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Abstract

The solution of mathematical problems by numerical analysis is
a large, intricate subject in its own right, and the substance- of many
Ph.D. theses in mathematics. The advancement of numerical analysis and
computer technology are clearly not mutually exclusive. Moreover this
combination through the growth in compuéer software facilities is easily
within reach of a researcher with no expertise in either numerical
analysis or computer programming. In particular the Numerical Algorithms
Group (NAG) based in Oxford provides a library of subroutines for
incorporation into source programmes across & broad spectrum of
mathema£ics. The relevance of this development for the economist lies
with the considerable scope for providing quantitative evaluations of
microeconomic models outside of traditional .statistical methods. To
justify such & claim the thesis develops a number of applications from
microeconomic theory: imperfect information in & non-sequential search
framework; optimum tax with endogenous wages; a two sector general
equilibrium model of union and non-union wage rate determination;
Chamberlin's welfare ideal; and.a.qpantity'éetting duopoly analysis of
the structure conduct performance paradigm.

It is hoped that the insights gained from such diverse topics will

convince the reader as to the appropriateness of applying numerical
computing to microeconomic questions in general, and the usefiilness of

the NAG software in particular.
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Preface

The contents of this thesis reflect to some extent my initial

research experience at the Fraser of Allander Institute, University
| of Strathelyde, which consisted mainly of computer-based projects, for
example, Bell and Carruth (1976). While a graduate student at the
University of Warwick, I provided progrming assistance for

Nicholas Stern's work on 'Optimum Taxation with Errors in Administration'. |
This was linked to the Social Science Research Council financed project
on Taxation, Incentives and the Distribution of Income. By then I

felt that the continued development of.'easy to use' algorithms

through the Numerical Algorithms Group (NAG, 1981) lidbrary offered
considerable scope to enhance theoretical work, and provide useful
insights. The thesis develops a number of applications 1which, I hope,

may support such a claim. -

I have discovered that the ability to write computer programmes
leads naturally to cooperation in research, which I personally enjoy,
but creates the difficulty of using this work, fairly, in a thesis.
Two chapters reflect this situation. Chapter 4 is based on a paper by
Carruth and Oswald (1982). I have restricted the presentation to a
small subset of the work which highlights the numerical computations,
and can stand on its own with respect to the aﬁalytical content.
Chapter 6 does not afford this luxury, so it would be right and proper
to roughly indicate the areas of responsibility. It is based on a
paper by Cable, Carruth and Dixit (1982). Computations and graphics
were my responsibility; the style of presentation reflects Cable and
to a lesser extent myself and Dixit. The original framework was due

to Dixit (1979). I am indebted to my co-authors for allowing me to

make use of this work. I accept sole responsibility for the way 1in
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which it has been presented in the thesis.

The diversity of subject matter has given each chapter a
measure of autonomy. Therefore I have provided an introduction and
conclusion in each case. Similarly the footnote numbering is exclusive
to each chapter and operates in ascending order. I have also taken
the liberty of treating the words ‘'numerical' and 'computational' as
synonyms and similarly 'analysis', 'techniques' and 'methods', when
used in the context of the expression 'numerical analysis'.

Finally, to i1llustrate the usefulness of the Nu:mericai
Al gorithm Group's library of subroutines, I have useé. in Chapter 1
photocopies of the contents pesge, and the decision tree to chapter EO4
from the Fortran manual at Mark 9. I should declare that my use of
this material i1s for the personal research purposes of this thesis,

and for no other reason.

ALAN CARRUTH

SEPTEMBER 1982




Chapter 1 Computational Techniques in Economic Theory

1.1 Introduction

The numerate economist appears to ‘see his role as the testing
of and forecasting from economic models by well tried statistical
techniques, often labelled econometrics. Most measurements generated
can be related to standard tests of significance be they of a t -,

F - or Chi-square basis. Even though strong assumption_s may underlie
the statistical approech, it is still, by and large, the main tool of
the applied economist. It is equally evident that tﬁe application of
econometrics has been considerably conditioned by the development of
computer technology.l On the software side there has been a
proliferation of easy to use packages designed for researchers with
little programming experience.2 This 1s exactly as 1t should be in a
world where the division of labour has played a crucial ;oie
throughout history. However the essence of the statistical approa;:h

1s always the availability of s suita.;ble data set.

