polarization or voltage out-
put V in the two piezoelectric layers. With the electrodes  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

properly connected, an output current 2I will result. In 
the following, quantities associated with beams (1) and 
(2) will carry a superscript 1 or 2 in parenthesis. 

Governing Equations 

Under the vertical vibration of the wall, the bimorph 
beams are essentially in flexural vibrations in the x3 di-
rection. For a typical beam the flexural motion u3 is gov-
erned by (Jiang et al., 2005) 

–Du3,1111 = m ü3,                                  (1) 

where D is the beam bending stiffness and m is the mass 
per unit length of the beam. They are given by (Jiang et 
al., 2005) 

(2) 

 (3) 

where E is the Young’s modulus of the isotropic elas-
tic layer. s11 is the elastic compliance at constant electric 
field of the piezoelectric layers (Jiang et al., 2005). ρ and 
ρ′ are the mass densities of the elastic and piezoelectric 
layers. The beam bending moment M is given by (Jiang 
et al., 2005) 

(4) 

where V is the voltage across each of the two piezoelec-
tric layers. d31 is the relevant piezoelectric constant, and 

 (5) 

The transverse shear force in the beam is related to 
the bending moment and the flexural displacement by 
(Jiang et al., 2005) 

(6) 

We note that N is usually used for the axial force in a 
beam in extension, and Q is for the shear force in bend-
ing. In this article we reserve Q for the material quality 
factor and, therefore, we are using N for the shear force 
in bending. This notation is the same as the one used in 
Jiang et al. (2005). At the cantilevered left end of a beam 
the boundary conditions are 

u3 (0, t) = A exp(iωt)

u3, 1 (0, t) = 0                                        (7)

Figure 1. Two beams with end masses elastically connected at their 
ends. 

Figure 2. Side view and cross section of one bimorph beam.  
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At the right end there is no bending moment: 

M(L, t) = 0                                    (8) 

The electric charge on the top electrode at x3 = c + h is 
given by (Jiang et al., 2005) 

 (9) 

where 

 (10) 

and ε33 is the electric permittivity at constant stress (Ji-
ang et al., 2005). The current flowing out of this elec-
trode is 

I = –Q̇e                                            (11) 

The above equations are valid for each of the two bi-
morph beams. For the two-beam structure as a whole, 
electrically we consider the case when the two beams 
are connected in parallel with the same voltage, but the 
currents should be summed. When the motion is time-
harmonic, the output voltage and current are related by 

 (12) 

where ZL is the complex impedance of the output cir-
cuit. At the right ends of the beams the shear force and 
the spring force together are responsible for the motion 
of the end masses. From Newton’s second law, for the 
mass at the right end of the upper beam, we have 

(13) 

Similarly, for the mass at the right end of the lower 
beam, 

 (14) 

Solution 

For a typical beam, either the first or the second, for 
harmonic motions we use the complex notation 

 (15) 

Then Equation (1) becomes 

           (16) 

The general solution to Equation (16) can be written as 
(Boyce and DiPrima, 1986) 

(17) 

where B1 through B4 are undetermined constants, and 

(18) 

Substituting of Equation (17) into Equations (9) and (11), 
we obtain the complex current as 

(19) 

Equations (17) and (19) are valid for each beam when 
proper superscripts (1) or (2) are used. The boundary 
conditions remain to be satisfied are: 

(20)

which represents six equations for the undetermined 
constants. Substitution of Equations (17) and (19) into 
Equations (20), (13), (14), and the circuit Equation (12) 
results in 



572  Z. Yan g & J.  Yan g i n J .  Int el l i g en t Ma te r i a l Sy s te ms  a nd St r u c tu r es  20 (2009) 

(21)

which are nine equations for B 1
(1)

 through B 4
(1)

 , B 1
(2)

  
through B 4

(2)
 , and V . They are solved over a computer. 

