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DRAFT

Public Inputs and Dynamic Producer Behavior:

Endogenous Growth in U.S. Agriculture’
Alejandro Onofri and Lilyan E. Fulginiti’

Abstract. This paper is an attempt to understand the impact of public R&D and public
infrastructure on the performance of the U.S. agricultural sector during the last part of the
twentieth century. A neoclassical Solow growth model is not sufficient for this understanding
given the sustained growth performance of the sector. We base our analysis on a well known
endogenous growth model, the 'AK model' where nonconvexities are introduced through non-
rival inputs. Based on these models and within the dynamic models that rationalize private
and public decision making, we have identified three testable hypotheses regarding the
aggregate agricultural production technology. They are: 1) increasing returns to scale over all
inputs; 2) positive effect of additional units of public inputs on the long-run demand for
private capital; and 3) negative impact of public inputs on cost. They are tested using two
estimation procedures on two data sets for U.S. agriculture. One, covering the period 1948-
1994, developed by USDA, the other, covering the period 1926-1990, from Thirtle et al.
Maximum likelihood estimates do not conform to the regularity and behavioral properties of
the model rendering them unusable for testing these hypotheses. Bayesian estimates, although
not totally satisfactory, do not reject the hypotheses after prior imposition of some of the
regularity conditions. This supports the notion of an important role for public inputs on the
rapid and sustained growth of the sector. We calculate that, on average, one additional dollar
spent on public R&D stock reduces private cost by $6.5, implying a return on these public
expenses of 190 percent.

JEL Classification: D21, Q16

Keywords: non-rival inputs, endogenous growth, 'AK' models, dynamics, returns to public
inputs, U.S. agriculture.
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PUBLIC INPUTS AND DYNAMIC PRODUCER BEHAVIOR:
Endogenous Growth in U.S. Agriculture

L Introduction

Neoclassical models of growth (Solow, Ramsey) have been widely criticized because
they cannot explain productivity changes. According to these models, growth is exogenously
given by an unexplained rate of technical change. As a response, endogenous growth theories
prove that continuous growth is possible if there are non-rival inputs in production (i.e., inputs
that can be used by many firms at the same time or by the same firm repeatedly without
additional cost). In these models, two necessary conditions for endogenous growth are:
increasing returns to scale over all inputs, and positive impacts of non-rival inputs on the
returns to investment. The main contribution of this study is to introduce a dynamic model of
productivity measurement that incorporates public goods (non-rival by definition) as external
factors to the firms. It also rationalizes the provision of public inputs by a benevolent social
planner that internalizes their effect. Estimable functions that allow testing the necessary
conditions for endogenous growth are obtained.

Many other papers have focused on the effects of public goods on private production,
and most of them have found positive impacts®. For example, Aschauer’s (1989) pioneering
work estimates a single production function for the U.S. economy including public
infrastructure as a factor of production. Lynde and Richmond (1992) and Berndt and Hansson
(1992) have also used duality theory to estimate the role of infrastructure in private production
in the U.S. and Sweden, respectively. Nadiri and Mamuneas (1994) estimate the impacts of
public capital and research and development (R&D) on the cost structure of twelve U.S.
manufacturing industries, and Morrison and Schwartz (1996) study the regional effects of
public infrastructure on the U.S. manufacturing sector. Both of the latter papers adopt a dual
approach and find, in general, positive effects of public inputs on manufacturing productivity.
The last paper also finds increasing returns to scale over all inputs (including infrastructure),
but it does not include R&D.

For the agricultural sector, papers like Antle (1983) and Craig et al. (1997) find
positive effects of public infrastructure and research on agricultural productivity but their
approach is based on estimating a single production function. Binswanger et al. (1993)
estimates the impacts of infrastructure and R&D in India. They consider, in a static
framework, that public infrastructure investments are regionally allocated toward areas that
are more productive. Huffman et al. (2002) estimates the impact of R&D and public
infrastructure for five Midwestern states using a static cost function approach. They estimate
a large and negative impact of these variables on cost. In contrast, the present study presents a
dynamic model of growth used within the context of a simple endogenous growth model. This
approach, based on duality theory, maintains private and public rationality and allows
examination of the impacts of public inputs on producers' and government behavior.

