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Phase dependence of Thomson scattering in an ultraintense laser field

Fei He, Y. Y. Lau, Donald P. Umstadter, and Trevor Strickler
Department of Nuclear Engineering and Radiological Sciences, University of Michigan,
Ann Arbor, Michigan 48109-2104

(Received 3 May 2002; accepted 23 July 2002

The Thomson scattering spectra of an electron by an ultraintense laser field are computed. It is found
that the electron orbit, and therefore its nonlinear Thomson scattering spectra, depend critically on
the amplitude of the ultraintense laser field and on the phase at which the electron sees the laser
electric field. Contrary to some customary notions, the Thomson scattering spectra, in general, do
not occur at integer multiples of the laser frequency and the maximum frequency is proportional to
the first instead of the third power of the electric field strength for the case of an ultraintense laser.
The implications of these findings are discussed2@2 American Institute of Physics.
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I. INTRODUCTION Ostriker? Here, we revisit this problem, concentrating on the

varieties of the orbits and their resultant Thomson scattering
The response of an electron under a steady state lasgpectraEq. (15)]. All calculations are in the lab frame. The

field is often the starting point in the construction of the effect of radiation damping is neglected.

dielectric function, in the formulation of the ponderomotive

force, and in the calculation of various scattering or accel-

eration processes. As the laser intensity increases, VaI’iOl[IIS PHASE DEPENDENCE OF ELECTRON ORBITS

nonlinear phenomena emerté, such as “figure-8”

orbits>~® nonlinear Thomson scatterifd;*® harmonic Consider a linearly polarized wave, whose electric and

generatiorf;®*%*° self-focusing of the laser pulse in a magnetic fields are given by, respectively=XEq oSt

plasma channéfl~?° etc. These nonlinear phenomena play —kyz) andB=yE, coswgt—ks2) in Gaussian units, wher@,

key roles in proposed table-top accelerators and Xx-rays the laser frequenck,=wy/c, andx,y are the unit vec-

sources®?In the not too distant future, joules of laser en- tors. Unless otherwise stated, we shall normalize time by

ergy will be focused down to a spot size of one wavelengthl/w,, distance by K,, and velocity byc. In these units, the

(~1um), with the laser pulse length being compressed taelectric field strength is measured by the dimensionless pa-

the order of a few optical cycles. The electric field in such arameter,a=eE,/mwyc. For electron motions in the—z

laser pulse is extremely high; its normalized valae[de-  plane, the relativistic Lorentz force law reads, in component

fined just before Eq(1)], is in the tens and beyond. The form,

phase at which the electron experiences this pulse will be- .

come important because of the shortness of the laser pulse. d(yByldt=a(l-p;codt~2), @

In this paper, we examine the phase dependence of the elec- d(yg,)/dt=ap, cogt—2z), 2

tron orbits and of the resulting radiation spectra. _ N—1/2_ 2 o212 I

There are many instances in the interactions of in'tens:rav:’1 girsef;gtc(j th()g an_d(l bg ixn p rze)zs ecltsivg;e :ﬁ;ag\gztic
lasers with matter where there can be a large spread in the x B 9. respectively,
- : . components of the electron velocitin units of c). Equa-
initial phase anglesd,) of electrons with respect to the light . .

) . 2 . tions (1) and(2) lead to the energy conservation equation,

wave. For instance, electrons that are born during the ioniza-
tion of a gas will do so at different phases depending on the dy/dt=ap,coqt—2z). 3
jonization potentiaf? Finite plasma temperature will also Once the initial conditions for the electron trajectory are

lead to a spread in inital phase angles. Electrons will hav%pecified the electron veloci§= (3,.0,3,) and the electron
different initial phases during the Compton scattering of in'displacerhentz(x 02) may be obtxa’in,eé as a function of

tense light from a gelatlws'uc elect_ron bea@ all collision according to Eqs(1) and(2). However, it is more convenient
angles except 180° between the light beam and the electr represengg, r, andt parametrically in terms o#, defined
bean). Electrons interacting with realistic three-dimensional by5-°

focusing light pulses, with curved wave fronts, will also see

different initial phases relative to other electrons that are at 0=t—z. (4)

the same axial position but at a different radial position. Upon subtracting Eqs(2) and (3), we obtain the important
The electron orbit in an intense electromagnetic Wav&e|ationship

has been solved many times in the gastThese works sel- '

dom address the dependence on the phase of the electromag- E _

netic wave. A notable exception is the work of Gunn and  y

de
1_32251 (5)
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where in writing the last expression, we have used E&j.

