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—— Abstract

We present a simple and effective algorithm for the problem of sparse robust linear regression. In
this problem, one would like to estimate a sparse vector w* € R™ from linear measurements cor-
rupted by sparse noise that can arbitrarily change an adversarially chosen 7 fraction of measured
responses y, as well as introduce bounded norm noise to the responses.

For Gaussian measurements, we show that a simple algorithm based on L1 regression can
successfully estimate w* for any n < 1y ~ 0.239, and that this threshold is tight for the algorithm.
The number of measurements required by the algorithm is O(klog %) for k-sparse estimation,
which is within constant factors of the number needed without any sparse noise.

Of the three properties we show — the ability to estimate sparse, as well as dense, w*; the
tolerance of a large constant fraction of outliers; and tolerance of adversarial rather than distri-
butional (e.g., Gaussian) dense noise — to the best of our knowledge, no previous polynomial time
algorithm was known to achieve more than two.
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1 Introduction

Linear regression is the problem of estimating a signal vector from noisy linear measurements.
It is a classic problem with applications in almost every field of science. In recent decades, it
has also become popular to impose a sparsity constraint on the signal vector. This is known
as “sparse recovery” or “compressed sensing”, and (when the assumption holds) can lead to
significant savings in the number of measurements required for accurate estimation.

A well-known problem with the most standard approaches to linear regression and
compressed sensing is that they are not robust to outliers in the data. If even a single data
point (x;,y;) is perturbed arbitrarily, the estimates given by the algorithms can also be
perturbed arbitrarily far. Addressing this for linear regression is one of the primary focuses
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of the field of robust statistics [9]. Unfortunately, while the problem is clear, the solution is
not — no fully satisfactory robust algorithms exist, particularly for high-dimensional data.

In this paper, we consider the model of robustness in which only the responses y;, not
the features x;, are corrupted by outliers. In this model, if the features x; are i.i.d. normal,
we show that the classic algorithm of L1 minimization performs well and has fairly high
robustness, for both dense and sparse linear regression. In particular, we consider the
observation model

y=Xw"+{+d (1)

where X € R™*"™ is the observation matrix, w* € R" is the k-sparse signal, ( € R™ is an
nm-sparse noise vector, and d € R™ is a (possibly dense) noise vector. We will focus on
the case of X having i.i.d. N(0,1) entries, but the core lemmas and techniques can apply
somewhat more generally.

Without adversarial corruptions — i.e., if # = 0 so ( = 0 — this would be the compressed
sensing problem. The most standard solution for compressed sensing [4] is L1 minimization:
if m > ©(klog %) then with high probability

w:= argmin |w|
ly—Xwl|2<o

for any o > ||d||2 will satisfy ||& — w*||2 < O(c/+/m). Unfortunately, this algorithm is not
robust to sparse noise of large magnitude: a single faulty measurement y; can make the
(Jly — Xw||2 < o) ball infeasible.

To make the algorithm robust to sparse measurement noise, a natural approach is to
replace the (non-robust) ¢» norm with the (robust) ¢; norm, as well as to swap the objective
and the constraint. This ensures that the constrained parameter does not involve outliers.
In this paper we show that this approach works, i.e., we show that

@ = argmin ||y — Xwl| (2)
llwll <A

is a robust estimator for w*. In the following theorem, we show that (2) is robust to any
fraction of corruptions 7 less than ng := 2 (1 — ®(/2Iog2)) ~ 0.239, where ® : R — [0, 1] is
the standard normal CDF. If A = ||w*||1, the reconstruction error is O(||d||1/m); for larger A,
it additionally grows with A — ||w*||1:

» Theorem 1 (Sparse Case). Let 7 < 19 — € where € > 0, and let X € R™*" have i.i.d.
2
N(0,1) entries with m > C% klog(-5%) for some large enough constant C' and parameter

o> % Then with probability 1 — e=UE™) the matriz X will have the following property:
for any y = Xw* +d + ¢ with |[w*|lo <k and ||¢|lo < nm,

W := argmin ||y — Xwly
llwllx <A

for X > ||w*||1 satisfies

. 1 1 A= [lw*|lx
- <0 —||d —_— .
ot =l < 0 (2 () + 20

In the case where w* is not sparse, the reconstruction error is shown to be O(]|d||1/m) in
O(n) samples using essentially the same proof.
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» Theorem 2 (Dense Case). Let n < 1y — € where € > 0, and let X € R™*" have i.i.d.
N(0,1) entries with m > CZ for some large enough constant C. Then with probability
1 — e~ €™ the matriz X will have the following property: for any y = Xw* +d + ¢ with
<llo < nm,

@ := argmin ||y — Xw||;
w

satisfies

€em

Robustness threshold 7).

