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ON THE OPTIMIZATION OF CONSERVATION LAW MODELS
AT A JUNCTION

F. ANCONA, A. CESARONI, G. M. COCLITE, AND M. GARAVELLO

ABSTRACT. The paper proposes a general framework to analyze control problems for conser-
vation law models on a network. Namely we consider a general class of junction distribution
controls and inflow controls and we establish the compactness in L' of a class of flux-traces
of solutions. We then derive the existence of solutions for two optimization problems: (I) the
maximization of an integral functional depending on the flux-traces of solutions evaluated at
points of the incoming and outgoing edges; (II) the minimization of the total variation of the
optimal solutions of problem (I). Finally we provide an equivalent variational formulation of
the min-max problem (II) and we discuss some numerical simulations for a junction with two
incoming and two outgoing edges.

1. INTRODUCTION

Fluid-dynamic models of traffic flow on networks, based on conservation laws, have been in-
tensively investigated in the last twenty years. For a general introduction and a survey of recent
literature we refer to [?, 7, 7, ?]. We recall that the idea of modeling unidirectional car traffic on
a single road in terms of the scalar conservation law

(1.1) Ou+ 0, f(u) =0

was first proposed in the seminal papers by Lighthill, Whitham and Richards (LWR model) [?, ?].
Here, the unknown u = wu(¢,z) denotes the traffic density taking values in a compact interval Q,
and the flux has the form f(u) = uv(u), where v(u) is the average velocity of cars which is assumed
to depend on the density alone.

In order to determine the evolution of vehicular traffic in an entire network of roads modeled
by a directed graph, one has to further assign a set of suitable boundary conditions at road
intersections. Due to finite propagation speed, it will be sufficient to analyze the local solution
in a neighborhood of each intersection to capture the global behavior on the whole network. To
fix the ideas, let’s thus consider a graph composed by a single vertex (or node), with m incoming
edges I;, i € Z ={1,...,m}, and n outgoing ones I;, j € O = {m+1,...,m+n}. We may model
each incoming edge with the half-line (—o0,0) and every outgoing one with the half-line (0, +00).
In this way, the junction is always sitting at « = 0. The conservation law on every incoming and
outgoing edge must be supplemented with some initial condition which thus yields the Cauchy
problem

(12) Opu; + 0 f(u;) =0 r<0,t>0,
' ui(0, ) = () z <0,

for every ¢ € Z, and
. u;(0,z) = T;(z) x>0,
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for every j € O, where we may assume that the initial conditions uw, : I, — Q, £ € ZUQO, are given
L!-functions with bounded variation.

The equations in (??)-(??) are usually coupled through transition conditions prescribed at the
boundary z = 0 (commonly called nodal conditions). Typically, one introduces such conditions
to guarantee that (?7?)-(??) admits a unique solution so to show that the Cauchy problem at
a junction is well-posed. Thus, in particular, every (m+n)-tuple of initial data @, ¢ € ZU O
determines a unique (m-n)-tuple of incoming and outgoing fluxes g, = f(ue(+,0)),¢ € ZUO of the
corresponding solution to (?7?)-(??). In this paper, instead, we consider a minimal set of natural
coupling conditions and treat as control laws both the flow distribution parameters related to such
conditions and the incoming fluxes at the junction (the inflows) that are compatible with them.
Our intention here is to propose a general set-up to analyze optimal control problems on networks
with cost functionals depending on flow distribution controls and inflow junction controls.

Optimization and control issues for network models based on conservation laws have raised an
increasing interest in the last decade, motivated by a wide range of applications in various research
fields. In fact, beside vehicular traffic (see [?, 7, 7, 7, 7, 7, 7, 7] and references therein), such kind of
problems have been addressed in: air traffic [?, ?], supply chains [?, ?, 7 ?], irrigation channels [?],
gas pipelines [?], telecommunication and data [?], bio-medical [?, ?], blood circulation [?], socio-
economical and other areas. In these contexts, a crucial role is played by the design, analysis
and numerical implementation of controls acting at the nodes of the network. The investigation
of optimal control properties of time varying parameters corresponding to junction distribution
coefficients have been considered for example in [?, 7, 7, 7, 7, 7, 7, ?] while inflow controls have
been analyzed in [?, 7, 7, ?].

To introduce our control framework let’s focus again on the LWR model. The transition con-
ditions at a junction, in a realistic car traffic model, are determined by: (i) drivers’ turning
preferences and (ii) relative priority assigned to different incoming roads.

As described in [?, 7, 7], the nodal condition (i) can be expressed requiring that the flux traces of
the solutions to (?77)-(??) at z = 0 satisfy some, possibly time-varying, distribution rules. Namely,
consider a n x m Markov matrix A(t) = (a;i(t));,:, with

m-+n

(1.4) 0<aj(t)<1 VjcO,icT,t>0, > aut)=1  VieZIt>0,
j=m+1
and impose the condition
(1.5) Flui(£,07) = a;i(t) f(ui(t,07))  forae. t>0,
=1

where u(t,0%) = lim,_, o= ug(t,z). Throughout the following we shall simply adopt the notation
ue(t, 0) for the one-sided limit of u(t, ) at the boundary « = 0. Here a;;(t) represents the fraction
of drivers arriving from the i-th incoming road that wish to turn on the j-th outgoing road at
time ¢. Notice that, because of (?7?), the condition (??) in particular implies a Kirchhoff type
formula

m+n m
(1.6) Z f(u;(t,0)) = Z f(ui(t,0)) for a.e. ¢ >0,
j=m+1 =1

which expresses the conservation of the total flux of cars through the node. Instead, the nodal
condition (ii) is expressed in [?, ?] assigning right of way parameters n;(¢) € [0,1], ¢ € Z, with
>-;mi(t) = 1. For example, in an intersection regulated by a traffic signal, the coefficient n; can
be interpreted as the fraction of time in which it is given a green light to cars arriving from the
i-th road.

However, the nodal conditions (i)-(ii) above described are not sufficient to select a unique so-
lution to (?7?)-(??). Various approaches have been proposed in the literature to overcome this
ill-posedness of the Cauchy problem. A widely used method is based on the introduction of a
Junction Riemann Solver, i.e. a rule to construct a unique self-similar solution of the Cauchy
problem (?7)-(??) when the initial data is constant on each incoming and outgoing edge. Once a
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Junction Riemann Solver is given, the solution of the Cauchy problem at a junction for general
initial data is then constructed by a standard wave-front tracking technique [?, 7, 7, ?]. A differ-
ent model, which is not based on the construction of a Junction Riemann Solver, was proposed
in [?]. Here, cars seeking to enter a congested road wait in a buffer of limited capacity and the
distribution coefficients a;;(t) in (??) are regarded as the boundary values at x = 0 of passive
scalars transported by a semilinear equation coupled with the LWR equation (??). In this model
the unique solution of a general Cauchy problem (?7)-(??) is obtained employing an extension of
the Lax-Oleinik formula to the initial value problem and determining the length of queues inside
a buffer as the fixed point of a contractive transformation. In fact, it is shown in [?] that a specific
Riemann Solver at the junction determines the limiting solution obtained in presence of a buffer
when the buffer’s capacity approaches zero. Instead, a Junction Riemann Solver for a source
destination model that incorporates a dynamic description of the car path choices was previously
introduced in [?].

We point out that alternative approaches to establish a well-posedness theory of traffic flow on
networks, based on the analysis of Hamilton-Jacobi equations at a junction, have been developed
in the last years, using either PDE methods (see the papers [?, 7] and references therein) or optimal
control interpretation (see [?] and references therein). In [?, ?] it is pursued an analysis of the
well-posedness of (??)-(??) based on a vanishing viscosity approximation and adopting a similar
framework of the theory of germs introduced in [?] for conservation laws with discontinuous flux.
Additional models can be found in [?]. We refer also to [?, ?] for traffic engineering references.

We remark that all the models without buffer proposed in the literature provides a procedure
to associate to any given (m + n)-tuple of initial conditions s, £ € ZU O, a unique (m + n)-tuple
of boundary values Uy, £ € ZU O, so that the resulting solutions wue(t, ), (¢,x) € (0,400) X I; of
the Cauchy-Dirichlet problems with initial data @, and boundary data w, satisfy the nodal con-
straint (??). In this paper we adopt a different perspective following a control theoretic approach.
Namely, we propose a general framework to treat optimal control problems at a junction where one
regards as junction controls the distribution coefficients a;;(t) and the incoming fluxes f(u;(t,0))
compatible with the transition condition (?7).

