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ABSTRACT

Delay is an important quality-of-service measure for the design of next-generation
wireless networks. This dissertation considers the problem of delay-limited commu-
nication over block-fading channels, where the channel state information is available
at the receiver but not at the transmitter. For this communication scenario, the
difference between the ergodic capacity and the maximum achievable expected rate
(the expected capacity) for coding over a finite number of coherent blocks represents
a fundamental measure of the penalty incurred by the delay constraint.

This dissertation introduces a notion of worst-case expected-capacity loss. Fo-
cusing on the slow-fading scenario (one-block delay), the worst-case additive and
multiplicative expected-capacity losses are precisely characterized for the point-to-
point fading channel. Extension to the problem of writing on fading paper is also
considered, where both the ergodic capacity and the additive expected-capacity loss
over one-block delay are characterized to within one bit per channel use.

The problem with multiple-block delay is considerably more challenging. This
dissertation presents two partial results. First, the expected capacity is precisely
characterized for the point-to-point two-state fading channel with two-block delay.
Second, the optimality of Gaussian superposition coding with indirect decoding is
established for a two-parallel Gaussian broadcast channel with three receivers. Both
results reveal some intrinsic complexity in characterizing the expected capacity with

multiple-block delay.
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1. INTRODUCTION

1.1 Motivation

In recent years, there has been an explosive increase in demands on the wireless
services with stringent quality-of-service requirements along with the rapid evolution
of wireless access technologies. This trend can be found in various wireless appli-
cations in our lives such as the real-time multimedia streaming on mobile devices.
One of the key measures of quality-of-service is delay. With delay limitation, wireless
channels may be faced with the capacity loss, which is mainly due to the time-varying
nature of wireless channels, so called fading. Understanding the impact of delay con-
straints on the overall performance of wireless channels is an interesting subject in
information theory.

Consider the discrete-time baseband representation of the single-user flat-fading

channel:

Y[t] = VG Xt + Z]t] (1.1)

where {X[t]} are the channel inputs which are subject to a unit average power con-
straint, {G[t]} are the power gains of the channel fading which we assume to be be
unknown to the transmitter but known at the receiver, {Z[t]} are the additive white
circularly symmetric complex Gaussian noise with zero means and unit variances,
and {Y[t]} are the channel outputs. As often done in the literature, we shall con-
sider the so-called block-fading model [1, Ch. 5.4.5] where {G[t]} are assumed to
be constant within each coherent block and change independently across different
blocks according to a known distribution Fg(-). The coherent time of the chan-

nel is assumed to be large so that the additive noise {Z[t]} can be “averaged out”



within each coherent block. Since both the power constraint and the noise variances
are normalized to one, the power gain G[t] also represents the instantaneous receive
signal-to-noise ratio of the channel.

The focus of this dissertation is on delay-limited communication for which com-
munication is only allowed to span (at most) a total of L coherent blocks where L
is a finite integer. In this setting, the Shannon capacity is a very pessimistic mea-
sure as it is dictated by the worst realization of the power-gain process and hence
equals zero when the realization of the power gain can be arbitrarily close to zero.
An often-adopted measure in the literature is the expected capacity [2—6], which is
defined as the maximum ezpected reliably decoded rate where the expectation is over
the distribution of the power-gain process.

The problem of characterizing the expected capacity is closely related to the
problem of broadcasting over linear Gaussian channels [2-6]. The case with L =1
represents the most stringent delay requirement known as slow fading [1, Ch. 5.4.1].
For slow-fading channels, the problem of characterizing the expected capacity is
equivalent to the problem of characterizing the capacity region of a scalar Gaussian
broadcast channel, which is well understood based on the classical works of Cover [7]
and Bergmans [8], and then finding an optimal rate allocation based on the power-
gain distribution. For L > 1, the expected capacity can be improved by treating each
realization of the power-gain process as a user in an L-parallel Gaussian broadcast
channel and coding the information bits across different sub-channels [3,9,10]. In
the limit as L — oo, by the ergodicity of the power-gain process each “typical”
realization of the power-gain process can support a reliable rate of communication

which is arbitrarily close to

Cerg(Fa) = Eg[log(1 + G)]. (1.2)



Thus, Cer4(F¢) is both the Shannon capacity (appropriately known as the ergodic
capacity [1, Ch. 5.4.5]) and the expected capacity in the limit as L — oc.

Formally, let us denote by C..,(Fg, L) the expected capacity of the block-fading
channel (1.1) for which the power-gain distribution is Fg(+), and communication is
allowed to span (at most) a total of L. coherent blocks. Then, as mentioned previ-
ously, the expected capacity Cepp(F, L) — Cepg(F) in the limit as L — co. As
such, the “gap” between the ergodic capacity Ce.4(F) and the expected capacity
Ceup(Fe, L) represents a fundamental measure of the penalty incurred by imposing
a delay constraint of L coherent blocks. Such gaps, naturally, would depend on the
underlying power-gain distribution. To be more general, we are interested in char-
acterizing the worst-case gaps over all possible power-gain distributions (including
both the power-gain realizations and the probabilities for each realization) with a
fixed number of different possible realizations of the power gain in each coherent
block.

In this dissertation, the impact of delay is investigated in several channel settings.

o Worst-cast expected capacity loss for one-block delay. Motivated by the recent
trend on wireless applications, the most stringent delay constraint L = 1 is
considered. For this slow-fading scenario (L = 1), the broadcast strategy [3]
provides the expected capacity Ce.,(F, 1) as a power allocation problem. In-
vestigating the power allocation problem, our focus is on precise characteriza-
tions of the worst-case additive and multiplicative gaps between the ergodic

capacity Ce,q(F¢) and the expected capacity Cegp(Fe, 1).

o Writing on block-fading paper. Here, an extension of the result for slow-fading
scenario to the problem of writing on block-fading paper [11-13] is considered.

For block-fading paper setting, the ergodic capacity remains unknown. Our



goal here is to characterize the ergodic capacity within a finite number of bits
per channel usage via an appropriate coding structure and to approximate the

worst-case capacity loss.

o Two-block delay. When the delay requirement is more than one coherent block
(L > 1), the expected capacity Ce,p(Fe, L) is in general unknown. The main
challenge there is on characterizing the capacity region of the L-parallel Gaus-
sian broadcast channel with a general message set configuration. To shed some
light on the problem with multiple-block delay, two different scenarios with
two-block delay are considered. One is the point-to-point two-state block fad-
ing channel with two-block delay, which is considered in [9]. Our focus here
is to establish a precise characterization of the expected capacity of the chan-
nel. Next, we consider a two-parallel Gaussian broadcast channel with three
receivers, which is related to multiple-state fading channels with two-block de-
lay. We focus on characterizing the entire capacity region by establishing the

optimality of Gaussian signaling along with the indirect decoding [14].

1.2 Dissertation Outline

The rest of the dissertation is organized as follows. Next in Chapter 2, the worst-
case gaps for one-block delay are precisely characterized. Key to the proof of the
worst-case gap results is an explicit characterization of an optimal power allocation
for characterizing the expected capacity Ce.,(Fg, 1), obtained via the marginal utility
functions introduced by Tse [15]. In Chapter 3, we extend the setting from the
point-to-point fading channel to the problem of writing on fading paper [11-13],
and provide a characterization of the ergodic capacity and the additive expected-
capacity loss over one-block delay to within one bit per channel use. In Chapter

4, the expected capacity of the point-to-point two-state fading channel with two-



block delay is precisely characterized with an optimal power allocation. In Chapter
5, the capacity region of a two-parallel Gaussian broadcast channel with degraded
message sets is precisely characterized. The characterization is based on optimality of
Gaussian signaling along with the indirect decoding [14]. In Chapter 6, we conclude

the dissertation with some remarks.



2. WORST-CASE EXPECTED CAPACITY LOSS FOR ONE-BLOCK DELAY*

2.1 Introduction

Consider the block-fading model (1.1) with the delay constraint of L coherent
blocks. As described in Chapter 1, the gap between the ergodic capacity Ce.4(F¢) and
the expected capacity Ceyp(Fe, L) represents a fundamental measure of the penalty
incurred by imposing a delay constraint of L coherent blocks. Obviously, such gaps
have strong dependencies on the underlying power-gain distribution. To have more
general understanding on the penalty, we consider the worst-case gaps over all pos-
sible power-gain distributions with a fixed number of different possible realizations
of the power gain in each coherent block.

More specifically, for the block-fading channel (1.1) with the power-gain distribu-
tion Fg(-), let us define the additive and the multiplicative gap between the ergodic

capacity and the expected capacity under the delay constraint of L coherent blocks

A(Fg, L) == Cerg(Fg) — Cep(Fe, L) (2.1)
and
M(Fg, L) = % (2.2)

respectively. Focusing on the slow-fading scenario (L = 1), we have the following
precise characterization of the worst-case additive and multiplicative gaps between

the ergodic capacity and the expected capacity.

*Reprinted, with permission, from J. W. Yoo, T. Liu, S. Shamai (Shitz), and C. Tian, “Worst-
Case Expected-Capacity Loss of Slow-Fading Channels,” IEEE Transactions on Information The-
ory, to appear, Copyright 2013 IEEE.



Theorem 1.

sup A(Fg, L) =log K (2.3)
Fg
and
sup M (Fg, L) =K (2.4)
Fo

where the supremes are over all power-gain distribution Fg(-) with K different pos-

sible realizations of the power gain in each coherent block.

The above results have both positive and negative engineering implications, which

are summarized below.

e On the positive side, note that both the ergodic capacity Ce.4(F¢) and the
expected capacity Ceyp(Fe, 1) will generally grow unboundedly in the limit as
the realizations of the power gain all tend to infinity. The difference between
them, however, will remain bounded for any finite-state fading channels (where
K is finite). Similarly, both the ergodic capacity Ce.4(F) and the expected
capacity Ceup(Fg, 1) will vanish in the limit as the realizations of the power
gain all tend to zero. However, the expected capacity Ce.p(Fe, 1) (under the
most stringent delay constraint of L = 1 coherent block) can account, at least,

for a non-vanishing fraction of the ergodic capacity Cerq(F¢).

e On the negative side, in the worst-case scenario both the additive gap A(Fg, 1)
and the multiplicative gap M (Fg,1) will grow wunboundedly in the limit as
the number of different realizations of the power gain in each coherent block
K — oo. Therefore, when K is large, delay-limited communication may incur
a large expected-rate loss relative to the ergodic scenario where there is no
delay constraint on communication. For continuous-fading channels where the

sample space of Fg(-) is infinite and uncountable, it is also possible that the

7



expected-rate loss incurred by delay constraints is unbounded.

On the other hand, one should not be overly pessimistic when attempt to interpret
the worst-case gap results (2.1) and (2.2). First, the above worst-case gap results
are derived under the assumption that the transmitter does not know the realization
of the channel fading at all. In practice, however, it is entirely possible that some
information on the channel fading realization is made available to the transmitter
(via finite-rate feedback, for example). This information can be potentially used
to reduce the gap between the ergodic capacity and the expected capacity [16, 17].
Second, for specific fading distributions the gap between the ergodic capacity and
the expected capacity can be much smaller. For example, it is known [3] that for
Rayleigh fading, the additive gap between the ergodic capacity and the expected
capacity over one-block delay is only 1.649 nats per channel use in the high signal-
to-noise ratio limit, and the multiplicative gap is only 1.718 in the low signal-to-noise

ratio limit, even though in this case the power-gain distribution is continuous.
2.2 Optimal Power Allocation via Marginal Utility Functions

To prove the worst-case gap results (2.1) and (2.2) as stated in Theorem 1, let
us fix the transmit signal-to-noise ratio 1 and the power-gain distribution Fg(-)
with K different possible realizations of the power gain in each coherent block. Let
g1, --.,9x be the collection of the possible realizations of the power gain, and let
pr = Pr(G = gr) > 0. Without loss of generality, let us assume that the possible

realizations of the power gain are ordered as

gL > go > - > g > 0. (2.5)
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Figure 2.1: A scalar Gaussian broadcast channel with degraded massage set.