We show in Section 6 that the threshold 7 in Theorem 1 is tight for the algorithm: for
any n > 1o, there exist problem instances where the algorithm given by (2) is not robust.
It remains an open question whether any polynomial time algorithm can be robust for all
1n < 0.5.

1.1 Proof outline

Our main result follows from a simple analysis of the fact that for well-behaved matrices X,
£ regression recovers from adversarial corruptions. In this section we consider the illustrative
case where there is no dense noise, in the limit of infinitely many samples. Let (X,,y,) and
(Xbp, yp) denote the submatrices of (X, y) corresponding to the uncorrupted and corrupted
samples respectively and let @ denote the solution of £; regression. By definition @ satisfies

[ XW —ylly < [ Xw* =yl
Partitioning these 1-norms into terms corresponding to good and bad samples, we get
0> [|X® —ylh — [Xw* =yl
= (IXg@ = yglls = [ Xgw" = yqlle) + (1K@ — golls — [ Xow™ — g[l1)
Observe that since we have no dense noise, X w* = y,. An application of the triangle
inequality then results in
02 1X,(@ = w')ls + (1% = woll = X" = gl
> [ Xg(w —w)[ly = | Xp(@ — w")[lx
i.e.,
0> [|Xg(w —w)lly — [ Xp(@ — w)[lr (3)
We now show that as long as n < 1y — € for constant € > 0, the right hand side above is
> C(e)||w — w*||2 for some C(e) > 0 whenever X is a Gaussian matrix. This will force
w = w*.
Equation (3) is minimized when the adversary corrupts the entries with the largest value

for |{(x;,w* — W)|. For any vector v, observe that in the limit of infinitely many samples, the
histogram of the entries of Xwv is the same as that of N(0, ||v||3). Let ¢ be chosen such that

"D2
\/% ftoo e~ = dx = . This makes (3) proportional to

t 22 o0 22
|w* — w]|2 (/0 xe 'z dx —/f me_2dx) . (4)
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At n = ng the ¢; norms of the largest n and 1 — 7 fraction of samples drawn from a
Gaussian distribution are equal, and hence (4) is 0. If n < 19 — e for constant e, this difference
is proportional to the standard deviation, i.e., || — w*||2. Our proof proceeds by showing
that a minor variant of this argument works even in the presence of dense noise, and in
O(klog %) samples the empirical £; norms involved in the proof are close to the ¢; norms of
the Gaussian distribution.

1.2 Related Work
Classical robust statistics

The classical robust statistics literature on regression (see [9]) has developed a number of
estimators with breakdown point 0.5 (i.e., that are robust for any n < 0.5). However, all such
known estimators need time exponential in the data dimension n; the results also typically
do not deal with sparsity in w* and have distributional assumptions on the dense noise d.
On the other hand, the results in this literature usually also protect against corruption in
X;, not just y;; the L1 estimator is not robust to such corruptions.

Recent progress in robust statistics

There has been a lot of progress in the last year in the field of robust statistics, leading to
polynomial time algorithms with positive breakdown points that are robust to corruptions in
both X and y [5, 6, 13, 10]. However, these results all focus on the performance for small 7
(often required to be less than a non-explicit constant), do not consider sparse w*, and have
additional restrictions on the dense noise (typically that it be i.i.d. Gaussian, although [10] is
somewhat more general). In Section 7 we empirically compare L1 regression to the algorithm
of [5] for the dimension 1 case, and find that the algorithm seems to have the same breakdown
point ng as L1 minimization under corruptions to y.

L1 minimization in statistics

Known as L1 minimization or Least Absolute Deviation, the idea of minimizing ||y — X w1
actually predates minimizing ||y — Xw||2, originating in the 18th century with Boscovich and
Laplace [3]. It is widely known to be more robust to outliers in the y;. However the extent
to which this holds depends on the distribution of X. Surprisingly, we have not been able to
find a rigorous analysis of L1 minimization for Gaussian X that simultaneously achieves these
three features of our analysis: (1) an estimate of the breakdown point 1y under corruptions
to the y;; (2) an extension of the algorithm to sparse w*; or (3) a tolerance for adversarial d,
rather than with a distributional assumption.

L1 minimization is typically dismissed in the statistics literature as being “inefficient” in
the sense that, if the noise d is i.i.d. Gaussian, L1 minimization requires about 56% more
samples than least squares [18] to achieve the same accuracy. However from the typical
perspective of theoretical computer science, in which constant factors are less important
than the avoidance of distributional assumptions, we find that L1 minimization is a very
competitive algorithm.

L1 minimization in compressed sensing

Our error bound of ||d||;/m is always better than the traditional ||d||2/+/m bound for
compressed sensing. The two bounds match up to constant factors if the noise has a
consistent magnitude, but our bound is significantly better if the noise is heavy tailed. The
fact that our bound can drop the top 7 fraction of noise elements makes the distinction even
more pronounced.
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Robust regression in the presence of label corruptions

The past few years have featured a number of polynomial time algorithms for the problem
considered in this paper, of sparse regression in the presence of sparse corruptions to the labels.
As is typical in compressed sensing, there are approaches based on convex programming and
on iterative methods.