The model is tested with data for the U.S. agricultural sector. United States
agricultural productivity has increased at an annual average rate of two percent over the 1948-
1994 period. Some authors have found that productivity growth has been the main factor

? Exceptions are Garcia-Mila and McGuire (1992) and Holtz-Eakin (1994). They find insignificant effects of
public infrastructure on private production.



contributing to economic growth of the agricultural sector (Ball et al., 1997). Additionally, the
provision of public goods in the form of public research, extension, and infrastructure has
been sizable in this country. In an atomistic environment, these public expenditures are
traditionally justified because of their low degree of appropriability and high initial costs.

We ask if permanent changes in government policies have generated permanent changes in
growth rates of the sector.

Here, theoretically consistent dynamic firm-level demands for inputs that include the
stocks of public infrastructure and R&D are estimated for U.S. agriculture. The existence of
economies of scale and the likely positive impact of public inputs on the steady state stocks of
private capital are tested. From the assumption of rationality in government behavior, the
optimal provision of public goods is examined. The relationship between the public objective
of a benevolent social planner and that of the private firms allows derivation of an important
condition that we test: that public inputs should reduce the private costs of production.

There are several other reasons to undertake this study that go beyond the
understanding of the persistently high rate of growth of productivity in U.S. agriculture. First,
the possibility of endogenous growth in the agricultural sector may imply spillovers to other
sectors and, in particular, may have important effects on the growth of regional economies
based on agricultural activities. Second, Ball et al. (1997) show the increasing use of materials
and the decreasing use of labor in the U.S. agricultural sector. By determining the substitution
or complementarity between public and private inputs, one may explain the findings by Ball et
al. with respect to this evolution of quantities demanded of private factors. Third, we hope to
add evidence to the academic debate over the virtues of endogenous growth theories over
more traditional approaches to understand growth. It will also point towards a powerful role of
public policies in this process. Finally, the estimation of shadow prices for public capital and
R&D stocks may provide an indicator to policy makers of the optimal provision of public
investment.

This paper develops as follows. Section II presents a summary of the endogenous
growth theory involving publicly provided goods and the related testable hypotheses. Section
III introduces a dynamic model in which both the behavior of producers’ and government are
rationalized. The testable hypotheses are then revisited. Section IV introduces the empirical
model and section V presents the results. Finally, conclusions are stated in section VI.

II.  Growth Theory and Testable Hypotheses

In the neoclassical models of growth (Solow, Ramsey), the rate of growth of per capita
output is a decreasing function of the per capita stock of private capital. Without technical
change and with a well-behaved neoclassical production function, the level of per capita
output converges to a steady state where the growth of per capita private capital eventually
stops. This result, implied by the assumption of decreasing returns to capital, has been one of
the major criticisms to these models.

As a response to these empirically unsustainable results, endogenous growth theory
arose proposing different hypotheses. Some of these theories incorporate into the models the
reasons for technical change to occur based on the presence of externalities that originate
nonconvexities.



Nonconvexities play an important role in new theories of growth. They are generally
due to the presence of nonrival goods. Following Romer (1990), nonrivalry can be interpreted
in two ways. First, nonrival factors of production are valuable “inputs that can be used
simultaneously in more than one activity.” Under this definition, public goods, like public
infrastructure for instance, are nonrival inputs that can be used by many producers at the same
time. Alternatively, one can define a nonrival input as that input that can be used repeatedly in
the same activity. With this definition, a new chemical process, for example, is an input that
can be used more than once in the production of a certain product. In this case, nonconvexities
are intrinsically associated to this input: there is a high cost of producing the first unit, but the
cost of producing subsequent units is zero. In any case, since the presence of nonrival inputs
generates nonconvexities, the production function can be characterized by increasing returns
to scale:

F(AR,AN) > F(AR,N) =AF(R,N), with A >0

where R and N stand for rival input and nonrival inputs, respectively. Thus, if rival and
nonrival inputs are doubled (A = 2), output is more than doubled.

One of the pioneer studies in the endogenous growth literature has been that by Romer
(1986). In this paper, Romer specifies a production function F(k;, K, x;), with k; and x; being
firm-specific inputs (x can be seen as a vector of inputs) and K an input external to the firm,
like “the level of knowledge” defined as a function of the “firm-specific knowledge”
(K=g(2k;)). If F is increasing in K and linearly homogeneous in k; and x;, a perfectly
competitive equilibrium is still possible, but the factor k; no longer exhibits diminishing
returns. Consequently, permanent endogenous growth of output per capita is allowed.