With the above notations, the expected capacity Ce.p(Fg, 1) (under the delay con-
straint of L = 1 coherent block) is given by the maximum weighted sum-rate of the

scalar Gaussian broadcast channel with degraded massage sets in Figure 2.1 [3]:

K 148
ma’x(ﬂl s sBE) ZkZI Fk log ( 1+ka?g€];€ >

subject to 0= 8y < f <--- < B <1

(2.6)

where

k
Fr:=> p; (2.7)
j=1

Note that the optimization program (2.6) with respect to the cumulative power
fractions (f,...,BK) is not convex. However, the program can be convexified via

the following simple change of variable [15,18]

1+ Brgk )
= log [ —— R ) 1K 2.8
" g<1+ﬁk—1gk (28)

In the preliminary version of this work [19], this venue was further pursued to obtain

an implicit characterization of the optimal power allocation via the standard Karush-



Kuhn-Tucker conditions. Below we shall consider an alternative and more direct
approach which provides an explicit characterization of an optimal power allocation
via the marginal utility functions (MUFs) introduced by Tse [15].

Assume that gx > 0 (which implies that g > 0 for all k£ = 1,..., K), and let
ng = 1/gx for k = 1,..., K. Given the assumed ordering (2.5) for the power-gain

realizations {g1,...,gK}, we have

0<n <---<ng. (2.9)

Following [15], let us define the MUF's and the dominating MUF as

Fy,
= k=1,....K 2.10
uk’(z) ng + P ) ) ( )
and
u*(z) = e, ug(2) (2.11)

respectively. Note that for any k = 1,..., K, ux(z) > 0 if and only if z > —ny. Also,
for any two distinct integers k and [ such that 1 < k <1 < K, the MUF's ug(z) and

w;(z) has a unique intersection at z = z;; where

E I Fyng — Finy,
T TROR

= (2.12)
ng + 2k, n; + 2k,

Note that Fj, < F; and n, < ng, so we have z,; > ny. Furthermore, it is straight-
forward to verify that ug(z) > w(z) > 0 if and only if —ny < z < 2z, and
w(z) > ug(z) > 0 if and only if z > 2, (see Figure 2.2 for an illustration). For
the rest of this dissertation, the above property will be frequently referred to as the

single crossing point property of the MUFs.

10



—ny —nNg 0 2kl

Figure 2.2: The single crossing point property between the MUFs u(z) and w;(z)
for k < L.

We emphasize here that the aforementioned single crossing point property relies
on the fact that both sequences {n;} and {F;} increase monotonically with the
subscript k. Since this particular ordering was not specifically considered in the
MUFs defined in [15, Eq. (7)], next, instead of building on the results from [15], we

shall borrow the concept of MUF and establish our results from first principles. Let

us begin by defining a sequence of integers {my, ..., ms} recursively as follows.

Definition 1. First, let my = 1. Then, define

Tit1 '=Mmax |arg min 24|, i¢=1,...,1—1 (2.13)
l=m;+1,....K

where I is the total number of integers {m;} defined through the above recursive pro-

cedure.

11



Note that in the above definition, a “max” is used to break the ties for achiev-

ing the “min” inside the brackets, so there is no ambiguity in defining the integer

sequence {my,...,m}. Clearly, we have
l=m<m<---<7mr=K. (214)
Furthermore, we have the following properties for the sequence {2z, ry, Zrymss - - - s 20y 171 14

which are direct consequences of the recursive definition (2.13) and the single crossing

point property of the MUF's.

Lemma 1. 1. Foranyit=1,...,1 —1 and anyl =m; +1,..., K, we have

Zﬂ'i,ﬂ'i_‘_l S Zﬂ-iyﬂ'l‘ (2].5)

2. Foranyi=1,...,1 —2, we have

Zﬂ—i»ﬂ—iﬁ»l S Z7ri+1a7ri+2' (216>
3. Foranyi=1,.... ] —1and anyl=1,... 71 — 1, we have
Zﬂ'iyﬂ'i+l Z Zﬂ'l yTi++1 " (2 17)

Proof. Property 1) follows directly from the recursive definition (2.13).
To prove property 2), let us consider proof by contradiction. Assume that
Zpimivs > Zmiamis, for some i € {1,...,I —2}. By property 1), we have z, ., >

Zrimisn > Zmigmise- Following the single crossing point property, we have 0 <

U, (Zrymipe) < Umpso(Zmimiss) = U, (2mmp0)- Using again the single crossing point

12



property, we may conclude that —n., < 2z r.. < Zr,n.,- But this contradicts

the fact that 2, r,., > %5, ., as mentioned previously. This proves that for any

i=1,...,1 -2, we must have 2, ~.., < Zr, | 7.0

To prove property 3), let us fixi € {1,...,I—1}. Note that the desired inequality
(2.17) holds trivially with equality for [ = m;, so we only need to consider the cases
where l € {m; +1,...,m1—1}and l € {1,...,m — 1}

For the case where [ € {m; + 1,...,m41 — 1}, by property 1) we have —n,, <

Zn,, < Zn, x,- Following the single crossing point property we have 0 < w; (2, x,,,) <

Ti4+1 —
U, (Zrymi1) = Uy (Zmymp0 ), Which in turn implies that 2, -, > 217, .-

For the case where [ € {1,...,m — 1}, let us assume, without loss of generality,
that [ € {mp,...,Tpe1 — 1} for some m € {1,...,i — 1}. By the previous case we
have 2z, w1 = Zimme, and hence

0 <w(z) <t (2) V2> 20, .. (2.18)
Also note that
Uty 41 (Z) < u7rm+2<z) < < Umyiq (Z) Vz > m%%};gz R Mgt (2'19)
By property 2) we have
m_rﬂ%?g 2y = Amimien 2 P mm - (2.20)

Combining (2.18)-(2.20) gives 0 < w(2m;r,.1) < Ur,yy (%70, ), Which in turn implies
that zr, 0 > 215

Combing the above two cases completes the proof of property 3) and hence the

entire lemma. O

13



—np o0 21,3 23,4

Figure 2.3: An illustration of the dominating MUF. In this example, we have K =4
and z;3 < 212 < 214. Therefore, we have I = 3, m; = 1, mp = 3, and w3 = 4. The
dominating MUF u*(z) = uy(z) for z € (—ny, 213), u*(2) = us(2) for z € (213, 234),
and u*(z) = uy(z) for z € (234, 00).

The following proposition provides an explicit characterization of the dominating

MUF (see Figure 2.3 for an illustration).
Proposition 1 (Dominating marginal utility function). For any i = 1,...,I and
any z € (Zr,_ym» Zmimiyr ), the dominating MUF

u*(2) = ugr,(2). (2.21)
where we define zzy r = —ny and Zp, ., = 00 for notational convenience (even
though mo and 71 will not be explicitly defined).

Proof. Fixi € {1,...,I}. Let us show that u.,(2) > w/(2) forany z € (2z, |z, Zr, w101

by considering the cases [ > m; and [ < m; separately.

14



For | > m;, by the single crossing point property we have 0 < u;(2) < ug,(2)
for any —n,, < z < z;;. By property 1) of Lemma 1, for any [ > m; we have
Zpymipn < Zmy. Combined with the fact that zr, | », > —n., (the equality holds only
when i = 1 by the definition of 2z, ,, and the fact that 71 = 1), we may conclude
that for I > m;, ur,(2) > wi(2) for any z € (2x, , 7, Zmimiss)-

For | < m;, by property 3) of Lemma 1 we have 2., , ., > 2., and hence 0 <
w(2) < ug,(z) for any z > 2 | 5.

Combining the above two cases completes the proof of the proposition. n

Now, let (57, ..., 85) be an optimal solution to the optimization program (2.6).
Then, the expected capacity Ce,,(SNR, Fg, 1) can be bounded from above using the

dominating MUF as follows:

nk"’ﬂk

Coup(Fo,1) = ZFk <nk+6k 1) (2.22)
= Z/ﬁk | (2.23)

Z/ﬁk | (2.24)
= /,3 u*(2)dz (2.25)

IN

< /01 u*(2)dz (2.26)

where (2.24) follows from the fact that for any £ =1,..., K we have g} _; < f; and
ug(z) < u*(z) for all z, and (2.26) follows from the fact that g5 = 0, 85 < 1, and

u*(z) > 0 for all z > 0. The equalities hold if (57,..., 85) satisfies
u'(2) = ur(2) Yz € (F1, Br) (2.27)

15



forany £ =1,...,K and g} = 1.

Note that by property 3) of Lemma 1, we have

0. (2.28)

—N = Zrgm < Zmime S S Znp gy < Zmpmpg T

To proceed, let us define two integers s and w as follows.

Definition 2. Let s be the largest index i € {1,...,1} such that zy, , », <0 and let

w be the largest index i € {1,...,1} such that zr, | », < 1.

Clearly, we have 1 < s < w < I. Furthermore if s = w, we have

L o S0< 1< 2y S (2.29)

Ts4+1

and if s < w, we have

e S Zmg_1,ms S 0< Z7rs,7rs+1 S e S A1, <1 S Z7rw,7rw+1 S e (230)

Using the definition of s and w, we have the following explicit characterization of an

optimal power allocation.

Proposition 2 (An optimal power allocation). Assume that gx > 0. Then, an

optimal solution (55, ..., %) to the optimization program (2.4) is given by
0, for 1<k<my
Br = Zromis Jor m<k<miandi=s,...,w—1 (2.31)
1, for m, <k<K

Proof. Note that we always have [} = 1. Therefore, in light of the previous discus-

sion, it is sufficient to show that the choice of (55, ..., 5} ) as given by (2.31) satisfies

16



(2.27) for any k =1,..., K. Also note that for the choice of (2.31), we only need to
consider the cases where k = m; for i = s,...,w. Otherwise, we have 8;_; = B} so
the open interval (8;_;, 8;) is empty and hence there is nothing to prove.

Let us first assume that s = w. In this case, we only need to consider k = 7,
for which g;_, = 0 and 8; = 1. By Proposition 1, u*(z) = u.,(2) for any z €
(Zrs1mes Zromors)- BY (2.29), 2z, », < 0 and 2z; ., > 1. We thus conclude that
u*(2) = uy, (z) for any z € (0,1).

Next, let us assume that s < w. We shall consider the following three cases
separately.

Case 1: k = m,. In this case, §;_; = 0 and ] = 2, r,.,. By Proposition 1,
u*(2) = ug,(2) for any z € (2r,_, ros Zromers). By (2.30), 2r,_,~, < 0. We thus
conclude that u*(z) = u.,(2) for any z € (0, 2, x,.,,)-

Case 2: k= m; for some i € {s+1,...,w — 1}. In this case, 5;_; = 2, , ., and
B = Zr;mi,- By Proposition 1, u*(2) = ur,(2) for any 2z € (2x,_, xs Zmimis)-

Case 3: k = m,. In this case, 3;_; = 2, ., and S = 1. By Proposition 1,
u*(2) = Upi, (2) for any z € (Zry i rws Zrwress)- BY (2:30), 2rywo > 1. We thus
conclude that u*(z) = uy;, (2) for any z € (zz, | .rus 1)-

We have thus completed the proof of the proposition. O]

Note from (2.4) that the power allocated to the fading state g is given by [ —
Pr—1. Thus for the optimal power allocation given by (2.31), the “active” fading
states gx that are assigned to nonzero power (i.e., 85 > [;_;) are ms, Toi1, - - -, Tw,
i.e., gr, is the strongest active fading state, and g,,, is the weakest active fading state
(see Figure 2.4 for an illustration). This provides an operational meaning for the
integer sequence {my,...,m;} and the integers s and w defined earlier.

Building on Proposition 2, we have the following characterization of the expected
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Figure 2.4: An optimal power allocation obtained via the dominating MUF.

capacity Cezp(Fg, 1), which will play a key role in proving the desired worst-case gap

results (2.1) and (2.2). The proof mainly involves some straightforward calculations

and hence is deferred to Appendix A.

Proposition 3 (Expected capacity over one-block delay). Assume that gx > 0 and

let
rwt1 Fro
nn“’—JrF— for 1<k<m,
Ts Tw
A — Ny, +1 me—me71
ke Nrm =Ny, 1 F’Tl
1 for m <k<K.
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(2.32)



Then, the expected capacity Ceyp(Fe, 1) can be written as

Ce:cp(FGa ]-) (233)
K
= Zpk. log Ay (2.34)
k=1
F, - F. —F
=F. 1 Te E. —F. )] “fm T Tmol
% (nm) i m—zs—&-l( " " ) o8 (nﬂm - nﬂ'ml) "
Ng +1
F. 1 = . 2.35
g (M) (2.35)

2.3 Two Asymptotic Regimes

Before we formally prove the worst-case gap results (2.1) and (2.2), let us first
take a look at the nature of the optimal power allocation (2.31) in two asymptotic
regimes. As we shall see, these analyses provides some insight into why the worst-case
additive and multiplicative gaps are log K and K, respectively.