One natural algorithm for the problem is to try to learn both the (sparse) signal and
(sparse) noise, treating this as a single compressed sensing problem with the bigger “meas-
urement matrix” of X atop a (scaled) identity matrix. With scaling 1/, the standard
L1 minimization approach to compressed sensing is equivalent to the following algorithm:
minimize ||wl||1 + A||¢]]1 subject to || Xw + ¢ — y||2 < e. If the adjoined measurement matrix
satisfies an RIP-like property, then w (and ¢) will both be recovered.

Such an approach was first introduced in [11] with A = 1, giving an algorithm that could
tolerate up to about n ~ 1/(logn) fraction sparse corruptions. This was then improved by

- _ 1
[12] by setting A = N

naively following the proof would give a value below 1%. We suspect that this approach —
which recovers ( as well as w — does not have a breakdown point close to 7.

The second class of algorithms for the problem are based off iterative hard thresholding,
where in each iteration one ignores the samples that make a large error with the 5 minimizer.
In [2] it was shown that without any dense noise, this yields exact recovery with a breakdown
point of < 0.015. [1] provided an algorithm that can handle dense Gaussian noise, but
the perturbations are required to be oblivious to the matrix X and the breakdown point is
0.0001.

Another line of work, including [14, 8, 15], considers non-adversarial corruption. For
example, if the corruptions are in random locations, and the signs of the signal vector are
random, then one can tolerate corruption of nearly 100% of the y; [14]. Finally, [16] considers
the (essentially equivalent) LASSO version of our proposed algorithm (2), and shows that it
is robust to i.i.d. heavy-tailed median-zero noise.

Thus, for sparse regression with both adversarial corruption of the labels and dense noise,
no previous polynomial-time algorithm had a breakdown point above 0.015. We improve
that to 0.239 with a simple algorithm.

, improving the breakdown point 1 to an unspecified constant;

LP Decoding and Privacy

Very closely related to our work is that of [7], which gets very similar results to our dense-case
results (Theorem 2) in the service of a privacy application. This work observes the same
threshold 7y as we do for the same L1-regression algorithm, but with a somewhat weaker
error guarantee (requiring a bound on ||d||s not ||d||1). [7] also proves that if X is i.i.d. 1
rather than Gaussian, the breakdown point would be positive but strictly below ny. The
subsequent work [17] also observes that ¢, regression for p < 1 would yield greater breakdown
points than 7y for Gaussian X, similar to our Section 5.

2 Definitions and notation

We start by defining a notion of robustness that we will use later. A matrix X is said to
be (n, ¢)-robust if for any submatrix consisting of an 7 fraction of the rows, the ¢, norm of
the submatrix times a unit vector is upper bounded by a constant times m!'/?. Also, for any
submatrix consisting of a 1 — 7 fraction of the rows, the ¢, norm of the submatrix times a
unit vector is lower bounded by a constant times m!/9.

19:5
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» Definition 3. A matrix X € R™*"™ is said to be (7, ¢)-robust with respect to U C R™ if
there exist constants 575" and S{}“;l satisfying the following conditions for all v € U.

max

a X 9<m.8S
e [[(Xo)sllf < m- S
[S|<nm

vl

min Xv)gl|2 > m - SP L lyl.
ain - (X0)sly = m e Sg ol
|S|>(1—n)m

We now define some notation. Sy , and S; will be used to refer to the robustness constants
with respect to k-sparse vectors and R” respectively. vy will denote the vector v with all
entries whose indices are outside T set to 0.

We use ® to denote the CDF of N(0,1). B(y) and G(v) will be used to refer to the ¢,
norm of the largest (in absolute value) «y fraction and the smallest 1 — v fraction with respect
to the Gaussian distribution respectively, i.e.,

2 o 22 2 -1 2
B(y) = — ze” Tdz = \/7 (e*(erf (=) )
D= s 2

and

2 (PO H 2 -
G(v) = E/O ’ Ze_;dz =\ = (1 — (et 1(1_7))2) .

Define ng to be the largest n such that G(n) > B(n). Using the expressions above, one
can solve for 7 to get no = 2(1 — ®(v/21og 2)) =~ 0.239.
Also, we will use f(z) < g(z) to mean there are constants X and C such that Vz >

X|f(@)| < Clg(z)|.

3 Robustness of Gaussian matrices

In the following lemma, we show that Gaussian matrices are (7, 1)-robust with constants in
terms of B(+), G(-) defined earlier.