A less obvious approach to quantify qualitative predictions from
economic models, which are not amenable to conventional econometric or
other statistical methods, is the use of numerical analysis to find
optimisation or equilibrium solutions to theoretic;.l problems, Two

reasons can be advanced for this state of affairs.

1. Improvements in the speed of hardware have facilitated the iterative
solution, for example, the estimation of complex labour supply
problems with piecewise linear budget constraints, or the estimation
of disequilibrium models with minimum conditions (see Atkinson, Stern
and Gomulka, 1980 and Rosen and Quandt, 1978).

2. Two well known packages are Time Series Processor (TSP) and
Statistical Package for the Social Sciences (SPSS).




First a greater familiarity with computer operation is required
of the researcher. For example, knowledge of a high. level language
like Fortran may be necessary. This will always necessitate a working
knowledge of the operating system at the-~researcher's local computer
site. Those with resources can of course hire someone to carry out the
computing stage of a project, and for large projects the division of labour
argunent would deem this a sensible course of action: but, small problems
will not warrant a full-time computer specialist. Only the computations
to Chapter 3 were extensive enough to gainfully employ an individual
at the programming end for a considerable period of time,

Second is the difficulty that any quantification is deterministic
in the sense that well behaved random errors are not part of the
problem, As such the researcher will often choose key parameters upon
which any quantitative assessment may be made. The applied economist
is then in a very dictatorial position, and may be influenced by
personal wvalue judgrnen'l;s. It may then be possible to present results
to fit s particular political persuasion. This can be harmful, but is
not unique to the numerical analysis approach. There are many ways
for economists to back their political instincts.3 At least the use of
sensitivity tests, which may not be vitally interesting, can be an
important check on the robustness of the results the researcher favours.
Moreover, in many computational problems one can directly appeal to
the econometric work of other researchers, where there appears to be
some consensus. Sometimes indirect appeals are possible, for example,

with U-shaped scale curves (quadratic function say) we can easily

3. Compare the different economic forecasts computed by the Liverpool,
London Business School and Cambridge models of the macro economy.
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examine the effect of a unit cost penalty operating when the output

. .« . o L
rate is only 50% of minimum efficient scale. Pratten (1971) has

examined this question in a comprehensive empirical study of industry
scale curves. - .

The essence of‘numeriéal anaLysis is an iterative, and, therefore, -
approximate solution to:matﬁematical frdblems where suitable Par&meter
values are availlable. Non—linearfceconométrics is based on iterative
solutions; but, the two approachés part company over the aivaila'bility
or relevance of suitable data. This will become clear as the thesis
develops the many different applications.

Finally3*microéconomic problems which invite computational
solutions can someitimes{ be uéef‘uli:} iilustrateﬁ using computer graphics
to draw contours, functions or étraight line;: and even in three
dimensions if necessary. This can ligﬁten thea burden of numerous tables
of results, as a picture is often a preferQed means of qommunication.

So, though of pedagogic value, it doés compleﬁ:ent the coﬁputational
approach. Chapters 5 and 6 attempt ;'demonsgrationﬂof‘this té&hniqne.

The ne#t section provides a bfie£ acc;unt of‘how,lin.the last ten
years, researchers have been receiving éreater‘assis£ance in implementing
numerical analysis methods and computer graphics. Section 1.3 briefly
discusses & number of previous ééudiés'gﬁicﬁ ﬁavefémployed computationéi

techniques, PFinally section 1.4 sets down the scope of the thesis with

respect to the microeconomic applications undertaken by the author.

