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DONALD W. MILLER, University of Wisconsin and University of Nebraska 

1. Introduction. A well-known result, due to Holder [I], is the following: 
The symmetric group S, has outer automorphisms if and only if n=6. The 
classical proof of the existence of a class of outer automorphisms of So, as 
formulated by Burnside [2], rests in part on the theory of primitive groups and 
entails extensive computation. In this note we offer a direct method for con- 
structing such auioinorphisms. 

The author is grateful to Professor R. H. Bruck for raising this problem 
and for subsequent helpful remarks. 

2. Construction of an outer automorphism of S 6 .  Let S 6  be defined on the 
set M =  (1,  2, 3 ,4 ,  5, 6 )  ; let I denote the identity of 3 6 .  Call two elements of Ss  
disjoint if no element of M is displaced by both of them. 

Define the mapping $ by: (1 2)$ = (1 2) (3 6) (4 5) = Pz, (1 3)$ = (1 3) (2 4) (5 6) 
= Pa, (1 4)$ = (1 4)(2 6)(3 5) = P4, (1 5)$ = (1 5)(2 3)(4 6) = Pg, (1 6)$ 
=(1 6)(2 5)(3 4)=P6. Write N =  ( 2 ,  3, 4, 5, 61, 6= ( P ~ ~ ~ E N J .  Note that the 
elements of 6 include as factors the 15 distinct transpositions of S6; consequently 
6 is transitive on M Moreover, for i, j, k E  M, i fj, 

Note that iPj = jPi implies i=j. For if iPj = jP; = k then Pi = (1 i) (j k) (r s), 
Pj = (1 j)  (i k) (r s), so i = j. Also, PQj = (i j jPiPj . . (1 zPj iPjPiPj . . . . 
Hence (jPiPj)PjPj equals i or 1. But in the latter case jPiPj = lPjPi =jPi, 
whereas Pj fixes no element of M. Thus Pipj has order three, so PiPjPi= PjPiPj, 
all i, j E N .  

If i ,  j ,  k are distinct elements of N, then 

cannot hold. For, if so, write iPj =q and N =  ( i ,  j, k, q, r f . Now q =fP, for some 
f in M. Certainly f is not one of i ,  j ,  k, or q. But iff = r  then q =rP, = 1, contra- 
dicting i Zj.  

If Pi, Pi, P k  are distinct elements of 6, then 

I t  is sufficient to prove that P k  commutes with PiPjPi, for then PkPiPjPi 
= PiPjPiPk, PiPkPiPjPi = PjPiPk, PiPkPjPiPj = P,PjPkPjPj, PiPkPjPi 
= P j P S k P j .  NOW 

Each of the three transpositions of Q is a factor of some P k ,  k Z i ,  j. If Q should 
have two cycles in common with some P, then Q=Pt .  But in that case the dis- 
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played representation of Q would yield iPj =jPt ,  iPjPi = t (so iPj =tPi), whence 
tP, =iPj=jPt ,  contradicting (1). (Thus we can write Q = (a b)(c d) (e f) ,  Pk 
= (a b)(c f)(d e ) .  But then QPg = (c e)(d f )  = PkQ. 

If A1, . . . , A,, B, C are distinct elements of 6, then 

If n =  1, (3) follows from (2). Assume inductively that (3) holds for n; then 

Further, if A1, . . . , A,, B, Care distinct elements of 6, then 

For by (3), CBAl . . . AnB = BC(BCA1 . . . A,B) = BC(CA1 . . . A,BC) 
=B(A1 . . . A,BC). 

Define the mapping 8 as follows. Let al, . . . , a, be distinct elements of N 
and write (1 ai)+=Ai. Then set 

( 5 )  
I0 = I, ( l a l .  . . an)O = A l e  . . An, 

(ala2 . . . an)O = AnA1A2 . . A,, (QR)8 = (QB)(R8), 

where Q, R are arbitrary disjoint cycles of 3%. By (3), 

Clearly 0 maps S a  into itself. 
To show that 8 is single-valued i t  will be sufficient to establish that if Q 

= (a1 . . . a,), R =  (bl . . . b,) are arbitrary disjoint cycles in S6, then 

(9  (QR)B = (RQP; 
(ii) (ala2 . . . a,)B = (a2a3 . . . ama3B. 