With the complex notation, the output electrical power 
is given by 

 (22) 

where an asterisk represents complex conjugate. For 
miniaturized power harvesters, the power density, de-
fined as the output power per unit volume, serves as an 
important measure for device performance: 

(23) 

Numerical Results 

For a numerical example, we use PZT-5H (Jiang et al., 
2005) for the piezoelectric layers which has a mass den-
sity ρ = 7500 kg/m3

 and the following elastic, piezoelec-
tric, and dielectric constants (Jiang et al., 2005): 

where ε0 is the electric permittivity of free space. 
Damping is included by allowing the elastic con-

stants to assume complex values (Jiang et al., 2005). In 
our numerical calculations, the real elastic constant s11 is 
replaced by s11(1 – iQ–1), where Q is the quality factor of 
the material, a large and real number. For ceramics Q is 
of the order of 102–103. We fix Q to be 102

 which is cho-
sen to be relatively small and is a representation of the 
damping of the whole structure. L = 25 mm, b = 8 mm, 
h = 2 mm, c = 2mm, and the acceleration amplitude ω2A 
= 1.0 m/s2

 are fixed in all calculations. The elastic layer 
is taken to be aluminum alloy with Young’s modulus E 
= 70 GPa and mass density ρ = 2700 kg/m3. We use the 
following reference spring stiffness and reference im-
pedance as units: 

(24) 

where 

(25) 

We plot, in Figure 3, the output power density versus 
the driving frequency for a fixed load impedances ZL/
(iZ0) = 1 and a fixed spring constant K = 0.05 K0. Three 
cases of different end mass ratios are shown. Typically 
there are two resonant peaks. The distance between the 
two peaks is very sensitive to the mass ratio. When the  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 3. Power density vs frequency for different end masses (K = 
0.05 K0).   
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two masses are close, the two peaks are close, forming 
a wide-band frequency window within which we have 
significant output. In the special case when the two 
masses are the same, the two peaks merge into one. For 
the three cases calculated, the absolute values of the end 
displacements of the two beams are shown in Figures 
4 and 5, respectively, versus the frequency. The ampli-
tude of the end displacement is sensitive to the mass ra-
tio. Since the end mass of Beam (1) is fixed and that of 
Beam (2) is varied, the resonance varies considerably in 
Figure 5 but not in Figure 4. 

Figure 6 shows the output power density versus the 
driving frequency for a fixed load impedances ZL/(iZ0) 
= 1 and fixed mass ratios m0

(1)
  = 0.5 mL, m0

(2)
  = 0.45 mL, 

but the spring constant is varied. Three cases of dif-
ferent spring constant are shown. Both the amplitude 
and the location of the two resonant peaks are sensi-
tive to the spring constant. For the three cases calcu-

lated, the absolute values of the end displacements of 
the two beams are shown in Figures 7 and 8, respec-
tively, versus the frequency. Both the amplitude and 
the location of the resonant peaks are sensitive to the 
spring constant. 

Finally, in Figure 9 we plot the case without a spring 
between the two beams (K = 0) using the same mass ra-
tios as in Figure 3. The solid line in Figure 9 is the same 
as the solid line in Figure 3 when the two masses are 
identical because in this case the two beams vibrate in 
the same way and do not feel the spring. However, the 
dashed line and the dotted line in Figure 9 are signifi-
cantly different from the corresponding ones in Figure 
3. Basically, the dashed line and the dotted line in Fig-
ure 9 represent relatively high and narrow peaks, while 
the ones in Figure 3 are relatively wide and low peaks. 
Therefore, the spring makes a significant difference and 
introduces an important design parameter. 

Figure 4. End displacement (absolute value) of Beam (1) vs frequency 
for different end masses (K = 0.05K0).  

Figure 5. End displacement (absolute value) of Beam (2) vs frequency 
for different end masses (K = 0.05K0).  

Figure 6. Power density vs frequency for different spring stiffness 
(m0

(1)
  = 0.5 mL, m0

(2)
  = 0.45 mL).  

Figure 7. End displacement (absolute value) of Beam (1) vs frequency 
for different spring stiffness (m0

(1)
  = 0.5 mL, m0

(2)
  = 0.45 mL).   



574  Z. Yan g & J.  Yan g i n J .  Int el l i g en t Ma te r i a l Sy s te ms  a nd St r u c tu r es  20 (2009) 

Conclusion 

When two piezoelectric beam power harvesters with 
resonant frequencies close to each other are connected 
electrically by a circuit and elastically by an end spring, 
wide-band output can be achieved. At the same time 
the output resonance peaks become lower. The ampli-
tude and location of the resonances are sensitive to the 
end spring and end masses. Therefore, the performance 
of the device can be optimized through proper design. 
This idea can be generalized to connecting more than 
two harvesters for wider bands. 
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