4., This is examined in detail in the appendix to Chapter 2.
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1.2 The Numerical Algorithms Group (NAG, 1981) and Computer Graphic
‘Libraries

A considerable body of microeconomic theory rests on the concepts
of optimisation and equilibrium. There is also a wealth of mathematical
knowledge on these subjects, which has been brought to bear at a
practical level on finding solutions foz: the problems and exper:iments
set up by mathematicians and natural sci—entists.u These are the mmerical_ |
analysis teci:miques which are a vast subject in themselves; This
thesis 1s not concerned with the mathematical background to numerical
analysis, but may be more correctly labelled as numerical computing.
A1l we desire is to be able to use numerical methods in our research.

This makes good sense because, even though access to computer
facilities is now the norm for academics, our computer user faces
two main problems in any scientific computation. First, .considera.ble

experience is necessary before a computer user could transform a given

algorithm into an efficient programme in terms of programme run-time
and storage space on the computer. Secondly, even for an experienced
computer user, considerable knowledge of numerical analysis principles
and methods is required.before one can guarantee to have an efficient
algorithm,

Such difficulties led to the formation of the Numerical Algorithms
Group (NAG from now on) proj ec:t.5 which acrcordiﬁg to Ford and others
(1979) has four main aims:

"le To create a balanced, general purpose numerical algorithms

library to meet the mathematical and statistical requirements

of computer users, in Fortran and Algol 60.

5. The project was initiated in 1970, but has really gained pace
since around 1975.
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2, To support the library with documentation giving advice

on problem identification and algorithm selection, and on

the use of each routine,
3. To provide a test programme library for certification of
theliibrary.
L, To implement the library as widely as user demand required”
(1979, pp. 65).
The suthors stress the need for collaboration between different technical
communities in order to achieve and maintain these four aims.
To illustrate the 1comprehensive nature of the library Table 1.1
presents the contents page from the NAG Fortran Library manual at
Mark 9.6 The Chapters represent. general mathematical areas, and within
each area are many programme subroutines based on different algorithms
or on variants of a type of mathematical problem. Notice that the
present extent of the Fortran 1ibra1;y runs to six (large!) “volumes.
At the beginning of each chapter of the NAG library there 1is
considerable guidance on how to choose the appropriate subroutine for
a particular research problem. Tables l.2a and 1.2b illustrate one
aspect of this choice problem using decision trees. The chapter_isl
'EOil' which is useful for economic optimisation models. Chapter 3
Of the thesis on optimum taxation makes use of EOh‘-routines*. The Tables
also demonstrate the considerable number of subroutines available to the
researcher depending on the type of problem he is faced with.
Having selected an appropriate routine our researcher can then

consult the appropriate section of the manual which gives full details

plus an example programme on the routine's use., This will normally be

....................

6. The members of NAG (It is a non-profit organisation) attempt to
update the library epproximately once a year; hence Mark 10 will
be the next update and so on.
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TABLE 1.1

