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Abstract

This thesis concerns the study of string topology, a relatively new branch of
algebraic topology.

We begin with a survey of the background of string topology. In particular,
this includes a summary of the papers [4] by Chas and Sulivan, [15] by Jones and
[5] by Cohen and Jones that provide the background for the original work of this
thesis.

We then proceed to give a new efficient technique to do systematic compu-
tations of the full structure of the string topology for a large family of manifolds.
For this, we first use the results of Jones [15] and Cohen and Jones [5] to reduce
the problem to calculating Hochschild homology and cohomology. Secondly, we use
the concept of models to compute Hochschild homology and cohomology and obtain
some further Hochschild structure. Thus, most of this work is devoted to developing
this technique for calculating Hochschild homology and cohomology via models.

This research contributes to the area by providing the first general and sys-
tematic method of computing the full structure of string topology. In addition, we
give multiple, transparent examples of our new theory.

vi



Chapter 1

Introduction

The fundamental problem in topology is to distinguish between topological spaces,
for which many tools have been developed in order to give a partial classification.
In the history of algebraic topology there is a wide number of theories invented
for this purpose - the fundamental group, higher homotopy theories, homology and
cohomology - each with their own strengths and weaknesses.

One branch of recent development was initiated by Chas and Sullivan in [4].
Here they study the homology of the free loop space of a manifold, the set of all
loops in that manifold. In this paper it is shown that the homology of this space
has indeed a very rich structure that they call the string topology.

The free loop space of a topological space has been the object of study
for a long time. In [I5], Jones gave a very important relation between the existing
algebraic theories of Hochschild homology and the cohomology of the free loop space
of a simply connected space. More recently, in [5], Cohen and Jones gave a dual
relation to this, relating Hochschild cohomology to the homology of the free loop
space of a manifold. Furthermore, by using methods different to those above, the
string homology of the projective spaces and the spheres were computed by Cohen,
Jones and Yan in [6].

Within this thesis, we give a new efficient technique to do systematic com-



putations of the full structure of the string topology for a large family of manifolds.
This technique consists of two essential components. First we use the results of
Jones [15] and Cohen and Jones [5] to reduce the problem of obtaining the string
topology into calculating Hochschild homology and cohomology. Secondly, we use
the concept of models (see below) to compute Hochschild homology and cohomology
and obtain some further Hochschild structure. Thus, most of this paper is devoted
to developing this technique for calculating Hochschild homology and cohomology
via models. The work presented here is joint with Professor John D. S. Jones.

We now discuss these ideas in more detail. Let M be a closed, oriented
d-dimensional manifold. The free loop space of M is the set of smooth maps
LM = Maps(St, M). In [], Chas and Sullivan prove that the shifted homology
groups H,,4(LM) have a very interesting product, bracket (known respectively as
the string product and string bracket) and an additional operator called the Batalin-
Vilkovisky operator. This product and bracket make H,4(LM) into a Gerstenhaber
algebra and together with the Batalin-Vilkovisky operator give H,4(LM) the struc-
ture of a Batalin-Vilkovisky algebra. In Chapter [2] we give full the definitions and
some examples of Gerstenhaber algebras and Batalin-Vilkovisky algebras. We also
describe Chas and Sullivan’s construction of the string product, string bracket and
Batalin-Vilkovisky operator on H, q(LM).

In Chapter |3| we turn our attention to the algebraic preliminaries. We give
the definition of Hochschild homology and cohomology of an algebra A and dis-
cuss some basic facts in these theories - the product and the Connes or B-operator
in Hochschild homology and the Gerstenhaber algebra structure of Hochschild co-
homology. We then give the more general definition of Hochschild homology of
a differential graded algebra. We finish the chapter with the theorems of Jones
and Cohen and Jones which relate the Hochschild theories with the homology and
cohomology of LM together with the operators from string topology.

In Chapter [4 we introduce the idea of a model. For an algebra A, a model is a



differential graded algebra P, that is free as a graded commutative algebra, together
with a map of differential graded algebras (where A is considered with zero differ-
ential) such that it induces an isomorphism in cohomology. We discuss a model for
the Hochschild homology (respectively cohomology) of a free graded commutative
algebra. Then, inspired by the free case, in Theorem (respectively Theorem
we construct a model for the Hochschild homology (respectively cohomol-
ogy) of a differential graded algebra and the corresponding B-operator (respectively
Gerstenhaber algebra structure).

The first results of this kind were due to Smith in [23], based on work of Tate
(see [24]). However, the B-operator is not discussed and it is assumed that K = Q
and that A is a graded complete intersection algebra. Our work began by seeing if
these methods could be adapted to give full computations of the string topology.

Finally, we use our theory to highlight how these models simplify working
with string topology. We also give explicit use of our theory by computing the
cohomology of the free loop space and the full Batalin-Vilkovisky structure of the

spheres, the projective spaces and the Grassmann manifold of two planes in C*.



Chapter 2

Topological background

In this chapter we discuss the definition of string topology and its operators - the
string product, the string bracket and the Batalin-Vilkovisky operator. The defini-
tions given here can also be found in [5] and [7].

Let V be a graded vector space. If z € V,,, p is called the degree of x and we
will denote it by |z|. A product e: V x V — V on V is called graded commutative
if zey = (—1)Py ez for every z € V, and y € V.

A Gerstenhaber algebra V is a graded vector space with an associative and
graded commutative product = e y and a bracket [, ] that satisfy the following prop-

erties.
1. The bracket has degree 1, that is
|[a, ]| = |af + [b] +1
2. The bracket is a graded derivation of the product (Poisson identity), that is
[a,bec] =[a,b]ec+ (—1)tIadTDp o [q, (]
3. The bracket is a graded derivation of the bracket (Jacobi identity), that is

[a, [b, e]] = [[a, b], ¢] + (=1)U+DIFB, [a, ]

4. The bracket is antisymmetric, that is

[a,b] = —(—1)Ual+DI+D[p, 4]



where a,b,c € V.

Note that conditions (I, and imply that [,] is a graded Lie bracket
of degree +1. Gerstenhaber algebras were introduced by Murray Gerstenhaber, see
[11].

There is an additional structure that we can sometimes find in a Gerstenhaber
algebra, namely a Batalin-Vilkovisky structure.

A Batalin-Vilkovisky algebra is a Gerstenhaber algebra with an additional

operator A: V,, — V11, the Batalin-Vilkovisky operator, such that
1. AcA=0
2. [a,b] = (—1)l9lA(a @ b) — (=1)l%l(Ac) @ b — a e (Ab) for every a,b e V.

Notice that in a Batalin-Vilkovisky algebra, the Lie bracket measures how
much the Batalin-Vilkovisky operator fails to be a derivation. A direct calculation

expresses the Poisson identity in terms of A.

A(aebec) = A(aob)oc—l—(—l)'a‘aoA(bOC)+(—1)|b‘(|a|+1)boA(aoc)
— (Aa)ebec—(—1)ldge (Ab)ec— (—1)letltlgebe (Ac).

Another direct calculation leads to the following formula.
A([a,b]) = [Aa,b] — (—1)191]a, Ab]. (2.0.1)

Example 2.0.1. The free Gerstenhaber algebra on one generator = of odd degree is
the free graded commutative algebra generated by x with vanishing bracket. That
is,

=0, [z,2]=0.



Indeed, in this case, using the antisymmetry of the bracket we get

[z, 2] = —(—1)UeHD Uz [ 4]

= —[z,z].

Thus [z, z] = 0.
The free Batalin-Vilkovisky algebra on one generator x of odd degree is the

free graded commutative algebra generated by = and A(z). From before we know

that [z, x] = 0 and by using Equation (2.0.1) we have

0 = A([z, z])
= [Az, z] — (=17 z, Ax)
= [Az, 2] — [z, Az]
= [Az, 2] 4+ (=1)UeHDUAZED AL 4]
= 2[Az, 2]

— 2(A((Az)z) — (Az)?).

From this it follows that

A((Az)z) = (Ax)?

and

[Az, Az] = A((Az)?) = 0.

Thus the bracket vanishes and A is given by the formula
A((Az)z) = (Az)?

If 2 has even degree then [z, x] has odd degree so its square is zero. As an

algebra the free Gerstenhaber algebra generated by x is the free graded commutative



algebra generated by = and [z, z]. In fact, using the Poisson and Jacobi identity we

see that the bracket is given by the following formulas

xn—f—m—?

[2", 2™]

= nm|z, x] ,

[z", [z, z]] = 2n(n — 1)([z, x])2z" 2.

The free Batalin-Vilkovisky algebra in one generator of even degree, z, is
equal to the free graded commutative algebra generated by x, A(x) and A(z?). To
show this, we will prove that the bracket and the Batalin-Vilkovisky operator are

given by the following formulas.

[z, 2] = A(z?) — 22(Ax),

(2™, 2™] = nm(A(z?)z" T2 — 2(Ax)z T,

A(a?(Ax)) = A(a?)(Ax),
A(zF(Az?)) = (b — 2)(Az)A(z?)z L,
A(z2(Az?)) = —4(Az)A(2?)z,
Azt (Az?)) = —(Az)A(2?),
A" (AZM)) = (ap(bnirs — 21+ k — 2)) + ansp1be) (Az)(Az?)z" =3,

[:En,A(SL‘Q)] = —2n(Az)(Az?)z" 1,

where n,m > 1, k > 2 and a,, b, are defined for n > 2 by a,, = ap,—1 +n — 1 and

bp = bp—1 — (2n — 3) with a3 = 3 and b3 = —3.



Now we show the above identities. By definition of A, the bracket [z, x] is

given in terms of z, A(x) and A(x?) by

[z, 2] = (-D)PIA@?) — (=)Pl(Az)z — z(Ax)

= A(2?) — 22(Ax).

We can use Equation (2.0.1)) to compute A([z,x]) but also we can compute it using

the last identity and the definition of A. Combining these calculations we get
0= A(fr,a]) = —2A((Az)a),

and so

since (Az)? = 0 because Az has odd degree. By induction and the Poisson identity
we see that

[Az,z"] = 0.

This implies that
A(z"(Az)) = A(z")(Ax).

We next show that, for n > 2, there exist non zero constants a,, b,, such that
A(z") = apA(z?) 22 + by (Az)z™ !

and so

A(z"(Az)) = an(Az)A(z?)z" 2



Indeed,

[z,2" 7Y = (n — 1)[z, z]a" >

= (n— 1)(A(2?) — 22(Az))z" 2

= (n—1DA2*)z""? - 2(n - 1)(Az)z" !,
where the first equality is proved above. On the other hand, we have that

) = (DFIAE") — (D (Ar) - zA @)

A(z") — (Az)z™ 1 — zA (2" )

and putting together both equations we get

A(z™) = A(z" Dz + (n — DA(2?)2" 2 — (2n — 3)(Az)z" L.

In particular, we can calculate A(z3) either using this method or using the formula

for A of a triple product to obtain

A(z?) = 3(Az?)z — 3(Az)z?,

which gives a3 = 3 and b3 = —3. By induction, if A(z"!) = a, 1A(2?)z" 3 +

bn_1(Az)z" 2, we obtain

A(z™) = A" Dz + (n — D)A2*)2" 2 — (2n — 3)(Az)z™ !
= a, 1 A@*) 2" 2 + by (A2)z" 4 (0 — DA(2?)2" 2 — (2n — 3)(Az)z" !

= (an_1+n—DA@H2" 2+ (bp_1 — (2n — 3))(Az)z" !

so the general formula holds with a,, = a,—1 +n — 1 and b, = b,—1 — (2n — 3) for

n > 3.



We will compute A(z"(Az?)) in terms of products of z, A(z) and A(z?).
By definition of A and using the formula proved before for A(z™) when n > 3, we

get

(2", A2?] = (1) A" (Aa?)) — (1) (Az™)(As?)
= A(z"(Az?)) = (an(A2?)z" 2 + by (Az)2™ 1) (Az?)

= A(z"(Az?)) = by (Az)(Az?)z" T,

as (Ax?)? = 0 since Az? has odd degree.

On the other hand, we can use the formulas

Ax? = [z, x] + 22(Ax)
[z", [z, 2]] = 2n(n — 1)([z, 2])22"2
2", 2] = n(Az?)z"! — 2n(Az)z"
2", Az] = 0

(Az)> =0

to get

[z", Az?] = [z, [z, 2] + 2z(Ax)]
= [2", [z, 2] + 22", 2(Az)]
= 2n(n — 1)([z, 2])%2" 2 4 2[2", 2] (Az) + (= 1)1 HD [z Ag)
= 2n(n — 1)(A(2?) — 20(A2))%2" 2 4+ 2(n(Az?)z" ! — 2n(Ax)z™)(Ax)
=2n(n — 1)(=2A(z%)x(Azx) — 22(Ax)(Az?))?2" 2 + 2n(Az?)z" Y (Az)
= 2n(n — 1)(22(Az)A(2?) — 22(Az)(Az?))22" 2 — 2n(Az)(Az?)z"

= —2n(Ax)(Az?)z" L.

10



Putting these two equations together we get

A(z"(Az?)) = (by — 2)(Az)(Az?)z" L,
when n > 3 and

A(z?(Az?)) = —4(Ax)(Az?)z

A(z(Az?)) = —(Az)(Az?).
So form >3

A(z"A(z™)) = Az [amA(z?) ™2 4 by (Az)z™ )
= am A" 2 A(2?)) + by AT H(AR))

- (am(b”‘f'm—? - 2(” +m — 2)) + an—l—m—lbm)(AI')(A$2)xn+m73.

For a more detailed discussion of Batalin-Vilkovisky algebras see [12, Chapter 1].

2.1 String Topology

Let M be a closed, oriented manifold of dimension d and let LM = C°(S*, M)
denote the free loop space of M. In [4] Chas and Sullivan investigated the structure
of H,(LM). This paper gave rise to the study of string topology due to the following

important theorem.