» Lemma 4. Let X be an m X n Gaussian matrix, where m > 592 . (k log 72 + log %) for
a large enough constant C and € < 1. Then with probability 1 — 6, X is (n,1) robust with
constants

S?}i]n =G(n—c¢) —¢

Sp-=DB(n+e€) +e

Proof. Rearranging terms in the definition we see that we would like to show
— max
m SC[m]

v
& |V )

1
LI H(Xv>
m  SCim] |l S
1S]>(1—n)m

Without loss of generality it is sufficient to prove the above for all (k-sparse) unit vectors.
Let x; denote the i*" row of X and let S, = {(z;,v) | i € m}. Note that S, look like samples

<B(n+e +e
1

>G(np—e)—e.

1
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from N(0,1) for any fixed unit vector v. Before we continue, we define some notation. Let
G, (n) denote the smallest possible ¢; norm of a subset of S, of size (1 — n)m and let B, (1)
be defined similarly to denote the largest possible ¢; norm of any subset of size nm. What
we want to prove is

B,(n) < B(n+¢€) +e
and
Guo(n) > G —e)—¢

for all k-sparse unit vectors v. To do this, we will first prove that the relationship holds with
high probability for all k-sparse unit vectors in a fine enough net on the sphere, and then say
that the deviation cannot be very large for points outside the net.

We will need the following fact proven in Appendix A. Here G (n) refers to the ¢; norm of
the smallest (1 — n) fraction of S with respect to the uniform distribution and B() refers to
the ¢1 norm of the largest n fraction of S with respect to the uniform distribution.

» Fact 5. Let S = {z1,...,2m} be i.i.d. samples from N(0,1). Then with probability 1 —

o)

G(n)>G(n—e)—¢
and

B(n) < B(n+e€)+e

For now, let v be a fixed vector and let 7 > 0 be a parameter. Define the following bad
events

G, = {Gum) < G-~ ¢f

B, = {Ev(l—n) >B(1—n+e)+e}
N ={Vie[m],|z]l2 > Vn+7}.

These events correspond to either the £; norms of the smallest 1 — 7 fraction or the largest n
fraction not being close enough to the expectation, or the 2-norm of the Gaussian vectors not
being close enough to texpectation. Applications of Fact 5 for  and 1 — 7, and concentration
for x2 random variables then implies

m€2

Pr(G,VvB,) Se

and

TLT2

Pr(N) Sme™ 5.

k

For a unit ¢5 ball in a k-dimensional subspace of R™, there exists a y-net of size (1+ %)k < (%) .

Let C be the union of these nets over all subspaces corresponding to k-sparse vectors. A
union bound now gives us

Pr(JveC:G,VB) S (Z) (i)k (em‘f)

19:7
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We will now move from the net to the union of all k-sparse unit balls. Let u € R™ be a
k-sparse unit vector. Then for any ¢, there exist vy, ...,v; € C' having the same support as u
and a unit vector d also having the same support as u, such that

¢
U= Z v'v; + 4.
i=0

This follows from choosing vg to be the closest point in the net to u, choosing v, to be the
closest point in the net to (u — vg)/7 and so on.

Let U C [m] be the set of indices of X corresponding to the smallest (in absolute value)
(1 —n) fraction of elements of S,. Conditioning on the bad events not happening (i.e., on
the event (Jv € C.G, V B,) VN) we see

N 1 o
i 25|

ceU j=0
1 1 t
> ey Z [{(x;,v0)| — p— Z <$i7273vj _|_,Yt+1d>
= Pt =
1 o St
2 5 2 vl =3 <m2|<$iyvj>|> = l{wi,d)
€U j=1 icU =

t t+1
> Guom) =D Bo, (L= m)y? = =3 [lwillld]
j=1 ieU
t
G- == (BUL-n+e+Yy 7 —9"Vntr

=1

v

>Gn—€) —e—2y(B(l—n+e) +e) -~ n+r
>Gn—e) —e—4dy -~y ntr
> G(n—e€)— 2

The first few inequalities are a consequence of the definitions of G, and B, and the third
inequality follows from an application of Cauchy-Schwartz. The second to last inequality
follows by noting that € < 1 and B(1 —n+¢) < 1, and the final inequality follows by setting
t > log "TJFT and v = {5. This means

Pr (There exists a k-sparse unit v such that G(n —¢) — (Alv(n) > 26)

S (2) (%) rmes

71.‘)'2

en 30 me?
SeklogTMlog(T)— = L ome

Setting 7 = 10mn log% and m 2 E% . (k: log 2= + log %) makes the bound on the probability
above < §. The result now follows by rescaling € and 0 appropriately. <

The previous lemma showed that the Gaussian matrix is robust with respect to truly
k-sparse vectors. However, we will need to show that it is robust with respect to (w* — @),
i.e., the difference between the true vector and the solution of ¢; regression. To do this,
we will use a standard shelling argument to transfer upper and lower bounds for the
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restricted eigenvalues over (1 + a?)k-sparse vectors to the restricted eigenvalues over the
cone Vg = {v € R" | A + |lvs|l1 > [Jvgll1} for some S satisfying |S| = k, which is the cone in
which this difference lies. This is the content of the following lemma from Appendix B.