If Q displaces 1 then QB is uniquely defined; if not, (ii) follows from (3). As to 
(i), suppose without loss of generality that R does not displace 1; then RB is of 
the form BA1 . . A,B, so by successive applications of (4), (QR)8= (Q8)(RO) 
= (Re) (QB) = (RQ)B. 

For arbitrary elements Q, R of Se, (QR)B= (@)(Re). To prove this it is suffi- 
cient to consider the case where R is a transposition (since every element of S B  
is a product of transpositions). If Q and R are disjoint the asserted relation is 
trivial. Hence we write Q as a product of disjoint cycles and let Q' denote the 
product of those factors of Q which are not disjoint from R. We need to show that 
(pR)e  = (pe )  (Re). 

Let 1, e, f,  al, . . , a,, bl, . . , b, denote distinct elements of M. 
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(i) If Q' = (1 a1 . a,), R = (1 bl), then (Q'8) (Re) = A1 . . . A,Bl 
= (1 al . . . a, bS8 = (Q'R)8. 

(ii) If Q'=(eal.. .a,), V = ( e b l . .  .b,),then (Q'8)(V8)=(EA1.. .A,E) 
( E B l  . . . B,E) = EA1 . . . AmB1 . . . B,E = (e al . . . a, bl . . bn)8= (Q'VV. 

(iii) If Q'= (1 a1 . a, e b~ . . . b,), R = ( 1  e), with m, n 2 0 ,  then (Qf8)(R8) 
= A1 . . . Am(EB1 . . . B,E) = A1 . . . AmBnEBl . . . B, = [(I al . . . a,) 
(e bl . . . b,) 10 = (Q'R)B. 

(iv) If Q'=(l a l e  . .a,)(e b ~ .  . . b,), R = ( l  e), then (Qt8)(Rt9)=A1. . . 
AmEB1 . . . B,EE =A1 . . . AmEB1 . . . B, = (1 al . . a, e bl . . . bn)8= (QtR)8. 

(v) If Q'=(e a1 . . . a, f b~ . . . b,), R=(e  f ) ,  with m, n 2 0 ,  then by (4), 
(Qf8)(R8) = (EA1 . . AmFBI . . . B,E)(EFE) = (EAl . . . Am)(FB1 . . B,FE) 
= ( E A l . .  .A,)(EFBl. . ~ , F ) = [ ( e a l . .  . a , ) ( fb l . .  . b,)]8=(Qt~)8. 

(vi) If Q t = ( e a l . . . a r n ) d f b ~ - . . b n ) = Q i Q 2 ' ,  R=(ef) ,  then, by (ii), 
(Q'e) (Re) = (QI'8) (Q2'8) (Re) = (QI' Q2' R)B = (Q'R)8. 

8 is an automorphism of S6. Indeed, the kernel, K ,  of 8 is a normal subgroup 
of S 6 ,  so K is one of S6, Ag, { I ]  , where A6 denotes the alternating group of de- 
gree 6. But [(3 6) (4 5 ) ] 8  = (3 6)(4 S), so K #S6, K #As. Therefore K = {I 1 so 
8 is 1-1 and hence an automorphism. 

Finally, 8 is outer since (1 3 5)8= (1 2 6)(3 5 4), whereas if 8 were inner it 
would map every conjugate class of S 6  onto itself. This completes the proof. 

We observe in conclusion that all outer automorphisms of S6 are obtainable 
with the aid of the above construction. Indeed, as shown by Holder [I] ,  the 
automorphism group of S 6  has order 1440 =2(6!); thus the group, 3, of inner 
automorphisms is of index 2 in the full automorphism group. Hence if 8 is any 
outer automorphism of S 6  then the right coset 38 includes all outer automor- 
phisms of Ss. 
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