To illustrate our control strategy let’s recall the standard construction performed for a Riemann
problem at a junction with a constant matrix distribution A = (aj;);; satisfying (??). Namely,
consider the Cauchy problem

Ovug + O f(ug) =0 xz€lp,t>0,
(1.7) e g”ff ‘) ‘ (=1,...,m+n,
ue(0,2) = Uy x € I,
where U1, ..., Upy4pn € (2 are constants. In connection with every u;, i € Z, we define the set Q237

consisting of all states u; € Q for which the entropy admissible solution of the classical Riemann
problem on the whole real line

Opu; + 0 f(u;) =0 xR, t>0,

u(()x)_ Uu; if <0,
ST i >0,

contains only waves with nonpositive characteristic speeds. Similarly, for every w;, 7 € O, we let
Q77 denote the set of all states u; € €2 for which the entropy admissible solution of the classical
Riemann problem

Oy + 0 f(u;) =0 reR, t>0,

U(OZE)— Ej if £C<0,
U lwy i x>0,
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contains only waves with nonnegative characteristic speeds. Then, given @ = (U1,...,Untn) €
Q™+ consider the closed, convex, not empty set

m m+n
(1.8)  Ta={(mvm) € [[ A5 « (A (o)) € T 2595,
i=1 j=m+1

where 4T denotes the (column) transpose vector of . The set I'y describes the flux-traces at
x = 0 on the incoming roads I;, ¢ = 1,...,m, of every self-similar entropy admissible solution
to the nodal Riemann problems (??) that satisfies the conditions (??). In general, the set I'y
in (??) contains more than one point so, to achieve uniqueness, an optimization criterion is usually
imposed for example requiring the maximization of the total flux through the junction [?, ?, 7, ?].
An alternative approach to identify a unique Riemann solver at the junction is proposed in [?] in
the same spirit of the theory of germs for conservation laws with discontinuous flux.

Once it is provided a procedure to associate to any @ € Q™™™ a unique element 15 € I'y
that identifies the boundary flux-traces of the solution of (?7) selected by the chosen admissibility
criterion, one can require that the solution u(t, ) of a general Cauchy problem at the junction (?7?)-
(?7?) satisfies the nodal condition

(19) (f(ul(ta 0))7 ey f(um(tv 0))) = Yu(t,0) € I‘u(t,O) Vi>0,
where

u(t,0) = (u1(£,0), ..., um (£,0), Um41(t,0), . . ., Upmtn(t,0))
denotes the (m + n)-tuple of traces at = 0 of u(t,-).

In the present paper instead, aiming to perform a control theoretic analysis, we consider as
admissible solutions of the nodal Cauchy Problem (?7)-(?77?) every function u = (uz, up) with
uz : [0,4+00) X [0,4+00) = Q™ up : [0,400) X (—00,0] — 2", that for some k; : [0, +00) — Q,
¢ € TUQ, provides an entropy admissible solution of the mixed initial-boundary value problems

Oty + 0z f(u;) =0 x<0,t>0,

(1.10) u; (0, ) = u;(x) x <0, i€l
ui(t,0) = k;(t) t>0,
Opu; + 0z f(uj) =0 x>0,t>0,

(1.11) u; (0, z) = T;(x) x>0, j€0,
u;(t,0) = k;(t) t>0,

and satisfies the linear constraint (??) (see Definition ?7). Observe that, in general, the bound-
ary data ky, £ € T U O are not pointwise attained by the entropy admissible solutions of the
Cauchy-Dirichlet problems (??), (??) because of the presence of boundary layers. In fact, for
conservation laws the boundary conditions are enforced in the weak sense of Bardos, Le Roux,
Nédélec [?]. Moreover, by uniqueness, the solutions to (??), (??) can be equally defined as
the entropy admissible solutions of the corresponding mixed problems with assigned initial da-
tum @, and boundary flux f(ue(t,0)) (cfr. [?, Proof of Theorem 2.2]). Therefore, we may
uniquely identify every admissible solutions of the nodal Cauchy Problem (?7)-(??) assigning
the matrix valued map A(-) satisfying (??) and the m-tuple of boundary incoming flux-traces
v = (f(u1(:,0)), ..., f(um(-,0))) which, in turn, by (??) determines also the n-tuple of boundary
outgoing flux-traces (f(tm+1(,0)), ..., f(Umin(,0))). We shall denote by u(¢,z; A,~) such a so-
lution where 7 denotes an m-tuple of admissible boundary incoming fluz-traces (see Definition 77).
Then, for a fixed initial data u € H;”:ﬁ" BV (1y;Q), and for a fixed time T > 0, we will address
the following optimization problems.

(I) Given a continuous map J : R™ — R, fix M > 0 and consider

T
(112) sup A j(f(ul(t707 A”Y))a RS f(um(t70, Aaf}/)))dt7

A,y
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where the supremum is taken over all pairs of matrix valued maps A(:) = (a;i(+));: €
BV([0, T]; R™*") satisfying (??) and admissible boundary flux-traces v = (y1,...,%vm) €
BV ([0,T7]; (f(Q))m), with total variation bounded by

TV{a;} <M Vje0,iel, TV{y} <M Viel.

(IT) The pairs of junction controls (ﬁ, ~) that optimize (??) are in general not unique. Let
UM denote the set of such optimal pairs. Then consider the minimization problem

(1.13) inf ZTV{ L0, A.9) )

(AC),7) €Unas =1

The goal of the above problems is to maximize suitable functionals depending on the through
flux at the junction in a fixed time interval (for example the time-average sum or product of
the inflows within a day), keeping as small as possible the oscillation of the incoming fluxes. The
control parameters determine the percentage of drivers who take the different roads emerging from
the junction (traffic distribution controls) and regulate the rate at which the vehicles pass through
the junction (inflow controls). The former can be practically implemented with the use of route
information panels giving recommendations to the drivers to take one of the outgoing roads, while
the latter can be enforced by ramp meter signals, traffic light timing, yielding and stop signs,
integrated vehicular and roadside sensors so to modulate the amount of incoming fluxes entering
the junction. These type of control approaches are of critical importance in traffic management
since they allow to improve the performance of traffic system, alleviate congestion, reduce pollution
and accidents without requiring expensive road constructions to increase road capacity.

Notice that, an admissible solution of the junction Cauchy problem (?7?)-(??) defined as above
may exhibit entropy admissible shocks originated at positive times from a point of the line z =0
and stationary nonclassical shocks (see [?]) located at = 0. Moreover, an admissible solution of
a junction Riemann problem may well be not self-similar. We may observe that such features of
the admissible solutions considered in the present paper occur in various models of conservation
laws arising in different contexts: like in the case of discontinuous flux [?, ?], of local [?, ?] or
nonlocal [?] constraints, of LWR model coupled with ODE modeling a buffer dynamics [?].

Our main contributions can be summarized as follows. We shall first establish a compactness
result for some classes of flux-traces of solutions, which in turn yields the existence of solutions
to the optimization problems (I)-(II) in their general setting. Next, we provide an equivalent
variational formulation of the optimization problem (II) which is useful also for numerical inves-
tigations of the optimal solutions. Finally, we analyze the optimization problem (??) in the case
where the supremum is taken over all pairs of matrix valued maps A(:) and admissible boundary
flux-traces with arbitrarily large total variation.

We stress that, in our intention, the approach pursued in this paper is a first step towards
building a general strategy to address control problems on networks, which can be applied in
various contexts not limited to vehicular traffic models.

The paper is organized as follows. Section 77 is devoted to preliminary results on boundary
value problems for conservation laws and on the Cauchy problem for a junction. In Section 77?7
we derive the compactness properties for flux-traces of solutions and analyze the optimization
problems (I)-(II). Finally, in Section ??, we discuss some numerical experiments for a junction
with two incoming and two outgoing arcs.

2. PRELIMINARIES

2.1. The Dirichlet and the Junction Cauchy problem for conservation laws. Consider a
directed graph composed by a single vertex, located at x = 0, with m incoming arcs I; = (—o0, 0),
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t€Z=A{1,...,m}, and n outgoing ones I; = (0,+00), j € O ={m+1,...,m+n}. On each arc,
the evolution of the unknown density us(t, ) is governed by the scalar conservation law
(21) Oy + 6‘mf(u13) =0, t>0, xely.
The flux function f : @ — R is defined on a compact interval = [0,u™**] and satisfies the
following assumptions:
(A) 1. f € CH(;R) and is strictly concave.