NAG FORTRAN Library Manual

CONTENTS - FLMS

CONTENTS OF THE NAG FORTRAN LIBRARY MANUAL -~ MARK 9

',

FOREWORD

CONTENTS

FORTRAN MARK 9 NEWS

KEYWORD INDEX

INTRODUCTION
1. ESSEN';[‘IAL INTRODUCTION TO THE NAG LIBRARY
2. NOTES ON ROUTINE DOCUMENTS
3. THE NAG LIBRARY SERVICE

CHAPTERS OF THE LIBRARY VOLUME

A02 ~ COMPLEX ARITHMETIC 1
C02 - ZEROS OF POLYNOMIALS 1
CO5 - ROOTS OF ONE OR MORE TRANSCENDENTAL EQUATIONS 1
C06 — SUMMATION OF SERIES 1
D01 — QUADRATURE 1
D02 - ORDINARY DIFFERENTIAL EQUATIONS 1/2
DO3 - PARTIAL DIFFERENTIAL EQUATIONS 2
D04 - NUMERICAL DIFFERENTIATION « 2
DO5 - INTEGRAL EQUATIONS 2
EO1 -~ INTERPOLATION 2 -
EO2 -~ CURVE AND SURFACE FITTING 2
EO4 - MINIMIZING OR MAXIMIZING A FUNCTION 3
FO1 - MATRIX OPERATIONS, INCLUDING INVERSION 4
FO02 - EIGENVALUES AND EIGENVECTORS 4
FO3 - DETERMINANTS 4
FO4 - SIMULTANEOUS LINEAR EQUATIONS >
FO05 - ORTHOGONALISATION >
GOl - SIMPLE CALCULATIONS ON STATISTICAL DATA S
GO02 -~ CORRELATION AND REGRESSION ANALYSIS S
GO4 - ANALYSIS OF VARIANCE S
GO5 - RANDOM NUMBER GENERATORS 6
GO8 -~ NONPARAMETRIC STATISTICS 6
Gi3 - TIME SERIES ANALYSIS 6
H OPERATIONS RESEARCH 6
MOl - SORTING 6
POl - ERROR TRAPPING 6
S APPROXIMATIONS OF SPECIAL FUNCTIONS 6
X01 - MATHEMATICAL CONSTANTS 6
X02 - MACHINE CONSTANTS 6
X03 - INNERPRODUCTS 6
X04 - INPUT/OUTPUT UTILITIES 6

DOCUMENT LIST

NB: Some chapter contents documents are headed "CHAPTER CONIENTIS — MARK S".
Such documents refer to chapters where lists of routine documents have not
changed since Mark § and are equally applicable to Marks 6, 7, 8 and 3.

NAGFLIB:1980/1873:Mk3:0ct81

Page 1 (last)
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TABLE l.2a

E04 - Mintmizing or Maximizing a Function

INTRODUCTION - EO4

3.3. Decision Trees

3.3.1. Selection Chart for Constrained Probiems

Are the Are first RC4UAP

START constraints derivatives
simple bounds ho available ho EO4uAA

yes
Axre second
derivatives - :g::::'
! available ye
Is
EQ4VAP
computational HAJ
cost critical yes
no
EO4VRY
EO4RAA
Are you an Are first
exparienced - derivatives = EO4IAP
user available -
yes yes

Are second
derivatives

available yes

cost critical

Are first
derivatives
avajilahle

is ,
computational vos m

— ECAIBA/F

Are secund
derivatives
avallable

cooputational
cost critical

EQO4XBA/F
yés

EOQKDA/F

Page 26 'NAGLIB:1499/1417:Mk&: Dec?8




TABLE 1.2b

E04 - Minimizing or Maximizing a Function

INTRODUCTION - EOU4

3,3.2, Selection Chart for Unconstrained.Problems

Are first

derivatives ZO4RBA/P
: variable yes available yos

ST Only one

EQ4ABA/Y

no
- Is store size t _ EQ4DRA/P
a prcblen yes
no

Is the function

) A sum of squares
- yes

Are you an Are you an Are first T Eo4CCY
experienced experienced derivatives E04CEA
user Yes user available no

Are first Are second
derivatives derivatives p EQ4EBRY
ho available available , ye
mh
Are second
EQ4HFF derivatives

yes available cost critical

EO4DFP

Are there mare .

than ten Y- - * ;

variables Does the function
have mpany
discontinuities yes, - : oL

i
ona
comptastonat |—-— oty
EQ4CCA/F

2 2
Ll
:

EQ4FCYP Are first Are first '
EQ4FAAM Qerivatives derivatives
ne avallable no

available

Are second
derivatives EO4LBA/F
available ye3s

Are second
derivatives
avalilable

v

&
H

ny
3

Is
computational
cost critical yes

EO4CDF Are there more

EO4GAA no

ty
O
EE
~

than ten
variables

yes

—"— zoumowr

NAGLIB:1499/1417 :Mk6: Dec?8

2
2

Page 27
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incorporated into the user's source programme with relative ease.
Ideally, very soghisticated* techniques can be implemented easily and
efficiently by a researcher with only a limited knowledge of programming
and numerical a.na.ly.":’.i".s....7 Therefore through a number of microeconomic
applications which implement NAG it is hoped to demonstrate that it

can be put to good use by economists.

Similarly computer graphics has been developed by scientists.
(GHOST library (1978)) and design centres (GINO-F library (1976)).
Again there is scope for economists to make use of such facilities even
though it may ha;;re only teaching value. The present writer has had
some experience of GINO-F (Graphical Input-Output-Fortran) originally
develoéed at the computer aided design centre in Cambridge, The
appendix to Chapter 6 lists a programme written to utilise GINO-F.

