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ABSTRACT. An outcome is determined by a structural function in which the
effect of variables of interest is transmitted through a scalar function of those vari-
ables - an index. Multiple sources of stochastic variation are permitted to appear as
arguments of the structural function, but not as arguments of the index. Conditions
are provided under which there is local identification of ratios of partial derivatives
of the index.

1. INTRODUCTION

Many models used in applied microeconometric practice include more unobservable latent
variables than there are observable stochastic outcomes. The latent variables often repre-
sent unobserved characteristics of individuals and of the environment in which they make
decisions. The inclusion of such variables is common in, for example, models of durations
(see van den Berg (2001), in discrete choice models (see for example Brownstone and
Train (1998), Chesher and Santos Silva (2002), McFadden and Train (2000)) and in count
data models (see Cameron and Trivedi (1998)). There is a large econometric literature
concerned with random coefficients models which permit this sort of excess heterogeneity.
(Chow (1984)). Excess heterogeneity also arises in other cases, for example when there is
measurement error.

It is common to find strong restrictions imposed in models that admit excess hetero-
geneity. Frequently the specification is fully parametric as in the mixed multinomial logit
models of Brownstone and Train (1998). When parametric restrictions are not imposed
there are usually strong semiparametric restrictions. For example: most of the single spell
duration models used in practice that permit excess heterogeneity require there to be a
single latent variate that acts multiplicatively on the hazard function; measurement error
is usually required to be additive.

The aim of this paper is to explore the extent to which strong restrictions such as
these can be relaxed, while still preserving a model with the power to identify interesting
structural features.

In the models explored in this paper excess heterogeneity can arise from any finite
number of sources. A crucial feature of the models is that they incorporate an index
restriction. The index restriction requires the effect on an outcome of certain variables of
interest to pass entirely through a scalar function of those variables, an index, and that
this index be free of latent variates. Variables that appear in the index are permitted to
be endogenous in the sense that they may covary with the latent variates that appear in
the model.

*I am grateful to Whitney Newey for remarks on an earlier paper (Chesher (2002)) which stimulated
this work and to Lars Nesheim for helpful discussions. I thank the Leverhulme Trust for their support
through the Centre for Microdata Methods and Practice and the research project Evidence, Inference and
Enquiry.
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The structural features whose identifiability is studied in this paper are ratios of deriv-
atives of the index at some specified values of the variables that appear in the index. This
is therefore a study of local identification. These ratios are referred to as index relative
sensitivity (IRS) measures because they measure the relative sensitivity of the index, and
therefore of the outcome, to variation in a pair of its arguments. Of course, when the
index is linear the ratios do not depend on the values of the arguments of the index. Then,
conditions sufficient to achieve local identification of the value of an IRS measure achieve
global identification of the ratio of coefficients of the linear index.

IRS measures are often of interest in models for binary outcomes. For example in
discrete choice models of travel demand there is interest in the “value of travel time”
defined as the ratio of coefficients on travel time and travel cost. There are other contexts
in which the relative sensitivity of an index to variation in its arguments is of interest. For
example in models of intrahousehold allocation there is interest in the relative sensitivity
of expenditures to variations in the incomes of two partners; in models for the duration
of unemployment there is interest in the relative sensitivity of unemployment duration
to variations in unemployment benefits and other household income or the wage prior to
unemployment. In all these cases one or more of the arguments of the index could be
endogenous. It is this which motivates this study of identification.

1.1. The structural equation and the IRS measures. In the models studied in
this paper the outcome of interest, a random variable W, is determined by a structural
equation of the following form.

W = ho(0(Y1,...Yar, 21, Zx), 250 25, U, ... UN) (1)

Here U = {U, })_, are latent variates, Y = {Y,,}}_, are observable continuously distrib-
uted endogenous random variables which covary with U, and Z = {Z k}szl are observable
continuously varying covariates whose covariation with U is limited to some degree to be
specified. 0 is the index of interest, a scalar valued differentiable function.

The variables Z* = {Z} }lel are discrete or continuously varying variables which may
appear in the structural function but not in the index. Identification of the sensitivity of
structural functions to these variables is not considered. There could be other variables
entering the index which exhibit discrete variation. Their presence is not made explicit
in the notation and sensitivity of the structural function to variation in their values is not
considered here.

The IRS measures studied here are of the following form.

Vab(y, 2)
V;ﬂ(y, Z) 7

Ka,b(yvz) (avb)e{ylv"'ayM7zla"'7zK}
Without further restriction, for example a linear index restriction, their values depend on
the values of y = {ym, }2_, and 2z = {2, }X_,. Conditions sufficient for local identification
of Kqp at a specified point (g, Z) will be considered.

The equations determining the elements of Y are written in reduced form:

Y =hm(Z, 2% Vyy),  me{l,...,M} (2)

where each function h,, is a strictly monotonic function of V,,, which is a continuously
distributed latent variate. Y is endogenous to the extent that V = {V,,}¥_, and U have
jointly dependent distributions.!

LAn alternative triangular reduced form is also considered with Y3 = h1(Z, Z*, V1) and

Y;n:h7n(Ym—17---7Y17Z7Z*7‘/7n)7 m > 1.
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1.2. Examples. This Section gives examples of microeconometric models in which a
structural equation of the form (1) arises.

Example 1 - Mixed hazard models

Consider hazard functions for a continuously distributed duration (e.g. of unemploy-
ment) W conditional on observable Y =y, Z = z, Z* = 2* and on unobservable, possibly
vector, F = e of the form:

ANwl|6(y, 2),2",€) 3)

where 6 is a scalar valued function. The conditional distribution function of W given Y,
Z, 7Z* and FE is

FW|YZZ*E(w|y7 2, Z*7 6) =1- exp(_A(w|0(yv Z)a Z*v 6))

where A(w|0(y, 2), 2%, e) is the integrated hazard function, as follows.