2. f(0) = f(u™®) =0, f'(um™*) <0< f'(0).
We denote by 6 € Q the point of global maximum for f, i.e.
(2.2) 0 = argmax f(u),

ue

and, for every u € Q \ {0}, we denote by 7(u) the unique point in  such that

(2.3) f(u) = f(w(w)) and m(u) # u,

while we set 7(6) = 6. Given an (m + n)-tuple of initial data @ € II;>" L>(I;; Q) and boundary
data k € L ([0, +00); Q™"), consider, for every ¢ = 1,...,m, j = m+1,...,m + n, the mixed
initial-boundary value problems

Opui + 0 f(u;)) =0 r<0,t>0,
(2.4) u; (0, ) = u;(x) x <0,
u;(£,0) = ki(t) t>0,
Oruj + 0y f(uj) =0 x>0,t>0,
(2.5) u;(0,2) =, (x) x> 0.
u;(t,0) = k;(t) t>0.
As observed in the Introduction, the Dirichlet conditions in (??), (??) are, in general, not literally
satisfied but must be interpreted in the relaxed sense of Bardos, Le Roux, Nédélec [?]. In particular,

since we are assuming the strict concavity of the flux function f, we may equivalently express the
boundary condition in (??) requiring as in [?] that, for a.e. ¢ > 0, there holds:

(2.6) either u;(t,0) = max{k;(t), 0}

or f'(ui(t,0)) >0 and f(u;(t,0)) < f(max{k;(t),0}),
while the boundary condition in (??) are equivalent to require that, for a.e. ¢ > 0, there holds:
(27) either u;(t,0) = min{k;(t), 0}

or f'(uj(t,0)) <0 and f(u;(t,0)) < f(min{k;(t),6}).

Moreover, one can provide an equivalent formulation of (??)-(??) in terms of boundary flux
conditions. Namely, the boundary condition for the problem (??) on the negative half-line can be
expressed as

either I (ui(t,0)) <0 and f'(ki(t)) < f(ui(t,0)) = f(ki(t)),
(2.8) or f(ui(t,0)) >0 and f'(ki(t)) >
o Ft0)>0 and k(1)

while the boundary condition for the problem (??) on the p051tlve half-line can be expressed as

either f(u;(¢,0)) >0 and f'(k;(¢)

(2.9) or f(u;(t,0)) <0 and f'(k;(¢)
o Pl0) <0 and Fy0)> 0, Fuy60) < k(D)

As stated in the Introduction, us(t,0) denotes the one-sided limit at 2 = 0 of the solution wy(t, -)

to (?7), (?7?). We recall that functions of one variable with locally bounded variation admit left

and right limits at every point. Moreover, since an element of BV,.(Iy) is an equivalence class of
locally integrable functions, we will always assume that a function u € BV, (Iy) is left continuous

) <
) >
) <0, f(uz(t 0) < f(ki(1),
t
) >0, f(u;(t,0)) = f(k;(t)),
) <
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if £ € Z, right continuous if £ € O, possibly modifying its values at its countably many discontinuity
points (see [?, Chapter 2, Lemma 2.1]).

We shall then adopt the following definition of entropy admissible solution of the mixed initial-
boundary value problem for a conservation law (??) with concave flux (see [?, ?, 2,7, 2,7, ?]).

Definition 2.1. Given @, € L™ (Iy; Q) and kg € L™ ([O, +00); Q), ¢ € TUO, we say that a function
ug € C([0,+00); Ly (152)) is an entropy admissible weak solution of (?7) (resp. of (?7?)) if :
(i) For everyt >0, ug(t) € BVie. (Ir;2) and admits the one-sided limit at x = 0.
(ii) we is a weak entropic solution of (??) with initial data Uy, i.e. for all p € C}(R x Ip;R)
there holds

+oo
(2.10) / / [ue B + flue) Bup] (¢, @) dmt+/ Tg(2)p(0, 2)dz =0,
0 Iy 1,
and the Lax entropy condition [?] is satisfied
(2.11) we(t, ™) < ug(t,z™) t>0, xel,\{0}.
(iii) for a.e. t > 0 the boundary condition at x = 0 is verified in the sense of (?77) (resp.
of (27)).

Remark 2.1. Notice that, because of the assumption (A) on the flux function, an entropy ad-
missible weak solution ug of (?7) satisfies the one-side Oleinik inequality on the decay of negative
waves [?] which, together with the well-known L™ bounds on ug, yields uniform BV-bounds on
ug(t) at any fized time t > 0. Moreover, for every t > 0 and ¢ € I, uy(t) admits the one-sided
limit ug(t,0) = lim,_,o- ue(t, z). Indeed, if lim,_,o- ue(t,z) does not exist, then one can find two
sequences x,, and y, of negative numbers converging to 0 such that
vy = lim w (¢, ), vo = lm wy (t,yn), v1 < Vs.
n—-+oo n—-+oo

Since f is concave, then f'(v1) > f'(va) and so, for n sufficiently large, we would deduce that
f(ue(t, ) > f (we(t,yn)). By tracing the backward generalized characteristics [?, ?] starting at
(t,zy), (t,yn), we would then conclude that such characteristics intersect in Iy at some positive
time, which is not possible. Similar argument holds for the existence of lim,_,o+ ue(t, z), t > 0,
¢ € O. Therefore, condition (i) of Definition ?? is indeed a consequence of condition (ii). We
have included it in the definition for sake of clarity.

Remark 2.2. For every fized point x € Iy, £ € TUQO, the flur map t — f(U((t,.’L‘)) of an entropy
admissible weak solution ug of (?77?) is nonincreasing in presence of shock discontinuities. Hence,
since one may derive Oleinik-type inequalities on the positive variation of f(ug(-,x)) as for the
negative variation of u(t,-), it follows that f(ue(-,z)) € BViee ((0,400); ).

As observed in [?], it is not restrictive to assume that the boundary data have characteristics

always entering the domain, i.e. that
ki(t) >0 if ieZ,
(2.12) ) )
k;j(t) <6 it jeO.

In fact, the entropy admissible weak solutions wu, of (??), (??) with boundary data k¢, £ € ZU O,
can be as well obtained replacing k, with the normalized boundary data

- . jmax {Ug(t, O)v 7'('(11,@(15, O))} it el
(2.13) he(t) = {min {ue(t,0), w(ue(t,0))} if £e€O,

which satisfy (??) and

(2.14) F(ke(t)) = f(ue(t,0))  Vt>0.

We next recall a general property of weak solutions of (??) that will be useful later.
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Proposition 2.1. Given uy, € BV (Iy;Q) and ky € L°°([0,+oo);Q), € TUQO, let ug be an
entropy admissible weak solution of (?7?) or (??). Then, for every 0 < t; < ta, xo € Iy, one has

to to 0 0
(2.15) / £ (ug(t, 0)) dt —/ F (et ai)) dt = / we(ty, ) —/ we(ts, ) da.

t1 t1 To xo
Proof. Notice first that in (??) it is equivalent to take f:f fue(t,zd))dt or j;tf flug(t,zgy ))dt. In
fact, the function f(u(t,2)) does not admit discontinuities of zero slope. On the other hand,
observe that if ¢y is a point of continuity for ¢ — f(us(t,2z0)) then also z¢ must be a point of
continuity for @ — f(ue(to,x)). It then follows that {t > 0 |f(ue(t,z5)) # f(ue(t,zd))} € {t >
0| f(ue(tt, ) # f(ue(t™, o))} which has measure zero since f(u,(+, o)) is a function of bounded
variation (see Remark ?7?). Next, a standard approximation argument for the characteristic func-
tion of the domain D = (t1,t2) X (20,0), or D = (t1,t2) x (0, zp), in combination with the integral
equality (?7), allows to extend the divergence theorem to the BV vector field (u, f(u)) on D, thus
yielding (??) (see [?, Remark 4.2]). O

We now introduce the concept of solution to the Cauchy problem for a node of a network.

Definition 2.2. Let T > 0 and A(-) = (a;i(-))j; € LY([0,T}; R™*") be a matriz valued maps
satisfying (?7). Given u € 121" L°(1;;Q), we say that an entropy admissible weak solution to
the nodal Cauchy problem (7?)-(??) on [0,T), is a function u € C([0,T]; I ™ Li (15 €)) that,
for some k € L> ([0, T]; Q™) enjoys the following properties.

(1) for everyi=1,---,m, the i-th component u; of u is an entropy admissible weak solution
of (7?) on [0,T) x I;, in the sense of Definition ?7;
(2) for every j=m+1,--- ,m+n, the j-th component u; of u is an entropy admissible weak

solution of (?77) on [0,T] x I;, in the sense of Definition 7?;
(3) for a.e. t € (0,T] condition (??) is satisfied.

3. OPTIMIZATION PROBLEMS

In this section we first establish a compactness property for a class of flux-traces of solutions.
Next, we analyze the optimization problems (I)-(II) described in the Introduction. We shall first
consider the maximization of a functional, defined in equation (??), related to the integral of the
flux at the junction. Then, among all solutions which maximize this functional, we choose the
ones whose flux at the junction enjoy minimal total variation (see the minimization problem (?7)).
Finally, we provide also an equivalent variational formulation of this min-max problem in terms
of the functional (?7?), which will be useful in the numerical analysis of the optimal solutions.