» Lemma 6 (Shelling Argument). Let A € R™*" satisfy
L]z < [|Av]ly < Ullvll2

for all (14 a?)k-sparse vectors v. If S C [m] is fized and of cardinality k, then A satisfies

L U 2UA 1 UA
—— fa—= 2 A <U (14 = =
e (0= )Mol =22 < ol <0 (14 3 ) olla+
for all

veVs={veR"|A+|vsl1 > [Jvgl1}.

We can now prove the main lemma which will be used to say that Gaussian matrices are
robust with respect to the vector w* — w.

» Lemma 7 (Main Lemma). Letn < ng, € € (0,1), a > 1 and A > 0 be free parameters, and
let S C [n] be a fized subset of size k. Let X € R™*"™ be a matriz with entries drawn from
N(0,1) and suppose m > (ka2 log 755 ) for some large enough constant C. Then
with probability 1 — &, for all

veVs={veR" | A+|uslli = [lvglli}

and for all T C [m] such that |T| < nm,

1 mA
Xv)=]1 — [[(Xv = mllv Gn—e)—B(n+e 26).
Gyl = WXyl 2wl (G- = By +9 =20 - 1) = 22
Proof. The matrix X is both (n,1) and (1 —n, 1) robust for all k(1 + a?)-sparse vectors. An
application of Lemma 3.3 for any submatrix A of X consisting of an 7 fraction of it’s rows
gives us

max
M a2y nA

1
40l < Mgy (143 ) ol +

This proves

1 mS,’Zﬁj_az) A
X < Smax 1 - _ RUTeT)n
nax [(Xv)sll < mSKTaz).0 ( +a> [[vll2 + "

[SI<nm

A similar application proves that for any matrix A consisting of a (1 —n) fraction of the rows
of X, we get

msmin Smax 2m, Smax A
| Aoy > k(1+a?)m <a _ Mk(14a?),1- 77) o]l2 — k(1+a?).n

1 + « Sllcizlanra? a\/E
ie.,
. MY o2 Smax 2mSmax LA
min  [[(Xv)gll: > W o — % o]y — ——*0+aD)a™
SC[m] + « ) a\/E
[S|>(1=n)m

19:9
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To complete the proof, we now estimate the parameters involved. If n <mng and € < 1 and
the underlying matrix is an m x n Gaussian matrix where m > & = (ka2 log +25- + log 5)
Lemma 4 yields

Shitazyi—n <B(l—n+e)+e<l+1=2

max
k(14+a2),1-n

min
Sk(lJraz) n

Similar applications of Lemma 4 give us that S} and

(1ta?), are also upper

bounded by constants. This results in the following bounds

1 2mA
X < Smax 1 — =t
max [|(X0)s1 < mS{ii e, ”““2< +a>+ Vka

[SI<nm

min 105l > mSE o
IS1>(1—n)m

a—C>4mA
a+1 VEa'

By taking the difference of the above inequalities and simplyfing, we get the following for
any T C [m] such that |T| < nm

[(Xv)zll = |(Xv)z[ly

min a — C max 1 GmA
2 mlels (S8 (557) ~ 5o (14 3) )~ oo

ax min max C + 1 6mA
> mfvll2 Sk(1+a2) n = Sk(4a?)m — (Sk(1+a2),n + Sk(1+a2)m> ) vk

4(C + 1)) ~ 6mA
avk

(77+6)—26)—;>—;’7;/AE <

(07

«

> ml|v[la

(
> ol (G-~ B+~ 20 -
(L

4 Proof of main theorem

» Theorem 1 (Sparse Case). Let n < ng — € where € > 0, and let X € R™*" have i.i.d.

N(0,1) entries with m > C‘j—;klog(aizk) for some large enough constant C and parameter

a > % Then with probability 1 — e~ UE™) the matriz X will have the following property:
for any y = Xw* +d + ¢ with ||w*|lo <k and ||{]|o < nm,

W := argmin |ly — Xw||;
llwllx <A

for A > [Jw*[|1 satisfies

. 1 1 A — |Jw*|1
*— <0 —||d .
lw* — @2 < (eé( | ||1)+ E

Proof. Let X, and X, denote X restricted to the rows that are not corrupted, and to the
rows that are corrupted respectively. Let y, and y; denote the corresponding y terms. By
the definition of @ and noting that w* is feasible for the program,