Theorem 2.1.1 (Chas-Sullivan, 1999). The shifted homology groups H,(LM) =
H, 4(LM) form a Batalin-Vilkovisky algebra.

We call this structure the String Homology of M and we refer to its product
and bracket as the string product and string bracket, respectively (see [4, Theorem

5.4]). This theorem provides very strong motivation to study Batalin-Vilkovisky

11



algebras. In this chapter, we describe the operators of string topology as seen in the

notes [7].

2.2 The String Product

In this section the definition of the umkehr (or intersection) map is discussed and
then used to describe the string product. The definition of the string product
described here is the homotopy theoretical definition due to Cohen and Jones, see
[5].

For defining the umkehr map using the Pontryagin-Thom map one considers
an embedding of compact manifolds e: P — M, with dim M = d and codim P = k,
and an open tubular neighbourhood 7. C M of P C M. Then we have a projection

map

Notice that

=n. U
M _ 776 ne {OO}

and, by the tubular neighbourhood theorem, this is isomorphic to the Thom space
P¥e of the normal bundle v, — P. Therefore, the Pontryagin-Thom map can be

viewed as a map

me: M — PYe.

We define the umkehr map e to be the composition
(71'5)* U, ~
er: Hy(M) —— Hy(P™) = Hq_1(P),

where the last isomorphism is the Thom isomorphism.

Intuitively, a homology class § € H,(M) which is represented by an embedded

12



g-dimensional manifold @) transverse to P induces a homology class

a =i ([QNP)) e Hyi(P),

where [@ N P] is the fundamental class of the (¢ — k)-dimensional manifold @ N P
and i: Q@ NP — P is the inclusion. In this case we would have that e(6) = a.

A useful example is the umkehr map of the diagonal embedding A: M — M x
M. Since the diagonal map induces the cup product in cohomology, the following

diagram is commutative.

H,(M) ® Hq(M) Hyyq—a(M)

Poincaré Dualityi J{Poincaré Duality

dep(M) ® deq(M) ﬂ) H2d7p7q<M)

Therefore, p = Ar: Hy(M) ® Hy(M) = Hptq—a(M).

We would like to mimic the above construction of p to get a map
p: Hp(LM) ® Ho(LM) — Hpyq—a(LM)

for LM that will define the string product. First we will give a brief outline of the

construction. Let
LM xp LM = {(a,8) € LM x LM|«x(1) = 5(1)}.

In this case, by using the diagonal embedding A : M — M x M, we will prove that

there is an embedding of codimension d
e: LM xp LM — LM x LM

and the existence of a natural tubular neighbourhood 7, of LM x ;LM in LM x LM.
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The normal bundle of LM X ; LM associated to the embedding e will be isomorphic
to ev*(T'M ), where ev: LM — M is the evaluation map ev(a) = «(1). This gives a

Thom-Pontryagin map
Te: LM x LM — (LM x p; LM)®"(TM),

Then we define the umkehr map e; = (m¢)« N u, where u is the Thom class in
HY((LM x5y x LM (TM)) given by the orientation and (), is the map in homol-
ogy induced by 7. Finally, if v: LM x5; LM — LM denotes the usual composition

of loops, the string product is the composition

p: Hy(LM) ® Hy(LM) — Hpyo(LM x LM)

& Hyrgoa(LM xpr LM) 25 Hyyy g(LM).

In [16l Proposition 2.4.1], Klingenberg shows that LM is a Hilbert mani-
fold and therefore LM x LM is a Hilbert manifold. Note that LM x,; LM is a

submanifold of codimension d of LM x LM and we have a pull-back square

LM xp LM —— LM x LM (2.2.1)
B’Ui \LG’UXGU
M A M x M

where ev: LM — M is the evaluation map « — «(1) and A is the diagonal map.

Notice that, since the normal bundle vA of M in M x M is isomorphic to
the tangent bundle TM and ev X ev: LM x LM — M x M is a fibre bundle, then
the normal bundle of LM X3y LM in LM x LM is isomorphic to

ev*(va) = ev*(TM).

The existence of the above pull-back square (2.2.1) means that there is a
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natural tubular neighbourhood of LM x s LM in LM x LM: the inverse image of
a tubular neighbourhood of the diagonal embedding 7. = (ev x ev)~*(na). Now 7,
is homeomorphic to the (total space of the) normal bundle ev*(T'M). This induces

an isomorphism of the quotient space to the Thom space

LM x LM
(LM x LM) — .

&~ (LM xpp LM)"(TM),

The projection
LM x LM

LM x LM
X IM X LM) —

and the last homeomorphism define the Pontryagin-Thom map
Te: LM x LM — (LM x p; LM)"(TM),
Then we can define the umkehr map to be the composition
(7e)«

er: Hy (LM x LM) ~=2 H, (LM x  LM)* ™M)y D% B (LM x5 LM)

where u € HY((LM x5 LM)*"(TM)) is the Thom class given by the orientation.
Let v: LM x3 LM — LM, be the standard multiplication of loops. The

string product is the composition
w: Hy (LM) @ Hyo(LM) — H,. (LM x LM) < H,. (LM xp LM) AN HL,.(LM).

Now the map a;: LM x LM — LM given by

B(2s—t) for0<s<

~+ N+
—

ar(e, B)(s) = a(2s—t) for L <s (2.2.2)

IN
.

13
2

B(2s—t) for H <s<1

gives a homotopy from ~(a, ) and (8, «); that is, the product is homotopy com-
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mutative. This fact and the naturality of the umkehr map imply that the string

product is commutative (see [4, Theorem 3.3]).

2.3 The Batalin-Vilkovisky Algebra Structure

We will now introduce an operator A in H,(LM) which arises naturally from the
action of the circle on LM. We also discuss the definition of the string bracket in
terms of A and give an alternate homotopy theoretical definition. These operators
give H, (LM) the structure of a Batalin-Vilkovisky algebra. Unless otherwise stated,
from now on we will identify S* with R /Z with the standard additive group structure.

There is an action p: S' x LM — LM defined by p(t,a)(s) = a(t +s). This

defines an operator
A:H,(LM) 2% Hy(SY) @ H,(LM) — H,y 1 (S' x LM) 25 H,, 1 (LM),
where e; € Hi(S?) is the generator. Now, the commutativity of the diagram

id
SUx (S x LM) P v« LM = LM
uxidl 7

St x LM

implies that p.(us % (id).) = p«(ide x pi), where p: St x ST — Sl is the map
p(r,s) = (r+ s)mod 1. Then A2%(6) = p.(e? ® 0) where e? denotes the Pontryagin
product of e; with itself induced by pu. Now, by definition, the Pontryagin product

induced by g is the composition
H1(Sl) & Hl(Sl) Ea HQ(SI X Sl) LN HQ(Sl)

and since Hy(S1) = 0 then e? = 0 € Hy(S'). Thus A%(#) = 0 since the Pontryagin

product €2 = 0.
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From this we get an operation H,(LM) x Hy(LM) — H, 141 (LM) given by

[0,0] = (=1)"A(p e 0) — (=1)"A(p) # 0 — ¢ & A(6).

The bracket [, ] is called the string bracket and A is the Batalin- Vilkovisky operator.

In [4, Theorem 5.4], Chas and Sullivan proved the following theorem.

Theorem 2.3.1. With this structure (H,(LM), A, o) is a Batalin-Vilkovisky alge-

bra.

2.3.1 The String Bracket

Here we discuss a homotopy theoretical definition of the string bracket, making use
of the actions of Z/2 on S! (antipodal action) and on LM x LM (permutation
action). This description can be found in [7].

Let P ¢ S' x LM x LM be the space

P={(t,a,B): a(0) = B(t)}.

There is a diffeomorphism

h: SY x (LM xp LM) — P

given by h(tv (Oé, 6)) = (ta «, Bt)7 where Bt(s) = B(S - t)'

Now, there is a pullback square of fibrations

P—"> 8« LM x LM
M y M x M

where e: S' x LM x LM — M x M is defined by (¢,a,3) — (a(0),8(t)). By

an analogous argument to before, this pullback square allows the definition of a
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Pontryagin-Thom map
Tu: SYx LM x LM — P (TM)
and therefore of an umkehr map
w: Ho(S' x LM x LM) — H,_4(P) = H,_4(S* x (LM x; LM)).

Notice that Z/2 acts on S* by the antipodal action and, on LM x LM and
on M x M, by the permutation action. Moreover, A(M) is the fixed point set from
the action of Z/2 on M x M. Thus the action on S' x LM x LM, together with
the action on M x M, induce a Z/2-action on the above pullback diagram. Observe
that the diffeomorphism h: S' x (LM x; LM) — P is equivariant, where Z/2 acts
antipodally on S' and permutes the two components of LM x5y LM.

Therefore, the umkehr map w is well defined on the homology of the orbits
w: Hy(S' xz/9 (LM x LM)) = H,_q(S" Xz5 (LM x5y LM))
as h is equivariant. Using this we get a homomorphism
Vit Ho(LM x LM) = Hy1-q(S" x7/9 (LM x5 LM))

defined by
V(@ 0) = w(er ® (¢ @6 — (,1)(|¢I+1)(\9\+1)9 ® ¢)).

Let G: [0,1] x (LM xpy LM) — LM be the homotopy given by and
recall that the standard multiplication of loops commutes up to homotopy via G.

By identifying [0, 1] with the upper semicircle of S!, G defines a map

G: S' xg/9 (LM x 3y LM) — LM.
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Finally, we get an operation
Gyovy: H (LM x LM) — H, 1_4(S* Xz/9 (LM xXpnp LM )) — Hyy1-q(LM).

We have the following theorem.

Theorem 2.3.2.
(Guov)(6®6) = [6,6].

Proof. In [4, Definition 4.1] the operation G, ov, is defined to be the string bracket.
Taking A to be defined as above, in [4, Corollary 5.3] Chas and Sullivan proved that

the following identity holds

(Giovi)(p®0) = (=1)PA(p e 0) — (-1)’A()) @ 0 — ¢ ¢ A(6).
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Chapter 3

Connections with Algebra

Hochschild homology and cohomology have become very important in the study of
string topology as they provide us with new ways to compute string topology with its
full structure. In the following sections we present the definitions of Hochschild ho-
mology and cohomology and give relations between these theories and string topol-
ogy. The first three sections are dedicated to the study of the basic Hochschild

theory, their content can be found in [I§] and [26].

3.1 Hochschild Homology

Definition 3.1.1. Let K be a field, A a unital K-algebra and M an A-bimodule.
The chain complex (Cy,(A, M), b) defined by

Cn(A, M) := M ® A®"

and
n—1 ‘
b(m,ai,...,a,) = (may,...,a,) + Z(—l)z(m,al, ey Qi e Gp)
i=1
+ (=D)™"(apm,aq,...,an—1)
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is called the Hochschild complex. The homology of this complex is called the
Hochschild Homology of A with coefficients in M. We denote it by HH,(A, M).
Throughout, we will write with no distinction both (m,a1,...,a,) and m ®

a1 ® ...ay for an element in Cy,(A, M) or in HH.(A, M).

An alternative way to compute Hochschild homology is in terms Tor when

the algebra A is a projective as a K-module.

Proposition 3.1.2. Let A be a unital algebra and A® = A® AP where A°P denotes
the algebra with the opposite multiplication. If A is projective as a module over K,

then for any A-bimodule M there is an isomorphism

HH, (A, M) = Tor’ (M, A).

For a proof of this proposition we refer the reader to [26, Corollary 9.1.5].

3.1.1 Properties and Computations of Hochschild Homology

We now describe some of the properties and computations in low degree of the
Hochschild homology groups. We discuss the functoriality of HH,,(—, —), compute
HHy(A, M) and introduce the concept of Kéhler differentials and their relation with
HH, (A, M). This is a summary of some of the results from [I8] Section 1.1].

Remark 3.1.3. Note that the construction of the Hochschild homology is functorial

in M: given f: M — M’ there exists a map

fo: HH.(A,M) — HH,(A,M)
felmyar,...;an) = (f(m),a1,...,a,).
We also have functoriality in A: given g : A — A’ and M’ an A’-bimodule then g

makes it into an A-bimodule and g.(m, aq,...,a,) = (m,g(a1),...,g9(an)).

Remark 3.1.4. When M = A we have that HH,(—,—) is a covariant functor, i.e.

f:A— A’ induces a homomorphism f, : HH, (A, A) - HH, (A, A").
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Also observe that

M
{am —ma: a€ A, me M}

HHy(A, M) =

Definition 3.1.5. Let A be unital and commutative. The A-module Q}4| > gener-

ated by the elements da with a € A subject to the relations

d(Aa+ pb) = Ada + pudb A\ pu € K and a,b € A

d(ab) = (da)b + adb,

is called the module of Kahler differentials .

Proposition 3.1.6. If A is unital and commutative, then there is a canonical iso-
morphism HH(A, A) = Q}4|K' If M is a symmetric bi-module, i.e. ma = am for

every m € M and a € A, then HH, (A, M) = M®Qh|K.

Proof. Since A is commutative, then HH;(A, A) is the quotient of A ® A by the
relation ab ® ¢ — a ® be + ca ® b. Then we have a map HHq (A, A) — QiﬂK defined
as a @ b — adb. Tt is easy to check that the map in the other direction which sends
adb to the class of a ® b is well defined because of the commutativity of A and that

is also a module homomorphism. O

3.1.2 Algebra Structure in HH,

One of the interesting properties of Hochschild homology of a commutative algebra
is the existence of a product HH,(A,A) x HH (A, A) — HHp4(A, A). Unless
otherwise stated, the algebras considered here will be commutative.