Our first asymptotic analysis is in the high receive signal-to-noise ratio regime

and is motivated by the concept of generalized degree of freedom [20,21]. Consider
gy =SNR"™, k=1,....K (2.36)

for some

r>re > > >0 (2.37)

where SNR can be made arbitrarily large. Fix {r;} and {ps}. For sufficiently large
SNR, by (2.12) we have

_ FSNR™"—FSNR™™*  F
B F — F, T FH-F

2kl SNR™ (238)
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for any 1 < k < < K. By the ordering (2.37), we have for sufficiently large SNR

F F
SNR™" <« — —F __gNR "+ 2.39
F, — F; Frg —Fy (2:39)
and hence
2kt < 2kt (2.40)

for any 1 <k <[ < K — 1. By the definition (2.13), we have I = K and m; = i for
all i = 1,..., K. Furthermore, by (2.38) we have 0 < z;, < 1 for sufficiently large
SNR. Hence, by Definition 2 we have s = 1 and w = K. We thus conclude that for
sufficiently large SNR all fading states gx, £k = 1, ..., K, are active fading states that

are assigned to nonzero power. By (2.35) the expected capacity over one-block delay

K
Fm_ m—1
Cowpy = Filog(F;SNR™ g F,, —F,_1)1 — —
D 1 Og( 1 >+ ( 1) og (SNR ™ _ §NR rm1> +

m=2
NR™ +1
Fy log (SR—+> (2.41)
Fi
K K
~ (Z pmrm> log SNR + Z D 10g D1 (2.42)
m=1 m=1
and by (1.2) the ergodic capacity
K
Cerg(F) = Zpk log(1 + SNR'™) = (Z pkrk> log SNR (2.43)
k=1 k=1
for sufficiently large SNR. Thus, for sufficiently large SNR the additive gap
A(Fg, 1) me log pm =: H(Fg) <log K (2.44)

for any {r,} and {py}, where H(F¢) denotes the entropy of the power-gain distribu-
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tion Fg(-), and the last inequality follows from the well-known fact that a uniform
distribution maximizes the entropy subject to the cardinality constraint. This sug-
gests that the worst-case additive gap may be log K.

Our second asymptotic analysis is in the low receive signal-to-noise ratio regime

and is motivated by the concept of channel capacity per unit cost [22]. Consider

gr = SNR, k=1,....K (2.45)

for some

o >0 > >ar >0 (2.46)

where SNR can be made arbitrarily close to zero. Fix {a4} and {p;}. For sufficiently
small SNR, by (2.12) we have

Fk&;l — F}O&lzl 1
F, — F SNR

2kl = (247)

for any 1 < k < [ < K. Note that for sufficiently small SNR we have z;; > 1
whenever it is positive. Thus, by Definition 2 we have w = s, i.e., the only active
fading state is g,,, for sufficiently small SNR. By (2.35) the expected capacity over

one-block delay
Ceap(Fg, 1) = Fr log(1 + o, SNR) =~ F, o, SNR (2.48)

and by (1.2) the ergodic capacity

Cerg(F) = Zpk log(1 + axSNR) ~ (Z pkozk) SNR (2.49)

k=1 k=1
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for sufficiently small SNR. By Lemma 1 and the fact that w = s we have

oy < 2y e LO0< T < 2p i < 2y (2.50)
for any 1 < k < 7y <l < K, which implies that
F7r50~/7r5 Z Fkak, Vk = 1,...,K. (251)

Thus, for sufficiently small SNR the multiplicative gap

K

M(Fg,1) ~ it Puo <Y 1= (2.52)

Fr an, —

for any {ax} and {px}, suggesting that the worst-case multiplicative gap may be K.
2.4 Additive Gap

To prove the worst-case additive gap result (2.1), we shall prove that

sup A(Fg, 1) <log K (2.53)
Fg

and
sup A(Fg,1) > log K (2.54)
Fa

separately.

Proposition 4 (Worst-case additive gap, converse part). For any power-gain distri-
bution Fg(-) with K different realizations of the power gain in each coherent block,
we have

A(Fg,1) <logK (2.55)
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Proof. Let us first prove the desired inequality (2.55) for the case where gx > 0. In

this case, by Proposition 3 the additive gap A(Fg, 1) can be written as

ng + 1
A(Fg,1) = Zpklog< k ) Zpklog/\k (2.56)

1
= Zpk log st . (257)
1 nkAk

We have the following lemma, whose proof is rather technical and hence is deferred

to Appendix B.

Lemma 2. Forany k=1,..., K, we have
1 1
Mo (2.58)
n g, Pk

Substituting (2.58) into (2.57), we have

A(Fg,1) < Z log (plk) = H(Fg) < log K. (2.59)

This proves the desired inequality (2.55) for the case where gx > 0.

For the case where gx = 0, let us consider a modified power-gain distribution
F/,(-) with probabilities p, = p for all &k = 1,...,K and g, = g¢x for all k =
1,..., K — 1. While we have gx = 0 for the original power-gain distribution Fg(+),

we shall let g} = € for some

F
0<e< min {—’“} . (2.60)
K-1
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By 2.12, this will ensure that

F /e —
Z;K:M>1, Vk=1,...,K — 1. (2.61)
’ 1-— Fk
By the definition of w’, 2/, < 1 so we must have 7, # K and hence 7/, <
w =17 T w!

K. By Proposition 2, this implies that g = (% _; so the fading state g} are

/%

assigned to zero power for the given power allocation (57%,...,0%). Hence, the

/% /%

given power allocation (8%, ..., f%) achieves the same expected rate for both power-
gain distributions F(-) and F/(+). Since (87, ..., f%) is optimal for the power-gain

distribution F((-) but not necessarily so for F(-), we have

Coezp(Fi, 1) > Coyp(FL, 1) (2.62)

On the other hand, improving the realizations of the power-gain can only improve

the channel capacity!, so we have

Cerg(FG) S Cerg(Fé). (263)

Combining (2.62) and (2.63) gives

A(Fg,1) = CerglFi) — Curpl(Fi, 1) (2.64)
< Corg(Fl) = Conyl(Fi, 1) (2.65)
= A(FL1) (2.66)
< logK (2.67)

!By the same argument, we also have Ceup(Fg,1) < Ceup(Fg, 1) and hence Ceyp(Fg,1) =
Cezp(Ff, 1), even though this direction of the inequality is not needed in the proof.
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where the last inequality follows from the previous case for which ¢f = e > 0. This
completes the proof for the case where gx = 0.

Combing the above two cases completes the proof of Proposition 4. O

Proposition 5 (Worst-case additive gap, forward part). Fiz K, and consider the

power-gain distribution F((;d)(~) with

K—k+1 _
) d dK k+1 1
gk = g & = ( 71 ) (2.68)
j=1

for some d > max[K —1,2] and uniform probabilities p, = 1/K forallk =1,... K.
For this particular parameter family of power-gain distributions, we have

lim A(FY 1) = log K. (2.69)

d—oo

Proof. For the given power-gain distribution F((;d), it is straightforward to calculate

that forany 1 <k <l < K

nptaze L —k+1 dE-t_—1 J“-F -1
Nk + 2k1+1 N I —k dE-I+1 1 gl-*+1 -1
l—k+1 d*-1
| —k dF_1

(2.70)

(2.71)

where the last inequality follows from the fact that d > 1. Since [—k > 1 and d > 2,

we have

(I—k+1)(d*—=1)— (1 —=k)(dF' -1
=[1—(—Fk)(d-1)]d"*—-1 (2.72)

< 0. (2.73)
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Substituting (2.73) into (2.71) gives

BRI <1 (2.74)
Ng + Zki4+1

which immediately implies that z;; < 2,41 for any 1 < k <1 < K. We thus have

I=Kandm=1iforalli=1,..., K. Since d > max{K — 1,2}, we have

(d—2)dX +d
g = —"———>0 2.75
b2 (d—1)g192 (2.75)

and
) _(K-D(d+d)-Kd _K-1
KoLE d(d + d?) d

<1 (2.76)

so by definition we have s = 1 and w = K. Thus, by the expression of Ay from (2.32)

we have
S K d)(1+d)
IV s o o)
= K.dsz}rS ’ k:277K
It follows that
. (1+ 55, ) d
% R (2.78)
1Ay (Tid) (1+a)
B K.dK+1+O(dK) (2.79)
- dE+1 10O (dK) ’
— K (2.80)
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in the limit as d — oo and

K—k+1 44 K—k+3
ny, + 1 <1+Zj:1 d]>d ’

A - K K—k+1 4 K—k+2 4 (2.81)
Tl (S ) (S5 ) 1+ a)
d2(K—k)+4 O d2(K—k)+3
_ K. +O( ) (2.82)
d2(K=k)+4 1 O (d?(K*k)‘F?))
- K (2.83)
in the limit as d — oo for any £ = 2 ..., K. A numerical example illustrating

the convergence of (2.80) and (2.83) is provided in Figure 2.5- 2.7. By (2.57), the

additive gap

K
+1
AFD 1) = S plo (”k ) 2.84
(F1) = D omlos (T (2.8)
5

— ;?bgl{ (2.85)
= logK (2.86)
in the limit as d — oo. This completes the proof of Proposition 5. O

Combining Propositions 4 and 5 completes the proof of the desired worst-case

additive gap result (2.1).
2.5 Multiplicative Gap

Similar to the additive case, to prove the worst-case multiplicative gap result
(2.2) we shall prove that
supp, M (Fg,1) < K (2.87)

and

supp, M (Fg,1) > K (2.88)
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Figure 2.5: A numerical example illustrating the convergence of (2.80) and (2.83).
In this example, K = 8 and d = 10.

separately.

Proposition 6 (Worst-case multiplicative gap, converse part). For any power-gain
distribution Fg(-) with K different realizations of the power gain in each coherent
block, we have

M(Fg,1) < K. (2.89)

Proof. Let us first prove the desired inequality (2.89) for the case where gx > 0. By
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Figure 2.6: A numerical example illustrating the convergence of (2.80) and (2.83).
In this example, K = 8 and d = 20.

definition the multiplicative gap M (Fg, 1) can be written as

M(Fg,1) ipklog(ﬂﬁ_:l) (2.90)
e —k:1 Co P d) .

We have the following lemma, whose proof is deferred to Appendix C.

Lemma 3. For any k=1,..., K, we have

pr log <—n’;+1>

Ce:vp(FG; 1) N (291)
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Figure 2.7: A numerical example illustrating the convergence of (2.80) and (2.83).
In this example, K = 8 and d = 300.

Substituting (2.91) into (2.90), we have
K
M(Fg,1) <) 1=K (2.92)
k=1

This proves the desired inequality (2.89) for the case where gx > 0.
For the case where gx = 0, we can use the same argument as for the addi-
tive case. More specifically, a modified power-gain distribution F((-) can be found

such that gy > 0, Ceyp(Ff, 1) = Cep(Fi, 1), and Cerg(Ff) > Cepg(F). Thus, the
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multiplicative gap

Cerg(Far)

M(Fg, 1) Con(For 1) (2.93)
Cerg(FG)

< WF;’;D (2.94)

= M(F[,1) (2.95)

< K (2.96)

where the last inequality follows from the previous case for which ¢} > 0. This
completes the proof for the case where gx = 0.