0> | X@ —ylli — [ Xw" -yl
= ([[Xg@ — yglli — [[Xgw" — ygll1) + (I Xo@ — yplln — | Xpw™ —ypl1)
> [ Xg(@ — w)[lr = 2 Xgw™ = ygll1 + (| Xo@ — ypln — | Xpw™ —ypl1)
> [ Xg(@ — w1 = 2[[Xgw™ = ygll1 — [| X (W — w")[lx
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Where the second equality follows from || Xv — y||1 = || Xgv — y4ll1 + || Xsv — ys|/1, and the
inequalities are just applications of the triangle inequality. Rearranging terms now gives us

2| Xgw™ = yglly > [| Xg(@ — w")|ly — | Xp(@ — w")|1 (5)
Let w = w* + h and let S be the support of w*. Then

A > ||@]lx
= [|lh +w" |
> [w*]ls + lhgll = [12s]lx
= (A= [[w*[l1) + [hslli = [[hglh

Setting A = (A — ||w*||1) and T to be the set of corrupted indices in Lemma 7 implies that if
m> - (k:a2 log 25 + log %), then with probability 1 — ¢

~ €2

[ Xg(@ — w1 = [ Xp(@ = w)x
= [(XR)zlh = I(X7)7 ]

zmlil (6 (n-§) B (n+5) - - 1) - A

Combining this with (5), as long as the coefficient of ||h||2 is positive, we get

5wt 1 ldlls | (A= [lw*[l1)
R e By e Eresyl & ) “

It turns out

(C(r5)-5(rvs) )2

This follows by a simple lower bound via the Taylor expansion of 1 — 2e~(erf ' (1=m0)+2))
around x = 0.

G (77 - E) -B (77 + E) —€e> \/5 (1 — 267(erf_1(17"+5))2) —€
2 2 “Vm
_ \/5 (1 _ 26—(erf*1(1—no+(e+§)))2> e
™

>34/2log2-e—¢
Z€
ie.,
€ € 1 1
_ =) e
G(" 2) B(”+2) CTa~ T . @

Substituting our terms back into (6) gives us,

(6—1 m O\/E - ||w v H2

We also note that in the case that w* is not sparse, one can directly use Lemma 4 once we
get to (5) and continue the proof from there. This results in the following theorem.
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» Theorem 2 (Dense Case). Let n < ng — € where € > 0, and let X € R™*™ have i.i.d.
N(0,1) entries with m > CZ for some large enough constant C. Then with probability
1 — e~ ™) the matriz X will have the following property: for any y = Xw* +d + ¢ with
I<llo < mm,

W := argmin ||y — Xwly
w

satisfies

em

Note that if there is no dense noise (i.e., d = 0), the above theorem immediately gives exact
recovery when the fraction of corruptions is n < 179 — €.

5 ¢, regression for 0 < p <1

Define ¢, regression to be the problem of recovering a signal by minimizing the p" power of
the £, norm, i.e.,

m
w= argminz [{(xs, v) — yi|P.
v =1
Observe that 0 < p < 1 implies
p
(Za) <3
i i

This allows a proof similar to that of Theorem 1 to go through. We make the following claim.

» Claim 8. Let X be an (n,p)-robust matriz where p € (0,1]. Then for any n < « the
solution of £, regression, W satisfies

1
(Silnin _ S%nax)

1] _
B2 = wrE,

where ||d||, = Y"1t |di|P and a is the threshold below which (S — S™a%) > 0 begins to hold.

If X is a Gaussian matrix, then as p — 0, in the limit of a large number of samples, the
value of i at which the condition

(Sin — 5ma%) > 0

begins to hold goes from 79 to 0.5. We plot the breakdown point against the norm in Figure
1. Unfortunately, ¢, regression in general seems to be NP-hard as well as approximation
resistant.

6 Lower bounds

In this section, we show that for the case of adversarial dense noise our results are tight for
the ¢; regression algorithm. Recall our notation: X is the matrix of x;, y = Xw* +{ +d
where [|C]lo < nm and d is the dense noise and vy denotes the vector v with all entries with
indices outside T set to 0.
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Figure 1 As the norm goes to 0, in the limit of having infinite samples, ¢, regression can tolerate
almost half the samples being corrupted.

» Theorem 9. Let m 2 % and 0 <€ < 0.2,

1. If n >no+¢€ and d =0 (i.e., there is no dense noise), then there exists a choice for ¢
such that £y regression does not exactly recover the original signal vector.

2. Even if ( =0 (i.e., there are no sparse corruptions), there exists a choice for d such that
the solution of {1 regression, W, satisfies

R d
1@ — w2 14k

Proof. Let T be the support of the largest nm entries of (Xw*). For the first part, let
¢ = —(Xw*)r and observe that since d = 0, the loss of the 0 vector with respect to y is
| X7w* ||y and the loss of w* is || X7w*|[;. Since m 2 % we know that with probability

1 — e~ " for some constant C,

|Xzwrls > (B(n-5)-5) m

2 2
and
N € €
HXT’lU ||1 < (G (77+ 5) + 5) -m.
Hence,

. . € €

| Xrw* || — || X7w*| > (B (77— 5) -G (77+ §> - e) - m 2 me.