Following [I8, Chapter 4, Section 4.2] there is an action of the symmetric

group S, on Cy (A, A) given by

g - (ao,al,. . .,an) = (ao,agq(l), cee ,ag—l(n)),
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where o € S,.

We define a (p, ¢)-shuffle to be a permutation o € S, such that
o(l)<---<o(p) and o(p+1)<---<o(p+q).
Definition 3.1.7. Let A be a commutative algebra. The internal product
x: HH,(A,A) @ HH (A, A) - HHp,,(A, A)
is given by the following formula

(ap,a1,...,ap) % (ag,all,...,a;)

— Z sgn(0)(aoag, Gy-1(1), - - - » Go=1(p) a;,l(pﬂ), ey a;,l(erq))
g
where the sum is over all (p,q)-shuffles and [] denotes the class of an element in
HH,.(AA).

Remark 3.1.8. In fact, for any unital K-algebras A, B there exists an external
product
HH,(A,M)® HHy(B,N) - HHp; ((A® B,M ® N)

where M is an A-bimodule and N is a B-bimodule. When A is commutative,
the multiplication is a homomorphism of K-algebras, and so it induces a map in

Hochschild homology
pe: HH, (AR AJA® A) - HH, (A, A).

When B = M = N = A we can compose the external product with u, to give rise
to the internal product. For a complete account of these facts we refer the reader

to [3, Chapter XI, Section 6], [I8] Section 4.2] and [26], Section 9.4].
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Corollary 3.1.9. With the inner product given above, HH.(A, A) becomes an as-

sociative and graded commutative algebra. That is, the map
X : HHp(A,A) @ HHy(A, A) - HH,4(A, A)

satisfies the identity a x f = (—1)P13 x a with o € HH,(A, A) and f € HHy(A, A).

For a proof of this we refer the reader to [18, Section 4.2].
We now introduce the module of differential forms Q% 5~ For particular
algebras A, we will use this module to completely describe the algebra HH,(A, A).

Let 9?4‘ K= A and define the module of differential forms as
QZ|K = AZQ}MK?

where A4 denotes the exterior product over A. Now since Q}M x = HHi(AA) we

have a natural map of algebras
P QZlK — HH,(A, A)

called the antisymmetrisation map. There are special cases when the antisymmetri-
sation map is an isomorphism, in particular, when A is a free algebra. The following
theorem will be key in the following chapter.
Theorem 3.1.10 (Hochschild-Kostant-Rosenberg). For a smooth algebra A, the
antisymmetrisation map is an isomorphism.

For the definition of smooth see [I8, Appendix E|. Most importantly for our
applications, free commutative algebras are smooth. This result is originally due to
Hochschild, Kostant and Rosenberg in [14]. For a proof of this theorem we refer the
reader to [I8, Section 3.4] and [26, Theorem 9.4.7].

We finish this section with standard theory that will be very useful in the

future.
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3.1.3 The Connes Operator

In later sections the Connes or B-operator will play an important role in the study

of string topology.

Definition 3.1.11. Let s: C,,—1(A, A) — C,(A, A) be defined by
(a1 @ Qap)=10a1® - ap,
t: Cp(A, A) = Cn(A, A) defined by
tag®@ - ®ap) = (—1)"a, ®a1 @+ @ an_1
and N: Cp(A, A) — C,(A, A) defined by
N =id+t+t> -+ 1"
Let B: C,(A, A) = Cpy1(A, A) be the map
B = (1-1t)sN.

Define

n—1
V(ao,....an) =Y (=1)(a0 @+ ® aiais1 @ @ ap).
=0

A direct calculation shows that the following identities are satisfied

b(1—t)=(1+t)
b's+ sb =id

Nb=1UN.

25



Using these identities we have

bB + Bb=>b(1—1t)sN + (1+t)sNb
= (1+t)b'sN + (1 +t)sb'N
=(1+t)(b's+sb)N

= 0.
Therefore, B induces a map
B:HH,(A;A) - HH,11(A,A)

called the Connes or B-operator. A formula for B is given by

n

Blag,...,ap) = Z(—l)m(l,ai, ey Qpy A0,y . (1)
=0

— (_1)n(i—1) (ai, 1, Qj41ye--5Qn, a0, ... ai_l).

We have the following commutative diagram:

Ve —~ HH, (A, A) (3.1.1)

| s
Oyt UL (4, A)
where d denotes the exterior differential operator defined by

d(aoday - - - day) = dagday - - - day,.

For the proof of this statement see [I8, Proposition 2.3.3] and |26, Lemma 9.8.10].

Let A be a unital K-algebra and A = A/K. We define the normalised
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Hochschild complex as Cp,(A, M) = M ® A" with boundary operator given by

b(m,ai,...,a,) = (may,az,...,an) + Z (=)' (m,a1,...,aiai41,...,a,)
0<i<n

+ (=1)"(anm, a1, ... ,an—1).

This complex is quasi-isomorphic to the Hochschild complex. For a more detailed
discussion of this please see [3, Chapter IX, Section 6]. In this case we have a

normalised B operator which is defined as:

n

B(ag,...,an) = > (~1)""(1,ai,...,an, a0, ... ai1).
=0

3.2 Hochschild Cohomology
Let A be a K-algebra and M an A-bimodule. Define the Hochschild cochain complex

C"(A, M) = Hom(A®™, M).

The coboundary operator 5 is given by the following formula. Given a K-linear

map f: A" — M

B(f)(al)"'7an+l) :alf(a27"'7a’n+1)+ Z (_1)if(a17"'7aiai+l7"'aan+1)

0<i<n+1

+ (=D)"Mf(ay, ..., an)an 1.
Then the Hochschild cohomology of A with coefficients in M is defined by
HH"(A,M)=H"(C"(A,M), ).

The following proposition describes Hochschild cohomology in terms of Ext.

Proposition 3.2.1. Let A be a unital algebra and projective as a module over K.
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Recall that A® = A ® A°PP where A°PP is the algebra A with the opposite multiplica-

tion. Then for any A-bimodule M there is an isomorphism
HH"(A, M) = Ext}.(A, M).
For a proof of this proposition please see [26, Corollary 9.1.5].

3.2.1 Properties and Computations of Hochschild Cohomology

As in the case of the Hochschild homology, there is functoriality of HH"(—,—). In
the following paragraphs we will also compute HH"(A, M) and HH"'(A, M). These
calculations can be found in [I8, Section 1.5]. There, one may also find an expression
for HH?(A, M), however we will not make use of such a computation here.

The functor H™(—, —) is contravariant in A: for a K-algebra homomorphism
f:A— A" and an A’-bimodule M we have a natural A-module, denoted by f*M,

and a map

F*  HH"(A', M) — HH"(A, f*M).

In the case of n = 0 we have that
HHY(A, M) = {m € M|am = ma for any a € A}.

When n = 1 a cocycle is a K-module homomorphism D : A — M satisfying the
identity D(ab) = a(Db) + (Da)b. Such a homomorphism D is called a derivation
from A to M and we denote by Der(A, M) the module of derivations from A to M.
The homomorphism D is a coboundary if it has the form L,,(a) = [m, a] = ma—am,
so if it is an inner derivation. Therefore

HH' (A, M) = Der(A, M)

Inner derivations’
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3.2.2 The cup product in HH*(A, M)

There is a multiplication in the Hochschild cochain complex which turns it into an
associative and graded ring. For f € CP(A, M) and g € C%(A, M) their cup product
fUge CPtY(A, M) is defined by

(fUP®..®ap01 ®...0by) = fla1®...®ap)gbi ®...Rby).
We have that

B(fug) = Bf)Ug+ (=1)PfU(Bg)

In consequence U induces a product in cohomology

U: HHP(A,M)® HHY(A, M) — HHPTI(A, M).

Although the cup product is not graded commutative at the chain level, in
[11, Corollary 2, Section7], Gerstenhaber proved that it is graded commutative in
cohomology. Since HH'(A, A) = Der(A, A), when A is a commutative algebra, and

the cup product is graded commutative, there is a natural map of algebras
¥ Ny (Der(A, A)) - HH"(A, A).
The following theorem is the cohomological counterpart of theorem [3.1.10| which will

be key in the following chapter.

Theorem 3.2.2 (Hochschild-Kostant-Rosenberg). If A is a smooth algebra then the
map

Y N'j(Der(A,A)) - HH" (A, A)
is an isomorphism of algebras.

For a proof of this, see [14, Theorem 5.2].
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3.2.3 Lie Bracket on HH*(A, A)

Given f € C™(A, A) and g € C"(A, A) we define f o; g € C™T"1(A, A) by

foiglar,...,amin—1) = flat, ..., ai—1,9(ai, ..., QGitn—1), Gitn, -, Gmgn—1)-

Now we define f o g by

m

fog=> (~1) Do g
=1
and [f, g] by
[f.g] = fog—(-1)m V0 Ngory

This bracket operation is the Gerstenhaber bracket and it is a Lie bracket of degree
1 as defined in [I8, Chapter 1, E.1.5.2]. This was first proved by Gerstenhaber in
[11]. Moreover, in the same paper, Gerstenhaber proved that the bracket together

with the cup product make HH*(A, A) into a Gerstenhaber algebra.

3.3 Hochschild Homology and Cohomology for Differ-

ential Graded Algebras

In this section we introduce the concept of a differential graded algebra and the
definitions of Hochschild homology and cohomology for these algebras. Throughout
this manuscript we will use cohomological grading conventions. In particular, this
will mean that the Hochschild boundary operator will increase degree by 1 whereas

the Connes operator will decrease degree by 1.

Definition 3.3.1. A Differential Graded Algebra A, over the ground field K, is a
graded algebra A = ®,czA, with a unit together with a differential 0 of degree +1

(i.e. 02 =0and 0: A, — A,y1) which is a graded derivation for the product in A,
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that is,

d(ab) = da - b+ (—1)1a - 9b.
An element a € A; is called homogeneous of degree i = |al.

In our case, we will restrict to those differential graded algebras for which
there exists n € Z such that either Ay = 0 for every k > n or Ay = 0 for every
k <n.

A differential graded algebra (A, J) gives rise to a cochain complex
0
Ag— - = Apg = Ay — -

whose cohomology is denoted H*(A, 9).

3.3.1 Hochschild Homology for Differential Graded Algebras

In this subsection we discuss the definition of the Hochschild homology of a differ-
ential graded algebra. This material can be found in [26, Section 9.9.1] and [I8|
Section 5.3].

Let (A,0) be a differential graded algebra. The iterated tensor product
of complexes (A,9)®"*! is a complex with underlying module the tensor product

A®"+1 and the differential on it is defined by

n
8(&0, ey an) = Z(_1)|a0|+---+|ai,1|(a0’ e, Qi—1, aai, Ajt-1y - - - ,an).
=0

The (total) degree of an element = = (aq,...,a,) € A¥"*! is given by the formula
|z| = |ag| + |a1] + ... + |an| — n.

If 0 < i < n, define d;: A®"!1 5 A®" by the formula

di(ag,...,an) = (ag,...,Qi0i11,...,ap)
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and d,,: A®"TL 5 A®" by
dn(ag,...,an) = (71)‘a"'|(|a0‘+|a1H"“+|a"*1|)(anao, A1y .y Ap_1)-

Now we define b: A®"+1 5 A®" to be the operator

b= zn:(—nidi.
=0

)

If we multiply 0 by (—1)", we get a double complex

where (A®"*1), denotes the elements of the tensor product with inner degree equal
to p, that is
(A®n+1>p = @ Aio ®...R Azn

o+ tin=p
Definition 3.3.2. The Hochschild complex of the differential graded algebra (A, 9)

is the total complex of the double complex
(Cnp(4,0), b+ (=1)"0)
defined above, where C,, ,(4,9) = (A®"*1), and the module of total degree 7 is

Tot,(A,0) = @) Cup(A,0).

p—n=r
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The Hochschild homology of (A, d) is the homology of the Hochschild complex and
we denote it by HH,(A, ).

Although this definition is valid for any differential graded algebra (A, d), we
will restrict our attention to simply connected differential graded algebras of finite
type. That is, a positively graded differential graded algebra (A, d) of finite type,
over K, with H(A) = K and H*(A) = 0.

3.3.2 Commutative Differential Graded Algebras

For a commutative differential graded algebra A there exists an analogue of the
differential forms, of the antisymmetrisation map and of Theorem [3.1.10] Here we

follow [18, Section 5.4].

Definition 3.3.3. Let A be a differential graded algebra. We call A a commutative

differential graded algebra if the following identity holds
ab = (—1)llllpg

for a,b homogeneous elements.

Let A be a commutative differential graded algebra. Then the graded A-
bimodule A® A forms a graded algebra with the product (a®b)(z®y) = (—1)I*lgze
by for homogeneous elements a, b, x,y € A.

In the case of a commutative differential graded algebra we also have analo-
gous definitions to the non-graded case of the internal product in HH,(A,0) and a

B-operator.

Definition 3.3.4. The graded module of differential forms Qi” 5 is defined as the

graded A-bimodule generated by elements da, for a € A and with degree |da| = |a|
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for homogeneous elements, subject to the relations

d(ab) = adb + (da)b = adb + (—1)|aHb|bda

d(Aa + pb) = Ada + pudb

for every a,b € A and \,u € K.

Definition 3.3.5. For a graded A-module M the graded exterior product of M with
itself over A is given by the quotient MAsM = M ® 4 M/ ~ where the equivalence
relation is generated by

m@n~—(=1)m"n o m

for homogeneous n, m.
In general, we define Ay M = M®A™/ ~ where = is the equivalence relation

generated by ~.