Combing the above two cases completes the proof of Proposition 6. O

Proposition 7 (Worst-case multiplicative gap, forward part). Fiz K, and consider

the power-gain distributions F((;d)(-) with

k
j=1
for some d > 0 and
dk
Y
forallk =1,..., K. For this particular parameter family of power-gain distributions,
we have
lim M(F 1) = K. (2.99)
d—o0
Proof. Note that for the given power-gain distribution F((;d),
&
2.100
ij ;{1 & ( )
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SO

gy= TR Vi<k<I<K. (2.101)

We thus have [ =2, 7 = 1, my = K, and s = w = 2. By the expression of A; from

(2.32), we have

A= L e K (2.102)

Nk

It follows that the expected capacity

1
C’exp(FC(, , Zpk log Ay, = log mK T+ ) (2.103)
k=1 K
We thus have
pelog () pulog (=)
L = (2.104)
Ce:cp(FG ) 1) log (ng_[id)
PrNx
> 2.105
Z T (2.105)
dk
= 5 (2.106)
S+
dk
U — 2.107
L (2.108)
in the limit as d — oo for any k = 1, ..., K, where (2.90) follows from the well-known
inequalities
e <log(l+z) <z, Vr>0, (2.109)

so we have log <”’“:1> > - 1+1

(”g“) < L. On the other hand, by Lemma
3

<1 (2.110)



for any £ =1,..., K. Combining (2.108) and (2.110) proves that

pilog (1)

— 7 (2.111)
d
Coap(F§ 1)

in the limit as d — oo for all k = 1,..., K. A numerical example illustrating the

convergence of (2.111) is illustrated in Figure 2.8- 2.10. By (2.90), the multiplicative

gap
M(FE 1) ZK:pk o <n2:1) il K (2.112)
G o) = @ - :
= Ca(FS" D) 3
in the limit as d — oo. This completes the proof of Proposition 7. O

Combining Propositions 6 and 7 completes the proof of the desired worst-case

multiplicative gap result (2.2).
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Figure 2.8: A numerical example illustrating the convergence of (2.111) is illustrated
in Figure 2.8- 2.10. In this example, K = 8 and d = 3.
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Figure 2.9: A numerical example illustrating the convergence of (2.111) is illustrated
in Figure 2.8- 2.10. In this example, K = 8 and d = 6.
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Figure 2.10: A numerical example illustrating the convergence of (2.111) is illustrated
in Figure 2.8- 2.10. In this example, K = 8 and d = 60.
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3. WRITING ON BLOCK-FADING PAPER*

3.1 Introduction

Consider the problem of writing on block-fading paper [11-13]:

Y] = G[H)(X[t] + S[t]) + Z[t] (3.1)

where {X[t]} are the channel inputs which are subject to a unit average power
constraint, {G[t]} are the power gains of the channel fading which are assumed to
be constant within each coherent block and change independently across different
blocks according to a known distribution Fg(+), {S[t]} and {Z[t]} are independent
additive white circularly symmetric complex Gaussian interference and noise with
zero means and variance INR and 1 respectively, and {Y[¢]} are the channel outputs.
The power gains {G[t]} are assume to be unknown to the transmitter but known at
the receiver and the interference signal {S[t]} are assumed to be non-causally known
at the transmitter but not to the receiver. Note here that the instantaneous power
gain G[t] applies to both the channel input X[t] and the known interference S[t],
so this model is particularly relevant to the problem of precoding for multiple-input
multiple-output fading broadcast channels.

As for the point-to-point fading channel (1.1) in Chapter 1, we are interested in
characterizing the worst-case expected-rate loss for the slow-fading scenario. How-
ever, unlike for the point-to-point fading channel (1.1), the ergodic capacity of the

fading-paper channel (3.1) is unknown. We first characterize the ergodic capacity

*Reprinted, with permission, from J. W. Yoo, T. Liu, S. Shamai (Shitz), and C. Tian, “Worst-
Case Expected-Capacity Loss of Slow-Fading Channels,” IEEE Transactions on Information The-
ory, to appear, Copyright 2013 IEEE.
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of the fading-paper model (3.1) to within in one bit per channel use. As we will
see, this will also lead to a characterization of the additive expected-capacity loss to

within one bit per channel use for the slow-fading scenario.
3.2 Ergodic Capacity to within One Bit

Denote by C’gj’g(INR, Fg) the ergodic capacity of the fading-paper channel (3.1)

with transmit interference-to-noise ratio INR, and power-gain distribution F(-). We

have the following characterization of C/E (INR, F) to within one bit.

erg

Theorem 2. For any transmit interference-to-noise ratio INR, and any power-gain
distribution Fg(-), we have

Corg(Fg) —log2 < CIP (INR, Fg) < Copy(Fg) (3.2)

erg

where Cerq(Fg) is the ergodic capacity of the point-to-point fading channel (1.1) of
the same signal-to-noise ratio and power-gain distribution as the fading-paper channel

(3.1).

Proof. To show that C/? (INR, Fg) < C.,,(Fg), let us assume that the interference

erg

signal {S[t]} are also known at the receiver. When the receiver knows both the power
gain {G[t]} and the interference signal {S[t]}, it can subtract {1/G[t]S[t]} from the
received signal {Y'[t]}. This will lead to an interference-free point-to-point fading
channel (1), whose ergodic capacity is given by Ce,.4(F¢). Since giving additional
information to the receiver can only improve the ergodic capacity, we conclude that

CIP (INR, Fg) < Cerg(Fg).

erg

To show that C/2 (INR, Fiz) > Cerg(Fg) — log 2, we shall show that

R =E¢ [(logG)*] (3.3)
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is an achievable ergodic rate for the fading-paper channel (3.1), where % := max(z, 0).
Since

(logG)™ > log(1 + G) — log 2 (3.4)

for every possible realization of G, we will have

CIP(INR, Fg) > Eg[(logG)'] (3.5)
> Egllog(l+ G)] —log2 (3.6)
= Cery(Fg) —log2. (3.7)

To prove the achievability of the ergodic rate (3.3), we shall consider a commu-
nication scheme which is motivated by the following thought experiment. Note that
with ideal interleaving, the block-fading channel (3.1) can be converted to a fast-
fading one [1, Ch. 5.4.5] for which the power gains {G[t]} are independent across
different time index ¢t. Now that the channel is memoryless, by the well-known result

of Gel’fand and Pinsker [23] the following ergodic rate is achievable:
R = max [J(U; VG(X +8) + Z|G) — I(U; ) (3.8)

where U is an auxiliary variable which must be independent of (G, Z). An optimal
choice of the input-auxiliary variable pair (X, U) is unknown [11,12]. Motivated by

the recent work [24], let us consider
U=X+S5 (3.9)

where X is circularly symmetric complex Gaussian with zero mean and variance P

and is independent of S. For this choice of the input-auxiliary variable pair (X, U),
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we have

I({U;VG(X 4 S) + Z|G) — I(U; S) (3.10)
= E¢[log(1 + G(1 + INR))] — log (1 + INR) (3.11)
> E¢[log(G(1 + INR))] — log (1 + INR) (3.12)
> Eqlog G]. (3.13)
This proves that
R = {E¢[log G]}* (3.14)

is an achievable ergodic rate for the fading-paper channel (3.1).

Note that even though the achievable ergodic rate (3.14) is independent of the
transmit interference-to-noise ratio INR, it is not always within one bit of the
interference-free ergodic capacity Ce,4(F¢). This is because when G < 1, we have
log G < 0, i.e., the realizations of the power gain which are less than 1 contribute neg-
atively to the achievable rate (3.14). By comparison, the realizations of the power
gain never contribute negatively (but possibly zero) to the achievable rate (3.3).
Next, motivated by the secure multicast code construction proposed in [25], we shall
consider a separate-binning scheme which allows opportunistic decoding at the re-
ceiver to boost the the achievable ergodic rate from (3.14) to (3.3).

Fix € > 0 and let (U, X) be chosen as in (3.9). Consider communicating a message
W e {1,..., e} over L coherent blocks, each of a block length T, which we assume
to be sufficiently large.

Codebook generation. Randomly generate L codebooks, each for one coherent
block and consisting of eTe(LEHUS)+) codewords of length T.. The entries of the

codewords are independently generated according to Py. Randomly partition each
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Codebook 1 Codebook 2 Codebook L

Bin 1 Bin 1 Bin 1
Bin 2 Bin 2 Bin 2
Bin elTel Bin eLTeR Bin elTeR

Figure 3.1: The codebook structure for achieving the ergodic rate (3.3). Each code-
word bin in the codebooks contains codewords.

LT, Te(I(U;S)+e

codebook into eX7¢f bins, so each bin contains e ) codewords. See Fig. 3.1
for an illustration of the codebook structure.

Encoding. Given the message W and the interference signal St7= := (S[1],..., S[LT.]),

the encoder looks into the Wth bin in each codebook [ and tries to find a codeword
that is jointly typical with S*, where S/* := (S[(l — 1)T.+1],..., S[IT.]) represents
the segment of the interference signal S“”¢ transmitted over the ith coherent block.
By assumption, 7. is sufficiently large so with high probability such a codeword can
be found in each codebook [26]. Denote by U, := (U[(l — 1)T. +1],...,U[IT.]) the
codeword chosen from the [th codebook. The transmit signal X/ := (X[(I — 1)T, +
1],..., X[IT,]) over the Ith coherent block is given by X;'© = U® — S}*.

Decoding. Let G; be the realization of the power gain during the /th coherent
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block, and let
L:={l:I(U;/G(X+S)+ Z)—1(U;S) > 0}. (3.15)

Given the received signal YT := (Y[1],...,Y[LT.]), the decoder looks for a code-
word bin which contains for each coherent block [ € L, a codeword that is jointly
typical with the segment of Y £7¢(L) received over the [th coherent block. If only one
such codeword bin can be found, the estimated message W is given by the index of
the codeword bin. Otherwise, a decoding error is declared.

Performance analysis. Note that averaged over the codeword selections and by
the union bound, the probability that an incorrect bin index is declared by the

decoder is no more than

H Te(l(UsS)+e) | o =Te(I(UVGUX+S)+2)—e)
lel
— o Te XieL[[UWGI(X+8)+2)~1(U;S)~2¢] (3.16)

Thus, by the union bound again, the probability of decoding error is no more than

oTeLR | = Te Yiee[[UNGI(X+8)+2)—1(U;S)—2]

— o T S [[UNGIUX +8)+2)~1(UsS)~2¢] - LR} (3.17)

It follows that the transmit message W can be reliably communicated (with expo-

nentially decaying error probability for sufficiently large T.) as long as

3 [I(U; VGIX +8)+2Z) — I(U; 8) — 26] “LR>0 (3.18)

lel
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or equivalently

R< %; [J(U; VGIX +8)+ Z) — I(U; 8) — 2] . (3.19)
Note that
23 [ VE(X +8) + 2) - 1(0:5) — 2]
leL
- % (U /Gi(X +S) + Z) — I(U;S)] - ﬁe (3.20)
lec )
> 2 S [HU VG +8) + 2) ~ 1(0:5)] — 2 (3.21)
lec i
— % Z :[(U; VGI(X +8)+ Z) — I(U; S): "o (3.22)
> %Z(log Gt — 2 (3.23)

where (3.21) follows from the fact that |[£| < L, (3.22) follows from the definition
of £ from (3.15), and (3.23) follows from (3.13). Finally, by the weak law of large

numbers,

% Z(log G)" — Eg [(log G)ﬂ (3.24)

in probability in the limit as L — oo. We thus conclude that (3.3) is an achievable
ergodic rate for the fading-paper channel (3.1).

We have thus completed the proof of Theorem 2. n

The following observations are now in place. First, the boost of the achievable
rate from (3.14) to (3.3) is mainly due to opportunistic decoding used by the re-
ceiver, which ensures that the realizations of the power gain which are less than 1

do not contribute negatively to the achievable rate. Second, the separate-binning
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scheme takes advantage of the block-fading nature and does not apply to the fast-
fading scenario. Finally, the nature of the separate-binning scheme is such that the
interference signal S[t] within each coherent block only needs to be made available
to the transmitter at the beginning of the block and not necessarily at the start of

the entire communication.
3.3 Additive Expected-Capacity Loss to within One Bit

Let C/P (INR, Fg, L) be the expected capacity of the fading-paper channel (3.1)

exp

under the delay constraint of L coherent blocks, and let

A'P(INR, Fg, L) := CI? (INR, Fg) — C/P (INR, Fg, L) (3.25)

erg erp

be the additive gap between the ergodic capacity C/P (INR, Fi;) and the expected

erg

capacity C/? (INR, Fi, L). We have the following results.

exp

Theorem 3. For any transmit interference-to-noise ratio INR and any power-gain

distribution Fg(+), we have

A(Fg,1) —log2 < A'P(INR, Fg, 1) < A(Fg, 1). (3.26)

Proof. We claim that for any transmit interference-to-noise ratio INR > 0 and any

power-gain distribution Fg(+), we have

CI? (INR, Fg, 1) = Copp(Fe, 1). (3.27)

erp

Then, the desired inequalities in (3.26) follow immediately from the above claim and
Theorem 2.