Mulg,z 2 e) = [ A@IO:2), 2" el
0
The conditional 7-quantile function of W given Y, Z, Z* and E is
QW|YZZ*E(7'|.7J’ 2, Z*a 6) = A_l(_ IOg(l - T)|9(y7 Z)) Z*a 6)
where A1 is the inverse integrated hazard function satisfying
a=AA"(a|0(y, 2), 2", ¢),0(y, 2), 2", €)

for all a, y, z, z* and e.

With D distributed uniformly on (0, 1) independent of Y, Z, Z* and E, the following
structural equation delivers a random variable W whose conditional distribution given Y,
Z, Z* and E has the hazard function A given in equation (3).

W =A"1(~log(1 - D)0, 2),Z*,E)

Defining U = (D, F) this is a structural equation of the form set out in equation (1).

Note that there is no requirement that the excess heterogeneity terms, F, act mul-
tiplicatively on the hazard function and there is no limit on the number of such terms
appearing in the model. The results of the paper concern identification of IRS measures
when Y covaries with E.

The mixed hazard model for single spell data, treated in van den Berg (2001), has a
single source of excess heterogeneity, E, acting multiplicatively in the hazard function, as
follows.

AXWIO(Y,Z), Z* E) = \(WI|0(Y, Z), Z*) x E

In this case the structural function for W is
W = A\~ log(1 - D)E'|o(Y, 2), Z°)

where A~ is the inverse of the function
Aoly.z ) = [ M(,2),27)dw
0

with respect to its w argument. Under the proportionate heterogeneity restriction the
two sources of stochastic variation coalesce into one, with implications for identification
and estimation developed in Chesher (2002).
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Example 2 - Heterogeneous binary choice

An example of the sort of binary response model for W € {0, 1} that falls in the class
of models considered here is

P[W =0|Y,Z,Z*,E] = ® (Ey + E\ Z* + 0,Y +0.7) (4)

where ® is a known or unknown function from R®' — (0,1). Here Y, Z and Z* are
observable scalar variables and E = (Ey, F1) contains latent variates. The covariate
Z* has a “random coefficient” E; and there is “random intercept” Fy. The variate Y
is endogenous in the sense that it may covary with E. The coefficients on Y and Z are
nonstochastic and their ratio 6, /6, is the structural feature whose identification is studied
in this paper.

Let D be uniformly distributed on (0,1) conditional on Ey, E1,Y, Z and Z*. Then
there is the following structural equation for W.

w0 DSO(Bg+ B2 +0,Y +0.7)
V1, D>®(Eg+EZ +0,Y +0.7)

This has the form of equation (1) with U = (D, E), 0(Y,Z) = 0,Y 4+ 6,Z. The linear
index restriction in (4) is a restriction additional to that considered in this paper and is
imposed just by way of example.

Blundell and Powell (2003) study identification and estimation in binary choice models
with a linear index depending on endogenous variables, like (4), with a single source of
heterogeneity. The models studied by Brownstone and Train (1998) and McFadden and
Train (2000) have multiple sources of heterogeneity but they do not permit endogeneity.

1.3. Identification. The strategy employed in developing identification conditions for
IRS measures is now outlined. For this purpose the covariates Z* which appear in the
structural function (1) but not in the index 6 are assumed absent. Their presence would
not change the argument below except in inessential details.?

Let the joint distribution function of U given Z and V' be denoted by Fyzy. Condi-
tions are placed on the equations for the elements of Y sufficient to ensure that

Fyizy (ulz,y) = Fuizv(ulz,0)lu=g(z)

where g(z,y) = {gm (2, ym)}M_, and each g, is the inverse function of h,, with respect
to its V,,, argument. Each function g,, is such that, for all z and y,,:

Ym = hm(zvgm(zvym))'

It follows directly that the conditional distribution function of the outcome of interest,
W, given Y =y and Z = z at W = w can be expressed as a function of w, z, the index
of interest, 6(Y, Z), and the M indexes ¢,,(Z,Y), m € {1,..., M}, as follows.

FW\ZY(wlzay) = S(Q(y’ 2)791(272/1), v 79M(2,yM)a w, Z)

The dependence of the function s on z through its last argument arises from the depen-
dence of Fyzv (ulz,v) on z. This dependence will typically be subject to restrictions.

The conditional distribution functions Fyy|zy and Fy,|z,..., Fy,, z are identified by
definition, and, if Y and Z exhibit continuous variation around a point (g, Z), their Y-
and Z-derivatives at that point are also identified.

2 At various points where there is conditioning on Z there would have to be conditioning on Z and
Z*. The point at which identification is sought would be (w0, g, Z, 2*). There is no point at which partial
derivatives with respect to elements of Z* are considered and so no limitation on the covariation of Z*
and (U, V) is needed.
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An IRS measure kq(7, 2), (a,b) € {y1,...,Ym,21,..., 2K} is identified if the deriva-
tives V,0(7, Z) and V,0(7, Z) are identified up to a common non-zero finite valued factor
of proportionality. This will happen if there are sufficient restrictions on the structural
equations (1) and (2) and on the distribution of (U, V) conditional on Z to permit the
values of V,0(g,z) and V40(7,z) to be deduced up to a common non-zero finite val-
ued factor of proportionality from knowledge of the Y- and Z-derivatives of Fyy 7y and
FY1|Z’ ey FYM|Z at (’y, 2)

In Section 2 precise identification conditions are set out and a Theorem stating an
identification result is stated. The proof is in the Appendix to the paper.