Definition 3.3.6. The graded exterior differential module of the commutative

graded algebra (A4, ) is defined as

n _ AnOl
A = My k-

Remark 3.3.7. For x,y € QZ"K we have that dedy = —(—1)*¥dydz.
Observe that there is a natural extension d of 9 from A to QZX\ x given by the

formula

§(aoday . .. day) = (=1)"(0(ag)day . . . da, + (—1)%lagd(ay)das . . . day, + . . .

o (—1)aolHantlgoday L d(Day)).

The extension of the differential of A to Qz‘ ) gives rise to a complex that
we will denote by ((QZlK)*,cS), where an element z = apday ...da, € Q. has

(internal) degree |z| = |ag| + ... + |an|. We define (2 4 9) to be the total complex of
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the following double complex

(9,24\[()0 — (Q,zqu{)l T> (Q,Qq|K)2 e

é §
0 0 0
(QA\K)O s (Q}LX\K)l 5 (QiuK)??
0 0 0
Ag 5 Aq 5 Ay 5

where the module of total degree n is

Wao) = D -

p—q=n
Notice that there exists a canonical map

%ZJ : Q?A,(’)) - (0*7*(147 0)7 b+ a)

given by

Yn(apday ... day) = Z +sgn(o)(ao, ag-1(1); -+ -5 AGo-1(n))5

where C, (A, 0) is defined in Definition m Here the sign convention + means

that when we commute two elements of the n-tuple of degree p and ¢ then we

multiply by (—1)P2. This map defines a map in homology, the antisymmetrisation

map for Hochschild homology of a differential graded algebra.

We also have a generalisation of the Hochschild-Kostant-Rosenberg isomor-

phism:

Theorem 3.3.8. Let (A,0) be a commutative differential graded algebra such that

etther
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1. A=AV for a free graded K-module V, or
2. A is smooth and Q C K.

Then the complex Cy (A, ) defined is quasi-isomorphic to 045 Thus
HH,L(A,0) = H.(Q ).

For a definition of a smooth graded algebra and a proof of this theorem we

refer the reader to [I8, Section 5.4.5] and [I8, Proposition 5.4.6], respectively.

Example 3.3.9. In the case of a free graded commutative algebra A = K[V] the
differential is zero and so the Hochschild complex associated with A coincides with
the complex defined in the previous section. Notice that Q}4| x is the K[V]-module
generated by elements of the form o~'v € 7'V, where 7'V is the graded vector

space in which X7V, = V,,_1. It follows that Q*

Wk = KlV]® K[27'V] and thus,

using Theorem [3.1.10} there is an isomorphism of graded algebras HH,(K[V],0) =
K[V]@ K27V = K[Vae 3 tV].

The Connes operator is defined on the generators as

Bv)=0c"tv, veV

B(c7'w) =0, weV

and extended as a derivation. Using a homogeneous basis x1,...,x, of V and the
commutative diagram we can see that HH,(K[V],0) is generated by elements
of the form

p(z1,...,2n)Bx;,... Bz,

where p € K[V].
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3.3.3 Hochschild Cohomology for Differential Graded Algebras

Let (A, ) be a differential graded algebra. Given a K-linear map f : A®™ — A, we
say that f has degree p if f(a1®...®ay) € A has degree k+ p for any homogeneous
element (a1 ® ... ® a,) € A®" of degree k. Define Hom(A®", A) to be the graded
module generated by K-linear maps f : A®™ — A of degree p, for any p € Z.

Let C™P(A,9) = (Hom(A®", A)), and define 6: C"P(A,9) — C™PTL(A,9)

by the formula

n

Z(_1)|ao|+“'+|ai—l|f(a0 R R a(ai) K- ® an>
1=0

6(f)lao @+ ®@an) =
for any f € Hom(A®"+!1 A). Notice that the Hochschild coboundary map

B: C™*(A,0) — C"T1*(A,9)

together with § make C™P into the following double complex.

B B B
(Hom(A®2, A))g —> (Hom(A%®2, A)); —> (Hom(A®2, A)y — >
B B B
(Hom(A4, A)g —"— (Hom(4, A)); —— (Hom(4, 4)); —
B B B
A b A 5 Ay 5

Definition 3.3.10. The Hochschild Cohomology of the differential graded algebra

(A, 0) is defined as the cohomology of the double complex

HH*(A,9) = H*(C**(A, A), B +6).

Observe that the cup product and the Lie bracket are also defined for differ-
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ential graded algebras using the same formulas used in previous sections.

Let (A, 0) be a commutative differential graded algebra. A K-module ho-
momorphism f: A — A is a graded derivation of degree p if f satisfies the identity
fab) = (f(a))b+(—1)lla(f(b)) and if for any element a € Ay we have f(a) € Ay,
We denote by Der(A) to the module of graded derivations.

For f € Der(A), define D to be graded commutator
D=0dof+(-1)Vfoa.

There is a natural extension of D from Der(A) to A”(Der(A)) which, by abusing

notation, we will also call D. This extension is given by the following formula

D@anfi...Afa) = (=D"O@ A fi...Afu+(D)MaADF)A fo o A fr+...

o (—D)laH A A g A 1A D(f))

for a € A and f; € Der(A). Here A% (Der(A)) = A.

Then we have the following double complex

0 0 0
(A% (Der(A)))o —= (A% (Der(A))); —= (A% (Der(A)))s —
0 0 0
-D -D

(A} (Der(A)))o — (A} (Der(4))); — (A} (Der(A))); —
0 0 0

(A% (Der(A)))o —2= (A% (Der(A))); — (A% (Der(A)))z —=

As in the non-graded case, there is a canonical map of graded algebras

P (A% (Der(A)),D) — (C*(A, A),B+9)
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using the cup product in HH*(A, 9).

Theorem 3.3.11 (Hochschild-Kostant-Rosenberg). Let A be a commutative differ-

ential smooth graded algebra (A, Q) then the map 1 is an isomorphism.

Example 3.3.12. For a free graded commutative algebra A = K[V] the Hochschild
coboundary operator is equal to the coboundary map defined in Section Now
HH'(A,0) = Der(A) is equal to the K[V]-module generated by elements (o~ 1v) €
(X71V)*. From this we get A*(Der(A)) = K[V]® K[(X~'V)*] and using Theorem

[3.2.2] we get an isomorphism

HH*(A,0) = K[V]@ K[(27'V)* ] = K[V & (Z7'V)".

Furthermore, using the fact that (X7'V)* = X~'V* and the elementary properties

of the Lie bracket in lower degrees we find that

[v,w =0, v, weV
[0¢, 0] =¢(v), veV oeV”

[0¢,0¢] =0, ¢, peV"

Using the Jacobi and Poisson identity completely determines the bracket in

HH*(K[V],0).

3.4 Hochschild Package and String Topology

Up to now we have denoted by HH, (A, 0) (respectively, HH*(A, d)) the Hochschild
homology (respectively, cohomology) of a differential graded algebra (A,d). From
now on we will use the notation HH,(A, A) (respectively, HH*(A, A)) to remain
consistent with the literature. Analogously we will write Cy (A4, A) and C*(A, A) for

the Hochschild chains and cochains.
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3.4.1 Hochschild Homology and H*(LM)

In [I5], Jones described the relation between Hochschild homology and the coho-
mology of the loop space of a simply connected topological space M. We summarise
these results here.

Let M be a simply connected topological space and define
en: A" x LM — M" !

as

en((th cee atn)v 7) = (7(0)77@1)? s 77(tn))a

where A" is the n-simplex
A" = {(ty,...,ty) ERM0O<t; <...<t, <1}
This gives a map
p: (SF(M))EHD 25 gx (MY Dy oo (A™ 5 L) L2 5% (L)

where the first map is the external product and the last map is the slant product
with the fundamental n-simplex o, € S™(A™). The construction of this map can

also be found in [I3].

Lemma 3.4.1. The map p, induces a map of chain complexes
pn: (Cr(S*(M),S*(M)),b+6) — (S*™(LM),J)

where b is the Hochschild differential and § is the coboundary operator on singular

cochains.
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Proof. Let A;: M™ — M"™+! be the map defined as
A’L’(xly s 7xn) = (l‘la sy Li—1, Tjy Ty Tit-15 - - - ,l’n)

for 1 < n and let §;: A™ — A" be the inclusion of the i-th face of A™*1. Notice

that the following diagram is commutative.

A" x LM —> pyntl

5i><1T TAZ

An—l % LMgMn

Therefore the diagram

S (MM — T §*(A™ x LM)

A;*J/ \Lé;‘xl
e*

n—1

S*(M™) - §* (A1 x LM)

commutes.

Observe that the map
(§%(M))P 255 S (M) 2 5% (™)
is given by
A(21® ... QTpy1) =01 Q... QLTiTigy1 @ ... @ Tpt1

since the diagonal map induces the product in S*(M) and A; is the product of
identity maps and the diagonal map M — M x M.

A general formula for the coboundary of the slant product is
§(z/a) = 6z/a+ (—1)*lz/da.
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Thus, if r =21 ® ... ® Tp11 € (S*(M))®" L then

d(pn(x)) = 0(ey(x)/on)
= 8(ep(2))/on + (—1)"e () /o,
= ey(02) fon + (=1)"le;, (2) /dor,

= pu(62) + (=1)"le;, () /dor.

Now we compute the second summand,

In conclusion, p, is a map of chain complexes.

In fact, in [15], Jones proved the more general statement.

Theorem 3.4.2 (Jones). Let M be a simply connected topological space. The map

ps + HH,(S* (M), S*(M)) — H*(LM).

is an isomorphism of algebras. Moreover, via p, the B-operator defined on

HH,(S*(M),S*(M)) is the dual of the Batalin-Vilkovisky operator on H,(LM).

3.4.2 Hochschild Cohomology and String Homology

In [5], Cohen and Jones prove the following theorem.
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Theorem 3.4.3 (Cohen, Jones). If M is a simply connected, oriented, closed

smooth manifold, then there exists an isomorphism of graded algebras,
fH(LM)— HH*(S*(M),S*(M)).
Moreover, there is a Batalin-Vilkovisky algebra structure in HH*(S*(M),S*(M))

which is defined by Tradler in [25]. In [I0], Felix and Thomas proved the following.

Theorem 3.4.4 (Felix, Thomas). Assume the hypothesis of Theorem and in
addition suppose that the coefficient field is of characteristic zero. Then the map f

is an isomorphism of Batalin-Vilkovisky algebras.

In the case of characteristic 2 and M = S?, Menichi proved that f is not an

isomorphism of Batalin-Vilkovisky algebras (see [20]).
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Chapter 4

Models and String Topology

All topological spaces considered here are of the homotopy type of a countable CW-
complex whose integral homology is of finite type. Also throughout this chapter, we

will assume all the algebras A considered here to be finitely generated.

Definition 4.0.5. Let A be a graded commutative algebra. A model P for A is a
differential graded commutative algebra, together with a map of differential graded
algebras e: P — A, where A is considered as a differential graded algebra with zero

differential, such that
e P is free as a graded commutative algebra
e the induced homomorphism H,(P) — A is an isomorphism.
We will explore some interesting examples.
Example 4.0.6. Let

Klx]

A= (zn 1)

where K is a characteristic zero field and |z| = 2k. Let P = (K|x,y],0,€) where

ly| = 2k(n+1) — 1, 9y = 2"+, 9r = 0 and

e: Klz,y] — Klz]
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is the map of (differential) graded algebras defined by

y — 0.
Observe that Ker(9) = K[z] and Im(9) = (z"1). Tt follows that the induced map
€x: H*(P) — A is an isomorphism. By definition, P is a model for A.

Example 4.0.7. Let K be a characteristic zero field and

Kz, y]
(z3 — 2zy, 2%y — y?)

A=

where |z| = 2 and |y| = 4. We will show that P = (K[z,y, f, g],0) is a model for
A, where 0z = 0y = 0, 0f = 2% — 2xy, g = %y — y* with degrees |z| = 2, |y| = 4,
|fl =5 and |g| = 7. Given that f and g have odd degrees, their square is zero and

so a general element ) € K|[z,y, f, g] can be written in the form

Q=Q1+Q2f + Q39+ Qufg

with Q; € K|[x,y]. Using the fact that 0 is K|z, y|-linear and the Leibniz rule we

get the following expression

0Q = Q20f + Q309 + Q4(0f)g — Quf(0g).

It follows that Q@ € Kerd if and only if Q4 = 0 and there exists Q € K|[z,y] such
that Q2 = Qdg and Q3 = —QAf. Therefore, if

Q=Q1+Q9)f+Qf)g
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with Q1,Q € K|z, y]. Now, any element of R € Im d is of the form

R=Q20f + Q309+ Q(0f)g — Qf(dg)

with Q?a Q37Q € K[x,y]

Now consider the map of algebras

€: K[l‘)ymf)g] _>K[I7y]

which is defined on the generators by

T =T

f—=0

g—0.

From the description of Ker 0 and Im 0 we see that the map induced by € in homology

H*(P) — A

is an isomorphism.

4.1 Free Graded Commutative Algebras

In this section we give models for the Hochschild homology and cohomology of a
free differential graded algebra. In further sections, these models will be key in the
construction of models for Hochschild homology and cohomology of a differential
graded algebra.

In Example [3.3.9) we saw that, for a free graded commutative algebra A =
K[V], the Hochschild homology was given by HH,(K[V],K[V]) = K[V & ©71V].
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Thus (K[V@&X71V],0) is a model for the algebra H H, (A, A). Moreover, the Connes

operator is defined on the generators by

Bw)=0"tv, veV

B(c7'w) =0, weV

and extended as a derivation.
Analogous to the case of homology, by Example [3.3.12] the Hochschild co-

homology of a free graded commutative algebra A = K[V] is equal to

HH*(K[V],K[V]) = K[V @ (27'V)*].

In consequence, (K[V @ (X71V)*],0) is a model for the algebra HH,(A, A).
Using the fact that (X~!'V)* = XV* and the elementary properties of the

Gerstenhaber bracket in low degrees, we see that

[v,w] =0, v, weV
[0p,v] = p(v), vEV VT

[0¢, 0] =0, ¢, peV".