3.1. General setting. Fix T > 0. Given u € II}"1" L>®(I;;), for every i € Z and j € O,
recalling Definition 7?7, consider the sets

oy _ u; is a weak entropy admiss. sol. of (??) on [0,7] x I;
Fi= Filwi) = {f(ul(.’o)) ‘ with boundary data k; € L ([0, T]; Q)

Fj = Fj(u;) = {f(“j('70)>

which consists of the boundary flux-traces of all possible entropy admissible weak solutions to (?7?)
and to (??) with initial data u,, @;, respectively. We recall that the flux-traces are defined as the
one sided-limit f(u;(¢,0)) = lim,_,o- f(u;(¢,x)) for the incoming arcs I;, i € Z, and as the one
sided-limit f(u;(¢,0)) = lim, o+ f(u;(¢, z)) for the outgoing arcs I;, j € O. Then, define the set
of admissible matrix valued maps fulfilling (??)

(3.2) A={A=(a;(-));: € BV([0,T];R™*™) | condition (??) holds for a.c. t € (0,7 },

(3.1)

u; is a weak entropy admiss. sol. of (?7) on [0,T] x I;
with boundary data k; € L>([0,77]; Q) ’

(3.3) AM = {A = (aji()ju € A| TV{a} <M ¥ z]} M > 0.

Here and throughout the paper, for a function ¢ € BV ([7/,7”]) we shall always define TV{¢}
as the essential variation of ¢ on the open interval (7/,7”) which coincides with the pointwise
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variation on (7/,7") of the right continuous or left continuous representative of ¥ (see [?, Section
3.2]). This implies that, if ¢ is a right continuous (or left continuous) function, there holds

N
(34) TV{y} =pV () = sup {Z [ (te) — 1/)(75@—1)|} ;
T/ <tog<t1<---<tn<t" —1
where pV (1) denotes the pointwise variation of ¢. For a function ¢ € BV ([0, T), and a subinterval
(7',7") € [0, T, we shall also denote as TV ./ rn {1} =TV {’(/J|(T, T,,)} the pointwise variation of

the restriction on (7, 7") of the right continuous (or left continuous) representative of 1.

Remark 3.1. Consider a function ) € BV([0,T]), let ¢y be a left continuous (or right continuous)
representative of 1, and consider any other element 1y of the same equivalent class in L ([0,T])
of ¥, i.e. such that ¥1(t) = a(t) for a.e. t € [0,T]. Then, one has

pV (1) < pV(¢ha).
In fact, the pointwise variation defined in (??) clearly depends on the choice of the representative

of ¢ and the infimum is achieved by the left continuous or right continuous representatives of ¥
(cfr. [?, Section 3.2]).

As observed in the Introduction, we may uniquely identify every admissible solutions of the
nodal Cauchy Problem (?7)-(??) by assigning the matrix valued map A € A and the m-tuple of
boundary incoming flux-traces ~ = (f(u1(~,0)), e ,f(um(',O))) which, in turn, by (??) deter-
mines also the n-tuple of boundary outgoing flux-traces (f(um+1(+,0)), -, f(Umin(:,0))). We
then regard (v, A) as a pair of junction controls and we shall adopt the following definition.

Definition 3.1. Given u € I L°(1;;Q) and A = (aji(+));j; € A, we say that

is an m-tuple of A-admissible boundary inflow controls if there exists a boundary datum k €
L ([0, T]; Q™™) such that the entropy admissible weak solutions u;, i € I, and u;, j € J,
of (??) and of (?7), respectively, satisfy:

(1) f(ue(-,0)) € Fp for every £ € TU O;

(2) v:(t) = f(ui(t,0)), for a.e. t €[0,T] and all i € Z,

(3) S aji(t)vi(t) = f(u;(t,0)), for a.e. t €[0,T] and all j € O.

We denote by u(t,x; A,~) the entropy admissible weak solution of (?7)-(??) determined by ~

and A. The components uy(t,z; A,v), £ € ZU O, are entropy admissible weak solution of (77?),
(7?), with normalized boundary data k € L>°([0,T]; Q™) defined by

—1 .
(3.5) ko(t) = {f+1 (7e(t)) Z'f leT,
f (ve(t) if teo,

where we denote as f_, f1 the restrictions of f to the intervals [0, 8] and [0, u™%*], respectively.

We then define the sets of admissible controls as
U=U(a)= {(A,fy) EAxLl([O,T};Rm) ‘ ~ is an m-tuple of A-admissible } ,

(3.6) boundary inflow controls
' TV{vi} <M Viel }

UM =y (a) = {((aji)j,ia'V) €U(u) ‘ TV{aj;} <M VieIVjecO
for all M > 0.

Remark 3.2. One can easily verify that the sets of admissible controls defined by (?7?) are
nonempty. Indeed, given u € II"1" L°(15;9), consider the (m + n)-tuple of boundary data
ke € L ([0,T];Q), £ =1,...,m +n, defined by

ki(t) = u™me® Vtel0,T], VieT,
kij(t)=0 Vtelo,T], VjieO,
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and let u;,t € Z, uj, j € O, denote the corresponding entropy admissible weak solution of (7?7) and
(?7), respectively. Observe that, because of the assumption (A) on the flux function, the boundary
conditions (77), (??7) imply

ue(t,0) € {0,u™**} Vtelo,T], VieZUO.
Therefore, we have
~i(t) = f(u;(¢,0)) =0 Vitelo,T], Viel
f(u;(t,0)) =0 Vitelo,T], VijeO,

which shows that the m-tuple v = (v1,...,7m) satisfies condition (3) of Definition 77, for every
matriv A = (a;i(-))j: € A, or A = (aj;();: € AM, and that TV{v;} < M for anyi € Z. This
proves that if A € A one has (A, v) € U(T), while if A € AM one has (A, v) € UM (T), for every
M > 0.

In connection with the above sets of admissible controls we introduce now the classes of flux-
traces of solutions that we will analyze in the optimization problems considered in this paper.
Namely, we first define the set of all junction flux-traces in the incoming arcs for the entropy weak
solutions of (?7)-(??) associated to the above classes of admissible controls:

3 (A,v) €eU(a) }

st gi = f(ui(-,0; A,y) Viel [’
3 (A,7) e UM () }
st. gi = flui(-,0; A,y)) Viel [°

Next, for every given x; € I;, j € O, we consider the sets

(37) D =D = {<gl, o gm) €LY, T];R™)

38) DY =DM (@ ={ (g1 gm) € L (0.1 |

. . u; is a weak entropy admiss. sol. of (?77?)
(39)  Fia, = Fia (@) = fu;(,25)) - .
on [0,7T] x I; for some k; € L*>([0,T]; )

Then, given every £© = (Zyn11, - - - Tman) € [0, +00)", we define the sets of flux-traces of solutions
evaluated at the points x; of the outgoing arcs:

m-+n —
. . J(A,y) el(m) st.
3.10 z© = Yz = m+1s-++39m4n) € Fix; . s
(310) Geo = e0@ = meveesomen) € I B [ Zysiaivjeo
m-+n —
. . 3 (A,y) eUM(@m) st
3.11) Gh6 = Go (@) = (i1 Gmin) € Fia; ’ ;
( ) Gro =G o(u) (gm+1 Gm+n) j:1;[+1 32| gi = fluj( x5 A))VieO

The next result provides the compactness of the sets DM, Qi\/{g with respect to the L' topology.
This property then yields the existence of optimal solutions for cost functionals depending on the
flux-traces of solutions to the nodal Cauchy Problem (?7?)-(??) evaluated at the intersection x = 0
or at points z; of the outgoing arcs I;, j € O.

Theorem 3.1. Fiz u € 11" L>(I;;). Then, for every M > 0 the sets DM | Q% in (77),
(?7) are compact subsets of L([0, T]; R™), L*([0, T]; R™), respectively.

Proof. We shall first show the compactness of DM and then derive as a consequence the compact-
ness of g%.

1. Observe that the set A in (??) is compact in the L' topology by Helly’s Theorem. On the
other hand, setting

(312) F = { fun0) € Fo | TV Fu-0)} M}, reTuo,
where F; are the sets defined in (??), by Definition ?? and definitions (??), (?7), (?7?), we have

(3.13) DM — {(917~ .. ,gm) S HfZM ’ = (aji)ji S .AM s.t. Zajigi € .7:]‘ Vje O}

i=1 i=1
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Since AM is compact, in order to establish the compactness of D it will be sufficient to show
that the sets FM, i € Z, are compact and that the sets Fj, j € O, are closed with respect to the
L' topology. We shall provide only the proof of the compactness of the set FM, i € Z, in (?7),
the proof of the closureness of the sets F;, j € O, being entirely similar.