Barro (1990) has developed a similar model where K can be interpreted as the stock of
public capital (hereafter G). The intuition is that publicly provided capital (like roads, sewer
capital, etc.) has a positive impact on private production affecting the productivity of the firm-
specific inputs. Public capital is assumed a public input that can be used by additional
producers without cost. Consequently, total stocks of public goods enter into the production
function of each individual firm. In this context, two necessary conditions for the
hypothesized endogenous growth are: existence of increasing returns to scale over all inputs,
and existence of constant returns to scale over factors that can be accumulated. This second
condition implies that private capital is continuously accumulated and there is an optimal ratio
between private to public capital. A weaker requirement, alternative to this condition, would
be a positive impact of G on the demand for capital. Although not ensuring continuous
growth, the presence of this nonrival input would imply a positive government contribution to
growth.

The conditions mentioned above (i.e., increasing returns to scale over all inputs and
positive impact of public inputs on private capital accumulation) can be rationalized using the
theory of the firm. The following section introduces a model in which firms respond to
changes in public inputs provided by a benevolent social planner. Estimable functions that
allow testing for the hypothesized endogenous growth conditions are then obtained in a model
that maintains private and public rationality.



111 The Model

A dynamic dual model of the firm is used to explain growth based on the existence of
public inputs. As was hypothesized, public goods might have positive effects on firms’
production. If the dual problem of the firms is considered, public inputs might reduce cost of
production given the level of firms’ output. In this manner, increases of public inputs would
increase firms’ productivity.

The model assumes that economic agents are intertemporal optimizers: firms minimize
intertemporal costs of production and the government (social planner) maximizes
intertemporal welfare. Instantaneous adjustment of inputs is not possible because of the
existence of costs of adjustment.

In their optimizing behavior, firms take public inputs as given. Public inputs are
considered fixed inputs of production in that they cannot be adjusted by the firm to obtain the
minimum possible cost. However, the government, behaving as a social planner, observes the
producers’ surplus and provides public goods to maximize this surplus, subject to the cost of
providing the public inputs.

The model adopted in this paper assumes that the government knows the payoff
function of the firms. This assumption implies that the government knows how the firms react
when public inputs are changed, i.e. the government behaves as a ‘leader’ and optimizes first.
Then, firms take the level of public inputs as given and choose private inputs such that their
costs of production are minimized.

The following figure shows the dynamics of behavior of this economy.

AvC
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G represents the stock of the public input. K is the stock of private capital. Three
average cost curves (faced by the firms) are shown in the graph. ACS(Gy, K;) represents a very
short-run average cost curve when private inputs (capital in this case) and public inputs are
fixed. ACS(Gy) is the short-run average cost curve when only public inputs are fixed. Finally,
ACL is the long-run average cost curve when all inputs are adjusted.



At each period t, the firms observe the public input stock G and choose the optimal
path of investment (I) that allows them to reach the optimal steady state (SS) stock K*.
Starting at Eq and with a stock of public inputs Gy, firms choose an optimal path of I that
allows the firm to reach Ko* at the minimum cost. The firm moves from Eq to E (. The path is
adjusted the next period when the stock G implies a new SS stock K; *. The firm then moves
to E;. The two conditions for the hypothesized endogenous growth of the firms can then be
seen in the graph:
L Increasing returns to scale over the long-run average cost curve (ACL): negative slope

of ACL.

1L Positive effects of G on the SS stocks of the private capital (i.e. the private input “that
can be accumulated”): the SS stock of K increases from Ky to K; when G grows
from Gy to Gj.

More formally, firms solve the following problem:

: * L -pt . '
Min jo e " [C(y,Z,I;G) + p' Z]dt
subject to Z =1 - 87 1)
Z(0)=2Z,
Z(t)>0 Vvt

where C(y, Z, I; G) is the variable cost function; y is the only output; Z is the vector of stocks
of quasi-fixed inputs; p is the rental price vector corresponding to Z; I is the vector of gross
changes in quasi-fixed inputs; d is the diagonal matrix containing the depreciation rates of Z;
G is the vector of public inputs; and p > 0 is the firm’s real rate of discount. It is assumed that
there is one perfectly variable input whose price (w) is normalized to one.* Thus, the elements
of p are relative rental prices.

Define now J(Z, y, p; G) as the value function that solves problem (1). Assuming that
C(y, Z, I; G) satisfies the set of regularity conditions (A.1) — (A.6) and J(Z, y, p;G) satisfies
properties (B1) — (B5) (see Appendix 1), duality between C(y, Z, I; G) and J(Z, y, p; G) can
be established.