The Jacobi and Poisson identity completely determine the bracket in

HH*(K[V],K[V]).

4.2 Models and Hochschild Homology

Given a model P = (K[V],0,¢) for a graded commutative algebra A we will now
construct a model L(P) for HH,(A, A). As in Section the underlying graded
commutative algebra for this model is given by K[V @ X~'V]. The following lemma

will be very important for the construction of the differential of the model L(P).
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Lemma 4.2.1. Let P = (K[V],0) be a differential graded algebra. There exist
unique derivations 8, 3: K[V @ 27'V] — K[V @ X7'V] of degree +1 and —1, re-

spectively, such that
1. 82 =p3%2=0,
2. 8+ B0 =0,
3. dv = 0Ov, for everyv €V
4. Bv=o"tv for everyv € V.

Proof. We will show the existence of § and 8. First set 3 to be as in [l We then
define 8 on ¥~V by B(c~tv) = 0, for each v € V, so that 82 = 0 on V and
Y71V, We finally extend B to K[V @ X~'V] as a K-linear map which is also a
(graded) derivation of the product in K[V @& L71V]. As a consequence, 52 = 0 in
K[Vaex1v).

Now let § be as in [3| and define 6 on X~V by 6(c~1v) = —B(dv) for every
v € V. We then extend § to K[V @ £71V] as a K-linear map and a derivation of
the product.

To prove that [2| holds, we note that it is satisfied for elements v € V and
o~ 'v € 7'V by the definitions of § and 3 and since 5% = 0. Using the fact that §
and 3 are graded derivations, we see that it is satisfied for the whole of K[V ®X~1V].

To complete the proof of existence, we are left to prove that 62 = 0. Observe
that § = 9 in K[V] and since 9> = 0, we have that §%v = 0 for every v € V. Further,
using the definition of 3, the fact that 6%v = 0 for every v € V, and [2| we get the

following relations

62(c™ 1) = B(6%v) = 0.

As before, since ¢ is a (graded) derivation of the product, 6 = 0 on K[V & 71V
To show uniqueness consider §, § as above and suppose that 6 and 8 also

satisfy the hypothesis above.
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Since 8 and 3 are (linear) derivations and fv = o~ lv = Bu for every v € V,
then 8 = B in K[V] C K[V @ ©~'V]. Using the same argument, and that dv =
dv = bv for every v € V, § =6 in K[V] C K[V @ 2~'V].

By hypothesis, 3(v) = o ~!v for v € V. Now, using the fact that 32 = 0 and

that 8 is a derivation, for any v1,...,v, € V, we have that

B((e™ vr) ... (67 wy,)) = 0.

The same argument applies for 8 and so 8 = § in KXW c K[Vaex V.
Since 3 4+ 46 = 0, then for any v € V,

§(ctv) = 8(Bv)
T
= —[(0v).

But dv € K[V] and we proved before that 8 = /3 in K[V] so

—B(0v) = —B(0v)

=4(c o)

as SB + SB =0.
Finally using the Leibniz rule for  and B (respectively, 8 and B) we see that
§ = 0 (respectively § = ) in K[V & £~1V]. O

We will also make use of the following standard lemma of double complexes

that can be found in [18, Proposition 1.0.12].

Lemma 4.2.2. Let Cy. — C., be a map of double complexes which is a quasi-
isomorphism when restricted to each column. Then the induced map on the total

complexes is a quasi-isomorphism.
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We now prove the following theorem.
Theorem 4.2.3. Let A be a graded commutative algebra and P = (K[V],0,¢€) be a
model for A. Then there is a map of differential graded algebras

L(e): (K[V ® X71V],8) = (HH,(A, A),0)

such that

e the map L(¢) makes L(P) = (K[V®X~1V],6), L(¢)) into a model for HH, (A, A)

and

e the following diagram commutes

H,(K[V & X71V],6) HH, (A, A) (4.2.1)

5| |s

H, 1(K[V@®X V], 0) —= HH,_1(A, A)

where (3 is defined as in Lemma [{.2.1]

In [23], Smith proves the first result of this kind, based on work of Tate (see
[24]). However, the B-operator is not discussed and it is assumed that K = Q and

that A is a graded complete intersection algebra.

Proof. Throughout this proof we will be using the normalised Hochschild complex
without making any distinction in notation. First recall that the chain level version

of the antisymmetrisation map

Y K[VoX V] = C.(K[V],K[V])

arises from the extension as a map of algebras of the linear maps

V= Co(K[V], K[V]) = K[V]
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and
YV o C(K[V], K[V])

clv = 1®v=DBv
where B represents the normalised Connes operator at the chain level.

In this case it is easy to check that bot = 0. Indeed we have that b is zero in
C1(K[V], K[V]) because K[V] is commutative and that b is zero in Co(K[V], K[V])
by definition. These facts together with the fact that b is a derivation of the product
in C,(K[V], K[V]) show that bo = 0. Thus the map

Y (K[V o2 V], 0) = (C.(K[V],K[V]),b)

is a map of differential graded algebras.

We now claim that v gives a map of chain complexes

Y (K[V @Y™V, 6) = (CL(K[V],K[V]),b+ )

where, abusing notation, we denote by 0 to the differential in C,(K[V], K[V]) in-
duced by the differential 0 in K[V] (see Subsection [3.3.2) and it satisfies the prop-

erties

0b+b0=0, 0B+ B0=0.

The formula

Yod=(b+0)ot

can be verified directly on the generators v € V and o~ 'v € 71V of K[V @ S71V]
and from this follows that it is satisfied in the whole of K[V & £71V]. By Example
1 is a quasi-isomorphism when restricted to the columns, so the induced map

of the total complexes is a quasi-isomorphism, by Lemma
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Similarly, the map of chain complexes

induced by the map in the model e: (K[V],0) — (A4,0), is a quasi-isomorphism
restricted to the columns and therefore, by Lemma the map of the total
complexes is a quasi-isomorphism.

Finally, let n: (K[V@X71V],6) — (Ci(A, A),b) be the composition 7 = €o.

It is clear that the induced homomorphism
ne: HJ( K[V @ X71V],6) — HH.(A, A)

is an isomorphism of graded algebras.
We now proceed to prove the second part of the theorem. Although f is a
derivation at the chain level, B is not. Fortunately, B is a derivation up to homotopy

(see [18, Corollary 4.3.4]). Using this fact we prove the following lemma:

Lemma 4.2.4. The following diagram commutes up to chain homotopy

K[V & X V], Cor(K[V], K[V])

‘| |s

KlVo X'V — Cs14(K[V], K[V])

Proof. By definition of ¥ we have

D(p(o™ o)™ - (0 o)) = p(Bur)* -+ (Buy)™"

where p € K[V] and v; € V for i = 1,...,n. In [I8, Corollary 4.3.5] Loday proves

that, at the chain level, B(xBy) = BxBy. From this it follows that

B((p(o~ vr)™ -+ (07 wn)*")) = (B(p))(Bu1)™ -+ (Buy )"
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On the other hand, from the definition of 5 one gets

o Bp(o o)™ - (07 un)™) = (B (0 un))™ -+ (0~ vn))er
= Y(B()(Bvr) -+ (Bun)on.

It is sufficient to prove that there is a chain homotopy that makes the fol-

lowing diagram commute

K[V] —= K[V & V] 2= C.(K[V], K[V])
| k

K[V] — K[V & £-V] 4= C.(K[V], K[V])

Since B is a derivation up to homotopy, there exists a chain homotopy
h?: (CUK[V], K[V]),b+ )% = (C.(K[V], K[V]),b+ )

between the maps

u®v— Blu,v)

and

u® v (Bu)v+ (—1)uBuo.

This induces a chain homotopy
R (CU(K[V], K[V]),b+ 0)®" — (C.(K[V], K[V]),b+ 0)

between the maps

UL @+ @ Uy — B(uy, ..., uy)

and

n
U Q- XUy — E (—1)|ul‘+"'+‘ui_1|u1 e ui_l(Bui)ui_H e Up.
=1
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Finally define

h:K[Ve&X V] - C. (K[V],K[V])
in terms of a homogeneous basis z1,...,z,, of V as
P(S - apm) By )T - Blag, ) = WO (2P @ - @ atm) Bl )T - Bla, )
where n = a3 + ... 4+ a,,. This is precisely a chain homotopy between 3 and
B. O
O

In the following theorem we arrange some of the results from [22] to obtain

a model for H*(Q2M). An alternative proof of this theorem can be found in [9].

Theorem 4.2.5. Let M be a simply connected topological space and K a field of

characteristic zero. If P = (K[V],0) is a minimal model for M, then
QP = (K[27'V],0)

is a model for H*(QQM).

Proof. Let X, Y, Z, topological spaces, X simply connected, f: Z — X a map and

g: Y — X a fibre map. Define

ZxxY ={(2y) € ZxY|f(z) =9g(y)}.

In [22], Smith combines results from [8] to prove that there is an isomorphism of
algebras

H*(Z XX Y) = TOI'S*(X)(S*(Z), S*(Y))
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For a topological space Z = {x} C M and PM the path space

PM = {3:[0,1] » M| ~(0) =},

we have a fibration g: PM — M defined by g(v) = v(1). Together with the constant

map {x} — M, we get that

H*({+} xa PM) 2 Torg. (K, S*(PM)).

But we have a homeomorphism

{+} xp PM = QM

and since PM is contractible we can conclude that

H*(QM) = TOI‘S*(M)(K, K)

Note that this particular case, where X = M is a topological space, Z is a point of

M and Y = PM, was first proved by Adams in [I]. Thus

H*(QM) = HH,(S*(M), K).

We finish this theorem with the proof of the following lemma.

Lemma 4.2.6. Let P = (K[V],0) a minimal model for H*(M). Then

H*(QM) = HH.(K[V],K) = K[Z~'V].

Proof. Since P = (K[V],0) and (S*(M), ) are quasi-isomorphic,

HH,(K[V],K) = HH,(S*(M), K). (4.2.2)
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A direct computation shows that
HH,(K[V],K) =2 K[2~'V],

as P = (K[V],0) is a minimal model for H*(M). O
U

Lemma 4.2.7. Let e: S*M — K be the augmentation map. The following diagram
commutes

H*(LM) H*(QM)

TN

HH,(S*M,S*M) -~ HH,(S*M, K)

where the left vertical isomorphism is described in Subsection[3.4.1] and the right, in

FEquation [[.2.2
Proof. By construction of the vertical maps, the diagram above is commutative. [

Lemma 4.2.8. Let P = (K[V],0) be a minimal model for M, v: P — S*M the
quasi-isomorphism obtained from the model and ¢: S*M — K and n: P — K

augmentation maps. Then the following diagram commutes.

HH,(S*M,S*M) -~ HH,(S*M, K)

V*T T%

HH,(P,P)—" > HH,(P,K)

Proof. First notice that the following diagram commutes.
v
P——=5*M
n le
v

K——K
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Therefore the following diagram is commutative

(S*M)®n+1 ;9‘) (S*M)®n ® K

%T %

(K[V])er+l — (K[V])®" @ K

Finally, since the diagram commutes at the chain level, then the diagram commutes

in homology. O

Lemma 4.2.9. Let P = (K[V],0) be a minimal model for M and n: P — K the
augmentation map. Further, let LP = (K[V @ X71V],68) be the model for LM
given in Theorem and QP = (K[X~1V],0) be the model for QM given in
Theorem . Finally, let p: K[V & S71V] — K[S71V] be the projection onto
the second factor. Then p is a map of chain complexes and the following diagram is

commutative

HH.(P,P) -~ HH.(P,K)

.

H*(LP) —Y—= H*(QP)

where the left vertical isomorphism is given by Theorem and the right, by

Theorem [£.2.5.

Proof. We first prove that p is a map of chain complexes. Let § be as in Theorem
Note that p(dv) = 0 because dv = dv € K[V]. Since P is a minimal model,

Ov is a decomposable element and, using the fact that 5 is a derivation,

p(o™H(9v)) = p(o ™" (6v)) € I(V)

and so

p(8(c ™ w)) = plo (dv)) = 0.

In conclusion, p induces a map of chain complexes.
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We now focus on the second part of the lemma. We will first analyse the

composite map

CHK[V @2 V], 0) — C.(K[V],K[V]) — C.(K[V],K).

Recall that the map in the left is defined by the inclusions

V = K[V] = Co(K[V], K[V])

and

Y7V = CU(K[V],K[V]) = K[V] @ K[V]

0_1w'—>1®w

and extended as a map of algebras. The map induced by 7 is defined by

N(ro@r1 & - Q1) =n(ro) ri @ --- @1y

and sov+— 0 and 1 ®w — 1 ®w. It follows that the composite takes the generators
veVto0and o7lw € 7V to 1 ® w and extends into a map of algebras. In a

similar fashion we analyse the second composite map

CHK[V a2 V], 6) — CHK[2"V],0) — C.(K[V],K).

Note that the map in the right is defined by the inclusion

YWV — C(K[V],K) = K ® K[V]

clws 1w

and extended as a map of algebras. Also, recall that the map in the left is the
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induced by the projection onto the second factor. Thus, the generators v € V and
o lw € L7V are send to 0 and 1 ® w, respectively and the composite extends as
a map of algebras.

We have just proved that the diagram is commutative. O

The following theorem was first proved by Smith, in [22]. We give a different

proof using theorem [4.2.3]

Theorem 4.2.10. The map H*(LM) N H*(QM) is surjective if and only if

H*(M) is free.

Proof. Let P = (K[V],0) be a minimal model for M and LP, QP and p: K[V &
Y7 1V] — K[Z7'V] be as in Lemma Suppose 9 #Z 0. By combining the

diagrams of Lemmas [£.2.7, [£.2.8] and [£.2.9] we have the following commutative

diagram.