To prove (3.27), let us consider the following K-user memoryless Gaussian broad-
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cast channel:

Vi=vor(X+9)+2Z k=1 K (3.28)

where X is the channel input which is subject an average power constraint, S and
Z are independent additive white circularly symmetric complex Gaussian interfer-
ence and noise, and g, and Y} are the power gain and the channel output of user k,
respectively. The interference S is assumed to be non-causally known at the trans-
mitter but not to the receivers. Similar to the interference-free (scalar) Gaussian
broadcast channel, the broadcast channel (3.28) is also (stochastically) degraded.
Furthermore, Steinberg [27] showed that through successive Costa precoding [26] at
the transmitter, the capacity region of the broadcast channel (3.28) is the same as
that of the interference-free Gaussian broadcast channel. We may thus conclude that
the expected capacity Cgfp(INR, Fg, 1) of the fading-paper channel (3.1) is the same
as the expected capacity C.,p(Fe,1) of the interference-free point-to-point fading

channel (1.1) of the same power-gain distribution Fg(+). This completes the proof of

Theorem 3. O
Combining Theorems 1 and 3 immediately leads to the following corollary.

Corollary 1.

log(K/2) < sup AP(INR, Fg,1) <log K. (3.29)
INR,Fa

where the supreme is over all transmit interference-to-noise ratio INR and all power-
gain distribution Fg(-) with K different possible realizations of the power gain in each

coherent block.
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4. TWO-STATE BLOCK-FADING WITH TWO-BLOCK DELAY

4.1 Introduction

Consider the block-fading channel with a delay constraint of two blocks and two

possible power gain realizations at each coherent block given by
Yi[t] = Xi[t] + Zi[t], i=1,2 (4.1)

where {X;[t]} and {X;[t]} are the channel inputs during block 1 and 2, which are
subject to the unit average total power constraint

1

o 2 (Xl + 1 Xa[)?) <1 (4.2)

t=1

and {Z1[t]} and {Z,[t]} are independent additive (complex) white Gaussian noise.
For each block, there are two possible realizations for the noise variance: with prob-
ability p the noise variance is 0% and with probability 1 — p the noise variance is 0%
where 0 < 0% < 02.

In [9], Whiting and Yeh characterized the expected capacity of the channel (4.1).
However, their result on the expected capacity is, in fact, incorrect due to a wrong
expression for the expected rate in their converse proof. This issue in [9] was noticed
in [10]. Here, we characterize the expected capacity of the channel, which is strictly
greater than the expected rate provided in [9]. An optimal power allocation is also
characterized via marginal utility functions (MUFs) [15].

Let Z;z and Z;;, denote Z; with the noise variance 0% and o? respectively. As

described in [9], there are four possible states of the received signal at the receiver,
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which are (Yig, Yan), (Yim, Yor), (Yir, Yor), and (Yir, Y1) where

Yin = Xi+Zig (4.3)

for © = 1,2. Note here that there are relationships between the possible states as

(Y1L,Y2L) — (Y1H,Y2L) — (YlH,YzH) (45>

(Yiz,Yor) — (Yiz,Yenw) — (Yim, Yonm).
From the relationship (4.5), without loss of generality, we may consider a set of
five independent messages {Wrr, Wo, Wy, Wiy, Wur} where Wy, is intended for
(Y1, Yir), {Wrp, Wo, Wy} are intended for (Yiy, Yar,), {Wrr, Wo, Wrg } is intended
for (Yir, You), and {Wyrr, Wo, Wy, Wy, Wy} are intended for (Yig, Yoi). We thus
have a parallel Gaussian broadcast channel with the message set {Wpr, Wo, Wy, Wrg, Wrn},
which is equivalent to the channel (4.1) as illustrated in Figure 4.1. Based on the
equivalent broadcast channel, the expected capacity of the channel (4.1) across two

coherent blocks is characterized in the following theorem.

Theorem 4. The expected capacity Ceyy, of the Gaussian block fading channel (4.1)

across two coherent blocks is given by

2 1 2
Ceap = max {plog (51;—201{) +log< L ) +

H 52"‘0%

2 2
-97) (e (52g) s ()|
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N(0,57)

N(O,c; -c2)
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——————»{ Transmitter . N v Receiver 1 = W,
SIS N i >
N(0,5}) N©,07 —c})
Receiver 2 [ (7,17,
>
Receiver 3 (> (7,17,
Receiver 4 > (7,.)7,
Figure 4.1: An equivalent Gaussian product broadcast channel.
Compared to the expected rate in [9], we can achieve
2
2 b1+ oy
(p—p)log (—02 )

extra expected bits per channel use.
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4.2 Proof of the Main Result

Note that the expected achievable rate E[R] of the channel (4.1) for coding over

two blocks is given by:

E[R] = p*(Rgy + Rur + Rog + Ro+ Rup) +p(1 —p)(Ryr + Rop + Ro) +
p(1 —p)(Rem + Rep + Ro) + (1 — p)*Ryy
= p*(Rum + Rur + Ren) + p(1 — p)(Rur + Rem) +
(P* +2p(1 = p))Ro + Rrr
< (P*+p(1 —p)(Run + Rur + Rew) + (0° + 2p(1 — p))Ro + Ry

= p(Ruyw + Ryr + Rep) + (2p — p*)Ro + Rir. (4.8)

where Ryy, Ry, Ry, Ry, and Ry, denote achievable rates of the messages Wy,

Wyr, Wi, Wy, and Wi, respectively.
4.2.1 The Converse

By Fano’s inequality, we can bound each term on the right-hand side of (4.8) as:

2N(RHH + Ry + Ry — 6)
= HWug, Wy, Wrg) —2Ne
< I(Wawr, W, W Y, Yoy [Wo, Wir)

= h(Y{, Y35 Wo, Wir) — bV, Y Wi, W, Wi, Wo, Wir),
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QN(RO - 6)

H(W,) — 2Ne

IN

min {I(Wo; Y Y W), I(Wo; Vi, YQJI\HWLL)}

1 1
5 T(Wo; Y, Yr W) + §[(W0; YL Y Wi)

IN

1 1
§h(Yf}Q, YH | Wir) — §h(Y1]1V{= Yo [Wo, Wir) +

1 1
Eh(le]IV% YvZJ\L[’WLl) - §h<)/rljl\ga YVZIX‘W(b WLL)

and

2N(RLL_€) = H(WLL)—QNE
< I(WirsYil, Yar)

where € — 0 in the limit as N — oco. Thus, from (4.8), the expected rate E[R] can

be bounded from above as

IN (B[R] - (3~ + 1))
< p [M(Y, Yy Wo, Wer) — (Y Y3 Wam, W, Wog, Wo, Wii)| +
= 59 ) (WY YEEIWLa) — WO VAW, W)+
h(YT, Yoy W) — h(Y{Y, Yo [Wo, Wip)] +

[h(Y1], Yay) — (YiL, Yar [Wip)] - (4.9)
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Equivalently, we have

2N (E[R] — (3p — p* + 1)e)
< p [R5 IWo, Wir) + h(Yap Yy, Wo, Wip)—
lejl\gv Y Wan, Wi, Weg, Wo, Wer)| +
(b= 5 ) (O IWs) + AOZEIY . Wi) -
(h(Y5IWo, Wrp) + (Y |Yis, Wo, W) +
(h(YTIWiL) + h(Yap Yy, Wer)) —
((

hY{Y [ Wo, Wir) + MY Y, Wo, Wip))] +

(Y1) Y5)) = (R(YE W) + RO YT, W)

Note from the Markov relationship
Yip =iy — X7, X9} — Yop — Yo

that
h(Yoy |Werr, Yii) < h(Ys] (Wi, YiY)

and

h(YVQJI\‘TI|WOa WLLa Y?XI) < h(YVQJJ\‘TI|WOa WLLa Y?Z)
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We thus have

2N (E[R] — (3p — p* + 1)e)
< (YN, YS)) — ph(Y 5 Y W, Warr, Wi, Wo, Wrr) +
1 1
(p — 5]92) (Y| Wer) — (1 —-p+ 5]92) h(Y{T|Wr) +

1 1
PO W) — (b= %) RGN, W) +

1 1
(p= 57 ) mO38IWiL YD) = (1= 9 ) ORI V) +

1 1
PRGN Wir YD) — (v 37 ) BOZIW o V). 01
Note that
h(}qj}g, YYZJI\HWHH, WHL; WLH, Wo, WLL) =2N log (7‘(‘60‘?{) . (412)

Furthermore, by the power constraint (4.2) we have

N

1

_NZ X0 [t]” + [ X[t)?) | < 1.
t=1

Hence, without loss of generality we may assume that

1 N
_NZ (X[t =6, i=1,2
t=1

where 0; > 0, 0, > 0, and 07 + 6, < 1. It follows that

[\

2
WYL Y50 <) h(yy Z log (me(20; + 01)) . (4.13)
=1
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Further note that

Nlog (meo]) = h(YY|Wan, Wrr, W, Wo, Wir)

IN

h(Y{ [Wo, Wer)

IN

WYL Wer)

IN

h(Yi7)

IN

Nlog (me(261 + 07)) ,
so there exist " and 8" such that 0 < g < g < 1,
MY W) = Nlog (me(260,85 + %)) (4.14)

and

AV Wo, Wit) = Nlog (me(20,8 + 03)) (4.15)

By the conditional entropy power inequality, we have

Nlog (me(208” +01)) = h(¥{|Ws)

> Nlog <2Nh(Y1]¥{\WLL) + Te(o? — alzq))
and

Nlog (me(20,8" + o3)) = (YK [Wo, Wiy)

> Nlog (QNh(YIJ}IJ‘WO’W“) + me(o7 — a%)) .

Equivalently,

WYY W) < Nlog <7re(2615§” n aé)) (4.16)
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and

PYDSWo, Wiz) < Nlog (re(2018" + %)) . (4.17)

Similarly, note that

N log (71'60'%) = h(YéJX|WHH,WHL,WLH7WOaWLLa§/1]I\;)

IN

h<Y2]X|WOa WLLa YVIJI\ZI)

VAN

h(YQJ}”WOa WLLa YVIJX)

IN

h<}/2]X|WLL7 }/1]}/[)

IN

h(Yay)

IN

Nlog (me(26, + 07))
so there exist ﬁ?) and 552) such that 0 < 552) < 552) <1
h(Ysy W, YiY) = Nlog <”€(2925§2) + 0'%)) (4.18)

and

RV W, Wi, Vi) = Nlog (me(20:8 + %)) (4.19)

By the conditional entropy power inequality, we have
POV Wi, YY) < Nlog (me(26,68" + o)) (4.20)

and

RYB5 W, Wi, V) < Nlog (me(20:8 + o)) (4.21)
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Block 1 Block 2

ﬂ 1 WHL WLH

,Bz o ﬂl W

1_ﬁ2 WLL

Figure 4.2: A three-layer superposition coding scheme for broadcasting over two
coherent blocks

Substituting (4.12)—(4.21) ino (4.11), dividing both sides of the inequality by 2N,

and letting N — oo, we have

(61,02, ,65",57 58

where

1 20,85 + 52 20,8 + 52
(p — —p2) log % + log % (4.23)

2 20,5," + 0% 20,6," + o3
for i = 1,2. Using the “super code” argument provided in [9], it can be shown
that without loss of optimality, we may assume that ¢, = 65 = 1/2. Once we fix
01 = 0y = 1/2, by the symmetry of R; and Ry we may assume without loss of

optimality that ﬁfl) = ﬁfz) = [, and Bgl) = ﬁéz) = (5. This completes the proof of

the converse part of the theorem.
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4.2.2  Achievability

The expected rate on the right-hand side of (4.6) can be achieved by a three-layer
superposition coding as illustrated in Figure 4.2. The power allocations, from the
bottom to the top layers, are given by 1 — (5, 8o — (1, and i, respectively. The

bottom layer is used to encode the message Wy and is of a total rate

1+a%>
lo .
g(ﬁfrff%

It can be either a joint codebook or two separate codebooks, each for one coherent

block. The middle layer is used to encode the message Wy and is of a rate

1 B+ 0% 1 By + 02
—log | =—= )+ =1o .
2 g(ﬂl—i-()'%{ 2 & Bl—i-a%

It must be a joint codebook as it needs to be decodable when the received signals

are either (Y1, Yar) or (Yir, Yam). The top layer consists of two separate codebooks,

one for each coherent block and of a rate

1 2
~ log <M+%) _
2 oy

One of them is used to encode the message Wy, and the other is used to encode the
message Wy g. No power is allocated to encode the message Wy, It is straightfor-
ward to verify that the achievable expected rate of the above scheme is indeed given
by the right-hand side of (4.6). This completes the proof of the achievability part

and hence the entire theorem.