To give a flavour of the result of the Theorem, consider the case in which in the index
there is a single endogenous variable, Y; and a covariate Z;. In the structural equation
for Y; there is a covariate, Zs, variation in which does not affect the value of the index at
(7, ). This local exclusion restriction, together with covariation restrictions requiring (a)
U given V is independent of Z = {Z7, Z>} and (b) that at a point (g1, z), with 2 = {21, Z2}:

VleV1|Z:vzzFV1|Z:0 (5)
imply the following:
V., F
Vi Fwizv, = Vi Bz (%ﬁ?)

Ve Fwizy,
Ve Fwizvi — Va Fyyz (7V22FY1|Z

(6)

Ky, 2z, (gla 2) =

where all functions are evaluated at (1, z) and at any value of w.? This serves to identify
Ky, 2 (J1,Z). Note that the exclusion of U from the index results in &y, ., (71,2) being
overidentified - a condition manifested by the invariance of (6) to the choice of w.

When W is continuously distributed the derivatives of conditional distribution func-
tions that appear in (6) can be replaced by ratios of derivatives of conditional quantile
functions, as explained in Section 4. After some simplification this results in the following
alternative to (6).

V. Qw|zY;
Vi Qw|zy, + (vayﬂzl)

Ve Qwizy,
Vi Qwizyy — Vi Qyyz (W

(7)

Ky 2, (glﬂ 21) =

Here Qw|zy, is shorthand for the p-quantile function of W given Z and Y1, and Qy, |z
is shorthand for the conditional 71-quantile of Y7 given Z. In (7) the arguments of these
quantile functions are evaluated at Y7 = 41, Z = Z, at 71 = T1, where 71 satisfies

U1 = Qyy|z(T1]2)

and at any value of p.
The numerator and denominator of (7) are identical to the expressions given in Chesher
(2003) for respectively the Y- and Z;-derivatives of a nonseparable structural function

W = h(Y1,7:,U)

when U is a scalar and so the sole source of stochastic variation, in continuously distributed
W given Y7 and Z;. When there are multiple sources of stochastic variation the numerator
and denominator of (7) are not equal to these structural derivatives. However, with the
index and other restrictions imposed here, their ratio is equal to the ratio of the index
derivatives.

3The independence condition on U given V' need only hold for V and Z in a neighbourhood of (Z,71)
where o1 is such that hq(Z,71) = 71.
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Estimates of an IRS measure can be built from parametric, semi- or nonparametric
estimates of conditional distribution functions and their derivatives, or, when W is con-
tinuously distributed, on estimates of conditional quantile functions and their derivatives.
This is briefly discussed in respectively Sections 3 and 4.

1.4. Related literature. The basic idea employed in this paper dates back at least
as far as Tinbergen (1930) in which the problem of identification in linear simultaneous
equations systems was attacked by developing conditions under which values of structural
form parameters could be deduced from values of parameters of regression functions - the
reduced form equations of the linear simultaneous system.

The conditional distribution functions Fyy|zy and Fy, |z, m € {1,..., M} are regres-
sion functions, namely of 1[W < w]on Z and Y, and of 1[Y,,, < yp]Jon Z, m e {1,...,M}.
The values of the Y- and Z-derivatives of the conditional distribution functions at (w, g, z)
are the coefficients of a linear approximation to these regression functions, and these coef-
ficients are functions of the structural parameters of interest, namely the index derivatives
at (g,z). The latter are identified when their values can be deduced from knowledge of
the values of these coefficients. Viewed in this way it is not surprising that the identifi-
cation conditions and their development echo the classical linear simultaneous equations
identification analysis given full expression in Koopmans, Rubin and Leipnik (1950).

Index restrictions like that considered here have been used in many other papers includ-
ing Han (1987), Powell, Stock and Stoker (1989), Newey and Stoker (1993), Chaudhuri,
Doksum and Samarov (1997) and Kahn (2001). Much of the semiparametric literature
dealing with models embodying index restrictions assumes away the issue of endogeneity.
Newey (1985), Lewbel (1998, 2000), Lewbel and Linton (2002), Honoré and Hu (2002),
Hong and Tamer (2003) and Blundell and Powell (2003) do consider endogeneity but, aim-
ing at identifying different structural features, employ different identifying restrictions, in
many respects stronger than those considered here.

Chesher (2003) takes a similar approach to that taken in this paper, providing con-
ditions under which values of partial derivatives of structural functions at a point of
interest are identified. Critical among these conditions is the requirement that the num-
ber of sources of stochastic variation permitted by a model be equal to the number of
observable stochastic outcomes. This paper weakens this restriction but at the cost of
(a) imposing an index restriction and (b) obtaining identification of IRS measures rather
than derivatives of structural functions.

The mixed hazard model with multiplicative heterogeneity studied in Example 1 in
Section 1.2 in which two sources of stochastic variation coalesce to one effective source
was studied in Chesher (2002).

2. IDENTIFICATION OF INDEX DERIVATIVES

This Section introduces four assumptions and then states a Theorem concerning the iden-
tification of index derivatives up to a common factor of proportionality. Some remarks
on the assumptions are provided as they are introduced. The Theorem is proved in the
Appendix to the paper.

In order to simplify the notation the covariates Z* which appear in the structural
equation (1) and in the examples of Section 1.2 are assumed absent. Their inclusion
requires minor changes to the assumptions and, with these amendments, results in no
change to the result of the Theorem.*

Assumption 1. W, Y = {V;}M,, U = {U}Y, and V = {V;}, are random
variables, with Y and V continuously distributed and Z = {Z;}X | are variables exhibiting

4This point is amplified in the Appendix after the proof of the Theorem.
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continuous variation in a neighbourhood of a point z. The support of U given V and Z
does not depend on the values of V or Z. The conditional density functions of V,, given
Z,me{l,...,M} are positive valued at z and their support does not depend upon the
value of Z.

