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THE VARIANCE OF INTRACLASS CORRELATION
INVOLVING GROUPS WITH ONE OBSERVATION

L. A. Swicer, W. R. Harvey!, D. O. Everson? anp K. E. GREGORY?

University of Nebraska and United States Department of Agriculture

SUMMARY

An approximate formula is derived for the variance of intraclass correlation
when unequal numbers of observations per group occur. The effect on the variance
of ¢t of adding groups with single observations is examined using the formula and
results obtained by empirically generating data on a computer. The empirical results
indicate that the approximate formula is satisfactory over the range of numbers used.

Adding a group with fewer than the average number of observations per group
tends to reduce Vi by increasing the degrees of freedom for groups by one, but tends
to increase Vi by decreasing the average precision of estimating group means. The
net effect can be either negative or positive, depending on ¢, s and the n;’s. Robertson
[1962] pointed out that, when the ratio of the between group mean square to the
within group mean square is small, exclusion of groups below half the average size
will reduce the variance of the between group component. He further suggested a
method for combining estimates of the between group component when 7 is highly
variable.

Results using the formula show that the point where efficiency is lost when a
group of size one is added is primarily a function of the number per group, and is
affected very little by the number of groups. The value of n where groups of size
one should be excluded is shown graphically for varying levels of ¢. Increases in
Vi are demonstrated using the empirical data. The empirical results suggest that
the increase in V¢ may be even larger than the formula indicates, especially for
large values of {. Only the addition of groups of size one is studied. Adding small
groups larger than one would also tend to increase Vi when n and ¢ are small.

INTRODUCTION

Intraclass correlation is frequently used in the field of population
genetics where observations are assigned to groups on the basis of some
genetic relationship. An example is estimating heritability from a
paternal half-sib analysis. Often a sire is represented by only one
progeny. Including such an observation in an analysis adds one degree
of freedom for estimating the mean square for sires, and leaves the mean
square for half-sibs unchanged. The gain or loss in precision resulting

1Biometrical Services, ARS, USDA, Beltsville, Md.
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from adding information from groups with only one observation is
examined in this paper by using an approximate formula for the variance
of the intraclass correlation and by empirical results.

RESULTS FROM APPROXIMATE FORMULA
(Swiger and Gregory)

In order to evaluate the change in the variance of the intraclass
correlation when a group with one observation is added, it was first
necessary to develop the formula for this variance with unequal numbers
of observations per group. The analysis of variance is shown in Table 1,
where

N = total number of observations

s = number of groups
_ 1 Zi)
ko= s—1 <N N

n; = number of observations in the ¢th group.

TABLE 1
ANALYSIS OF VARIANCE

Degrees of Sums of Expected Sums
Source Freedom Squares of Squares
Groups s —1 S (s — 1)(o? + ko?)
Observations/Groups N —s E (N —s8) o2

Then the computed intraclass correlation is

é> _ ol + a8
&f + [P G'SE + a4S

where

a = ___1___ 4 = ___1_._ Ao = M nd —_—
LT TN =9k PTGk BT W9k MU T sk
The variance of ¢t may be estimated using the approximate formula
for the variance of a ratio. Letting V stand for variance and COV for
covariance.

V(y/x) > (w,/u)(os/us + o2/us — 2 COV y, x/p,u.). )
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Assuming that mean squares are distributed as multiples of x°
with d degrees of freedom

V (Mean Square) = 2¢*/d

V (Mean of Squares) = 2¢*d

Estimated V' (Sum of Squares) = 2 (Mean Square)®d 2)
= 2 (Sum of squares)®/d.

Crump [1947] has shown that while (2) holds for the within group
sum of squares with unequal numbers, the variance of the group sum of
squares is a complex function depending on the variability of the n; .
Using the approximate variance of the group sum of squares computed
from (2) will have little effect on the results given here, since equal
numbers of observations per group are assumed prior to adding the group
with a single observation.

The necessary quantities are estimated as follows:

i, = a.F + a8,

= a;F + a.S,
¢ = a2E°/(N — s) + a22S°/(s — 1) (since COV E, S = 0),
¢ = a2E*/(N — s) + ai28%/(s — 1)

COV y, z = a,a;.2E°/(N — s) + a,a,25°/(s — 1).

K
8

Then the approximate variance of the intraclass correlation may be
obtained by substituting these quantities into (1). Hartley [1954] used
this approach to estimate the variance of a heritability estimate com-
puted from the more complex analysis involving sires, dams, and full-
sibs. For the analysis in Table 1, substitution in (1) yields

[alE + aZS:r{af2E2/(N —8) + a228%/(s — 1)
aE + a8 (B + a,8)*

a2E’ /(N — s) + ai28%/(s — 1)
(asE + a.8)°

_ 20@a2E /(N — ) + a,0,28"/(s — 1)]}
(a,.E + a,S)(a;E + a.8) !