2. Fix i € Z and let (¢"), be a sequence in FM. Then, for every v one has
(3.14) g’ (t) = f(u(t,0)) a.e. t €[0,7],

for some weak entropy admissible solution u/ to (??) with boundary data k¥ € L ([0,T];).
Moreover, there holds

(3.15) TV{"} <M V.

Since all ¢g” take values in the bounded set f(£2), applying Helly’s Compactness Theorem we
deduce that there exists a function ¢ € BV ([0,T]; f (©)), with

(3.16) TV{y} < M,
so that (up to a subsequence) there holds
(3.17) g9 = v in LY([0,T];R).

On the other hand, consider the map ki € L"O([O7 TY; Q) defined by

(3.18) ki(t) = fY(t)  Vtelo,T).
Then, letting u; € C([0,7T]; L'((—o0,0); 2)) be the entropy admissible weak solution of (??) with

boundary data k;, by definition (??) we have f(u;(-,0)) € F;. Therefore, in order to complete the
proof of the compactness of FM it will be sufficient to show that (up to a subsequence)

(3.19) f(uv,y(’o)) — f(u2(70))7 in Ll([O’T];R)'
In fact, (?7), (77?), (?7?) together imply
(3.20) fui(t,0)) = () for ae. t€[0,7].

Hence, recalling Remark ??, we deduce from (?7?), (?7?), that the essential variation of ¢ satisfies
the bound

(3.21) TV {f (il 0))} = TV{6} < M,
which implies f(u;(-,0)) € FM by definition (?7?).

3. Towards a proof of (?7) observe first that, as recalled in Subsection ??, we may identify u} as
the entropy admissible solution to (?7?) with normalized boundary data

(3.22) k2 (t) = max{u? (t,0), 7(u! (£,0))}  Vtel[0,T], V.
Then, by (?7), one has

(3.23) FRY@®) =g"(t) Ytelo,T], V.

Hence, (?7), (?7?), (??) together imply

(3.24) FEY) = (k) in LY[0,T];R).

Therefore, by virtue of the L! Lipschitz continuous dependence of the solution to (??) on the flux
of the normalized boundary data (cfr. [?, Theorem 4]), and because of (??), one has

(325) uiy(tv ) - ui(ta ) in Llloc((fooa 0]7 Q) Vite [O’ T]

On the other hand, recalling that @ = [0, u"*], notice that, for any solution to (??), the backward
generalized characteristics (see [?]) issuing from points (¢,z), x < f/(u™**) - T, t € [0,T], reach
the z-axis without crossing the boundary line 2 = 0. Therefore, all solutions u} are uniquely
determined by the the initial data @ on the region [0,T] x (—oo, f'(u™**) - T'). Hence, one has

(3.26) uy (t,x) = u;(t, z) Vitelo,T], z < f'(u™*®)-T, \aZ
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Hence, invoking Proposition ?? for every u”, and and thanks to (??), (?7), we find that for all
2 < f (u™*) - T and t1,t2 € (0,T'), there holds

to to 0 0
lim f(u (¢,0))dt = lim { fuy (¢, z0))dt + / uy (t1, z)dx — / uy (t2, x)dw}
voJdn v t T To
to 0 0
(3.27) = fui(t,z0))dt +/ u;i(t1, z)dr — / u;(te, v)dx
ta
T
ty

By the arbitrariness of ¢1,t5 € (0,T), and since all f(u}(-,0)) take values in the bounded set f(2),
we recover from (??) the convergence (??) completing the proof of the compactness of DM.

4. With the same analysis of the previous points we deduce the compactness of the set G ivé when
© =0, =(0,...,0) € R*. Next, consider ° = (Zy41,---,Tmin) # 0, and observe that by
definitions (?7?), (??), (??), we have
(3.28)
V j e O 3Ju; weak entr. admiss. soln. of (?7)

on [0,T]x [0, +00) for some k; € L ([0, T];(2)

s.t. g = f(u;(-,z;)) and
(f(ums1(-0)), o f(Uman(:,0))) € GoT

Then, letting (¢”), be a sequence in Qfé, there will be a sequence (u”), of n-tuples of entropy
admissible weak solutions of (??) with boundary data k” € L>([0,T];€2"), so that, for every v,
one has

(3.29) 9 = f@Wi(,z) YieO,  (flupa(0),..., flunia(,0))) € Gyl

By the compactness of gé{{ and relying on the analysis performed at previous points, it follows

gg]ﬁ\/[ == (gm+1a"'agm+n) € Ll([oaT]an)

that there exists an n-tupla (Um41, ..., Umtn) Of entropy admissible weak solutions of (??) with
boundary data k € L>°([0,T]; 2"), such that
(3-30) (f(um+1('v O))a R f(um—i-n('a O))) € gé\i

and a subsequence ((f(u%y,(0)), ., f(uy4(0)))),, so that there holds

Ff (,0) = flu;(-,0),  in LY(0,TR), .
(3.31) VjeO.

w () = wlt) in Li([0,00:Q) Ve[0T,

Hence, invoking Proposition ?? for every v}, we find

hm/ flu txj dt—hm {/ f(u O))dt+/ Jujy,()fl,ac)dac—/ ' U?l(tg,.’li)dl']
0 0
ta

(3.32) -/ f(uj(t,O))dt+/O Juj(tl,z)das—/o " (s, 7)da
12

= [ flu;(t zy))dt.

ty

By the arbitrariness of t1,t2 € (0,7, and since all f(ul”/(,xj)) take values in the bounded set
f(£2), we derive from (?7?), (??) the convergence

(3:33) g = flule), i LY0,TER)  VjeO.
On the other hand, because of (??), (??), we have
(334) (f(uerl('axj))a'”7f(um+n('ax))) € g%’

completing the proof of the compactness of g%. O
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FIGURE 1. The representation of the function u? in (??) of Remark ?7.

Remark 3.3. By the proof of Theorem 77 and relying on Helly’s compactness theorem it fol-
lows that, if {(AY, f(u{(-,0)),... f(u4,(-,0)))}, is a sequence in AM x DM then letting 1 €

m

BV([0,T]; f () be a map such that
fui(~0) = v i LY(0,T}R),

and denoting with u;, i € I, the entropy admissible weak solutions of (?77?) with boundary data Ez
defined according with (?), there exist A € AM so that (up to a subsequence) one has

(3.35) AY(t)  —  A(®) for a.e. t€]0,T7,
and
(3.36) fuf(t,0) —  f(ui(t,0)) for a.e. te€]0,T].

Remark 3.4. We underline that to achieve the compactness of a set of flux-traces it is simpler
to consider a class of admissible junction controls with a uniform BV bound on the flux of the
boundary data and not a class of admissible controls defined as a set of uniformly BV bounded
boundary data. In fact, if we consider a sequence (u”), of solutions to (?7) that converge in L}, .
to some solution u, then the boundary traces of u” do not converge in general to the boundary trace
of the limiting solution u. However, with a finer analysis of the structure of the boundary traces,
one can show that it still holds the lower semicontinuity property of the total variation of the traces
of solutions with respect to the convergence of the solutions in their domain, as illustrated in the
following example. Given the fluz function f(u) = u(l —u), v € [0,1], consider the solutions u}
to (??7) with initial data

L if < -1,
(3.37) Ui (z) = {f /

1

if —1l<z<0,

and boundary data

3 1
k;’(t):1+; Vit, Vv>8.
By a direct computation, see Figure 7?7, one can verify that
5t 8v
or
1 ; (v—8)((5v+8)t—8v)
8 if r<-gmim Tt 8u (50 18) ) 5u+8 <t< (5V+8)(V 3)
or
(3.38) u/(t,x) = r<0, b2 ey
T i 1+ ¥<e<-L <2
L 8
- <z <0, t< 578
% 4 % if ( or )
(v—8) | (brv+8)t—8v 2
TGED) 5u+8 <x<0, 5u+8 <t< (5u+8)(u g -

The sequence (uf), converges in L}, ((0,400) x (—00,0)) to the solution u; of (??) with initial
data (?7?) and boundary data

kz(t) = v t7

3
4
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since (kY), converges to k; in L}, _(0,00). Notice that

5t 8
% if or
(3.39) ui(t, ) = 8
T x <0, t> =
1 if -1+ 2% <2 <0, t< 8
and hence its boundary trace is
1 8
1 Zf t < 5
uz(t70) = { 1 X 8

On the other hand the boundary traces of u are

if  t=

: 8u2
if 0<t< w9

: 8u2
2 mEe—s

uy (¢,0) =

o] N [PUR
R =

which pointwise converge to the function

i t=
Yit)=< 3 if o0<t<?
£ if t>%.

v

Instead, the sequence of fluz-traces (f(u(-,0))), clearly converges to f(u;(-,0)). Furthermore, the

essential variation of u;(-,0) on (0,+00) satisfies the bound

é =TV {ui(-,0)} <lm TV {u;(-,0)} = %

3.2. Maximization of flux depending functionals. Let J : R™ — R be a continuous map.
Given u € H?Zg" L (I;;Q), and T, M > 0, we consider the optimization problem:

T
(3.40) swp [T ut0s A ),
(A7) eu™ (@ 70
where UM (%) is the set of admissible controls defined in (??) and we set

with the notations of Definition ?7. Typical examples of the map J are

(342) Ji(v,-o o Ym) =D =71+ + Ym, Ty evm) =[[rvi=mn- - m,
=1 i=1

which are commonly considered in the optimization rules introduced for the definition of various
Riemann solvers (see [?, ?]). Thanks to Theorem ?? we immediately deduce that the optimization
problem (??) admits a solution.