The Theorem will concern the identification of the values of index derivatives at a point
X = (w, 7, Z). The random variable W is the outcome of interest, Y is a list of potentially
endogenous variables. U and V are lists of unobservable, latent variates whose covariation
with Z, a list of covariates may be limited to some degree by Assumption 4 below. Y is
required to be continuously distributed, and Z is required to exhibit continuous variation,
because of the focus here on partial derivatives of a nonparametrically specified index.?

Assumption 2. For any value of Z, U and V, unique values of W and Y are
determined by the structural equations

w
Yo

ho(0(Y, Z),U)
hn(Z, Vi),  me{l,..., M}

where 0 is a scalar valued function. Each function h., is strictly monotonic with respect
to variation in V.

The equations for the elements of Y are in classical reduced form, each element of Y’
depending on Z and an element of V' and not on other elements of Y.

An alternative set up has these equations in triangular reduced form, each Y,,, m > 1,
depending on Y,,_1,...,Y1, Z and a latent variate Vj,.

An advantage of the triangular reduced form representation is that the elements of
V= {f/m}n]‘f:l can be normalised to be mutually independently uniformly distributed on
(0,1)M independent of Z. Then each function h,,, is the conditional V,,-quantile function
of Yy, given Y,,,_1,...,Y7.

A disadvantage of the triangular representation is that, at the point of nonparametric
estimation, there are higher dimensional functions to be estimated. So the representation
in Assumption 2 is used in what follows; the conclusions so far as identification is concerned
are identical.

The inverse function of each h,, with respect to V,,, exists by virtue of the strict
monotonicity condition. It is denoted by g¢,,. For any z and y,,:

Ym = hn (2, 9m(Ym,2)),  me{l,...,M}.

Let g(y, z) denote the M x 1 vector of inverse functions {gm, (ym, z) }M_;.
Under Assumptions 1 and 2 the conditional distribution function of W given Y and
Z is

Fuyz(wly,2) = / / dFy1y 2 (ulg(y, 2), 2) (8)
h0(0(97z)7u)§w

= s(0(y,2),9(y,2),w,2) )
FW|0(Y,Z)g(Y,Z),Z(w‘9(ya Z)a g(y7 Z)) Z)

and for m € {1,..., M} the marginal distribution function of Y, given Z is
FYmIZ(ym|Z) = FVmIZ(gm(y7naz))|Z) (10)
= T”ﬂ(g’"i(y”n? Z)? Z) (11)

®Identification when endogenous variables have discrete distributions, is studied in Chesher (2003b).
The identifying restrictions of that paper do not permit excess heterogeneity.
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The function s defined in (9) and the functions 71, ...,ry defined in (11) play a crucial
role in the statement and proof of the Theorem.

Assumption 3. At X, defined after Assumption 1, the conditional distribution func-
tion of W given Y and Z, Fw‘yz(w\y,z), is differentiable with respect to y and z, and
for m € {1,..., M} the conditional distribution function of Y., given Z, Fy, |z(yml|2) is
differentiable with respect to y., and z.

This relatively high level assumption on Fyy|yz and Fy, |z, m € {1,..., M}, requires
differentiability of the structural functions hg, 6, and h,,, m € {1,..., M}.

The conditional distribution function of W given Y and Z is not required to be dif-
ferentiable with respect to w, so W can be a discrete random variable.

The conditional distribution functions Fy |y, and Fy, |z, m € {l,...M} are, by
definition, identifiable. Their derivatives at X with respect to elements of y and z are
identifiable because y and z exhibit continuous variation at X by virtue of Assumption 1.

The identifiability of index derivatives therefore hangs on whether their values can
be deduced from knowledge of the derivatives of the conditional distribution functions
leyz and FY,,JZ? m < {17 e ,M}

It is now necessary to define the following arrays of derivatives, all evaluated at X.
Arguments of functions are suppressed and sg denotes the value of the (scalar) partial
derivative Vys at X

VyFyviiz - 0 [ VoFyviz - Vo Fyy,z
R, = R, =
0 VyMFYM|Z L VZKFYl\Z VZKFYM|Z
Vi Fwyz [ V. Fwyz
VyuFw|yz | Ve Fwiyz
Vy, 0 V.0 Vo S/Vm Tm
Ay = 89 X : Az = sg X : v = ;
Vit V.t VorS/ Vg
V., Vauri o Vary
o= =l L
VZKS szrl o VZKTM

The terms V7, which figure in the definition of the vector +y, are positive by virtue
of Assumption 1.5 The index derivatives, the structural features of interest, appear in the
definition of the vectors A, and A, multiplied by a common factor, sy which is the value
of the partial derivative Vg Fyy gy, 2)g(v,2),z at X.

Assumption 4. Define § = —r,7y. There are G restrictions on Ay, A, v, s, and §

as follows.
A gy + AN, + Ay + Ass. + Asd =a (12)

The arrays a and Ay, A, etc., are nonstochastic conditional on Z = Z. sg is finite and
nonzero.

6In a triangular reduced form representation for the elements of Y the matrix r, is a zero matrix,
each term Vg, r is equal to 1 and the matrix R, is upper triangular with (¢,j) element, j > 4, equal to
Vy; ij|yj_1mylz with obvious modification for j = 1.
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Restrictions on s, limit the degree of covariation of U and Z given V. A typical
derivative in the vector s, is as follows.

Vo= / / d (9., Fupy 2 (ulg(5, 2),2)] )

ho(@(ﬂ,f),u)gij

A derivative V., s will be zero when the partial derivative V., Fyrvz(ulg(7, 2), z)|Z:2 is
zero for all u in the set defined by ho(6(7,z),u) < w. In practice, since the structural
function is unknown, this can only be assured, when U is multidimensional, by requiring
U to be independent of Zj, given V = g(g, Z) for variations in z in a neighbourhood of Zz.