H*(LM) —“= H*(QM)

1, )

H*(LP) —2—~ H*(QP)

Thus 7* is not surjective if and only if p, is not surjective.

Since 0 # 0 there exist v € V' of minimal degree such that Ov £ 0. Therefore,
§(c™1w) = 071 (0v) # 0 and so o~ 'v is not a cycle in LP but it is a cycle in QP.
Notice that o~ 1v is also an element in X~V with lowest degree such that (o~ 1v) #
0. As a consequence, by the Leibniz rule and the linearity of §, we can deduce that
for any homogeneous element ¢ € K[V & X71V] with |¢| < |07 'v| = |v] — 1, then
d0q = 0.

Suppose that there exists a cycle o in LP such that p(a) = p(c~'v). Thus

a = o 'v 4w with w € I(V), the ideal generated by V. Since « is a cycle we have

0=06(a) = (0 ) + 6(w)
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and so §(w) = —d(c ') is not a cycle in LP. Since w € I(V) is of the form

§ T

with x; € LP and v; € V, then

d(w) = iné(vi) + 0(zi)v; = 25(%)%‘ =0

because |z;|, |vi| < |w| = |a| < |v| and v was of minimal degree. This contradiction
proves that ¢* is surjective implies that H*(M) is free.

The converse is an easy exercise. O

4.3 Examples: Cohomology of the Loop Space and the

B-operator

In this section we use Theorem to describe the cohomology of the loop space
of the sphere, projective spaces and Grassmann manifolds and to compute the re-

spective B-operators. We will use the same method for each of manifold M.

e First we obtain the model for the cochains on the free loop space of M by

using Theorem [£.2.3]

e Then we display the cohomology Leray-Serre spectral sequence for the fibration
QM — LM — M. (See [19, Chapter 5] for the construction of the cohomology
Leray-Serre spectral sequence of a fibration.) Here the differential that we
obtained from the model suggests differentials for this spectral sequence in
the following fashion. We start with the Es term of this spectral sequence
and we calculate the differential § from the model of each of the elements
x of bidegree (p,q). For such x we then set da to be the leading terms of

d(x), that is, the elements of the right bidegree ((p +2,q — 1)) that appear as
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summands in 6(x). If there are no such elements of the right bidegree, then
da(x) = 0. Once knowing the second differential we can calculate the elements
of the third page E3". Similarly, in order to calculate d,, we take the leading
terms of § — Z?:}l d;. We note that, in our examples, this will give all the
differentials since there is a very limited number of elements of each bidegree
in a particular term of this spectral sequence. In most of the examples, there

is only one non trivial differential.

e Once more we use the model to compute 3, the derivation of degree —1 from
Theorem [£.2.3] at the chain level. Using all of its properties this operator
B is easy to compute and in homology these computations are equivalent to

computing B. We will make no distinction in notation between § and B.

e From this, we get a description of H*(LM) with its cup product and the

corresponding B-operator.

4.3.1 H*(LS**') and the B-operator

In this case, the cohomology of the sphere is a free algebra on one generator x with
degree |z| = 2n + 1, that is, the exterior algebra A = K|z]. As in Section we
obtain

H*(LS*™) = K[z, 4]

where |u| = 2n. In this case the B-operator is given by Bz = u and, since B? = 0,
Bu = 0. These formulas completely determine the B-operator on H*(LS?*"*!) as B

is a derivation of the cup product.
4.3.2 H*(LS?") and the B-operator
Let

(22)

A= H*(SQn) —

61



with |z| = 2n. From Example 4.0.6| P = (K[z,y],0) is the model for A, where
ly| = 4n —1 and the differential 9 is given by 0z = 0 and dy = 22 on the generators.
By Theorem a model for H*(LS?") is given by

LP = (Klz,y,u,v],9)

where |z| = 2n, |y| =4n — 1, |u| = 2n — 1, |v| = 4n — 2 and, by Theorem @,
0 is defined on the generators by

dx =0
oy = a*
du=20
ov = —2zu.

Figure shows the cohomology Leray-Serre spectral sequence associated to the
path fibration QS5%" « LS?" — $2". There we compute the differentials using the
model for H*(LS?*").

From Lemma we see that, at the chain level, B is given by Bx = u,
By = v, Bu = B?x = 0 and Bv = B?y = 0 since B> = 0. Let z = av',
1 =0,1,2,.... Using the fact that B is a derivation of the product we have that
B(z;) = w'.

From Figure notice that the algebra H*(LS?") is the graded commutative

algebra

K|z, B(z) 11> 0]

with degrees |z;| = 2n+i(4n—2), |B(z;)| = 2n—1+1i(4n — 2) and with the following
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10n-5| uv? \kﬂnuv2

2 2

8n-4| v°_| xTv
X

6n-3| UV TUV

4n-2 U\ U
X

2n-1| U U

o] X

0 2n

Figure 4.1: The cohomology Leray-Serre spectral sequence for H*(LS?")
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relations:

2izj =0 fori,j=0,1,2,...,
2iB(z;) =0 fori,j7=0,1,2,...,

B(z))B(zj) =0 for i # j.

That is, all the products in H*(LS?") are trivial.

4.3.3 H*(LCP"™) and the B-operator

Set
Klz]
(xn—I—l)

A= — H*(CP™)

with |z| = 2. In Example it is shown that P = (K|[z,y],d), where 9 is defined
on the generators as dz = 0 and dy = 2"*! and |y| = 2n + 1, is the model for A.

Using Theorem the model for H*(LCP™) is given by

LP = (K[z,y,u,v],9),

where 0 is defined on the generators by

ox =0
5;1/21:"+1
ou=20

ov=—(n+1)z"u

with degrees |u| = 1, |v| = 2n and the degrees of = and y as above. Using the model
for H*(LCP™) we compute the differentials of the cohomology Leray-Serre spectral

sequence associated to the fibration QCP" — LCP™ — CP", which are pictured in

Figure [4.2]
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8n+1| ot ruvt x2uvt Tyt

8n v4\ xvt x2yt "t

6n+1| uv3 zuv? x2uvd w3

6n | 3 P 7203 R

\;

an+1| uw? Tuv? 2un? 2 uv?

4n v2_| xv2 x20? "2
2 \‘ n

2n+1| uw TUV 22uv " uv
2 2 n
n v v x2v x"v

1 U U x2u "
0 1 x x2 x”
0 1 2 3 4 2n

Figure 4.2: The cohomology Leray-Serre spectral sequence for H*(LCP™)
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Using the model for H*(LCP"™) we see that, at the chain level, the B-operator
is given by Bx = u, By = v, Bu = B?x = 0 and Bv = B?y = 0. Thus, if z; = 20,
then Bz; = wv’ for i = 0,1, ... as B is a derivation of the product.

From Figure we see that H*(LCP™) is the graded commutative algebra

Kz, B(z) :i> 0]

where the generators satisfy the following relations

Riy%ig """ Ripy1 — 0
BZZ‘BZ]' =0
RiZj = Z0Zi+j

Zi1 g " ZinBZj == 0,

for any 4, J, 1, - - -, iny int1 > 0.

4.3.4 H*(L(G9(C") and the B-operator

Let
Klz,y]
(23 — 2zy, 2%y — y?)

A= H'(Gy(CH) =

where || = 2 and |y| = 4. This expression for H*(G5(C?*)) derives from the fol-
lowing. In the book [2, Proposition 23.2], Bott and Tu give a description of the
cohomology ring of the Grassmann manifolds in terms of the Chern classes of the
tautological bundle and its orthogonal complement. According to this description,

the cohomology of G3(Cy) is given by

Klcy, c2,dy, do]
(I+cr+e)(l+d+do) =1’

H*(G2(CY)) =
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where |c1| = |d1| = 2 and |ca| = |d2| = 4. By writting d; and dz in terms of ¢; and
co we get the expression above.
As in Example [4.0.7, a model for A is given by P = (K|z,y, f, g],0), where

d is given on the generators by

Ox =0,
Oy =0,
of = x3 — 2y,
0g =2’y —y*,

with degrees |f| = 5, |g| = 7. The model for H*(L(G2(C%))) described in Theorem
is the commutative graded algebra

K[x7y7f?g’u7vﬂa7b]

with the degrees of x,y, f, g as above and |u| =1, |v| = 3, |a| = 4 and |[b] = 6. The

differential of this model is defined on the generators by

dx = dy = du = dv =0,
§f = 2% — 22y,

dg = %y — i,

da = —3z%u + 2yu + 2av,

0b = —2zu — 2%v + 2yv.

Using this model we can calculate the differentials of the cohomology Leray-
Serre spectral sequence for the path fibration Q(G2(C*)) < L(Go(C*)) — G2(C*).

Standard definitions for spectral sequences tells us that d,: EX? — EPTTa and
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that

va o Kerd,: EP? — prima—rtl
B = . pp—Tatr—1 D
Imd,: E; — EE

see [19, Definition 1.1, Chapter 1]. To obtain Es, F4 and E5 we first notice that
E3T = HP(G(C)) @ H(Q(G2(CY)))

and we calculate the second differential do by taking the leading terms of the dif-
ferential 0 given by the model. This calculation leads us to the third term of this
spectral sequence Es, in which, we notice that Imds = {0} since EY? = {0} when
p is odd. Then by definition E'? = EL9. In fact, this same argument applies to all
the differentials dopy1 of an odd term Fogyy and so dopy1 = 0 and EYY, = ESY
for k > 1. We take d4 to be the leading terms of § — da — d3, which determines EX*7.
We see that dg = 0 because the leading terms of 0 — dy — ds — dg — d5 are zero.
Analogously dg = 0. For k > 9 we have that dj = 0 since E}’? = 0 when p > 9.
Thus, the spectral sequence collapses in the Es-term.

The F5, F4 and E5 terms of this spectral sequence are depicted in Figures
[4.4 respectively.

At the chain level, the B-operator is given by

Bz = u,
By = v,
Bu = B?x =0,
Bv = B% =0,
Bf=a,
Bg =1,
Ba = B%*f =0,
Bb = B%g =0,
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VI 5 . = ) . b > = 4
N ab*uv 2(1“’? \:u’f’j“aw \Lzl st oy \\”’2“””"‘ ff;’”i \“"“2"“/':«/22 a’y
a*uy a“bZ| b’z i iy bty b ab YWY 222
a*v  ab®v \ Satve Vud o \{L41)’I‘3 bua’ N buy?
19 3 tab’vr bua® buy ©albuat b2 02
by @ bu aSbua La¥bur? ~ aPbuy, ab?vx 3 DY s
3 . 2 a3 31,3 g2 2
a3b, 3 By 3 ~a’by 3.3 a’bx L a“buvy
18 2 3 bz @ be \ a by \b;c 3 302 aPby?
a“buv ™ a2buve 2buve® abuvy buvz by~ a’by
4 ~ > 4y o Pz ~ abuy afux’ D2un?
a’u a*bvr a*ux 2 abuy ) abluy
17 a’bv . \12’)“ ’ a*bvy \‘azbvm“ a’buy?
ab’*u ab?uz Yatua® ~ atuy atuy
16 aduv  at auve ab?zl \\‘”, Z \t e \u“uuyz a'y?
Yuv  ab? N bPuvr iy 1 % i Miuvy?  ab’y?
p) ~ 3 BT ‘ ~3, - [ 3,7
a bu\ adyx a’bux \., b pvy 2 g
15 3 b2v | .o ’ by . a*buy’
a’v \1b vE \adv.z'z oy 3 b2vy?
14 abuv abuvz abuva®  abuvy \abuva
CLZb a2 bx %uzb;lr2 ~ a’by a2 by2
abv a’u abu \ gaduct ~ auy \:‘ab 2 a’uy?
13 b abvy VY
2 bya? {
b2 *(zbvz bu 2 bluy - b2uy?
2, Maluve . 2uvy N2, 0002
a“uv 3 A Y, N” ‘_"" Y auvy”
12 , a ya’z® ~ aty | 5 o A’y
b \ b2z 22 Wy by
1 a2v  o2uz MFva? qoy Fag2yy?
bau baux — Lhaua? ~ bauy] bauy2
v b ] ] 2
bU’U bax I buvz* buvy .buvy
10 2
ba = buvxr Lpaz? ~ bay bay
9 bv \ a’uzx ~ ooz bvy] —
- 2 2
CL2U b’U.’L‘ 1a2ua® ~ a’uy a“uy
P 2,2
] T ) \ CL2£L‘ \am')w,z auyy a“y
a A AUVT ga’a® ~ a’y auvy2
2
7 bu \k bux TN gpa? buy \ ravy
av avx bux? @Y buy?
2
6 b bax bx by by?
5 au\ auxr Yaua® ~ auy auxs auy2
Laa? 0 aa 2
a uv a -t UYL a4 \ e \ 5 ar’) \ oMY
~ uvx2 uvy uovx uUvY
3 v N X va? vy N g3 My
2
1 U Uz uz? uy ux® uy?
0 1 T 22y = 2zy 22y =92
0 1 2 3 4 5 6 7 8