The final inequality follows from a calculation similar to the one used to show (7), by
looking at the Taylor expansion of B(no + %) — G(ng 4+ 2£) — 2 around 2 = 0. This implies
| X7w*||1 > || X7w*||1 and so £; regression cannot return w* as the answer.

Let T" be the support of the smallest (1 — (19 + §))m entries of (Xw*). For the second
part, set d = —(Xw*)p,. Now, more than (1 — no)m entries of y are 0, and so ¢; regression
will recover 0. The resulting error in 2-norm is |0 — w*||2 = ||w*||2. Since d = —(Xw*)p,
[|d]|1 is the £, norm of Xw* over the smallest 1 —1no — § fraction of the indices. By arguments
similar to earlier

ldlly = )zl > m (G (0= 5) =€) - o

It can be checked whenever € < 0.2, G (770 — §) — e > 0.4. Hence,

@& — w*||s = |[w*]|2 > i <|| |1) > ldlls <
G(no—ﬁ)—e m m
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Figure 2 Empirically in the one-dimensional case, the recovery threshold for ¢; regression and
the robust mean estimation-based algorithm of [5] match at no.

7 Empirical comparisons to prior work

We compare the tolerance of ¢; regression to algorithms from two recent papers [5] and [2].
We study the fraction of corruptions these algorithms can tolerate in the limit of a large
number of samples. Our experiment is the following - we study the one-dimensional case
where w* = 100 and the adversarial noise is selected by setting the largest n fraction of
observed y’s to 0. We run the three algorithms on a dataset of 1000 samples for 7 ranging
from 0 to 0.5 and consider the point when the algorithm stops providing exact recovery. In
Figure 2 we plot the the error of the recovered w from w* against the fraction of corruptions.

While the fraction of corruptions tolerated by the algorithm from [2] for our example
is more than what they prove in general (which is g&), the fraction of corruptions it can
tolerate is still less than that of /1 regression on this example. For ¢; regression we observe
what we have already proven earlier, that this example achieves our upper bound - i.e., it
tolerates no more than an 79 ~ 0.239 fraction of corruptions.

Curiously, the robust mean estimation based algorithm by [5] on this example tolerates
exactly the same fraction of corruptions as £; regression.
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Appendix
A  Facts about N(0,1)

In this section, let ® and ® denote the CDF of N (0, 1) and the CDF of the uniform distribution
over a set of samples drawn from N (0, 1) respectively — the set will be clear from context.
B(v) and G(v) refer to the ¢; norm of the largest (in absolute value) v fraction of the entries
and the smallest 1 — v fraction of the entries with respect to the Gaussian distribution, and
G(v) and B(y) are defined similarly but for the uniform distribution over samples from
N(0,1).

» Fact 10. Let S = {z1,...,2m} be @.i.d. samples from N(0,1). Then for any 7,7 € [0,1]
the following holds with probability 1 — 4e=2mT”

1y —7) < B y) < By + 7).
Proof. The Dvoretzky-Kiefer-Wolfowitz inequality states

Pr(sup(@(m) - ®(z)]) > 5) < 2¢2me’ for every & > 1/ 5 In2. (8)
z€R
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If t = ®~1(n), Equation 8 then tells us that for any e independent of m (i.e., constant ¢),
Pr(@(t) -7 > 5) < 2¢72me’

i.e.,
Pr (:I;(t) <n+ e) < 2e~2me”

Setting n = v — 7 and € = 7 we see
Pr (Cf(t) < 7) < 2e~2m*

Monotonicity of ® then proves the first inequality. The second inequality follows similarly. <«

» Fact 11. Let S = {z1,...,2m} be i.i.d. samples from N(0,1) and let n < ng. Then with
2
probability 1 — O (emi ),

~

Gn)>G(n—e) —e

and

~

B(n) < B(n+e€) +e
Proof. Consider the random variable Y where Y is N(0,1) conditional from being drawn
from [—t,t] (i.e., Y has the PDF of a truncated Gaussian distribution). If v < 1, for
t=o"1(1-12)

1 b e 1
BV = 1= [ lale™ /20 = =)

Observe that one can sample from Y by sampling from Z which is distributed as N (0, 1) and
discarding samples outside [—t,¢]. Since the PDF is scaled, we have to scale the empirical
distribution as well

~ 1 i
EfY|] = (=) Z |2i] - 1i—t.4)(24)
i=1
1%7), then |Y| has subgaussian tails with some constant

Let v be such that E|Y| < 5
parameter. To see this, observe that

t
E [ek(\Yl—E[lYl])} __2 o= 24A=NE(Y ] g
L=7Jo

e —(2(1-7)7"A

IZANRZAN

eO(Az/Qf)\)

This implies concentration for the expectation

Pr (‘EHY\] - E[|Y|}‘ >e) <0 (e*) .