However, when U is scalar and hg is monotonic in U,

‘vzks‘ = ’ vchFUIVZ(h’al(e(@ 5)7@)|g(gj, 2)7 Z)|

which can be zero under a restriction on the dependence of U on Zj, given V = ¢(g, z) for
variations in z, in a neighbourhood of 2, a restriction which is local to U = hy ' (0(7, 2), 0).
This is the case considered in Chesher (2003) where it is shown that the index restriction
is not required to achieve identification of partial derivatives of the structural function.

Restrictions on « limit the covariation of U and elements of V. Restrictions on r,,
which may imply restrictions on d, limit the degree of covariation of V and Z. Restrictions
on Ay and A, limit the sensitivity of the index to elements of Y and Z.

Homogeneous restrictions” on the index derivatives imply the same homogeneous re-
strictions on A, and A,. In the absence of parametric restrictions there will typically be
no prior knowledge of the value of sy so in practice non-homogeneous restrictions on A,
and A, are unlikely to arise.

After the following definitions the identification Theorem can be stated.

-

)‘y
Iy 0 R, 0 0 A S,
o= 0 IK Rz 7]]( IK ’(/) = Y ¢ = SZ
A, A, A, Ay As S, a

1)

Theorem 1

Assumption 1 - 4 imply that ®1p = ¢ and that 1 is identified if and only if rank(®) =
2M + 3K for which a necessary condition is G > M + 2K.

The proof is given in the Appendix to the paper.

The vectors A, and A, contain values of derivatives of the index at X', multiplied by a
common scale factor. They measure the sensitivity of the conditional distribution function
of W given Y and Z that arises from variations in Y and Z passing purely through the
index . However they do not generally measure the sensitivity of the value delivered by
the structural equation hg to variations in Y and Z passing purely through the index.
Accordingly they may be of no economic interest in themselves.

The IRS measures are ratios of index derivatives in which the common scale factor, sg,
is of course absent, so identification of A\, and A, implies identification of IRS measures
as long as sy is nonzero, as required by Assumption 4.

In practice it will be common to impose the 2K restrictions s, = 0 and r, = 0, the
latter implying § = 0. These restrictions limit the covariation of (U, V) and Z at Z = z.
Define the following arrays.

Iy 0 R, Ay S,
dt=| 0 Ix R. pr=1 A ot =1| S,
Ay A A, Y a

"For example zero restrictions and restrictions requiring equality of two or more index derivatives.
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The following Corollary is relevant to this case.
Corollary 1

Under Assumptions 1 - 4 and the additional restrictions (i) s, = 0, (i) r, = 0, the
values of Ay, A, and v are identified if and only if

rank @ = 2M + K (13)

for which a necessary condition is G > M. In that case define

X=AyR, + AR, — A, r=AyS,+A.S. —a (14)
If the rank condition (13) is satisfied, then, for any rank M, M x G matriz P,
v = (X'P'PX)"'X'P'Px
Ay = Sy — Ryy
)\z = Sz - Rz7

The proof is in the Appendix to the paper.

As noted after Assumption 4, when U is multidimensional the condition s, = 0, im-
posed in Corollary 1, will be difficult to maintain without restricting U to be independent
of Z given V. Suppose now that this independence restriction is imposed along with
r, = 0, as in Corollary 1 and, further, suppose that the restrictions of Assumption 4 do
not involve v (so A, = 0) and are homogeneous (so a = 0).

Define the following arrays in which dependence of elements on the value, w, of the
outcome W is made explicit.

In 0 Ry Ay(w) Sy(w)
' =| 0 Ik R. P (w) = | A (w) " (w) = | S.(w)
A, A, O ~(w) 0
Here
)‘y(w) VGS(Q Q,Z),g(ﬂ, Z),’LU,Z)ey

>
n
~—
£
(Il
<
B}
2
>

g?’g)?g(g? Z)awaz)ez
ngs(e(g, 2)79(?’ 2),“}, 2)/vgvn’rm7 m e {1’ Tt M}

)

=

&
I

For some I' C R' and a bounded nonnegative valued function B(w) with [ . dB(w) =1,
define

¢’ = ¢" (w)dB(w)

wel

0 = /w v waBw) = | X

8
with B(w) chosen so that ¢” and 9" have bounded elements. There is the following
Corollary to Theorem 1.

Corollary 2

Under Assumptions 1 - 4 and the additional restrictions: (i) r, = 0, (i) U is inde-
pendent of Z given V, (iii) A, =0, (iv) a=0; ®%" = ¢", and ¥" is identified if and
only if

rank ®¥ = 2M + K
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for which a necessary condition is G > M.
The proof is straightforward on noting that ®V¢" (w) = ¢ (w) implies ®71)" = ¢".

The rank condition of Corollary 2 is the same as that of Corollary 1 with A, =
Corollary 2 leads to identification of IRS measures as long as there exists a weighting
function B(w) such that

Vs = / T0s(0(5.).0(5. 9. w. 2)dBw)

is nonzero and finite, because )\Z = Vys'0, and )\Z = Vps'0, and the common factor
Vgs¥ will then cancel upon forming up an IRS measure.

3. ESTIMATION

Theorem 1 and its two Corollaries point to estimation procedures. For example, with
nonparametric estimates of the conditional distribution function derivatives, R,, R., S,
and SZ, estimates, $ and gb, of ® and ¢, can be assembled incorporating the restrictions
to hand, and a minimum distance estimator

7:/; = arginin (tihj; — g?)) Q (<i>¢ — g?))

can be calculated using a suitable positive definite matrix .3

Corollary 1 points to explicit expressions for estimators of v, A, and A, when the
restrictions 7, = 0 and s, = 0 are imposed. Estimates of the arrays of distribution
function derivatives together with the restrictions to hand, lead to estimates X and & of
X and z in (14) and thus to the estimator

N A\ 1 .
&:(X’P’PX) X'P'Pi

with 5\ S y'y and \, = S, R.#4 following directly.