Duality between C(y, Z, I; G) and J(Z, y, p; G).‘5 any J(Z, y, p; G.) satisfying conditions (B) is
the value function corresponding to C(y, Z, I; G) that satisfies conditions (A) and is defined by

C(y,Z,I,G) = Man[pJ (Z,y,p;G)—p'Z-J,"(Z,y,p; G)(1-8Z)] (2
or
pI(Z,y,p;G) = Min[C(y, Z,;G) +p'Z+J,"(Z,y,p; G)(1 - 82)] (3)

These two equations provide the relationship between the cost function C(y, Z, I; G)
and the value function J(Z, y, p; G). They allow obtaining the properties of C(y, Z, I; G) in
terms of the parameters of J(Z, y, p; G) when firms minimize intertemporal costs. Thus, the
derivative properties that characterize C(y, Z, I; G) can be recovered from the parameters of

* Given w = 1, the variable cost function is C(1, y, Z, I; G). For simplification, C(1, y, Z, I; G) = C(y, Z, I; G) is
used.
> Epstein (1983).



J(Z,y, p; G).® Assuming rationality of the private decision making process provides guidance,
in the form of a series of conditions, that need be satisfied by the empirics. In addition the two
previously mentioned growth conditions can be tested through estimation of parameters of
IZ,y,p; G).

Conditions for Endogenous Growth
1) The impact of G on

a) The cost function: this is provided by the fifth derivative property explained in
Appendix 1. The following expression represents this effect:

CG (y’ Z, I’ G) = pJG (29 y.P; G) - JZG (Za Yy, P; G) Vi (Za y.P; G)

which is the shadow price of G when the firms are out of the SS. At the SS, the
shadow price is

CG (y, Za L G) = pJG (Za y.p, G)

If this expression is negative, the shadow price of G is positive, meaning that public
inputs reduce cost of production.

b) The dynamic demand for private capital: it can be shown that the dynamic demand for
the quasi-fixed inputs Z can be expressed as

Z*(Z.y.p:G) = M(p, G)[Z - Z(p.G)] (4)

where Z(p,G) is the SS stock of Z and M(p,G) is a stable adjustment matrix. This
expression yields a flexible accelerator adjustment path for the stocks Z and is the
reason for these dynamic models to be called “multivariate flexible accelerator
models” (Epstein,1983). The form of M(p,G) is determined by the functional form of
C(y, Z, I); however, only under certain conditions, it can be successfully expressed as
an explicit function of the parameters of C(y, Z, I).” The effect of G on the dynamic
demand for Z can then be decomposed into the effect on the adjustment matrix and the
effect on the SS stock of Z. The condition for endogenous growth would be for G to
increase the SS stock of private capital K (one of the quasi-fixed factors of the firms).
The effect on the adjustment matrix an effect on the speed of adjustment toward the
SS. It is still required for this adjustment to be stable.

2) Scale Effects: there must be increasing returns to scale over all factors of production
(public and private factors). Increasing returns to scale can be evaluated by considering
the elasticity of cost with respect to output (ecy). It is well known in the production
economics literature that the elasticity of cost with respect to output is the dual expression
of the elasticity of scale (1y): &c,=1/ ny.g When the elasticity of cost with respect to output
is less than one, firms exhibit economies of scale. However, in the presence of factors
external to the firm, some adjustments should be made in order to obtain &,. Morrison and
Schwartz (1996) show how to adjust the elasticity of cost with respect to output when

® See Appendix 1 for the derivative properties.
7 See Epstein (1983) for details.
¥ See Chambers (1988) for details.



there are quasi-fixed inputs in a static cost minimization framework.’ This approach is
used here for the case of intertemporal optimization.'

Define the shadow price of the public input PG = PG(Z, y, p; G). This shadow price
can be interpreted as an “inverse demand” for the public input. Solving for G, given PG,
gives the direct shadow demand for G that can be substituted into (4) to get

C(y,Z,1;G(Pa,Z,y,p)) = Mpax[pJ(Z, v,p:G(Pc,Z,y,p)-p'Z - o
~1.,(Z,y,p;G(Pc,Z,y,p))(1—8Z)]

Taking the derivative with respect to y, we obtain the adjusted effect of output on cost
when the ‘shadow demand’ for G also changes with firms’ output:

och oo L _
oy =ply —J Z¥+(plg = 2% J c)G(Pc,Z,y.p) (6a)
At the SS, this expression becomes
och

=pl, +pJ;G,(Pc,Z,y,p)

=C, +C:G,(Ps,Zy,p) (6b)

Completing elasticities gives the following equation

A
€y =8y t ZSCGSGY (7)
G

which is the elasticity of cost with respect to output adjusted for the presence of public

inputs. Note that ecg is the elasticity of cost with respect to external factors, and ggy is the
elasticity of “demand for external factors” with respect to output. This demand elasticity
should be interpreted as a long-run one representing the change in external factors
necessary to maintain the firm on the envelope long-run average cost curve after a change

in output. Therefore, if €0 is less than one, then there are increasing returns to scale over

all inputs.