Theorem 3.2. Given u € H;’L:Jg" L>®(I;Q), and T > 0, for every fized M > 0 there exists
(A7) e UM () such that

T R T
(3.43) / j(fI(u(t,O; A, 7)) dt = max /0 j(fz(u(t, 0; A,7))) dt.

0 (A,~) eu™ (m)

Proof. Since the set DM is compact in L! by Theorem ??, the conclusion follows observing that
the map g — fOT J(g(t))dt from (L1([0,T];R))™ to R is continuous. O
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The optimal solutions provided by Theorem ??7 determine the solutions of the nodal Cauchy
problem (??)-(??) whose boundary incoming flux-traces solve the optimization problem (?77).
Namely, an immediately consequence of Theorem ?7 is the following

Corollary 3.1. Given u € II"" L®°(I;;Q), and T,M > 0, let ((a”) 7)€ UM(a) be an
optimal pair of controls for the mazimization problem (?7). Then, @ = u(-,-;(@ji)ji,7) s an
entropy admissible weak solution of the nodal Cauchy problem (?7)-(??) on [0,T] that satisfies

f(@;(t,0)) =3;(t) ae t€[0,T], VieT,

m

f(u;(t,0)) Zaﬂ (w;(t,0)) ae. t€[0,T], VjeO.

Remark 3.5. Relying on the compactness of the set gi@ in (?7?) established in Theorem 77,
we may derive the existence of optimal solutions for more general cost functionals than the one
considered in (?7) related both to junction fluzes of the incoming edges and to the fluzes of solutions
at fived points of the outgoing edges. Namely, given a continuous map J : R™T™ — R, initial data
€ A" L2(1;9), and T, M > 0, 2° = (Tmi1, * » Tmin) € [0, +00)", setting

(344) fo(u(tv l,(’); A7 ’Y)) = (f(um+1(t, Tm+1; Aa 7))7 e 7f(um+7l(tv Lm+n; A7 7)))’

consider the optimization problem

T

(3.45) sup / J(fI(U(tO; A7), fO(u(t, 2% A, 7)))dt,
(A, y)eu™ ) /0

where f is defined as in (7). With the same arguments of Theorem 7?7 we deduce that (?7?)

admits an optimal solution and the supremum is achieved as a maximum.

3.3. Minimization of the total variation of optimal solutions. It is quite easy to realize
that the optimization problem (??) has in general not unique solutions. This is illustrated by an
example discussed in [?] where it is considered the special case of a junction with one incoming
and one outgoing arc and two solutions of (??) are provided for the functional J(vy) = ~.

On the other hand, in many applications (e.g. see [?] for vehicular traffic modeling) it would be
desirable to select those optimal solutions that keep as small as possible the total variation of the
incoming fluxes, i.e. that minimize Y ;" TV{f(u;(-,0))}. Therefore, for every M > 0, we define
the set of optimal pairs

(3.46) UM = {(ﬁﬁ) cuM. (27) holds} ,

which is nonempty because of Theorem 77, and we consider the optimization problem

(3.47) inf ZTV{ L0; A7)}

(A,7)eu

maz  §—1

In the same spirit of (??), we also address an optimization problem that includes in the same cost
the integral functional in (??) and the total variation of the flux in (??). Namely, for every fixed
0 > 0, consider the maximization problem

T m
(3.48) sup (/0 T (fF(u(t,0; A,9)))dt — 6> TV {f(ui(-,0; A7)} = 6TV {A})

(A,v)eu i=1
where TV {4} = TV {(a;;);,} = >_;.i TV{a;i}. Here, the admissible controls are BV functions
with arbitrarily large total variation.
Theorem 3.3. Given u € II}"\" L>(14;Q), and T > 0, the following hold.
(i) For every fivzed M > 0 there exists (A*,v*) € UM (1) such that

max

(3.49) STV {f(us(0; 4%,77))} = . ZTV{ L0, A7)}

i=1 maz
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(i) For every fized § > 0 there exists (A°,~7%) € U(T) such that

T m
T (FF(u(t,0; A%°)))dt — 6 > TV {f(ui(-,0; A% 7))} =6 TV {A°} =
(3.50) . =t -
_ « z . _ (- 0: _ ,
- max (/0 T (FE(ult, 0; A,)))dt — 6 ;Tv{f(ul( 0; A,7))} 5TV{A}>
Proof.
(1) Consider a minimizing sequence ((A”,g”))y for (?7?) such that
(3.51) g7 = f(ui(-,0; A, 4")) (A, y") e Uy, i€I, Vv,
T T
(3.52) / J(gl”(t), .. ,g,l;l(t)) dt = max . / j(fz(u(t, 0; A,v))) dt, Vv,
0 (A,v)eu 0

(3.53) iTV{gé’} - inf ZTV{ OA”))}

(A,7)eu

maxr =1

Since by (??) we have (A7, g") € DM for all v, applying Theorem ?? and relying on Remark ??, we
deduce that there exists a subsequence, again denoted by ((A"7 g”))y, and an element (A*, g*) €
DM with g* = fZ(u(-,0; A*,7*)), (A*,7*) € UM, such that
(3.54) g = g in L'.
Hence, (??) together with (?7?) yields
T T
/ () dt = max / T(FE(ult,0: A,7)) dt
0 (A, eu™ Jo

showing that (A*,~v*) € UM . On the other hand, by the lower semicontinuity property of the

essential variation with respect to the L. -topology (see [?, Sections 3.1-3.2]), and by the property
of the liminf operation with respect to the sum, we derive

S TV {gr} <> liminf TV {g/} < liminf (ZTV {g;}>
i=1 i=1 =
= lim (ZTV {gg})
i=1

it follows from (?7?) that (??) holds concluding the proof of (7).

(3.55)

R 1nf » ZTV{ -, 0; A,’y))}

A wzaa‘ =1
Since (A*,v*) e UM

max

(ii) We shall provide a proof of the existence of (A%,~°) € U(w) satisfying (??) only in the case
where the supremum in (?7?) is strictly positive. In fact, in the case where such a supremum is non
positive, we may always consider the problem (??) with a new integrand function J* = a 4 7,
a being a positive constant chosen so that the supremum in (??) be strictly positive. Clearly, a
maximizer for (??) with J* in place of J provides also a maximizer for the original problem (?7).

Then, assume that the supremum in (?7?) is strictly positive and consider a maximizing sequence
((A”,g”))u for (??) such that, for all v, there holds

(3.56) g7 = f(ui(o,(); A",fy”)) (A", ") e U, 1€T,

and satisfying
(3.57)

lim (/0 T(gy(t), .- gi(t)) dt — & ;TV {g/} —oTV {A”}) =
= sup (/0 J(fI(u(t,O; A,y)))dt— ) iTV{f(ui(-,O; A,v))} —6TV{A}> )

(A,v) €U i=1
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Since all g” take values in the bounded set [f(€)]™ and J is continuous, and by virtue of the
strictly positive assumption on the supremum in (??), we may find a constant C; > 0 such that,
for all v sufficiently large, there hold

/J(g;(t),...,g;(t))dtgcl,
(3.58) . ’ m
/O T(g (), gi(®)dt =5 > TV {g/} =TV {4} >0.

i=1
Thus, (?77?) implies that, for v sufficiently large, one has
C C
(3.59) TV{g} <5 Vi€l TV{a} <5 Vii.
Recalling that by Definition ?? and because of (??7) we have
g =7 Viel, YV v large,

we deduce from (??) that (A%, g") € DMo, with My = 5 , for all v sufficiently large. Therefore,
applying Theorem ?? and relying on Remark 77, we deduce that there exist a subsequence, again
denoted by ((A”,g”))y7 and an element (A%, ¢°) € DM C D, with ¢° = fZ(u(-,0; A%,~°)),
(A2,~4%) € UMo C U, such that