Corollary 2, Wthh imposes addltlonal restrictions, points to estimators based on inte-
grated (with respect to w) weighted derivatives of distribution functions.

In the overidentified case the asymptotic efficiency of the estimators will depend on
the choice of the matrices 2 and P. Asymptotically optimal choices can be developed
using results in the theory of extremum estimators - see Newey and McFadden (1994).

The identification result has been obtained under index restrictions and it will be
desirable to impose these when the distribution function derivatives are estimated. One
might wish to impose additional semiparametric or parametric restrictions.

4. IDENTIFICATION wia CONDITIONAL QUANTILE FUNCTIONS

So far the variates in Y have been required to be continuously distributed but the outcome,
W has not. Suppose now that the outcome W is continuously distributed conditional on
Y and Z lying in a neighbourhood of (7,Z). In this case the matrices of conditional
distribution function derivatives that appear in Theorem 1 and Corollary 1 can be re-
expressed in terms of derivatives of conditional quantile functions.

8In order to obtain consistent estimates of Ry, Rz, S'y and S, it will be necessary to impose the
identifying restrictions proposed here over some region of which (7, Z) is an interior point, and to impose
further conditions on the distribution of (U, V) given Z.
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This is so because for a random variable A, continuously distributed conditional on B
lying in a neighbourhood of b,

VbQA\B(ﬂb)
. o TeQas() 15
b A‘B( | ) VTQA\B(le) T:FA\B(alb) ( )
1
_ o 16
A\B( | ) VTQA|B(T‘b) T:FA‘B(alb) ( )

where Iy and Q4 p are the conditional distribution and quantile functions of A given
B = b. This follows directly from the definition of @ 4z(7[b) as the inverse function of
F 4 p(alb) with respect to the argument a, that is:

T = FA|B(QA|B(T‘b)|b)

Equations (15) and (16) do not hold when A has a discrete distribution given B = b
because in that case V.Q 4p(7|b) is almost everywhere zero.

This Section explores an alternative, quantile function based approach to identification
for the case in which the outcome W is continuously distributed given Y and Z lie in a
neighbourhood of (g, z). The development is done for the case considered in Corollary 1
in which r, = 0 and s, = 0. Also, there are assumed to be no restrictions on « and the
restrictions on A, and A, are assumed homogeneous, that is in (12), A, =0 and a = 0.

Let 7 = {7,,})2_, be probabilities such that each %, is the 7,,-quantile of Y,, condi-
tional on Z = z, that is, for m € {1,..., M }:

Um = Qyv,,12(Twl2)  Tm = Fy,12(Unl]?).

Let p be such that @ is the p-quantile of W given Y = g and Z = z, that is:
W = Qw|yz(p|Y, 2) p = Fwyz(wl|y, 2).

Note that the point X = (@,7, Z) is identical to X = (p,7,Z). Assumption 1 is modified
to require W given Y = ¢ and Z = Z to be continuously distributed with positive density
at W = w.

Assumption 1. W, Y = {V;}M,, U= {U;}Y, and V = {V;}M™, are random vari-
ables, with W, Y and V continuously distributed and Z = {Z;}X | are variables exhibiting
continuous variation in a neighbourhood of a point zZ. The support of U given V and Z
does not depend on the values of V or Z. The conditional density functions of V,, given
Z, m e {1,...,M} are positive valued at Z and their support does not depend upon the
value of Z. The conditional density of W given Y =y and Z = Z is positive valued at
W =w.

Define the following arrays of quantile function derivatives. Arguments of functions,
all evaluated at X', are suppressed.

Vi Qv z - 0 [ V.Qviiz - ViQyyiz
Gr = : : G: = : :
0 0 VouQyviyz | | Ve Qviiz - Ve Qyyiz
Vi Qwiyz | [ V. Qwivz
H, = H, =
VyuQwiyz | | Vo Qwiyz
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Using (15) and (16) the arrays, R,, R., S, and S, of conditional distribution function
derivatives can be re-expressed in terms of conditional quantile function derivatives as
follows.

1 1

R,—G-' R —-G.G:' Sy—-——H, S
Y T Y VoQwyz V,Qwyz

The following reparameterisation is employed.

H,

Ay = V,Qwiy zAy A=V, Qwivzh: A =V,QuwiyzGrly

Assumption 1’ ensures V,Qw|yz > 0 and the nonsingularity of G-. There is then Corol-
lary 3 to Theorem 1.

Corollary 3

Under Assumptions 1', 2 - 4, and the additional restrictions (i) s, =0, (ii) r. = 0,
with no restrictions on vy, and with homogeneous restrictions on A, and X,, the values of

Ay, Az and v are identified if and only if

Iy 0 Iy
rank | 0 Ix -G, | =2M+K (17)
A, A0

for which a necessary condition is G > M. In that case, with X and & defined by
X = A, + A.G, i=A,H,+AH, (18)

then if the rank condition (13) is satisfied, for any rank M, M x G matriz P,

~ ~\—1 .
5 = (X’P’PX) X'P'Pi (19)
Ny, = —H,—7 (20)
\. = —H.+G.A. (21)

The proof is in the Appendix to the paper.

Corollary 3 suggests an alternative route to estimation of IRS measures when W is
continuously distributed, as follows.

1. Calculate an estimate of the 7,,-quantile of Y;,, given Z = z for m € {1,...,M}.
This produces estimates, §,, of g, for m € {1,..., M}.