_|_

which reduces to

[a,E + azs]z[ AN — DE*S*(ayas — a,05)° ] @
al + a8 L (aF + a:8)*(asE + a8’ (N — s)(s — 1) I’
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Since (@,as — a.a;)® reduces to 1/k°(N — s)’(s — 1), and sums of
squares can be replaced by their variance-component expectations,
formula (3) can be rewritten as

20N = 1A = (1 + (k — DY
Vi POV = 96 — 1) @)

It is readily observed that, by assuming equal numbers of observa-
tion per group (k = n, N = ns), the expression reduces to Fisher’s [1954]
formula for the variance of an intraclass correlation if a factor (N — 1)/N
isremoved. This last term rapidly approaches unity as the total number
of observations increases. If the groups are sets of paternal half-sibs
and mating is at random, under certain assumptions 4¢ estimates
heritability and 16 Vi estimates the variance of heritability.

The change (A) in the variance of ¢ when a group with a single ob-
servation is added may be examined to determine the gain or loss of
precision. Letting () refer to the estimate including the added datum,

AVE= Vi - TV

which equals

21 — t)°
EE*(N — s)s(s — 1)

RN — Ds[1 + (& — 1)t]* — k*(s — DN[1 + (&' — D).

The last term determines the sign. The change in the variance of
t may be evaluated allowing ¢, s and k to vary one at a time. The point
where the change in the variance changes from negative to positive
governs the addition of the datum in question. The problem may be ex-
amined rather easily if equal numbers are assumed prior to the addition
of the single observation, so that D n? is not an additional variable.
Then

E=n—nn—1)/(ns + 1).

The change in the variance of ¢{ was evaluated, letting ¢ vary from
.01 to .99, k from 2 to 100 and s from 10 to 1000. Figure 1 is a graph
of AVt fort = .10. The number of groups has little effect on the value
of k& where the sign of AVt changes, especially for large values of ¢.
When s ranges from 10 to 1000, the value of k at which AV changed sign
rounds to the same whole number until ¢ gets as small as .05. The
relationship between ¢ and the value of &k when AVt changes sign is
shown in Figure 2. The values graphed are for s = 1000: however, as
pointed out above, changes in s have little effect on these values. The
number per group is 101 when ¢ = .01, and falls below 2 at about ¢t = .35.
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RESULTS FROM EMPIRICAL STUDY
(Harvey and Everson)

Replicate sets of data were generated by Monte Carlo techniques on
an IBM 1620 computer. Kach set of data was then analyzed by con-
ventional methods to obtain the intraclass correlation. The variance in
intraclass correlations among replicate sets of data gives an empirical
estimate of the variance of the intraclass correlation. A selected set
of 3750 random standardized normal deviates was stored in the com-
puter, and these were chosen at random to generate the observations.
The same set of random normal deviates was used in all runs. The set
used was selected from 15 such sets, which had been computed from
generated random uniform numbers, as having the distribution that
most nearly approximated the theoretical distribution.

The observations (y;;) were generated from the random normal
deviates as follows:

Yii = ¢: + €

where g, is the random normal deviate selected for the ¢th group, and e;;
is the random normal deviate selected for the jth observation in the ith
group, multiplied by ¢, . Hence, the variance component for groups
was always expected to be unity and the within group variance com-
ponent was expected to be o? .

The numbers of groups generated were 25, 50, 100, and 200. The
numbers of observations generated per group were 2, 4, 6, 10, 15, 20 and
50. For each of these 28 combinations of numbers of groups and num-
bers per group, replicate sets of data were generated separately for .05
and .10 intraclass correlation, both with equal numbers and with the
addition of single observation groups. The numbers of groups with
single observations that were added were 6, 12, 25 and 50, for the num-
bers of groups with equal frequency of 25, 50, 100 and 200, respectively.
(In preliminary runs, it was found that the change in the variance of the
intraclass correlation due to the addition of only one group with a single
observation could not be established accurately without an extremely
large number of replications.)

A comparison of the standard errors obtained for the intraclass cor-
relation by using the approximation formula (4) with those obtained
empirically is given in Table 2. The number of replications on which the
empirical estimates are based is given in the last column of Table 2.
The number of replicates made in each case was the number required to
give a standard error of approximately .003 for the mean empirically-
calculated intraclass correlation when the parameter (¢f) was .050.
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TABLE 2
COMPARISON OF THE STANDARD IURRORS OF INTRACLASS CORRELATIONS (o)

Standard Errors of Intraclass Correlations

Approximation Formula Impirical Estimates

No. Obs. t = .05 t = .10 t = .05 t = .10 No.
of per Repli-
Groups Group IEqual Uunequal* | Equal Unequal | Equal Unequal | Equal Unequal cates