Remark 1. By comparison, the coding scheme considered in [9] is also a three-layer

superposition coding scheme for which the bottom and the middle layers are the same
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as those considered in this dissertation. The difference is in the top layer, which uses
a joint codebook to encode the message Wyp. Such a coding scheme is apparently
inferior to the coding scheme considered in this dissertation, as the top layer is not
decodable when the received signals are either (Y1g,Yar) or (Yir, Yan), resulting a net
loss of

(p—p*)log (ﬁlj—f%{)

H

bits in expected rate.

4.3 Optimal Power Allocation

In the following proposition, an optimal power allocation for the expected capac-

ity (4.6) is explicitly characterized.

Proposition 8 (An optimal power allocation). An optimal solution (55, s5) to the

optimization problem (4.6) is given by

Bi‘:min{((l_“‘p))"%_<1+(1_p))°'%’)+,1} (4.24)

2(1—p)

and

N e Ol A (Rt ) s A
B = {( o7 ) ,1}. (4.25)

Proof. Let us rewrite the expected capacity the expected capacity (4.6) as

_ I+gp
Cezp = o nax [plog(1+gH61)+10g (—1+gLﬁz> +

1 1+ gu /B 1+ 915
(p - §p2) <log <1 + 9Hﬁl> +log (1 + 9L51>)] (4.26)

where gy := 1/0% and g1, := 1/0% and thus g; < gg. The optimal solution (3, 3;)

of the maximization problem in (4.26) can be obtained by considering MUFs [15].
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Following [9], let us define the MUF's as

gu

() = p (.27
2
D 9H gr

— _2 4.2

ta(?) ( 2) (1+9HZ+1+9LZ> “28)
gL
= 4.29
w(s) = (1.29)
and the dominating MUF' as

u*(z) = max w(2). (4.30)

It is easy to see that MUFs wu;(2), ua(z), and uz(z) have the single crossing point
property as MUFs defined in Chapter 2. Clearly, ui(z) and uy(z) have a unique

intersection at z = z; where

(1-1=p)gu — 1+ (1 —=p)gL
2(1 = p)gugL '

Providing that z; > 0, u;(2) > us(2) if and only if 0 < 2z < z; and u(z) < ug(z2) if
and only if z > z;. Similarly, us(2) and us(z) have a unique intersection at z = zo

where
(1= =p)*)gn — 1+ (1 =p)")gr

Z =
? 2(1 —p)?9m9L

(4.32)

Assuming that zo > 0, us(z) > ug(z) if and only if 0 < 2z < 2z and uy(2) < ug(z) if
and only if z > 29. Note here that each of the MUFs can dominate the others on a

single interval at most within [0, 1] and that z; < 25 since g, < gy. Thus, we can
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rewrite the dominating MUF u*(2) for z € [0, 1] as

ui(z), for 0<z<min{z, 1}
u(2) = wuy(z), for min{z 1} <z < min{z, 1} (4.33)

uz(z), for min{z 1} <z <1

where (-) := max{-,0}.

Now, we have

1+
Oexp = plOg (1 + gHﬂf) + lOg <—gL) +

1+ g.53
2 * *
p 1+9Hﬁ2> (1+9L62))
- — log| ————— | +log | —————— 4.34
<p 2>< g(l‘i‘gHﬁf & L+ gLBy (4.54)
By 1
= / p- gn dz+/ 9L dz +
0 1 + g~z 8% 1 + gLz
/B{2 ( = p—Q) ( L )dz (4.35)
B 2 1+guz 14912
3 Bf
= Z/ w(z)dz (4.36)
=1 By
1
< / u*(2)d (4.37)
0

where [y := 0 and f5 := 1. Note here that the inequality (4.37) holds with equality

if and only if 87 = min{z{", 1} and 8 = min{z;, 1}. Therefore, we have

1
Cozp = / u*(z)dz (4.38)
0
with the optimal power allocation

S A (e )l e S S D) AN
b= { ( 2(1 = p)gngr ) ’ 1} (439
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and

2(1 —p)?gugrb

8 — min { <<1 —(L=p)Hgu - (140 —p>2>gL)+ | 1} )

This completes the proof of Proposition 8. O
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5. THE CAPACITY REGION OF A PRODUCT GAUSSIAN BROADCAST
CHANNEL WITH DEGRADED MESSAGE SETS*

5.1 Introduction

Broadcast is a fundamental nature of wireless communication: any receiver within
the transmission range can listen to the source and potentially decode some of the
messages. With appropriate coding architecture, the broadcast nature of wireless
communication can be used to the advantage of simultaneously transmitting to sev-
eral receivers at high rates. Understanding the limits and the appropriate coding
architectures that can harness the broadcast advantage of wireless communication is
an important subject of network information theory [28].

Most of the previous work focused on one of the following two scenarios:

1. to deliver the same messages to each of the receivers, usually known as the

multicast problem; and

2. to deliver completely distinct messages to different receivers, namely the private

message problem.

Formally, the distinction between these two broadcast scenarios can be identified by
the configurations of the message sets associated with each of the receivers. For the
multicast problem, the intended message sets for each of the receivers are identical.
For the private message problem, the intended message sets for each of the receivers
are mutually exclusive. Clearly, the appropriate coding architecture depends on the

configurations of the message sets.

*Reprinted, with permission, from J. W. Yoo, T. Liu, and Y. Liang, “The capacity region of a
product Gaussian broadcast channel with degraded message sets,” in Proc. 5th International ICST
Conference on Communications and Networking in China, Beijing, China, August 2010, Copyright
ICST.
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Figure 5.1: Broadcast channel with degraded message sets.

Between these two “extreme” broadcast scenarios, the multicast and the private
message problems, there is a rich collection of “intermediate” problems with message
sets of interesting configurations and significant engineering appeal. A good example
is the degraded message set problems first considered in [29], which can be used
to model broadcast scenarios with a progressively encoded source and receivers of
different quality-of-service requirement.

Fig. 5.1 illustrates a general discrete memoryless broadcast channel with degraded
message sets. The transmitter has a total of K independent messages (M7, My, ..., Mk).
Each of the K receivers demands a subset of messages from the transmitter. The

message set Sy intended for receiver k is given by

Sk:{Ml,MQ,...,Mk}, k:1,2,...,K.

Clearly, we have

51C85 C---C Sk

and hence the name “degraded message sets”.

For the degraded message set problem, there is a natural communication strategy
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based on superposition coding [30] and direct decoding. With K independent mes-
sages at the transmitter and K receivers, an K-layer superposition code can be built
with the kth layer from the bottom representing message My. Receiver k decodes
messages (W1, Wa, ..., Wy) by directly decoding all the bottom layers up to the kth.
For K = 2, it was shown in [29] that this natural strategy is also optimal in achieving
the capacity region of the channel. For K > 3, however, finding the capacity region
of the discrete memoryless broadcast channel with degraded message sets remains
an open problem in network information theory.

In an excellent contribution [14], Nair and El Gamal considered a special three-
receiver discrete memoryless broadcast channel with degraded message sets and pre-
sented a precise single-letter characterization of the capacity region. Specifically,

in [14], it was assumed that:

1. receiver 2 is degraded with respect to receiver 1, i.e., X —Y; — Y5 forms a

Markov for any input distribution p(z); and

2. the rate of message M, is set to be zero so in defacto, there are only two

independent messages M; and M; at the transmitter.

Under these two assumptions, Nair and El Gamal [14] proved a surprising result that
the natural scheme that uses direct decoding is, in general, suboptimal. Instead, a
coding scheme that uses indirect decoding [14] can always achieve the capacity region
of the channel.

Building on the result of [14], we consider a specific product Gaussian broadcast
channel with degraded message sets and provide an explicit characterization of the
capacity region. The main tools used in this characterization are Lagrangian theory
[31] and an extremal entropy inequality of Liu and Viswanath [32]. It is worth

mentioning that the exact same product Gaussian model was also considered in the
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original work of Nair and El Gamal [14], and characterizing the capacity region was

posted as an open problem.

5.2 Channel Model

n
Yy

\ 4

yn | Receiver I = (W, ;)
12
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n
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(W, W) = Transmitter Receiver 2 > 7,

n
Y22

4
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n
Y31
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Receiver 3 > W,

Figure 5.2: Product Gaussian broadcast channel with degraded message sets.

As shown in Fig. 5.2, consider a discrete-time memoryless product Gaussian
broadcast channel with three receivers. At each time sample, the received signals
at receivers 1, 2 and 3 are given by Y} = (Y1, Ys), Yo = (Yo1,Yas) and Y3 = Vs,
respectively, where

Yau=X1+ 21, Yu=Ys+ 2, Yo=Y+ 73 (5.1)
Yie=Xo+ 2y, Yo=Yi2+ 7.
Here, X = (X3, X3) is the channel input, and Z;, i = 1,2, 3,4, 5, are Gaussian noise
with zero means with covariance N;, respectively, and are assumed to be mutually

independent of each other. We consider two different types of power constraints on
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the channel input X: an average total power constraint

E[X?+ X <P (5.2)

and an individual per-subchannel power constraint

E[X} <P, i=1,2 (5.3)

The transmitter has two independent messages M, and M;, where M, is a com-
mon message intended for all three receivers and M; is a private message intended
only for receiver 1. The capacity region C(P) is given by the set of nonnegative rate
pairs (Ry, R1) that can be achieved by any coding scheme under the average total
power constraint (5.2). Likewise, the capacity region C(Py, P,) is given by the set of
nonnegative rate pairs (R, R1) that can be achieved by any coding scheme under
the individual per-subchannel power constraint (5.3).

From the channel model (5.1), it is clear that X —Y; —Y5 forms a Markov for any
distribution on the channel input X. In this case, a single-letter characterization of
the capacity region was obtained in [14, Prop. 2] and is given by the set of nonnegative

rate tuples (Ro, R;) such that

Ry < I(Uy;Ya) + I(Us; Yao)
Ry < I(Vi;Y5) (5.4)
Ry < I(Xy;Y11|Uy) + I(Xo; Yi2|Us)

Ro+ Ry < I(Vi;Yar) + 1(Xy; Y |Vi) + 1(X; Yio|Us)

for some joint distributions on (Up, Vi, X;) and (U, X3) such that U; — V; — X

forms a Markov chain. The main goal is to evaluate the rate region (5.4) for the
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specific product Gaussian model (5.1) under both average total and individual per-

subchannel power constraints.
5.3 Main Result

The main result of this chapter is an explicit characterization of the capacity
region of the product Gaussian broadcast channel (5.1) under the individual per-

subchannel power constraint (5.3), summarized in the following theorem.

Theorem 5. The capacity region C(Py, Py) of the three-receiver product Gaussian
broadcast channel (5.1) under the individual per-subchannel power constraint (5.3)

is given by the set of nonnegative rate tuple (Ry, Ry) such that

Ry < C( +N1+N2+N3>+C<2++?+2N5>
Ry < C(3)
(5.5)
R, < O<N+N2> (%)
Ro+Ri < C(#)+C (%)

for some 0 < Q1 < Py and 0 < Qy < Ps, where C(z) := Llog(1 + ).

As a corollary, we have the following characterization of the capacity region of the

product Gaussian broadcast channel (5.1) under the average total power constraint

(5.2).

Corollary 2. The capacity region C(P) of the three-receiver product Gaussian broad-

cast channel (5.1) under the average total power constraint (5.2) is given by the set
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of nonnegative rate tuple (Ry, R1) such that

Ry < C(gmnZimm ) + € (o)

Ry < C(252) (5.6)

R < O(x)+0(%) |
Ro+ Ry < C(9%52) +0(%)

forsome QZZO7 i:17273747 andQ1+Q2+Q3+Q4§P

Proof. This is a simple consequence of Theorem 5 and the well-known fact that

Pi+P,<P

5.4 Proof of the Main Result

The achievability of the rate region (5.5) follows from that of (5.4) by setting
X, =U; + W, for i = 1,2 and V; = X, where U; and W, are two independent
Gaussian variables with zero means and variances P, — @; and Q);, respectively. (Note
that for such a choice of (Uy, Vi, X;), Uy — Vi — X forms a trivial Markov chain.)
We therefore concentrate on proving the converse part of the theorem.