2. Calculate estimates of the z-derivatives of the 7,,-quantile of Y,,, given Z = Z for
m € {1,..., M}. This produces an estimate of G,.

3. Calculate estimates of the y- and z- derivatives of the p-quantile of W given Y = ¢,
and Z = z. This produces estimates of H, and H.

4. Using the restrictions to hand (A, and A,) substitute estimates in (18) and for a
suitable choice of P calculate an estimate of 4 using (19) and then of A\, and A,
using (20) and (21).

5. Ratios of estimates of 5\y and ), are the desired estimates of ratios of elements of
0y, and 0.
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With nonparametric identification assured one could conduct estimation imposing ad-
ditional semiparametric or parametric restrictions. Even if that is not done it would be
sensible to impose the index restrictions that underlie the identification result on the
conditional quantile estimates.

The rank condition of Corollary 3 is a special case of the single equation rank condition
given in Chesher (2003). However the estimation procedure proposed above differs from
that proposed there because different “parameters” are being considered. Chesher (2003)
considers estimation of partial derivatives of a structural function whereas in this paper
partial derivatives of an index that appears as an argument of a structural function are
the objects of interest.

With more sources of stochastic variation than observable outcomes (the case N > 1
in this paper) the results of Chesher (2003) on identification and estimation of derivatives
of structural functions do not apply. The index restriction used in this paper is a key to
making progress in problems with excess heterogeneity.

APPENDIX: PROOFS

Al. Proof of Theorem 1

The partial derivatives of the conditional distribution functions (8) and (10) with
respect to elements, y,, and z; of y and z are as follows. Arguments of functions, all
evaluated at X, are suppressed.

VymFW\YZ = Vgsvym9+vgmsvymgm (All)
M
VoFwyz = VesVa0+ > Vg sV gm+ Vays (A1.2)
m=1
V’!Jm FYm|Z = ng rmvymg’m (Alg)
vzk FleZ = vgm rmvzkgm + vszm (A14)

In addition to the arrays of derivatives defined after Assumption 4, use will be made
of the following arrays.

Vg1 - 0 \PR:
Gy = : - : Sg = :
0 o Vyudm Vgus
Vgrr - 0 Voo - Vagu
Tg = : : 9z = : - :
0 - Vyurm Vieegr o Viggm

Equations (A1.1) - (A1.4) imply the following expressions involving the arrays of deriva-
tives defined above and after Assumption 4.

Sy = se0y+ gysg (A1.5)
S, = s¢0.+g.54+ 5 (A1.6)
Ry = gyry (ALT)
R, = grg+r. (A1.8)

Note that 7, is nonsingular because, by virtue of Assumption 1, each diagonal element
of the diagonal matrix 7, is positive. So equations (A1.7) and (A1.8) imply that
gy = Ryry '

9. = (Rz - rz) rg_l
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and therefore, on substituting for g, and g, in (A1.5) and (A1.6) and rearranging, there
is the following.

Vost, = S, — Ryrg_lsg
Vs, = S,—(R,—r) rg_lsg + s,
Rewriting these equations in terms of A\, = Vgs0,, A\, = Vgs0,, v = r;lsg and § = —r,y
gives
Ay = Sy—Ryy
A, = S,—R,y—0+s,

and forming up the arrays ®, ¢ and 1 as defined in Theorem 1 using the restrictions of
Assumption 4 yields the equation ®1) = ¢ as stated in the Theorem. The rank condition
follows directly on noting that ¢ has 2M + 3K elements. The matrix ® has M + G + K
rows which leads directly to the stated order condition. [J

A2. Amendments when covariates Z* appear in the structural function

Suppose covariates Z* are included in the structural equation for W of Assumption 2,
as in (1). These covariates are required not to appear in the index 6 but they will appear
as arguments of the structural functions hy,,, m € {1,..., M} of Assumption 2. In the
assumptions and proof, conditioning on Z will be, throughout, on Z and Z*. The point
z referred to in Assumption 1 will be (z,z*) and the point X = (w, g, z) referred to in
Assumption 3 and in the arrays defined before Assumption 4 will be X = (@, 7, z, 2*).
Variation in Z* is not considered and so Assumption 4 and the statement of Theorem 1

are unchanged.

A3. Proof of Corollary 1
With the restrictions s, =0, r, = 0, ® and ¢ simplify giving

Iy 0 Ry Ay Sy
0 IK Rz >\z = Sz
A, A, A, v a

from which the stated rank and order conditions follow directly. Taking this matrix
expression apart there is

Ay = Sy —Ryy

)\z Sz - Rz’)’

and since
A y + AN + Ay =a

on substituting in this last expression for A, and A, and rearranging there is the following

equation.
(AyR, + A.R. — A))y=A,S,+A.S. —a (A3.1)

Define X = AyR,+ A,R.—A,and z = A,S,+A.S, —a. Then (A3.1) can be written as
X~ = z. If the rank condition holds (which requires G > M) then, for any rank M x G
matrix P with rank M, there is

X'P'PX~y = X'P'Px
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and since, when the rank condition holds, by construction, X’'P’PX has rank M,
v=(X'P'PX) " X'P'Px
which completes the proof of Corollary 1. O

A4. Proof of Corollary 3

Under the conditions stated the equations satisfied by Ay, A, and vy are as follows.

Ay = Sy—Ryy
A = S,—R.,y
ANy +AN, = 0

In terms of quantile function derivatives these equations are as follows.