Government Behavior

As already mentioned, the government behaves as a benevolent social planner. It

provides public inputs to maximize welfare (producers’ and consumers’ surpluses less the cost

of providing public inputs). A small open economy is assumed, so the output price is given.

? The approach is based on Le Chatelier principle. Taking the derivative with respect to Y on both sides of the

identity CA(P, Pg, Y) = C(P,G(P,Pg,Y),Y) gives
oct _oC 0C a6
oY Y G oG oY

Finally, completing elasticities gives

o TEey T2
Ecy T8y T LiEcg Eay
G

' Stefanou (1989) extends the concept of scale elasticity to a dynamic framework when the firm is not
necessarily in steady state. He does not include external factors.



Assuming that public inputs do not affect utility of consumers, the problem of the government
is reduced to the maximization of producers’ surplus. Then, in a dynamic model, the
government solves the following problem

Min j: e [J(y, Z,p;G) +1'G + AC(I, ) dt
subject toé =1,-8,G (8)
G(0)=G,
G(t)>0 WVt

where J(y, Z, p; G) is the value function of the firms that comes from their intertemporal cost
minimization problem; I, is the investment in public inputs which stocks are given by vector
G; AC(I) is the government’s adjustment cost of G; J, 1s the diagonal matrix containing the
depreciation rates of G; r is the rental price of G; and 6 is the government’s rate of discount.
The existence of adjustment costs is justified by the multiple activities the government does
with given resources. Increasing I, means that the government must reallocate funds and
resources used in the provision of some other public goods, like goods that provide utility to
consumers or are inputs for producers in other sectors. This reallocation of resources implies
that slcl)me resources are wasted in the process. This loss can then be modeled as an adjustment
cost.

Define J&(p, Z, y; r, G) as the government’s value function that solves (8). Assuming
that J(Z, y, p; G) + AC(],) satisfies conditions (C.1) — (C.6) and J¥(p, Z, y; r,G) satisfies
conditions (D.1) — (D.5) (see Appendix 2), duality between J(Z, y, p; G) + AC(Ig) and J¥(p, Z,
y; 1, G) can be established.

Duality between J(Z, y, p; G) + AC(Ig) and B(p, Z, y; v, G): any F(p, Z, y; r, G) satisfying
conditions (D) is the value function corresponding to J(Z, y, p; G) + AC(I ) that satisfies
conditions (C) and is defined by

J(Z,y,p;G)+ AC(1,) = Max[oJ*(Z,y,p,1,G) —1'G = J ' (Z,y,p,1,G)(1, —=3,G)] )
or
oJ*(Z,y,p,1,G) = Min[J(Z,y,p; G) +1'G + AC(I,) + 5 '(Z,y, p,1,G)(, = 5,G)] (10)

These two expressions provide the relationship between J(Z, y, p; G), the value function of the
firms, and J&(p, Z, y; r, G), the value function of the government. They allow expressing the
parameters of J(Z, y, p; G) in terms of the parameters of J¥(p, Z, y; r, G) and vice versa, when
the government maximizes intertemporal welfare by minimizing producers’ cost. Thus, the
derivative properties that characterize J(Z, y, p; G) can be recovered from the parameters of
I, Z,y;1, G)."? It is one of these properties (D2 (ii)) that we use as a basis to expect and
maintain the negative impact of public inputs on costs.

! Note that assuming the objective functions of consumers and producers are separable with respect to the
objective function of problem (8), the government can decide the optimal provision of different public goods
separately.

12 See Appendix 2 for these derivative properties.



1V.  Empirical Implementation

This section presents the empirical implementation of the model introduced above.
Ideally, having data on r, the optimal path of I, could be estimated. Nevertheless, the
contribution of public capital and public R&D to U.S. agricultural growth and the conditions
for the hypothesized endogenous growth can still be tested through estimation of the firms’
demands for private inputs. Adopting a flexible functional form for the value function of the
firms, all parameters of interest can be recovered from the estimation of the dynamic demands
for private quasi-fixed inputs and the demand for the variable input.