(3.60) AV(t)  —  A%(t) Vtelo,T],

(3.61) ¢ = ¢ in L'

Then, relying on (??), (??), we deduce as in the proof of point () that

T T
(362 | I ghm) at=tim [ (0. i) at,
(3.63) > TV {g)} <liminf» TV {g/},
i=1 i=1
(3.64) > TV {a};} <liminf Y TV {a}
Jri=1 jyi=1

Hence, by the property of the liminf and limsup operations with respect to the sum and by virtue
of (?7?), (7?7)-(??), we find

sup </OTJ(fI(U(t,0; A,’Y)))dt—5 iTV {f(ui(.j(); A77))} _ 5TV {A}) <

(A, eu i=1
T m
< lim/ T (g7 (t),..., g5 (t)) dt + limsup (5 ZTV {g7} - 5TV{AV}>
(3.65) " = "
< 11m/ (g7 (1), g @) dt — aninfTv{g;} ) Z lim inf TV {a%; }
=1 J,e=1
=/0 T( O (0) = 6 3TV (g} - 530 TV (),
7,5=1

proving that (A% %) € U satisfies (7?), completing the proof of the theorem. O
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3.4. Equivalent variational formulations. We present here an equivalent variational formula-
tion of the optimization problem (??) which may be useful also for numerical investigations of the
optimal solutions as discussed in Section ??. Namely, for every fixed M > 0, consider the function

(3.66) In(0) =  max - (/O T (fF (u(t, 0 A,v)))dt—ézTV{f(ui(-,O; A,y))}>

(A, ) euM

which is well defined for 6 > 0 by the same arguments of the proof of Theorem ??-(ii). We shall
analyze its limit when the arguments vanish.

Theorem 3.4. Givenu € H;’:{” L (Iy;Q), and T > 0, for every fized M > 0 one has

T
(3.67) lim Iy (6) = max / T (f(u(t,0; A,7))) dt
(@) Jo

=0 (A eu (@

Moreover, given any sequence (A”,v") € UM (1) of mazimizers for In;(6¥), with 6V — 0, there
exist a subsequence ((AY',7*")),, and (A%, ~%) € UM (W), satisfying

(3.68) FFuC,0; A7 47)) = fE(u(,0; AF4%)  in L
and

(3.69) iTV{f(ui(~,O; Au77u))} = _ min - ZTV{ -, 0; A,v))}

i—1 (A, 7 GZ/I (u

max

Proof. In order to establish the theorem it will be sufficient to show that, given 6 — 0 and every
sequence (A”,~") € UM such that

T m
(3.70)  In(0¥) = /0 T (FF(ult,0; A7, 7)) dt = 6° Y TV {f (ui(-,0; A%797))} Vo,

i=1

there exist a subsequence, again denoted by ((A4”,7")),, and (A% ~*) € UM . such that there

hold (22), (2?) and
T
(3.71) limIp(6¥) =  max / T (fE(u(t,0; A,7))) dt.
v (A, eu @ Jo
Towards this goal, in connection with the sequence (A,~*) € UM satisfying (?7?), set
gzl/:f(uz(aoa AI/’,}/V)) ZEI, VV,

and consider the sequence of (A”,g”) € DM. Then, invoking Theorem ?? and Remark ?? we
deduce that there exists a subsequence, again denoted by ((A”, g”))y7 and an element (A, g%) €

DM with ¢g* = fZ(u(-,0; A* 4*%)), (A% 4%) € UM, so that we have

(3.72) ¢ - 4 in L'.
Next, relying on Theorem ??-(i), consider (A*,v*) € UM = such that (??) holds and set g* =

FE(u(-,0; A*,4*)). Since (A*,v*) € UM, by definition (??) we have

(3.73) /O J(g*(t))dt — 5, ZTV {g:} < /0 J(g”(t))dt — 4, ZTV {9/} V.
i=1 i=1

Notice that TV{g¥} < M for all i € Z and for all v because (A", g") € DM. Hence, taking the
limit in (??) when ¢ — 0, and relying on (??), we derive

/ T (t))dt < / T(gh ()t

showing that also (A% v%) € UM . Thus, one has

(3.74) /0 T (g% (t))dt = max /0 T (f*(u(t,0; A,7))) dt

A,y eu™ @
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With the same arguments, relying on (??) and taking the limit in (??), we deduce

T
(3.75) lim I3 (6") = /O T (g% (t))dt.

Therefore we recover (?7), (??) from (??), (?7), (??). In order to complete the proof of the
theorem it remains to establish (??). To this end notice that, since (A”,~v*) € UM for all v and
(A*,y*) e UM, . we have

max)

T T
/ J(g”(t))dté/ J(g*(t)dt V.
0 0

which in turn, because of (??), implies

(3.76) v} <> TV{g} Vu.
i=1 =1

Thus, by the property of the liminf operation and relying on (??) as in the proof of Theorem 77,
we derive from (?7) the estimates

> TV {gf} < liminf TV {g/}
(3.77) = - N
< lim inf (ZTV {g;}> <> TV {g}.
i=1 i=1
Since (??) holds for (A*,~v*), we deduce from (??) that (A% ~*) verifies (??), completing the proof
of the theorem. g

We next consider the function

(378) 1(9) = max ( | TG w0 Ayt =5 STV (a0 4.))} = 5TV {A}) ,

i=1

which is well defined for § > 0 by Theorem ?7?-(ii). We shall analyze its relation with the opti-
mization problem

T
(3.79) sup /J(fI(U(t,O; A,v)))dt.
(4, eum Jo

Here, we are maximizing the integral functional of the flux-traces among all admissible controls
without imposing a uniform bound on the total variation.

Theorem 3.5. Given u € HZ“:"{” L (I;;Q), and T > 0, one has
T
(3.80) lim I(0) =  sup / T(FF(ult, 0; A,7)))dt.
90 (A,7) eu@) Jo

Moreover, one of the following two cases holds:
(1) there exists My > 0 such that

T
(3.81) im I(9) = max /0 T (fF(u(t,0; A,7)))dt vV M > My,

|
60 (A, y) euM(m)
and the supremum in (?7?) is attained as a mazimum;
(i)
’ z
.82 lim ; A M
(3.82) I 1)> | max, /O T(FF(u(t,0; Ay))dt ¥ M >0,

and the optimization problem (?7) does not admit a mazimum.
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Proof. Recalling the definitions (??) and because of Theorem ?7? it follows that
T T
(3.83) sup / T (fF(u(t,0; A,7)))dt = sup max / T (fF(u(t,0; A,7)))dt,
(A,y)eu) Jo M>0 (A7) eu™ @ Jo
and that

T

M max / T (fF(u(t,0; A,7)))dt
A,y eut@ Jo

is a non decreasing map. Hence, in order to establish the theorem it will be sufficient to prove (77).

To this end notice first that the map § — I(J) is non increasing. In fact, let 0 < 01 < d and, by

Theorem ?7?-(ii), consider a maximizer (A%,~%2) € U for I(55). Then, by definition (??), we find

T m
1(62) = / T (FF(u(t,0; A%, 4%)))dt — 65 > TV { f(ui(-,0; A%,4%2))} — 6, TV {A%}
0 i=1
(3.84) T I 6y 0 - 62 A0 s
< / T(FF(u(t,0; A% 7)) dt — 80 STV {F (us(-,0; A%,4%2))} = 6, TV {47}
0 i=1
<1(61).
Therefore, the limit in (??) exists. Next observe that by definitions (??), (??) we have
I(6) > I (0) VY M,§>0.

Hence, taking first the limit as § — 0 in both sides of the inequality, next considering the supremum
over M > 0 in the right-hand side and relying on (?7), (??), we find

T
(3.85) lim I(5) > sup / T (FE(u(t,0; A,)))dt.
00 (A, eum Jo
On the other hand, by definitions (??), (??) there hold
(3.86) I(6) <supIpy(9),
M
T
(3.87) Iw(6) < max / T(FE(u(t,0: Ay))) dt. ¥ M6 > 0.
(A, eu @ Jo

Thus, taking first the supremum over M > 0 in both sides of (??) and relying on (?7?), (??), next
considering the limit as § — 0 in the left-hand side, we find

T
(3.88) lim I(6) < sup / T (fF(u(t,0; A,v)))dt,
00 (A, eu@ Jo
which together with (??) yields (??), completing the proof of the theorem. O

4. NUMERICAL SIMULATIONS FOR A NODE
WITH TWO INCOMING AND TWO OUTGOING ARCS

This section is devoted to present few numerical simulations in the case of a node J with
two incoming and two outgoing arcs. These numerical results seem to indicate the fact that the
maximisation problem (??) may well have no optimal solution within the ones constructed by the
standard Junction Riemann Solver [?, 7, 7, 7, ?].