25 2 .202 210 .200 .206 195 205 197 203 6500

4 091 .095 .097 .100 .091 .093 097 099 1300

6 062 065 071 072 061 .065 .068 071 622

10 042 043 .052 .052 041 046 .053 054 280

15 032 .033 043 042 .031 031 .040 .040 165

20 .027 027 .039 .037 .029 .030 .035 .039 120

50 019 018 .031 .029 .019 .022 .028 .030 54

50 2 142 148 141 145 .140 148 .140 141 3250

4 064 067 .068 .070 064 064 .069 073 646

6 044 046 .050 .051 042 .050 .052 .051 306

10 .029 .030 .036 .036 029 .030 .035 .036 137

L5 022 023 .030 .029 .023 .022 .029 034 81

20 019 .019 .027 .026 .021 .019 025 .027 59

50 013 013 022 .020 .012 014 .019 017 29

100 2 .100 104 .099 .103 .099 .103 102 102 1600

4 045 047 048 .050 .048 .050 049 .050 321

6 031 032 .035 .036 .031 .033 .036 031 152

(14] 021 021 .026 .026 .020 .021 .025 .028 68

15 016 .016 021 021 .016 .014 019 .026 40

20 014 .014 .019 018 014 .013 019 021 29

50 009 .009 015 014 011 .009 .021 014 14

200 2 071 074 .070 .073 .070 074 070 073 798
4 032 .033 034 035 032 034 034 .035 160

6 022 023 025 .025 .022 .022 024 .028 76

10 015 015 .018 .018 .012 014 .022 .018 34

15 .011 .011 015 .015 011 .010 015 .020 20

20 .010 .010 .013 .013 .011 .010 013 014 15

50 .007 .006 .011 .010 .005 .008 .008 .008 7

*8ee text for type of unequal frequency considered.

The difference between the standard error of the intraclass correla-
tion as computed with the approximation formula (4) and the Monte
Carlo estimate is given in Table 3 for each case considered. In addition,
Table 3 gives the change expected in the standard error when single
observation groups are added as estimated by the two methods. These
differences clearly show that, for the combinations of numbers chosen
for study, the approximate formula for the standard error of the intra-
class correlation is entirely satisfactory. No appreciable bias exists, for
these combinations of numbers, in the standard error calculated with
the approximation formula.
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The empirical results in the last two columns of Table 3 support
the conclusion reached from the calculations made with the approximate
formula that the addition of single observation groups will actually
increase the variance of the intraclass correlation in many cases. There
is a suggestion from the empirical results that this increase in variance
is even more important than indicated by the formula, especially with
larger intraclass correlations.

TABLE 3
Di1rrERENCES BETWEEN STANDARD IERRORS OBTAINED witih FORMULA
AND EMPIRICALLY AND A COMPARISON OF THE CHANGE IN THE
STANDARD ERROR WHEN SINGLE OBSERVATION GROUPS ARE ADDLD

Formula ¢¢ — Empirical o¢ Equal o¢ — Unequal o:
No. Obs. t =.05 t =.10 Formula LEmpirical Est.
of per

Groups Group | Equal Unequal* | Equal Unequal | ¢t = .05 ¢ =.10 ¢t =.05 ¢ =.10
25 2 .007 .005 .003 —.003 —.008 —.006 —.010 —-.005
4 .000 .002 .000 .001 —.004 —.003 —.002 —.002

6 .001 .000 .003 .001 —.003 -.001 —.004 —.003

10 .000 —.003 —.001 —.002 —.001 .000 --.005 -=.001

15 .001 .002 .003 .002 —.001 001 .000 .000

20 —.002 —.003 .004 —.002 .000 002 —.001 —.004

50 .000 —.004 .003 —.001 .001 .002 —.003 ~—.002

50 2 .002 .000 .001 .004 —.006 —.004 —.008 -.001
4 .000 .003 —.001 —.003 —.003 —.002 .000 —.004

6 .002 —.004 —.002 .000 —.002 —.001 —.008 001

10 .000 .000 001 .000 —.001 .000 -.001 --.001

15 —.001 .001 001 —-.005 —.001 .001 001 -.005

20 —.002 .000 .002 —.001 .000 001 .002 —.002

50 .001 —.001 .003 —.003 000 002 -~.002 002

100 2 .001 .001 —.003 .001 —.004 —.004 —.004 .000
4 —.003 —.003 —.001 .000 —.002 —.002 -.002 -.001

6 .000 —.001 —.001 .005 —.001 —.001 —.002 005

10 .001 .000 .001 —.002 .000 .000 —.001 —.003

15 .000 .002 .002 —.005 .000 .000 .002 —.007

20 .000 .001 .000 —.003 .000 .001 .001 -.002

50 —.002 .000 —.006 .000 .000 .001 002 .007

200 2 .001 .000 .000 .000 —.003 ~.003 --.004 —.003
4 .000 —.001 .000 .000 —.001 -.001 —.002 —.001

6 .000 .001 001 —.003 —.001 .000 000 -.00%

10 .003 001 —.004 .000 .000 .000 —.002 .004

15 .000 .001 .000 —.005 .000 .000 -.001 .005

20 —.001 .000 .000 —.003 .000 060 001 ~.001

50 .002 —.002 .003 .002 .001 .001 -—.003 .000

*See text for type of unequal frequency considered.
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