Figure 4.3: The FEs-term of the cohomology Leray-Serre spectral sequence for
H*(L(G2(CY)))
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N ab*uv R
atuv a2b?y?
4 by I
av s 3,3 uy
e bue o bue by
2 LaBba? — aPby b3 2
18 [abuw b3 \@ \ﬁ:z by b%\ y @by
TabPuz — abuy I
17 2 bvy CL%‘ 4
a bv %(1,111,.1,2 — atuy 4uy‘
a®uv T e a, aty?
16 b? Lata? —aty 2 9
uv N2y gb Y
ta2bua® — a*buy
b2v 5 \z( bux a“buy 5 9
15
a’u| oy aduy a“buy
™ abuvy 27 9
14
abuv %(1,211:1;2 — aby a by
Ladua? — aduy 72 2
13 b2u ~ 2bay b2ux : abvy bZU/.’E?’ \ b uy
2,2
b2ux? buy asuyz
2 a*uvy 3,2
a~uv 3.0 7 4 a
12 B2 b2 %baz‘zj - 7‘;1/ b2a3 b2y? y
2 Dy
2
11 2 a“vy 2
a~v %1)(1’11,.’1:2 — baugy bauy
buvy 2
10 5
buv %b(l.’l}z — bay ba'y
N by S
° bv 2, 2
l(l.z'll.'l,'2 —_ /),2'11."1/ a Uy
M auvy
8 auv s 22
1a%2? — oy a~y
buy 3 2
7 jbu~ay bux b2 AVY buzx ~buy
2 ] 2
bx
5 %au:l:2 — auy| = auy2
I 2
sar® — ay]
4 uv 2 2
M uvy ay
N
3 v vy
2
1 U Uz uz? uy ux® \uy2
0 1 T 22y = 2zy 22y =92
0 2 3 4 6 7 8

Figure 4.4: The FE,-term of the cohomology Leray-Serre spectral sequence for
H*(L(G2(CY)))
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ab®uv laSy?
20
atuv a2b?y2
avy alPuy
19 b3u — 3b%av) b3 ux \,)21,“'2» Ili’l't/,y b3u 3;3
Latbua? — abuy
3,2
2 b3 2 by
1 |g2buw b3 b3y b3z3 by
TabPua® — abtuy
17 ) u,"zb'uy ’
%(11“.'172 — (1,111/!
3 4,2
16 a ”LL’l)2 a*y
b*uv ab®s?
B a2bux® — a’buy
15 2 i
14 abuv a’by?
.l(l,:"llu'lrj - (l,:‘ll,‘l
13 b2u — 2baw b2uaj : abvy b2ux3
brux? buy
2.2 3,2
1 2 2 b h2a3 ay
a“uv b b2y by
11 a2vy
%1)(”1,.’1?2 — baugy
0 | buv bay?
9 bv %(’271,"?2 - 112“!/
8 auv a2y2
buy 3
7 _ bux
bu — av bua? GVY bux
2 2
6 bz bz by b3 by
5 Eauz? — auy
3 v
2
1 u uw uz? uy ua’
0 1 x 22y o’ = 2ay z?y = y?
0 2 4 6 8

Figure 4.5: The E5 = Eo-term of the cohomology Leray-Serre spectral sequence for
H*(L(G2(CY)))
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as B? = 0. Using that B is a derivation of the product, if we write

for m > 1 and n > 0, then

B(ay,) = b"u,

B(ﬁn) - bnv = Un,

B(en,m) = —b"a™uv =: Oy,

B(Apm) = 20"a" vy =: 2p5 m,

for m > 1 and n > 0. From Figure we see that H*(L(G2(C*))) is the graded

commutative algebra

K[anauaﬁna’)’na5m76n,m79n,m7)\n,mapn,m tm 2 17 n > O]
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with degrees

lap| = 6n + 2,
ul =1,

|Bn| = 6n + 4,
[Yn| = 6n + 3,

|0 | = 6m + 1,

l€n,m| = 6n +4m + 5,
0pm| = 6n+ 4m + 4,
|Anm| = 6n+4m + 8,

|onm| =6n+4m +7

and satisfying the relations

QU Oy = QOO

BnBm = BoBn+ms

nfBm = @0Bntm = AntmbBo,
oy = 2006n,

apoBn = Bolbn,

n—+m

Onlm = 515n+m—1 = U(Sn—‘rmy
51/8771“ =0,
QnOm = UQptm,

BrOm = uﬂn+m — MPn+m—1,1,

’Yném = UYn+m,

and all other double products are trivial.
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4.4 Models and Hochschild Cohomology

In this section we will prove the following theorem:

Theorem 4.4.1. Let A be a graded commutative algebra and P = (K[V],0,¢€) a
model for A. For the bracket defined as in Section[{.1] there is a unique operator & of
K[V @& (271V)*] such that 62 = 0, § is a derivation of the product, § is a derivation

of the bracket and

Moreover, there is a natural isomorphism of algebras
G(e): HY(K[V @ (X7'V)*],6) — HH*(A, A),

that is, (K[V @ (X71V)*],8,G(e)) is a model for HH*(A, A).
Proof. We will start the proof of the theorem with the following lemma.

Lemma 4.4.2. Let £ be a derivation of K[V]. Then there is a unique derivation

D¢ of K[V & (S71V)*] such that
e Ifue K[V]C K[V & (Z7'V)*], then D¢(u) = &(u).
o Ifu,v € K[V&(X™'V)*], then De¢lu,v] = [De(u), v]+(—1)FDWED [y De(v)].

The proof of this lemma is elementary and it is left to the reader. Set = Dy
as in the lemma. Let G(P) be the differential Gerstenhaber algebra with underlying
free commutative algebra K[V @ (X71V)*] equipped with the differential §, and the
elementary bracket described in Section

There is a map of algebras

n: K[V & (') - C*(K[V],K[V]),
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which is the extension, as a map of graded algebras, of the K-linear maps

V — CYUK[V],K[V]) = K[V]

and

("W = CHK[V], K[V]) = Hom(K[V], K[V])

where an element (o~ !v)* gets mapped to the unique derivation of K[V] which
agrees with v* in V. This map is the antisymmetrisation map seen in Subsection
B33l

We claim that 8 on = 0, where 8 is the Hochschild coboundary map.
Indeed Bon = 0 in C°(K[V],K[V]) because K|[V] is graded commutative and
Bon((c™tw)*) = 0 since n((c~1v)*) € CHK[V], K[V]) is a graded derivation and
Ker(8: CH(K[V],K[V]) = C*(K[V],K[V])) = Der(K[V]). Given that 3 is a deriva-
tion of the cup product, we conclude that Son = 0 (see Subsection . Thus the
map 7 is compatible with the differentials and hence it gives a map of differential

graded algebras

e (K[V @ (57'V)",0) = (CY(K[V], K[V]), ).

Furthermore, n induces a map of chain complexes

n: (K[V & (371V)7,8) = (C*(K[V], K[V]), 8+ 9),

where, abusing notation, 0 is the differential in C*(K[V], K[V]) induced by J. In
fact, to see that nod = (8 + 0) o n, first verify it directly on the generators v € V'
and (0~ !'v)* € (X7'V)* and then notice that since 7 is a map of algebras and d, 3,
0 are derivations this identity holds in the whole of K[V & (X~1V)*].

By the Hochschild-Kostant-Rosenberg theorem, 7 is an isomorphism of dif-

ferential graded algebras.
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Now, since € : (K[V],0) — (A4,0) is a quasi-isomorphism, by a result of

Rickard (see [21]), there exists an isomorphism of differential graded algebras
¢: HH*(K[V],K[V]) —» HH*(A, A).

Define G(e): (K[V @ (S71V)*],6) — HH*(A, A) as the composition G(e) =

€ on. By definition, G(¢) is an isomorphism of differential graded algebras. O

Remark 4.4.3. We strongly believe that, by using either the constructions in [21] or
the Kontsevich formality theorem [17], one can conclude that the ismorphism from

Theorem is also an isomorphism of Gerstenhaber algebras.

In our computations, we will make extensive use of the following theorem of

Cohen, Jones and Yan [6].

Theorem 4.4.4 (Cohen-Jones-Yan). Let M be a closed, oriented, simply connected

manifold. There is a second quadrant spectral sequence of algebras {Equ,dr :p <

0,q > 0} such that

1. E, is an algebra and the differential d": EL, — E[_, . 1 is a derwation

*, %

for each v > 1.

2. The spectral sequence converges to the loop homology H,(LM) as algebras.
That is, E, is the associated graded algebra to a mnatural filtration of the
algebra H,(LM).

3. For m,n >0,

E? = H™(M; H,(QM)).

—m,n

Here QM s the space of base point preserving loops in M. Furthermore the
isomorphism E%*,* >~ H*(M; H.(QQM)) is an isomorphism of algebras, where
the algebra structure on H*(M; H.(QM)) is given by the cup product on the

cohomology of M with coefficients in the Pontryagin ring H.(QM).
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In fact we will make use of a dualised version of this spectral sequence. More
precisely, we will consider the spectral sequence of Theorem [£.4.4 with the following

adjustments:

e We regrade this spectral sequence into a fourth quadrant spectral sequence

and so we make a slight change of notation; the spectral sequence becomes

{EP9.d, :p>0,qg<0} with differentials d,: E* — B>+l

e We also observe that, in this case, for m,n > 0

EMT" = H™(M; Hy (QM))

and, from above, we have an isomorphism of algebras Ey~* = H*(M, H.(QM)).

e We will refer to this spectral sequence as the “Cohen-Jones-Yan spectral se-

quence”.
By combining Theorems [£.4.1] and [£.4.4] we prove the following Corollary.

Corollary 4.4.5. Let X be a simply connected manifold and P = (K[V],0) a

(minimal) model for H*(X). If N denotes

Ker(s : (S7V)* = K[V & (S71V)*)),

where 6 is defined as in Theorem[{.].1, then

K[N] C H.(LX).

Proof. Notice that, for any 7 = 1,2,..., the elements of (X~'V)* in the E,-term of

the Cohen-Jones-Yan spectral sequence appear in first column of that term. There-
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fore, if

ze (27,

then = ¢ Im(4,). So, if x € N, then x survives to E.
An analogous argument shows that, if z,y € (X71V)*, then zy is not a
boundary in any of the F,-terms of the Cohen-Jones-Yan spectral sequence and,

using the Leibniz rule, xy € N whenever z,y € N. This concludes the proof. ]

4.5 Examples: String Homology of the Spheres, Pro-

jective Spaces and Grassmann Manifolds

In this section, using the model described in Theorem we obtain the homology
of the loop space of the spheres, projective spaces and of Go(C*) with its corre-
sponding string product. We also compute the Batalin-Vilkovisky operator using

the calculations from Section 131 We will use the same method for each manifold

M.

e Using the isomorphism of graded algebras from Theorem and then the
model described in Theorem we write the model for the (shifted) ho-

mology of the free loop space of M.

e Then we display the Cohen-Jones-Yan spectral sequence from Theorem [4.4.4
Here the differential that we obtained from the model suggests differentials
for this spectral sequence in the following fashion. We start with the E?
term of this spectral sequence and we calculate the differential § from the
model of each of the elements x of bidegree (p,q). For such z we then set
dy to be the leading terms of 6(z), that is, the elements of the right bidegree
((p+2,9—1)) that appear as summands in 6(z). If there are no such elements
of the right bidegree, then d?(z) = 0. Once knowing the second differential

we can calculate the elements of the third page E;:’* Similarly, in order to
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calculate d" we take the leading terms of ¢ — Z?;zl d’. We note that, in our
examples, this will give all the differentials since there is a very limited number
of elements of each bidegree in a particular term of this spectral sequence. In

most of the examples, there is only one non trivial differential.
From this, we obtain a description of H,(LM) with the string product.

Now we use the calculations from Section and Poincaré duality on M to

give an isomorphism (of vector spaces) between H,(LM) and H*(LM).

We use the isomorphism between H, (LM) and H*(LM) and the calculations
from [4.3] of the B-operator to obtain the Batalin-Vilkovisky operator B* = A

via the formula

s(B*t) = Bs(t), (4.5.1)

where s € H*(LM) and ¢ € H,(LM).

4.5.1 H,(LS?*"*!) and the String Product

This calculation is valid only in the case where n > 0, since Theorem [3.4.3| requires

the manifold to be simply connected. In this case, the cohomology of the sphere is

a free algebra on one generator = of degree |z| = 2n + 1, that is, A is the exterior

algebra K|[z]. Following an analogous idea to Section m, since A is free we can

use Section [4.1] to get

H,(LS* ) = K[z, v]

with [v| = —2n.

Recall from Section that H*(LS?"*1) is the free graded commutative

algebra generated by = and u. Using Poincaré duality on S*"*! we can construct

an isomorphism of vector spaces

H*(L52n+l) N H2n+lf*(Ls2n+1)
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which is given by

ak s uf
VP s uF e
for k> 0. Thus B*(1) = v and B*(zv*) =0 = B*(v™) for k> 0 and m > 1.
As algebras with their respective products and disregarding the grading,

M, (LS?*" 1) = K[z,v] and H*(LS?"*!) = K[z, u] are isomorphic.

4.5.2 H,(LS?") and the String Product

Let

Klx]

(22)

with |z| = 2n. From example the model for A is P = (K|[z,y],d), where the

2

A=H* (5% =

differential 0 is defined on the generators by dx = 0 and dy = «

a model for H,(LS?") is given by

. By Theorem

GP = (K[r,y.a.8],9).

where |z| = 2n, |y| = 4n — 1, |a| = 1 — 2n, [b] = 2 — 4n and ¢ is defined on the

generators by

dx =0
Sy = 22
da = —2xb
0b=0

Figure [4.6| represents the Cohen-Jones-Yan spectral sequence from Theorem

80



m when M = S2". From this we see that

Kz,b,v]

2ny\
HL(LS™) = (z2, vz, 2bx)’

where v = ax and the generators have degrees |z| = 2n, |b| =2 — 4n, |v| = 1.

Now we will compute the Batalin-Vilkovisky operator A = B* using Formula
In subsection We saw that H*(LS?") has generators z; and B(z;), i > 0,
with the relations described there. Using Poincaré duality on S$?" we have, for every

k, an isomorphism of vector spaces
Hy,(LS?") — H**(L5%")
given by

T 1
b'v — B(z)

bi — Z;.