We have also assumed that at some instant of time, the elec-

tron is at rest. Call that instant of time=0, at which the

electron is located &= z;,, whencef= 6;,= — z;, according =
to Eq. (4). Note from Eq.(5) that 6 is a monotonically in-

- - - R _ _ 0 1 1 1 1 1 '
creasing function ot and that there is a one-to-one corre 0 50 100 150 200 250 300 350
spondence betwednand 6. Note also from Eq(5) that 3,
>0 as y>1. Thus, the electron always moves in the 0.8} a704.8,=0
direction (except when it is momentarily at rest 08

In terms of ¢, one find$ w 0.4]
a2 02
y=1+ - (sin6—sin6;,)?, (6) ogl—t. . ¥ . .1, i S
2 00 02 04 06 08 10 12 14 16
from which thez velocity, 8,=1—1/y, and thez momen- z
tum, yB8,=y—1, are then immediately known. They both (a)
depend ory,,. Likewise, one obtains the momentunt,
QF
vBy=a(sin6—siné;,), (7)
and thex coordinate,
x=a[ (cosé,,—cosh) — (60— 6;,)Sin b;,]. 8 -200 |

The last term of Eq(8) shows that, as increasegi.e., asf

increasep there is always a steady drift of the orbit in the

direction except for very special values &f, that is, except -400

for 6;,=n, n=0 or integer(Fig. 1). In the absence of this

tr?nsvgrse drift, the motion is commonly galleq the “figure- 50 6 5'0 160 150 200

8” motion, a term we shall still use here with this transverse

drift. Note that in the case of large[e.g.,a=10 in Figs. 1

(@) and 1b)] the shape of the figure-8 orbit depends sharply (b)

on the phgset?in ' -AS we shall see in Eq16), these different FIG. 1. Electron trajectories at various a af\g. The laser wavelength is

shapes directly mflue_nce the fundamental frequem@y,()f 27 in the normalized scalega) 6,,=0. Top: two figure-8 orbits fora

the Thomson scattering spectrum through the net displace=1o. gottom: six figure-8 orbits foa=0.4. (b) 6,,=0.3. Top curve shows

ment,rg, that the electron undergoes in each figure-8 orbit.one figure-8 orbit fora=10. Bottom curve shows 63 figure-8 orbitmag-
Finally, sincedt/d¢=y according to Eq(5), we inte-  nified 10 times for a=0.4.

grate Eq.(6) with respect tod to obtain the parametric de-

pendence of,

a%/1 2 ” Xo=—2masinb;,, (11
t=(6— ;)| 1+ —| 5 +sir? 6,
( i) 212 n andz, is given by the increase ir=t— 6 as 6 increases by
a?[ sin26 . 3 sin 26;, 2m,
>~z +2 cosaslnam—T . (9) 1
2o=T—-27=ma? E-i—sinz Hin). (12
The parametric dependence of theoordinate is given by
z=t— 6 in whicht is given by(9). The dependence org,, of this net displacementy,
Thus, we have obtained the electron orbignd 8, para- = (X0,020), and of the figure-8 periodl, enters directly in

metrically in terms of¢, which is related to the timeby Eq.  the fundamental frequency, of the Thomson scattering
(9). These trajectories depend anand on the phasé,. A spectrumEgs.(15) and(16)].