Multiplying both sides inside the probability by (1 — v) and noting that since v < % this is

bounded by % we see
1 — € _me?
Py (‘m S Ll (=) — GO)| > 2) <0 (e )

i=1
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We now set v =n —e€. Since n < ng = 0.239 and € > 0, v < % Fact 10 now implies that

with probability 1 — 26*2”“27 at most an 1 — 7 fraction of the samples lie in [—t,t]. These
have to be smaller in absolute value than the remaining samples. Since G(n) is defined to be
the /1 norm of the 1 — 7 fraction of points smallest in absolute value, we see

~ 1 &
G(n) > o Z |zi] - Li—g(2i)-
i=1
This implies

Pr (Gl > Gl —e) =€) <O (e + e—”TEQ) .

The other direction is done similarly, however in this case Y is the random variable gotten
by conditioning samples from N(0,1) to be outside [—t,¢]. <

B Shelling argument

» Lemma 6 (Shelling Argument). Let A € R™*"™ satisfy
Lljvllz < [[Av]ly < Ulvll2

for all (1 + a?)k-sparse vectors v. If S C [m] is fized and of cardinality k, then A satisfies

L DY o= 272 <y < v (14 ) g + TA
1+« a7 )i avk vl = o)l avk

for all
veVs={veR" | A+ |vslli = [[vgll}-

Proof. The goal is to transfer bounds from the eigenvalues of A restricted over the sparse
vectors, to the eigenvalues of A restricted over Vg. To this end we will select an element of
Vs and express it as a sum of sparse vectors. Applications of standard inequalities will then
let us transfer bounds.

For any v € Vg partition [n] into S, T4, ... ,T%;j where T; is the set of indices corres-

ponding to the i*"

largest a?k-sized set of elements from vg.
We will now prove the upper and lower bounds on the eigenvalues for vectors restricted

to the set Vg. The triangle inequality implies

l[Avsury |l =Y lAvr |l < [[Av]ly < [|[Avsur [l + ) | Avr, [l

i>1 i>1

Since vgur, and vy, are all at most (1 + a?)k-sparse,

Lljvsur lla = Y | Avr, |l < [|Av]ly < Ullosur, |2 + ) - Avz, |1

i>1 i>1

We now prove an upper bound on the quantity >, ||Avr,|[1. This will give us both
the upper and lower bounds we need. To this end, observe that all coordinates of vy, , are
greater than or equal to all coordinates of vr,. This implies

HUTi—llll
<= a2k

HUTi
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which, in turn, implies

1
llor, [l2 < OT/EHWTHHL

Using the bounds on the restricted sparse eigenvalues from the statement, we get

1§U'Z

i>1 i>1

IN

v gl

avk' M

v

avk
U

Noslle + —= - A

|| SH2 Oé\/E

U
Nvsomllz + —= - A

avk

Using the inequality above in addition to the bounds on || Av||1, we get after some

IN

([oslli +4)

IN

IA
RlT oS

rearrangement

U U 1 U
L-= A< A <U (14~ A
( a) lvsur, [|2 o As |Av]l; < ( +a> ||USUT1||2+a\/E

The bounds above are in terms of ||[vsur, ||2, however we need bounds in terms of ||v]|s.
For the upper bound, it is sufficient to note that ||vsur |2 < ||v||2. For the lower bound, we
need the inequalities below.

The definition of T; and applications of the Cauchy-Schwartz inequality gives us

ZH v ||1 H SHl ||'US||1+A ||’US||2 + A .
i>2 fz>1 T O‘\/E vk T @ avk

SUT1 HQ —

This, in turn, results in an upper bound on ||v||2 in terms of ||vsur ||2,

[vll2 < lvsum ll2 + lvsgz 2

i>2

||US'||2 A
< + + —
> HUSUT1H2 \/%

< (142 ) Iosumlb +
> a Vsut ||2 om/E

A
— ||'USUT1||2 =z 1+ || ||2 7\/%

and so

- (a U) <|v|| > ) 2 < v <U< 1>II I+ 2
L (Y S ANV YR v va
l+a " L Cavk)  avk ' sunllz T OT%

At this point, we have the upper bound, to complete the proof of the lower bound, observe
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that standard manipulations give us

L U ol AN L U o] L Uy A
T+a\* " T vli2 avk) 1+a )T\ T T avk

L a—g o] ~aL-U A

T 14 a L 2 1+a avk

S L ( U) o] UA

a——|v]s — —=

T 14« L 2 Oé\/E
This gives us the Lemma,
L U 2UA 1 UA
= la-= - <||Av|, <U(1+ = + . <
e (o= ) ol = 22 < ol <0 (14 3 ) osumlla+
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