From this isomorphism and formula [4.5.1] we see that B* is given by

B*(x) =0
B*(b'v) = b°
B*(b") = 0.

Finally we observe that there is a substantial difference between the rings
H,(LS?*") and H*(LS?"). In the latter, all the products are trivial whereas the

former contains the polynomial ring K[b].
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1-2n| (4, . ax

N\
2-4nf Noz
3-6n ab\ abx
AN
N
\\*
4-8n b2 b2
5-10n CLb2\ ab’z

Figure 4.6: The Cohen-Jones-Yan spectral sequence for H, (LS?")
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4.5.3 H,(LCP") and the String Product

As in Example the model for

Klz,y]
(xn+l)

A= H*(CP") =

is given by P = (K|x,y|,d), where |z| = 2, |y| = 4n + 1, 0z = 0 and 9y = 2"
Using Theorem we see that a model for H,(LCP"™) is given by

G(P) = (Klz,y,a,b],9),

with |a| = —1, |b| = —2n and § defined on the generators by
ox =0,
5y _ xn+17

In Figure we find the Cohen-Jones-Yan spectral sequence (see Theorem [4.4.4))
for M = CP".

Let v = ax. Observe from Figure [£.7] that

K[z, v, b
H.(L(CP")) = v :
(L( ) (xzntl van, (n+ 1)ba™)
where the generators have degree |z| =2, |v| =1 and |b] = —2n.

To compute the Batalin-Vilkovisky operator A = B* on H,(LCP™) we recall
from Section that H*(LCP™) has generators z; and B(z;), i > 0, with the

corresponding relations described there. Then, by Poincaré duality on CP", we get

83



0 1 2 3 4 2n
o | 1 i 2 x"
1 a ax ax? azx™
\
\
\
2| b bx ba? ™
-2n-1 a}b\ a/bx abxz abx™
\
\
\
an | b2 b2z b2 \bzx"
-4n-1 abQ\ ab?z ab2a? ab?a™
\
\
\
6n b3 b3 p32 \~b3xn
-6n-1 CLbS\ abdz ab®x? ab’x™
\
\
\
n | b R A Nyt
-8n-1 Clb4\ ab*x ab*a? abtz™
\
\\

Figure 4.7: The Cohen-Jones-Yan spectral sequence for H,(LCP™)
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an isomorphism of vector spaces

H.(LCP™) — H*~*(LCP")

given by

.T}k N (Zo)n_k,

J}lbm s (Zo)n_l_l(zm),

vtb™ (zo)”_l_lB(zm),

where 0 <k <n,0<1[1<n-—1,m>0. Using this isomorphism and Formula

to compute B*, we get the following formulas

B*(zF) =0,
B*(z'b™) = 0,

B*(va't™) = (n — 1 — D)zlb™,

forany 0<k<n,0<Ii<n-—1,m>0.
Notice the great difference between the rings H, (L(CP™)) and H*(L(CP™)).
In the latter, all the products of length n + 1 are trivial whereas this is not the case

for the former. Indeed, the polynomial algebra K[b] is contained in H, (L(CP™)).

Remark 4.5.1. The rings H,(LS?" 1), H,(LS*") and H.(L(CP")), computed in

Sections [4.5.1] [4.5.2} |4.5.3| were first computed by Cohen, Jones and Yan in [6]. We

observe that, up to regrading, both descriptions agree.

4.5.4 MH.(L(G5(C"))) with the String Product

Let
Kz, y]
(23 — 2zy, y? — 2%y)’

A= H(G(CY) =
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where |z| = 2 and |y| = 4. By Example the model for A is given by P =

(K|[z,y, f,g],0), where O is defined on the generators by

ox =0,
Oy =0,
of =23 — 2xy,
0g = %y —y?,

and with degrees |f| =5, |g| = 7. Using Theorem we obtain a model G(P)

for H,(L(G2(C*))) with underlying free commutative algebra

G(P) = Kl[z,y, f,9. b, v, v, B]
with differential given by

0x =0y =da =90 =0,
6f = a3 — 2y,

39 = 2’y —y?,

o = —3ax® + 2ay — 2By,

ov = 20 — B + 28y.

Figures and represent the E2, E4 and E° = E*®-terms of the
Cohen-Jones-Yan spectral sequence (see Theorem when M = G5(C*). Notice
that the spectral sequence collapses in the E°-term.

Using these figures we obtain the algebra structure of H,(L(G2(C*))) with
respect to the string product. Let v = px, € = py, ¢ = vy?, n = pry? and 0 =

avz? — 2avy. Then H,(L(G2(C*))) is equal to the differential graded commutative
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2
0 1 i x Y 3 = 229 y? =22y

2
-1 M Hx ’ux’uy ,M$3 ,UJyQ

-3 1% vxr va? ~ 2wy ng Vy2

/J,Vx vaz? ~ 2uvy \ Mygx3
QT Roa
N

azr ay

2
Hy
2

ay
oL

Sl ap apx QLY QT apy

2
6 B B Bx 3y B By
-7 B:u BILLZU Bux?  Buy /Blw;3 ﬂﬂyz
(09%

.

7/
v

2

(027445 lava? ~ 2avy O{VI3 al/y
22~ 2 3 2
s |& ,u2y [e” ,u2l/x \ apve apry
o \a X \021;‘ o’y \Oz2:l?3 *a y
9 RN A R N ZA N 2
- N2 22 a2 N2 .3 N2,,0.2
azl,l, 8% l’[’x a?ux? oPuy o ‘UJI [0 luy
v Buva® ~ 2Bpvy 3 2
-10 BBNV \5MB z \\ ‘5/“/5% *B,UVZ/Q
o apx afa®  aBy a/B:L' alBy
~[ ~ R\ 3 ~ 2
u aﬁlu aglux aBuz? ofpy aﬂ,ux agqu
a2y\ [N a?va? ~ 20ty a21/333\ a“vy
O[S ﬁ2 T otz Bx \an ady \ 343 4243 \‘a3y2 B2y?
-12 ) pa g L )
a?py a?uve Wbt~ o oy’ a?uvy?
oPu B \ oS px 2 p \ S O \ B pa® \ B2 py?
-13 N oPua?  oPpy N 0 Moy
aﬁy aprvx aBva® ~ 2afvy afvz® ﬂﬂl/’y2
3 2
14 aBuv. afuve \4, ~ oy afuve afuvy
° 2 - ) N 2 ol ™a2B23 23,2
« ﬁ o ﬁl a2Bz?  a?By C % ﬁy
521, \ ﬂzyl‘ \ B ~ 26y . /BZVZ3 \ 52 lly2
-15 azﬁu LO,Q,@M¢ Na2Buz? o2Buy (1'2,6’/1273 azﬁqu
aal/ oSvx vz ~ 208y . B -« QS,,yZ
32 3 3uve b YR ] 522 .
16 o o w \ ug21l’” ht \ a’uva ~2"“)“{v \ ’ 1({‘#1/1'3 “ y(rleUZ
- 2,10 B puva? ~ 282wy 3 82 i?
ot B e B2 uve e 20:“ g .0 B*uv? (}41/2“j wy
! .
alp af?p (342’“: \\“‘MZ o e (™ atpy?
.17 ; *ad x L aB2u? sty ™ apua® af?puy?
0’2137/ o?Brz a?Bva? ~ 202Bvy a?Bra® o?Bry?
o2 ﬁ/“/ o2 Buva a?Buva® ~ 202 fuvy azﬂﬂyr3 O-’QﬂMVyz
.18 5 3 PR 3343 B3y?
38 2 33,2 33 . s X 3 B4
/ B a’fa® Biu Nogz oSy xQSﬁrS u36y2
(13;3/,1 uﬁgy A 0,52,,_1. \ a 12.‘/.2: 20, 3:21/4/ \ ] aB2vzd \\ nﬁzuyz
R Bz atva? ~ 20ty o3 Bz’ o3 By
19 4 33002 ;
3 4 o3 o‘vx a*Bp® o3y . atvad ) atvy?
Fu  atv B° px Fuz? By Bz Buy?
afuy, af*uvr \ o \\ af2uva® \ afuvy?
-20 a?p? \nza’zr o’z 3 a?f%y?
atuy, A . “ oty b A o’ Catyy?
5 ; s, GH pes N 5,2 Y
o N N oty : N o’y

Figure 4.8: The E?-term of the Cohen-Jones-Yan spectral sequence for
H.(L(G2(C*)))
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0 1 X T y 23 = 2y -
-1 1 YT HE i?/ pia py?
2

3 va? — 2wy vy?

uvx? — 2uvy
4 Q S pvy?

ay

-5 an apy

s | B B B, Ba? By?

Buz®  Buy

N
7 /BM /B’Ll/a: ava? — 2avy ﬂ/l‘x?) 2Bpy* = 2avy?

2 apva? — 2apvy 9
8 a apvy
2 Bua® — 28vy 9
-9 (0 v
K - Bry
Buva? — 28uvy 9
-10 o ﬂ N, Buvy
afuy \ 2 2
1| afu a*vy
2 a’y 5242
-12 ,8 2 g2 Py B2a? Py
ag B x a?uvr® — 202wy L‘zl“’yz
2 Puz® fruy A -
.13 /33N 52Hl‘ oy 82 ba2uy? — 206017
a” [ afvz? - 2abvy
afpva® — 2afuvy
14 2 afBuvy?
o’ o Buvy
Bua? — 282y 2.9
1%
-15 aZBM o2Buy 53 y2
aPva? — 2abvy vy
X, —
.16 04,32 \m,/ aBuvy
4 aBva? — 203y 2 o
@ B uva® — 282uvy. B Hry
2 atuy
-17 Oéﬁi By 052/31/y2
a?Buz? - 202 vy
3 B \“.‘ » N 33,2
-18 «@ 3 5552 5, 3343 Py
3 T Fy P 2 3 2
I3 B — 20Buy o*Bury
3 af?va? - 208wy \1 2
« da? 9t . . vy
.19 Bu ﬁgli«T atva? — 20tuy Bz \
ﬁSM e 263 — 205%vy?

af?uvy?

\ \ atpvy?
N

Figure 4.9: The E*-term of the Cohen-Jones-Yan spectral sequence for
HL.(L(G2(CY)))
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0 1 2 3 4 5 6 7 8
0 2 3 2 2
1 xr T Y 3 = 2xy y? =22y
2
x 3 2
1 YT H y U 1Y
-2
4 2
(87 ury
5 apy
2
T 3
-6 5 B x B x
By B
Buz®  Puy 3
7 Bux Bz
s | o2 apvy?
2
9 apy B Vy2
-10 « ﬂ Buv y2
11 ,
a?va? — 202wy
2 8242
2 z 2 2
-12 ad A Bz a2y B2 a?uvy
Pu? Py .
-13 ,62 |24 aduy 62/"1'3 282y = 2aBvy?
apva® — 2By
-14 o2 B aBuvy?
15 e Bruy?
.16 af? aBuvy?
4 B2 uvy?
(0% Py
alpy
-17 afuy
a?Bva? — 20 fvy
asﬂ 3 Ba? 3,.3 2 2
-18 53 B°x g2y B o Buvy
uxfu.,if 2. l%u/
19 ﬁ3 pa otvat 2oty B3 ua® 2 — 205
B pa? 3y
-20 a?p? ap?uvy?
5 4,2
o ot uvy

Figure 4.10: The E5 = E>-term of the Cohen-Jones-Yan spectral sequence for
HL.(L(G2(CY)))
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algebra

K[m7y7a767’7a67Can79]7

where the following products are trivial

n?, azx, By?, (x, nz, 0z, ay, Cy, ny, ve n, 10, ¥¢, oy, €, en, (n, ¢O, no,

and subject to the relations

3 = 2y,

v’ =y,
yx? = 2yy = 2ex,
ya® = 2ey,

Oy = —Pey = —a,

€0 = —an.
The degrees of the generators are
|x| =2, |y‘ =4, |Oé| = —4, |B| = —0, |7| =1, |6| =3, |§| =95, |77| =4, ‘9| =—3.

Finally we will compute the Batalin-Vilkovisky operator A = B* on
H, (L(G2(C*)). In Subsection we saw that H*(L(G2(C*)) is the quotient of

the graded commutative algebra generated by
Olp, Bna 5m7 €n,m;, )\n,ma

and

1
u = B(QO)a Yn = B(ﬁn)y gn,m = _B(En,m)7 Pnm = B (2)\n,m>

subject to the relations described in the same subsection. We have an isomorphism
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of vector spaces

H.(L(G2(Ch)) — H* *(L(G2(CY))
given by

y2»—>1

B3 am,
ﬁml”Z = Qg
Bz o ()
By = Bm
akﬁm = Ak
B = BmbBo
By = am(ao)” B(a)
Bz — apm(ap) B(aw)
B yx? = o B(oy)
aFBme > € i
B™e > B B(a)
Brey > ok
py® — Blag)
B¢ = m
akﬁmn = Om
B = Blao)ym

ﬁmang = Pm,n+1

for any n,m > 0, k > 1. A direct calculation shows that B* is given by the following
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formulas

B*(y*) =0
B*(B"z3) — 0
B*(B"z*) — 0

B*(8™z) ~ 0
B*(8™y) =0
B*(a"B™) = 0
B* (™) 0
B* (") =0
B (6" yx) — 3™
B*(8™yz?) = 28™
B*(a®8™e) > 0
B*(8™€) — 0
B*(Bey) — "
B*(puy?) = o
B (8™C) = 8™y
B*(a"5"n) = —aFpme
B*(8™n) — B™e

B*(f™a") v 22"t 5™

for any n,m >0, k > 1.
Notice that the rings H,(L(G2(CP™))) and H*(L(G2(CP™))) differ greatly.
Indeed, the latter contains a polynomial algebra in two generators, whereas in the

former every element has order at most 5.
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