sample of the trajectories is shown in Fig. 1. Equatit)s

and (7) show thaty and B, are periodic functions o# with

period 2r. So is B, by virtue of Eq.(5). The period,T, of  |Il. PHASE DEPENDENCE OF THOMSON SCATTERING
this periodic(“figure-8”) motion is thus equal to the increase SPECTRUM

in t as d increases by 2. From Eq.(9), one obtaind o
We next calculate the radiation spectrum that results

from the electron acceleration. Once the electron displace-
mentr, and the normalized velocitg, are known, its radia-

. . _tion spectrum is given byin dimensional fornf?
Over one orbital periodT, the electron undergoes a net dis- -
e‘w

placement = (x4,0,25) wherex, is given by the increase in d?l _
Eq. (8) as @ increases by 2, dQdw 47c

2

a
T=2m 1+ - . (10)

1
E + Slr\2 Gm)

InNX[NXF(w)]|?, (13
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o _ 1.0
F(w)zf dt g(t)e'elt=mr(v/el, (14) o =0
0.8F +9.n=?f"4
Equation(13) gives the energy radiated by the electron in the I "
direction of the unit vecton, per unit solid anglé) per unit 06k "
frequencyw. Since B(t+T)=8(t) andr(t+T)=r(t)+rq .
(when written in dimensionless fopmone may show from g 04l
Eq. (14) thatF(w) consists of an infinite series of delta func- =
tion at the harmonics ob:
0.2}
Flw)= > Fpnd(o—Mmaoy). (15) 00 .
m=—o 0 1 2 3 4
a
Here, w, is the fundamental frequency of the radiation (a)
spectrunt It is related to the laser frequenay, by s
wg T—nerg’ 0.06 |
andF,, is a dimensionless vector given by
On+2m g0.04r
Fm:ﬂ in d6yBem2h(®), s
wo J o,
0.02}
t(#)—n-r(0)
M= 17
0 0.00 \ 1 1 ) ! L
5 6 7 - 8 9 10

In Egs. (16) and (17), T is given by Eg.(10) and r,
=(x0,0.20) is given by Egs(11) and (12). Note from Egs. (b)

(10) and (16) that, for the case of an ultraintense laser field

(largea), the fundamental frequenay; of the radiation de- FIG. 2. Dependence ab,/wg, the normalized fundamental frequency of
pends mostly ora. 6. andn. The radiation spectrum ex- Thomson backscattered radiation, on the normalized laser field strength,

$ e ) for various 6, .

tends to frequencies much lower than the laser frequency
wg. In fact, Egs.(16) and (10) show thatw, /wy~ 1/a? for ] .
a?>1. Figure 2 shows the dependence of the fundament&cattering spectrum peaks lw,, whereN is of ordera

frequencyw, in the backscattered directiom —z) as a =10 (not a>=1000). This is true for large regardless of
function ofa, for several values ofl,,. Here, we see that for the value off,. _ o
a=10, the fundamental frequenay, has a very large spread The electron’s orbital period is always larger than the

depending ord;,, but w; is only on the order of 1% of the laser’s optical period. The latter equals i the dimensjon-
laser frequencyw,. For small values of (a<0.3), Fig. 2 Iess_Eq.(lO). Because ofl’'s dependence o#8;,, the_re is a
shows thatw; approaches,, and the relative spread due to 'elatively large spread of for large values ofa [Fig. 2].
different 6,, is significantly less. Figure 3 is a three- This spread inT Iead; to a spread in the fundamenFaI fre-
dimensional plot, showing the dependence of the fundamerfiu€ncyw; of the radiation spectrurfcf. Eq. (16)]. At high
tal frequencyw, on the scattering direction.

Note that in the integral foF,, in Eq.(17), the integrand
is a periodic function ofg with period 2. Integrals of this
type are efficiently computed using the Romberg metfiod.
Figures 4a) and 4b) show that the Thomson scattering spec-
trum is not at integer harmonics of the laser frequency. In
fact, it depends on the pha#g even for thea=0.4 case as N Od )
shown in Fig. 4a). Note further that the Thomson scattering
spectrum in Fig. &) becomes exponentially small beyond
the third harmonic of the laser frequency. For large values of -1k
a [a=10, Fig. 4b)], the spectrum becomes almost continu-
ous, the underlying reason is that the fundamental frequency,
w1, is only about 1% of the laser frequenayg [Figs. 2 and Y
4(b)]. The dependence of the spectrum on the phisés -0.2 -0.2

apparent in_ Fig_. 5, Wher_e we extend the spectrum ofathe FiG. 3. Three-dimensional plot ab, /w,, whose value in any scattering
=10 case in Fig. ). Figure 5 shows that the Thomson direction is given by the numerical value of?+y?+2z?)*2 on the surface.