To prove the converse part of the theorem, we shall need the following extremal

entropy inequality which first appeared in [32, Th. §].

Lemma 4 ( [32]). Let P and p be two nonnegative real numbers, and let Zy, Zs

be two Gaussian variables with zero means and variances Ny and N, respectively.
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Assume that 0 < Ny < N,. If there exists a nonnegative real number P* satisfying

(P*+ N+ My = p(P 4 No) '+ My
MP* = 0

My(P—-P*) = 0
for some nonnegative real numbers My and Msy, then

h(X + Z1|U) — ph(X + Z5|U)

1
< 5 log 2me(P* + Ny ) — %log 2me(P* 4+ Ny)

for any (X, U) independent of (Zy, Zs) and such that E[X?] < P.

We are now ready to prove the converse part of the theorem. Consider proof
by contradiction. Let (R, RY) be an achievable rate pair that lies outside the rate

region (5.5). From [33], we have R} < R{"* where

Ry := min {C <m> +C <N4i2N5> ,C (%)}

Note that when R{ = 0, Ry can be achieved by letting @1 = Q2 = 0 in (5.5).

Thus, we may assume that R{ > 0 and write R} = R} + 0 for some ¢ > 0, where Rj
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To(Qf 4+ N+ No) '+ My = Ti(Qf + Ny + No+ N3) ' + My
Q3+ Na) "+ Mz = Ty(Q3+ Ny+ Ns)~' + M,
T2 —|—T3 = 1

P —Q; )
T\R° = T, |C +
1o 1{ (Q;+N1+N2+N3

tvaw)
C 5.10
(Qz + Ny + N ( )
.« _ Q3
LR = T {C <N1 —|—N2) <N4 (5.11)
Ty(Rg + Ry) = Ty {O< ) ( )} (5.12)
M@y = 0 (5.13)
My(Pr— Q1) = 0 (5.14)
M;@Q; = 0 (5.15)
My(P,—@Q3) = 0 (5.16)
is given by
max Ry
st Ry < C(gmmatm) + O (oivds)
ro= C <N1+N2> +C <%—>
R§+ Ry < C(ﬁ) +C(N>
Ql < P1
Q2 < B
- <0
Q2 < 0

Let (R}, @%, R3) be an optimal solution to the above optimization problem. Then,
(R;, Q7, R3) must satisfy the Karush-Kuhn-Tucker (KKT) conditions [31] as shown

in the top of next page, where T;, ¢ = 1,2,3,4, and M;, i = 1,2, 3,4, are nonnegative
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Lagrangian multipliers. From the KKT conditions (5.9)-(5.12), we have

(Th +T3) Ry + RY

T, |C
T, |C

C

o (

T

Q7

(Ty + T3)RS + R +6
(T1 + T3) RS + (Ty + T3)R; + 6

T\RS+ ToR; + T5(RS + RY) + 6

P — Q3
Q7 + N1+ Ny + Nj
Q; (
—— |+ C
Ny + Ny
P — Q7
Q7+ Ny + Ny + N3
1

)+ (3

Ny

Py — Qs
C e o vs
)+ (Q§+N4+N5

@_>] " {o (Pl

N, N,
)+C( P, —Q;

(
(
(

)]
)+o(%

Ny

)

)]+

(5.17)

M
Q5+ Ny + N

)re(2)+a

N1+N2 N4

On the other hand, by the KKT condition (5.9) and the assumption that (R, RY)

is achievable, we have

(Ty + T5)Ry + RS

(Ty + T3) R + Ry
(T1 + Tg)RS + (Tz + Tg)Rf
T\ Ry + ToR} + T5(Ry + RY)

Ty [I(Uy; Yor) + I(Us; Yao)| + T [1(X1; Y11 |Ur) + 1(Xa; Yio|Us)] +

T [I(Va;Ysr) + I(Xq; Y [Vi) + 1(Xo; Yie|Us)]

Tyh(Yar) + Toh(Yaz) + T3h(Ys1) — [A(Y11]X1) + h(Y12|X2)] +

[Toh(Y11|U1) — Thh(Yar|Ur)] + [h(Y12|Us) — Tih(Yae|Us)| +

Ts[h(Yir V1) = h(Ya: V1))

(5.18)
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for some joint distributions on (Uy, Vi, X1) and (Us, X3) such that U; —V; — X forms
a Markov chain and E[X?] < P, for i = 1,2.
The terms on the right-hand side of the above equation can be further bounded /evaluated

as follows.

1. It is well known [28] that Gaussian maximizes differential entropy for a given

power, so we have

h(Ya1)

IA

%lOg 27T€<P1 + N1 + N2 -+ Ng)
h(Ya2)

IN

Llog2me(Py + Ny + Ns) (5.19)
h(YEJ,l) S %IOg 27T6<P1 + Nl)

2. The channel inputs (X7, X5) are independent of the Gaussian noise (21, Za, Z3, Z4, Z5),

so we have

h(Y11|X1) = ]’L(Zl + ZQ) = %log 27T€(N1 + NQ) (5 20)

h(Y12|X1) = h(Z4) = %lOg 27T€N4.

3. Putting together the KKT conditions (5.7), (5.13) and (5.14), we have

To(Qi+ N1+ No) '+ My = Ti(Qf 4+ N1+ No+ N3) ™t + Mo
M@ = O
M2(P1 — QT) =0

where My, M,, T} and T, are nonnegative real numbers. By Lemma 4!, we

f Ty = 0, we have either Ty = 0 or Q% = 0. In either case, inequality (5.21) holds trivially.
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have

Toh(Yia|Uy) — Tyh(Yar|U7)
= Toh(Xy + Z1 + Z5|Uy) — Thh( X1 + Z1 + Zy + Z3|Uy)

T T
<§mwm@+M+MP§mwm@+m+m+my@m)

4. Similarly, putting together the KKT conditions (5.8), (5.15) and (5.16), we

have
Q5+ Nyt + My = Ti(Q5+ Ny+ N5)™' + M,y

M3Q; = 0
M4(P2 - Q;) - 0
where M3, M, and T are nonnegative real numbers. Again, by Lemma 4, we

have

h(Y12|Uz) — Thh(Y22|Us)
= h(XQ + Z4|U2> — Tlh(XQ + Z4 + Z5|U2)

1 T
< 3 log 2me(Q5 + Ny) — ?1 log 2me(Q5 + Ny + N5).  (5.22)
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5. Finally, note that

h(Y11|[Vi) — h(Ys1[V1)
= (X1 + Z1 + Zo|Vi) — h( Xy + Z:|VA)
= 1(Zy; X1 + Z1 + Z3|V1)
= h(Zy) — W Z3| X1 + Z1 + Z, V) (5.23)
< h(Zy) — h(Zo| Xy + Z1 + Z2, V1, X1) (5.24)
= h(Zy) — h(Z3|Z1 + Zo, Vi, X7)
— W) — W(Za| 71+ Za) (5.25)
= [(Zy; Z1 + Zs)

1 1
=3 log 2me(Ny + No) — 5 log 2mre N, (5.26)

where (5.23) is due to the independence of Zy and Vi; (5.24) is due to the
fact that conditioning reduces differential entropy [28]; and (5.25) is due to the
independence of (77, Z3) and (V7, X7).

Substitute (5.19)—(5.22) and (5.26) into (5.18). With some rearranging of terms,

we may obtain

(Ty + T3)R) + RS
P —Q; ) ( P, —Q; )}
< T |C +C | ———==— +
N 1{ (QT+N1+N2+N3 Q5 + Ny + N

Q1 P Q5
T,C (m) + T3C (E) +C (ﬁ) (5.27)

Note that § > 0, so this is a contradiction to (5.17). We therefore conclude that

any achievable rate pair (R§, R{) must also be inside the rate region (5.5). This

completes the proof of the converse part of the theorem.
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6. CONCLUSION

Delay is an important quality-of-service measure for the design of next-generation
wireless networks. For delay-limited communication over block-fading channels, the
difference between the ergodic capacity and the maximum achievable expected rate
for coding over a finite number of coherent blocks represents a fundamental measure
of the penalty incurred by the delay constraint.

This dissertation introduced a notion of worst-case expected-capacity loss. Focus-
ing on the slow-fading scenario (one-block delay), it was shown that the worst-case
additive expected-capacity loss is precisely log K nats per channel use and the worst-
case multiplicative expected-capacity loss is precisely K, where K is the total number
of different possible realizations of the power gain in each coherent block. Exten-
sion to the problem of writing on fading paper was also considered, where both the
ergodic capacity and the additive expected-capacity loss over one-block delay were
characterized to within one bit per channel use.

The problem with multiple-block delay is considerably more challenging. The
main difficulty there is that the capacity region of the parallel Gaussian broadcast
channel with a general message set configuration remains unknown. This dissertation
presents two partial results. First, the expected capacity is precisely characterized
for the point-to-point two-state fading channel with two-block delay. Second, the
optimality of Gaussian superposition coding with indirect decoding is established for
a two-parallel Gaussian broadcast channel with three receivers. Both results reveal
some intrinsic complexity in characterizing the expected capacity with multiple-block
delay.

Many research problems are open along the line of broadcasting over fading chan-
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nels. Unlike for the case of one-block delay, the expected capacity of the point-to-
point fading channel over multiple-block delay is unknown except for the case with
two-block delay and two different possible realizations of the power gain in each co-
herent block, which is considered in Chapter 4 and in [9,10]. With multiple transmit
antennas, the expected capacity of the point-to-point fading channel is unknown even
for one-block delay [3]. Another interesting and challenging scenario is the mixed-
delay setting, where there are multiple messages of different delay requirement at the
transmitter. Some preliminary results can be found in [34]. With known interfer-
ence at the transmitter, one may also consider the setting where the channel fading
applies only to the known interference (the fading-dirt problem) [35] or, more gener-
ally, different channel fading applies to the input signal and the known interference

separately.
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APPENDIX A

PROOF OF PROPOSITION 3

Let us first rewrite the expression (2.22) for the expected capacity Ce,p(Fe, 1) as

follows:
Conp(Fa,1) = Z (ij> log( n; + By ) (A1)
j=1 _ ] +5g 1
- Zpk [Z log( le—:-ﬁﬁ* )] (A.2)
= Zpk log Ay (A.3)
where p
TLj ‘f’ﬁ*

and (57,...,05) is given by (2.31).
To show that Ay as given by (A.4) equals the right-hand side of (2.32), let us
first assume that s = w. For this case, by (2.31) we have 87 = 3;_, for every j # m,.

Thus, substituting (2.31) into (A.4) gives

ot for 1<k <,
A = nms (A.5)

1, for 7, < k< K.

Next, let us assume that s < w. We shall consider the following three cases

separately.
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Case 1: k < m,. For this case, substituting (2.31) into (A.4) gives

Ay =

w—1
nﬂ's + Z7rs,7T5+1 H nﬂ'j + Z7rj,7rj+1 nﬂw + 1 (A 6)
o, Jj=s+1 nﬂ—j + ij—lﬂrj Moy, + BTt —1,Tw
w—1
Ny, + 1 N, + Zrioms
Tw J JHoTj+1 (A?)
Nrs 52 My + Znjmi
w—1
Ne +1 F,.
o : (A.8)
N j=s & Titl
Ng, + 1 I, (4.9)
nﬂ's F7Tw

where (A.8) follows from the fact that the MUFs u, (2) and u,,,,(2) intersect at

2 = Zp; m; SO We have

nﬂ—j _'_ Zﬂ—jﬂrj-‘rl — nﬂj-‘rl _'_ Zﬂ—j’ﬂj-‘rl - nﬂ']' + Zﬂ—jﬂrj-H — Fﬂ—j ) <A10>
I, P Nrjpr + 2w B
Case 2: 7,1 < k <7, for some m € {s+ 1,...,w}. For this case, substituting

substituting (2.31) into (A.4) gives

Ay

w—1
= (H e Zﬂj’”“) LR (A.11)

Ny + 2y ) Mo + 21 7

Jj=m
1 w—1
_ Ny, + H Ny + Zmjimin (A.12)
nﬂ'm + zﬂ'm—lyﬂ'm : nﬂ']+1 + Zﬂ'j»ﬂ']#»l

Ny, + 1 s Fr,

_ (A.13)
nﬂ'snﬂ'm + Zﬂpmfl,ﬂ'm j=m FT(J-‘rl
Ne +1 F,
= - = A.14
n7rm + Z7rm—177rm F7r'w ( )
s 1 F7r - Fﬂ' —1
_ Pme bl P~ P (A.15)

nﬂ'm - nﬂm,1 FTI'

w

where (A.13) follows from (A.10), and (A.15) follows from the fact that the MUFs
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U, ,(2) and u,,, (%) intersect at z = 2z, , . so by (2.12) we have

m

. o Fr, 0w, — Fr, N, Fr., - Fr, — Fr,. (A.16)
Tm—1,Tm ~ — — . .
Fﬂ'm - F7rm—1 nﬂ'm + Z7rm—177rm nﬂ'm - nﬂ'm—l

Case 3: k > m,. For this case, we have 7 = 7 ; = 1 for any j > k. Hence, by
(2.31) we have
A =1. (A.17)

Finally, substituting (2.32) into (2.34) gives

Cewp(Fe, 1) (A.18)

Tm

:ipklog/\wﬁ Zw: > | logA,, (A.19)
k=1

m=s+1 \ k=mp—1+1

= Fr loghr, + Y (Fr, = Fr,_,)logA,, (A.20)
m=s—+1
n. +1F,
=F 1 M | T
° Og ( nﬂ's Fﬂ'w) +
- n. +1 F. —F.
F._ —F. ] Tw m m—1 A.21
mzszrl ( " mil) Og (nﬂ'm - nﬂ'mfl Fﬂ'w ) ( )

= [, log (fﬂs) + Z (Fr,, — Fr,._,) log (—Fﬂm — F’”’”) +

nﬂ'm - nﬂ—mf 1

F,. log <"’““ i 1) (A.22)

This completes the proof of Proposition 3.
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APPENDIX B

PROOF OF LEMMA 2

Let us consider the following three cases separately.