In every numerical example, we model the incoming roads I; and Iy through the real interval
(—5,0), while the outgoing roads I3 and I are described by the interval (0,5), so that the node
is located at x = 0. In each arc, the Lighthill-Whitham-Richards model (??) is considered with
the flux function given by f(u) = 4u(1 — u), so that the set Q of all the possible densities is the
interval [0, 1]. The solution in each arc is computed by the Godunov method; see for example [?,
Section 12.1], [?, Chapter III] or [?, Chapter 3]. We use a uniform spatial mesh with length
Az = 0.05 and a non-uniform time mesh with length At, calculated in such a way the classic CFL
condition is satisfied; see [?]. All the simulations are done in the time interval (0,7") with T' = 5.
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Concerning the optimization of (??), we assume that the distributional matrix A satisfying (?7?)
is a priori fixed. In such a way, in the optimization problem (??) we only regard as junction
controls the incoming fluxes ¢ = (g1, ¢g2). In order to numerically approximate an optimal control,
we perform a recursive procedure based on the following steps.

(1) Consider a piecewise constant initial control g = (g1, g2), with a fixed number, namely M,
of points of discontinuity.

(2) On each time interval where the control is constant, we perform a set of variations. For
each variation, we compute the corresponding solution and cost (?7).

(3) Among all the possible variations, we select one that maximizes (??). In this way, we
obtain a piecewise constant control g, which acts better than g.

According to the variational formulation of the min-max problem given by Theorem 77, for finding
a solution which maximizes (??) and minimizes (??), we shall maximize the cost

T 2
(4.1) / T(Fun(t,0)), Fua(t, 0))dt — 65" TVio 1 £(ui(0))

i=1
with ¢ > 0 sufficiently small or § = 0.

4.1. Rarefaction and shock approaching the node (case 1). Here we consider the case in
which a rarefaction and a shock in an incoming arc interacts with the node. The initial data are
given by

047 ifz < -2.1,
up(x) =< 025 if —21<z< -1, Uz (x) = 0.5, uz(z) = 0.1, uy(z) = 0.1,
0.5 if x > —1,

the distribution matrix A is given by
0.5 0.3
A= ( 0.5 0.7 ) ’
and J(f1, fe) = fi1 + fo- Moreover, we consider the following choice of parameters: M = 20
and 0 = 0.2. In Figure 7?7 the numerical optimal solution is represented. Note that the solution
is qualitatively different from that obtained with the classical Riemann solver at the node; see
Figure ?7. Indeed at about ¢t ~ 1 a shock wave with negative speed in the arc I; is generated.
This wave has almost zero speed, at time t ~ 2.5 enters a little more in the domain and comes back

to the boundary at time ¢ ~ 4. The numeric cost (??) for the optimal solution is approximately
8.415, since

T
/0 J(f(u1(t,0)), f(uz(t,0)))dt ~ 8498 TV 1) f(u1(-,0)) ~0.250 TVig 7] f(uz(-,0)) ~ 0.163,

while the cost for the solution obtained with the corresponding Riemann solvers, see Figure 77, is
approximately 8.389. In Figures 7?7 and 77 respectively the optimal fluxes and the fluxes obtained
with the Riemann solver are drawn. Note in particular that the optimal fluxes have less total
variation than the fluxes obtained with the Riemann solver.

4.2. Rarefaction and shock approaching the node (case 2). As in Subsection ??, we present
the case of a rarefaction and a shock approaching the node from the incoming arc I — 1. More
precisely, we have that the initial data are given by

047 ifxz < —2.1,
m(z)={ 025 if —21<z<—1, TWy(z) =05,  us(z) =01,  Ty(z)=0.1,

0.5 ifx > —1,
0.5 0.2
a=(o3 o3)

The main difference with respect the example of Subsection 77 is the choice of the functional 7.
More precisely we consider to maximize the product of the incoming fluxes, i.e J(f1, f2) = fi1fa.

the distribution matrix is given by
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figures/4.1/Contour-I1.png figures/4.1/Contour-I3.png

figures/4.1/Contour-I2.png figures/4.1/Contour-I4.png

FIGURE 2. The numerical optimal solution obtained in Subsection ?7. In the
first line, the solutions in I; and I3. In the second line, the solutions in I» and Iy.

figures/4.1/Contour-classic-I1.png figures/4.1/Contour-classic-I3.png

figures/4.1/Contour-classic-I2.png figures/4.1/Contour-classic-I4.png

F1GURE 3. The solution, for Subsection ??7, obtained with the Riemann solver.
In the first line, the solutions in I; and I3. In the second line, the solutions in I
and Iy.

figures/4.1/controls_004-1|phpgures/4.1/controls_004-2|png

FIGURE 4. The numerical optimal fluxes at the node in the incoming arcs I; and
I, obtained in Subsection 77.

figures/4.1/classical-outflpofiigupag/4.1/classical-outflow-2.png

F1GURE 5. The fluxes at the node in the incoming arcs of solution, for Subsec-
tion 7?7, obtained with the Riemann solver.
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figures/4.2/Contour-I1.png figures/4.2/Contour-I3.png

figures/4.2/Contour-I2.png figures/4.2/Contour-I4.png

FIGURE 6. The numerical optimal solution obtained in Subsection ?7. In the
first line, the solutions in I; and I3. In the second line, the solutions in I and I4.

figures/4.2/Contour-classic-I1.png figures/4.2/Contour-classic-13.png

figures/4.2/Contour-classic-I2.png figures/4.2/Contour-classic-I4.png

FiGURE 7. The solution, for Subsection 7?7, obtained with the Riemann solver.
In the first line, the solutions in I; and I3. In the second line, the solutions in I
and Iy.

Moreover, we consider the following parameters: M = 20 and § = 0.4. In Figure ?? the numerical
optimal solution is represented. Note that a shock is generated at time t ~ 0. This shock interacts
with the shock and the rarefaction wave generated by the initial datum and then does not come
back to the junction. This is also due to additional waves produced at the node. The numeric
cost (??) for this solution is approximately 2.940, since

T
/0 T (f(u1(t,0)), f(us(t,0)))dt ~ 3.088 TVior| f(ui(-,0)) ~0.217 TViory f(ua(-,0)) ~ 0.153,

while the cost for the solution obtained with the corresponding Riemann solvers, see Figure 77, is
approximately 2.872. In Figures ?? and 77 respectively the optimal fluxes and the fluxes obtained
with the Riemann solver are drawn. Again the optimal fluxes have less total variation than the
fluxes obtained with the Riemann solver.

4.3. Sinusoidal initial conditions. Here we consider the case of a sinusoidal initial condition.
Indeed we consider the initial datum

wy(z) = 0.5+ 0.3 - sin(2x), g (z) = 0.2, us(x) = 0.754 0.2 - cos(z), u4(z) = 0.1,
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figures/4.2/controls_004-1|phggures/4.2/controls_004-2|png

FIGURE 8. The numerical optimal fluxes at the node in the incoming arcs I; and
15, obtained in Subsection 77?.

figures/4.2/classical-outflpofiigupag/4.2/classical-outflow-2.png

F1GURE 9. The fluxes at the node in the incoming arcs of solution, for Subsec-
tion 77, obtained with the Riemann solver.

figures/4.3/Contour-I1.png figures/4.3/Contour-I3.png

figures/4.3/Contour-I2.png figures/4.3/Contour-I4.png

F1GURE 10. The numerical optimal solution obtained in Subsection ??. In the
first line, the solutions in I; and I3. In the second line, the solutions in I and Iy4.

0.5 0.3

A= < 0.5 0.7 ) ’
and J(f1, f2) = f1f2. Moreover, we consider the following choice of parameters: M = 20 and
0 = 0, so that the total variation of the fluxes is not taken into account. In Figure ?7 the
numerical optimal solution is represented. Note that in the arc Is a shock with negative speed
appears at time t ~ 0 and comes back to the node at time ¢ ~ 1. Moreover in the arc Iy the
right-hand shock behaves in a different way with respect to the right-hand shock of the solution
obtained with the Riemann solver; see Figure ??. The numeric cost (??) for the optimal solution
is approximately 3.053 while the cost for the solution obtained with the corresponding Riemann
solvers, see Figure 77, is approximately 3.015. In Figures ?? and 77 respectively the optimal
fluxes and the fluxes obtained with the Riemann solver are drawn. Here the total variation of the
optimal fluxes is bigger than the total variation of the solution obtained through the Riemann
solver.

the distributional matrix
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