1
N = = H, -G
Y VoQwyz 7
1
A = ———  H.4+G.G
V,Qwiyz 7
A + AN = 0

Multiplying left and right hand sides of these equations by V,Qw |y z (non zero by
Assumption 1’) and rewriting in terms of the parameters S\y, X.and v gives

N, = —-H,—7 (A4.1)
\. = —H.+G.% (A4.2)
AN+ AN, = 0 (A4.3)
and the following matrix equation.
Iy 0 Iy Ay ~H,
0 Ix -G, N | =| —-H.
A, A, 0 5 0

The rank and order conditions of the Corollary follow directly.
Substituting for A\, and A, in (A4.3) using (A4.1) and (A4.2) and rearranging gives

(7Ay + AZGZ) :Y = AyHy + Asz

that is X4 = Z using the definitions of X and Z given in the Corollary. Arguing as in the
proof of Corollary 1 gives the rest of the required results. O

REFERENCES

BECKER, GARY S., AND BARRY R. CHISWICK (1966): “Education and the distribution
of earnings,” American Economic Review, 56, 358-369.

BLUNDELL, RICHARD W., AND JAMES L. POWELL (2003): “Endogeneity in semipara-
metric binary response models,” Review of Economic Studies, forthcoming.
BROWNSTONE DAVID AND KENNETH TRAIN (1998): “Forecasting new product penetra-
tion with flexible substitution patterns,” Journal of Econometrics, 28, 109-129.
CAMERON, A. COLIN AND PravIN. K. TRIVEDI (1998): Regression Analysis of Count
Data, Econometric Society Monograph No. 30, Cambridge University Press: Cambridge.



IDENTIFICATION WITH EXCESS HETEROGENEITY 17

CARD, DavID (2001): “Estimating the returns to schooling: Progress on some persistent
econometric problems,” Econometrica, 69, 1127-1160.

CARD, DAvVID (1995): “Earnings, ability and schooling revisited,” in Research in Labour
Economics, Volume 1/, ed., S. Polachek. Greenwich, Conn: JAI Press.

CHAUDHURI, P., K. DOKSUM AND A. SAMAROV (1997): “On average derivative quantile
regression,” Annals of Statistics, 25, 715-744.

CHESHER, ANDREW D., (2003): “Identification in nonseparable models,” Econometrica,
71, 1405-1441.

CHESHER, ANDREW D.; (2002): “Semiparametric identification in duration models,”
Centre for Microdata Methods and Practice Working Paper CWP20/02.

CHESHER, ANDREW D., AND JoA0o M.C. SANTOS SIvA (2002): “Taste Variation in
Discrete Choice Models,” Review of Economic Studies, 69, 148-167.

CHISWICK, BARRY R. (1974): Income inequality: regional analyses within a human capital
framework. New York: Columbia University Press.

CHISWICK, BARRY R., AND JACOB MINCER (1972): “Time series changes in personal
income inequality,” Journal of Political Economy, 80, S34-S66.

CHow, GREGORY C., (1984): “Random and Changing Coefficient Models,” chapter 21
in Handbook of Econometrics, Volume 2, ed., Griliches, Z., and M.D. Intrilligator, North
Holland: Amsterdam.

HaN, A., (1987): “A non-parametric analysis of transformations,” Journal of Economet-
rics, 35, 191-209.

HoNORE, B0, E., AND LuoJia Hu (2002): “Estimation of cross sectional and panel data
censored regression models with endogeneity,” unpublished working paper.

Hona, HAN AND ELIE TAMER (2003): “Inference in censored models with endogenous
regressors,” Econometrica, 71, 905-932.

KAHN, S., (2001): “Two-stage rank estimation of quantile index models,” Journal of
Econometrics, 100, 319-355.

KooprMANS, TJALLING C., HERMAN RUBIN AND ROY B. LEIPNIK (1950): “Measuring
the equation systems of dynamic economics,” in Statistical inference in dynamic economic
models. Cowles Commission Monograph 10, New York, John Wiley.

LEWBEL, ARTHUR (2000): “Semiparametric qualitative response model estimation with
unknown heteroscedasticity or instrumental variables,” Journal of Econometrics, 97, 145-
177.

LEWBEL, ARTHUR (1998): “Semiparametric latent variable model estimation with en-
dogenous or mis-measured regressors,” Econometrica 66, 105-121.

LEWBEL, ARTHUR AND OLIVER LINTON (2002): “Nonperametric trucncated and cen-
sored regression,” Fconometrica, 70, 765-779.

MCFADDEN, DANIEL AND KENNETH TRAIN (2000): “Mixed MNL models for discrete
response,” Journal of Applied Econometrics, 15, 447-470.

MINCER, JACOB (1974): Schooling experience and earnings. New York: Columbia Uni-
versity Press.

NEwWEY, WHITNEY K., (1985): “Semiparametric estimation of limited dependent variable
models with endogenous explanatory variables,” Annales de I'’INSEE 59-60, 219-237.
NeEwey, W.K., AND T. STOKER, (1993): “Efficiency of weighted average derivative
estimators and index models,” Econometrica, 61, 1199-1223.

NEwEY, WHITNEY K., AND DANIEL L. MCFADDEN (1994): “Large sample estimation
and hypothesis testing,” chapter 36 in Handbook of Econometrics, Volume 4, ed., Engle,
R., and D. McFadden, North Holland: Amsterdam.

POwWELL, J., STOCK, J., AND T. STOKER, (1989): “Semiparametric estimation of index
coefficients,” Econometrica, 57, 1403-1430.

TINBERGEN, JAN (1930): “Bestimmung und Deutung von Angebotskurven: Ein Beispiel,”
Zeitschrift fiir Nationalokonomie 1, 669-679.



IDENTIFICATION WITH EXCESS HETEROGENEITY 18

VAN DEN BERG, GERARD J., (2001): “Duration models: specification, identification and
multiple durations,” chapter 55 in Handbook of Econometrics, Volume 5, ed., Heckman,
J.J., and E. Leamer, North Holland: Amsterdam.