Case 1: k < m,. For such k, by property 3) of Lemma 1 and the definition of s

we have
Fk%__ﬁnk = Zhry < Zpy s <0 (B.1)
which implies that
;_:: < Z—i (B.2)

By the expression of Ay from (2.32), for £ < 75 we have

ng+1  ng+1 Frng (B.3)
nkAk n Ny +1 Fﬂsnk ’
ng + 1 F7r
< L B.4
- nww —|— 1 Fk ( )
1
< — (B.5)
Pk

where (B.4) follows from (B.2), and (B.5) follows from the fact that ng+1 < n, +1 <
Ng, +1, Fr, <1, and Fy > py.

Case 2: w1 < k < m,, for some m € {s+1,...,w}. For such k, by (2.32) we

have
ng+ 1 ng + 1 Npy — N F7r
k — k m m—1 w ) (B6)
nkAk Ny + 1 Fﬂ-m — Fﬂ-m71 N
By property 1) of Lemma 1 we have 2z, | . < 2z, which implies that
nﬂ—m - nﬂ—mfl — nﬂ—mfl + Zﬂmflaﬂ—m S nﬂ—mfl + Zﬂ'mfl,k — nk - nﬂ—mfl . (B?)
Fﬂ'm - Fﬂ'mfl Fﬂ-mfl Fﬂ—mfl Fk - Fﬂ'mfl
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Substituting (B.7) into (B.6) gives

nkAk Ny, + 1 Fk - F TN Pk

Tm—1

where the last inequality follows from the fact that ny +1 < n, +1 < n,, +1,
Nk — N, <N, Froy <1, and Fy — Fr | > pg.

Case 3: k > m,. For such k, by (2.32) we have Ay =1 and hence

nk+1_nk+1

(B.9)

By property 1) of Lemma 1 and the definition of w, we have 1 < 2, = < 2r 4,

which implies that
. F k (’I’Lk — nﬂw)

1< = B.1
e+ LS g+ 2ry, k Fo— F.. (B.10)
Substituting (B.10) into (B.9) gives
Al o P ke, 1 (B.11)

Ny = Fp—F., e T Dk

where the last inequality follows from the fact that ny — n,, < ng, Fi < 1, and
Fk - Fﬂ'w Z Dk

Combining the above three cases completes the proof of Lemma 2.
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APPENDIX C

PROOF OF LEMMA 3

Let us begin by establishing a simple lower bound on the expected capacity

Ceap(Fe, 1). Applying the long-sum inequality

Zai log% > <Z a,;) log %Z ZI (C.1)

we have

F7Ts - F7Tm _ Fﬂmf Fﬂw
F,. log (nw‘)—l— Z (Frp — Fry) log (—1) > Fy, log (n7r ) . (C.2)

m=s+1 Ny = Nt

Substituting (C.2) into the expression of C.,(Fg, 1) from (2.35), we have

1
Conp(Fy1) > Fi, log( “w> +F, o ( my + ) (C.3)
— Pl (”WH) (C.4)

Next we shall prove the desired inequality (2.91) by considering the following four
cases separately.
Case 1: k > m,. For such k, by property 1) of Lemma 1 and the definition of w

we have 2,k = Zr,r.. = 1 and hence

Ny + 1 < Ny, +Z7rw,k o Nk — Ny,
Fm,, - F7ru, Fk‘_Fﬂ'w
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Thus

pi log (nk+1> pi log <—nk+1)
ng < ng

—— < (C.6)
ConFeD) = 7 log (22:2)
Pk Mg +1
< AF e T2 C.7
S E T m (C.7)
Pk N — Ny
< HER e C.8
= o, By — Fr, (C8)
<1 (C.9)

where (C.6) follows from (C.4), (C.7) is due to the well-know inequalities (2.109) so

log ("’“H) < %, and log (n““H) > L (C.8) follows from (C.5), and (C.9) is

ng Moy Ny +17

due to the fact that ny — ng, < ng and Fj, — F, > pk.

Case 2: k = m,. For such k, by (C.4) we have

() () o
Cemp(Fg, 1) Fﬂ'w log (n;rlw-i-l) - Fr, .
and hence
pi log <n;;l:1) P, o
Ce:r:p(FGa 1) o FTI'w - ‘
Case 3: k = m,, for some m € {s,...,w — 1}. For this case, we shall show that
for any m € {s,...,w —1}
log (%52) <! (C.12)
Cezp(FGu 1) o Fﬂ'm '
and hence
Prp, lOg (n;m—i_l) p
L LT L (C.13)

Cexp(FGa 1) o Fﬂ'm
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To prove (C.12), let us define g(z) := N(z)/D(z) where

N() = log (””m i Z) (C.14)
E, - F. —Fy,
D(Z) = Fﬂ-s lOg (n s) + Z (Fﬂ-l — Fﬂ-iil) log (#) +
Ts i=s41 Uy Ti—1
F,, log (m;——i-z> : (C.15)

By Lemma 1 and the definition of s and w, we have

O < Zﬂ's: < Zﬂ'myﬂ'm+1 < Zﬂ'm,ﬂ'w S ZT"/wflyTrw < SNR‘ (Cl6>

Ts+1 — —

By the expression of Cy,,(Fg, 1) from (2.35), we have

log (—"”’"H)

N,

Cexp(FGa 1) - 22 Zm

=g(1) < sup g(z) (C.17)

where the last inequality follows from the fact that 2., ., < 1 as mentioned in

(C.16). Next, we shall show that g(z) < 1/Fy, at the boundary points z = 2z, .

and z = oo, and for any local mazimum z* > z. .. . We may then conclude that

sup g(z) <1/F,,. (C.18)

Zzzﬂmxﬂ'w

First, since m < w we have

g(00) =1/F,, <1/F,,. (C.19)

Next, to show that ¢(zx,, ,) < 1/F;, ., let us apply the log-sum inequality (152)

88



to obtain

Fﬂ' - FTI" - Frr‘, F7r
F,. log (n ) + 3 (B, — By log (ﬁ) > F, 10g( m) (C.20)
. Uy Ti—1

Tm

and

> (Fr,— Fr_,)log (u) > (F,, — F,,)log (M) . (C.21)

i=m+1 nﬂ'i - nﬂ'i*l nﬂ'w - nﬂ'm

Substituting (C.20) and (C.21) into (C.15) gives

F, F. —F.
D(Zﬂ-’mvﬂ'w) Z Fﬂ'm lOg ( m) + (Fﬂ'w - Fﬂ'm) lOg (u) +
TTm ?”wa — nﬂ'm
Ny + 2w
Fr,log | — = .22
w og( F > (C.22)
F. n. —n
— Fﬂ_ 1 Tm ""TTw Tm
log (n e F) .
F7r - F7r Nryw T Zrpyim
Fr, log | —me e C.23
. log (nnw T Ol > (C.23)
Ny T 2w
= P log | = C.24
m Og( Fﬂm ) ( )
= Fr,.N(zr,m,) (C.25)

where (C.24) follows from the fact that the MUF's wu,, (z) and wu., (z) intersect at

2 = Zr, =, SO We have

F’fl' F7r F7r _F7r
m = Ly (C.26)

n7r7n + Zﬂ'maﬂ-w nﬂ'w + Z7T7n77rw nﬂ'w - n7r7n

It follows immediately from (C.25) that

g(zﬂ'mﬂrw) = N<Zﬂ'mﬂrw)/D(z7rma7rw) S ]‘/Fﬂ'm (027)
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Finally, to show that g(z*) < 1/Fy, for any local maximum z* > z; ... let us

note that g(z) is continuous and differentiable for all z > z; .. so z* must satisfy

e =0 (C.28)
or equivalently
d"giz) )| = dDdiz)N(z) ) (C.29)
We thus have
9(z") = ggzi (C.30)
- )
- F;Z::% (C.32)
1 ™
- ©
_ Fjrm (C.30)

Ny +2
Ny, T2

where (C.33) follows from the facts that n,, > n.,, so is a monotone decreasing
function of z for z > 0 and that z* > 2, .. >0, and (C.34) follows from (C.26).

Substituting (C.18) into (C.17) completes the proof of the desired inequality
(C.12) for Case 3.

Case 4: k < m, but k # 7; for any ¢ = s,...,w — 1. For such k, let m be the
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smallest integer from {s,...,w} such that k < m,. Note that

pi log ("5 prlog (211 log (2mtl
% N fog (Sm—&—l)) Cexp<(Fg,1>) (C.35)
< P log (n;;l:1> .
P log (%2
= ékmfﬂ) (C.37)

where (C.36) follows from (C.10) for m = w and from (C.12) for m =s,...,w — 1,

and

f(z):= %. (C.38)

Ny,

Since ny < n,,, f(z) is a monotone decreasing function for z > 0. By Lemma 1 and

the definition of w, we have
Zk,mm, S it —1,Tm S 2 w—1,Tw <1 (039)

We shall consider the following two sub-cases separately.
Sub-case 4.1: zp ., > 0. By the monotonicity of f(z) and the fact that SNR >

Zk.r, > 0 as mentioned in (C.39), we have

log (—nﬁzk = )

Nk

f() < f(zemn) = log< > <

nﬂ—rn + Zk77rm
ng

(C.40)

N T2k ,Tm,

™m

where the last inequality follows from the inequalities (2.109) so we have log (%) <

™ - Nam +zk,ﬂ'm

z’“r;% and log (n”m+z’“ ”m) > —fhmm - By Lemma 1 and the fact that k < 7, we

have 2z, |z = Zkr, > 0 and hence m > s + 1. Therefore, k # m,,_; and we must
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have k > m,,_1. Again, by Lemma 1 we have zj ., < 2 < Zr,. ..k and hence

—1,Tm

N, + Zk,rrm o Nk + Zk,ﬂ'm < ny + Zﬂmfl,k‘ o Nk — Ny

F.,  F By - Fy— Fr,_, (C.41)
Substituting (C.41) into (C.40) gives
f(1) < Fr (1 = 1) < Fr (C.42)
ng(Fy — Fr, ) Fy, —F., |
Further substituting (C.42) into (C.37) gives
pelos <nz_:1> < Pe oy (C.43)

Coaop(Fe, 1) = Fo— Fp | —

Tm—1

Fene,, —Fr,,

Sub-case 4.2: 2z, < 0. In this case, zx ., = o < () so we have
b b ﬂ.m— k

Fing,, < Fr ng. By the monotonicity of f(z) and the fact that SNR > 0, we have

F..

N
< i = "7 < . .
1) < tim () = 2= < (.44
Substituting (C.44) into (C.37) gives
pr log n’;—ﬂ
M <Py (C.45)

Cea:p(FG71> o Fk o

Combining the above two sub-cases completes the proof for Case 4. We have thus

completed the proof of Lemma 3.
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