The model presented above is tested using two data sets.” The first data set covers the
period 1948 — 1994 and in large part consists of the one developed by USDA based on the
recommendations for consistent measurement and aggregation of the AAEA task force on
statistics. Variables needed for estimation include quantity indexes of capital (K), labor (L),
materials (M), and output (Y); implicit prices of the three inputs; and stocks of public inputs
(public capital (G) and R&D (R))."* K is an aggregate measure of capital and land. Capital
and labor are assumed quasi-fixed inputs, while materials are the only variable input.'” Output
is an index of all crops and livestock products. Public capital stocks are values of federal,
state, and local structures. Public R&D stocks are constructed from R&D spending using
Chavas and Cox’s method (1992).'® We will refer to this as Ball's data set.

The second data set, from Thirtle et al., covers the period 1926—-1990 and is provided
to the authors with the purpose of comparative examination'’ with results to be presented at
the IX European Efficiency and Productivity Analysis Workshop to meet in Brussels in June
2005." The same aggregate variables are included. Output is an aggregate of all crops and
livestock products. K is an aggregate of capital and land. Public R&D stocks are constructed
from the R&D spending provided by Thirtle et al. using the same method as in the previous
data set. As this data set does not have an aggregate for materials, the fertilizer index is used
along with the expenditures on materials for 1967 from Ball's to obtain the variable input
series. Public infrastructure has been added to this data set and it is the same variable,
extended, as described above. We will refer to this as Thirtle's data set.

' Table with data sets and graphs for each variable are found in Appendix 4.

'* See Ball et al. (1997) for details on all agricultural data. Public capital stocks are from Survey of Current
Business and include buildings, highways, streets, sewer structures etc. Military structures are excluded. Public
R&D spending is from Alston and Pardey (1996).

"> The adoption of materials as a variable factor in agricultural production is consistent with the findings of
previous studies, for example, Vasavada and Chambers (1986), Luh and Stefanou (1991, 1993).

' With this method, the stock for a given year is constructed as a weighted sum of the last thirty years of
expenditures, in which the weights follow an inverted ‘V’ pattern. Huffman and Evenson’s (1989) methodology,
which consists of a trapezoidal pattern of thirty-five years of expenditures, was also tried. Results show no
significant differences.

'" This data set was also offered for modeling purposesto Professor Quirino Paris and Professor Rolf Fire.

' See Thirtle et al (2002) for details on the data set. Public capital stocks have been added to this data set and

are the same as in Ball's data set. Quantities were obtained by multiplying the indexes by the expenditures for
1967 obtained from Ball's data set. Prices are implicit. The materials variable was obtained by multiplying the
expenditures from Ball for 1967 by the fertilizer index from Thirtle. Dr. Stefanou provided a data series that
includes 1910-1990 but due to lack of information on infrastrucuture before 1925 plus the need to construct a
stock of R&D capital reduced the length of the data set we worked with.

10



Consider the following normalized quadratic value function:"’

P . B,y BPIZ BPQ P
I(P,Z,Q)=a,+[A, A, Ay Z + [P 2 Q] B, B, B, 2] (D)
Q By Boz Boo [LQ

This is a second order Taylor series expansion of J in (P, Z, Q), where Z is the vector of quasi-
fixed factors, P is the corresponding vector of normalized rental prices, and Q is the vector of
output and public inputs; A; is a 1x7 vector of first order parameters and B;; is a 7x7 matrix of
parameters; a is a scalar parameter. Then, the vectors P’, Z’, and Q’ are equal to

P=[P, P]; Z=[KL]; Q=[GR Y];

where Px and Py are the prices of capital and labor, respectively, normalized by the price of
materials.

The dynamic demands for quasi-fixed inputs are then***'

Z*(P,Z,Q) =1, (P,Z,Q)[pJ, (P,Z,Q) - Z] (12a)

and the demand for the variable input (X*) is calculated from

X*(P,Z,Q) = plI(P,Z,Q) =, (P,.Z,QP1-[J,(P,Z,Q) ~p'Tp; ] Z* (13a)
In terms of the postulated value function, (12a) and (13a) become

Z*=pH+(pu-B,,)Z+pB,,B,,P+pNQ (12b)

1 A A 1
X*=pla, —EP'BPPP+AZZ+AQQ+EZ'BZZZ+Z'BZQQ+

1 , , °
+2Q'BgoQl-[A, +Z'By, +Q'Bjq ] 2* (13b)

'% Other studies that have used second-order expansions to approximate the value function in t