0.2
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ei‘=0' a=04 00014
183 | | 0.0012f
1E_8 i 1 1 1 i I 1 ' ] 00010 o
= 1 1. 2 3 4 5 8 7 8 9 10 = L
B 8,=n/3, =04 2 000081
21ES | % 0.0006 |
E‘I E_1D L '] i L Ia I i I [ BT J _E 0<0004 B
£ 0 2 3 4 5 6 7 8 9 10 £ oozl
8 =2/2, a=0.4 0'0000 L
1E-4 ) i
| | |14 0 10 20 30 40 50
1E-9 1 1 1 M 1 1 i 1 )
¢ 1 2 3 5 7 &8 9 10 ale,
(0!(00 (a)
@) 2.0x10"
8,=0, a=10 i
154 | | ‘ 1.5010% q ﬂ 9, =x/3, a=10
! i L L L 1 ﬂc‘ﬂ'\
000 005 010 0.15 020 025 030 = -
= 6, =a/3, a=10 @_’1A0x10 -
S 1E-7 =
D
2 1E9 ‘ | | ‘ §5.0x10“‘ -
§1E_11 1 1 l 1 ) - |
€ g00 005 010 015 020 025 030 0.0
- 8, =xf2, a=10 ot
1E‘6 L i 1 L 1 L 1
|| H‘ Q 10 20 30
1E-g 0|0| 0] lIJS 010 015 020 025 030 mlmo
. . . (ﬂ.}(ﬂo . . . (b)
(b)
2.5x10°
FIG. 4. Spectrum of Thomson backscattered radiati@fwt/4m2c)|n I
X (NXFy)|?, in ergls, assumingo=27c/wy=1 um. (a) a=0.4. From top 2 0x10% 0. =a/2, a=10
to bottom: 6,,=0, #/3, w/2. (b) a=10. From top to bottom: 6, o "
=0, w/3, /2. I A
81.5x10°}
= A
: . . . 21,0x10° F
harmonics ofw,, this spread is even more important, as g I
easily seen from Eq15). This spread off, however, is far “s5.0010°%
less important ifa®<1 [cf. Eq. (10)], and in this case, both I
the orbital frequency and the fundamental frequency of the 0.0}
radiation spectrum are close to the laser’s optical frequency. L L . L
Figure 4a) also shows that only the first few harmonics of 0 10 20 30
the laser frequency have appreciable scattered poweafor oo,
<1. ()

According to conventional wisdoft>? the photon- o _

energy €,) scaling of light that is relativistically Thomson FIG: 5. The extended spectra for the=10 cases in Fig. @), showing

. . .. peaks atw=Nw,, whereN=0(a) regardless ob,,. From top to bottom:
scattered should scale favorably with laser intensity,, _o " . '
EpleV]~a®/\, where), is the laser wavelength in mi- "~
crons. This implies that this mechanism might be used to
efficiently generate x rays from visible light whenis of  These qualitative results are anticipated from Gunn and
order 10. However, this study indicates that the scaling is faOstriker®
less favorable in the deeply relativistic regimgg[eV] Since the optical wavelength equals 2 the dimen-
~al\g (um), since the fundamental frequenay; ~1/a2. sionless Eq.11), the transverse displacement, in one
Compton scattering with a relativistic beam is thus morefigure-8 period is of order one optical wavelength far
effective than relativistic Thomson scattering in generating x~O(1). For largevalues ofa, attainable with a very small
rays because the light effectively acts as an undulator in thiaser spot size, an electron may be permanently displaced
former case but, as shown in this paper, not the latter caséefore it completes even one “figure-8” orbit.
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