This graphics library is implemented at the University of Kent. Whilsiz
at the University of Warwick, the author worked with GHOST ‘(Graphical
Output System) developed at the U.,K. Atomic Energy Authority Culham
La'boi:-atory in Oxford. GHOST has the advantage of being able to produce
graphical output on any output device.B Moreover the link between the
mathematical space of a problem and the physical space of the diagram

is much simpler for GHOST. Nevertheless both systems provide a variety

of facilities which the economist can put to good use.

..................

7, Compare the gpplied researcher's use of packages like TSP and SPSS.

8. The television medium is a good illustration of the usefulness of
gomputer_graphics, especially in the presentation of statistical
information, eg. "The Money Programme".
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1.3 Historical Perspective of Computational Applications

The present set of applications attempts to advertise the use
of numerical techniques and in particula}_j how the recent growth of the
NAG library, and its general availability, can make this approach a
good deal more amenable to the %ese'a.rcher who, more often than not, is
no expert in numerical methods nor compﬁter programming. However the
application of computational techniques does not need to be based
solely on NAG routines, Chapter 6 develops a duopoly problem which does
not require a sophisticated solution: explicit formulae can be derived
and evaluated through a Fortran source programme. Moreover early
practitioners did not have the benefit of a NAG library at their local
computer site.

Growth theory and dynamic problems generaliy were an early
devotee of computational practicés. For example, Mirrlee_sﬂ__(l967),
Atkinson (1969), Mirrlees and Stern (1972) and Dixit, Mirrlees and
Stern (1975) attempt to complement their work‘with numerical analysis
solutions. In particular Atkinson (1969) is concerned with the
timescale of g:'t'owtl; models, for

"In many cases we know how the major variables of the model cha.née
over time, in very few cases do we know how quickly they wiil change.
Yet the speed of change is a prediction of the model, and by examining
this we have a further test of the model's properties" (1969, pp. 137).

4 In one example Atkinson analyses the one sector growth model
for the case where technical progress is both capital and labour
augmenting. The basic prediction of this model is that one of the factor
shares falls to zero over time. It has been argued that such an outcoﬁe

is at variance with the reality of constant factor shares, or

Bowley's Law. However as Atkinson points out we do not know how
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quickly the depleting factor share will be eradicated, that is how

long it will take to attain the long run growth path. Therefore the
model may have unattractive features and not ye{: necessarily be
inconsistent with constant factor shares™if the time path is. very slow.
In other words a slow decline of one factor share may not be an
unreasonable approximation to reality.

Atkinson then examines the case where the capital share  declines
(elasticity of substitution less than unity). The differential
equations derived are not tractable, therefore a computational appraisal
can be most helpful, and so Atkinson seeks a solution using a numerical
integration procedure. He shows that, for a specific set of parameters,
the capital share takes at least 110 years to fall to half its initial
value. He follows the basic result with a number of sensitivitf tests
on the selected parameters, This limited check does not lead him to
reject the main finding that the approﬁach to a long-run equilibrium may
take rather a long.time., Hence, given the length of time series data
presently at our disposal, the model may not be at odds with Bowley's
Law even though it can be criticised on other grounds,

Another theoretical field which becomes analytically messy is the
optimum tax literature. From the seminal work of Mirrlees (19T71) we
can observe an attempt to incorporate the numerical analysis technique in
calculating optimum tax rates for specific functional forms and selected °
parameters, Subsequent work has maintained the tradition, Atkinson (1973)
and Stern (1976, 1982).

Among other things Stern (1976) demonstrates that the numerical
estimation of tax rates could be greatly improved in the tax literature by
an appeal to econometric analysis of labour supply. This stems é'rom the

rather surprising optimum tax rates derived by Mirrlees which were rather



- 12 -

low and tended to fall at the higher end of the income distribution.’

Atkinson (1973) takes up the issue on the basis of the cardinality of the
utility function demonstrating the limiting Rawlsian Maximin case where
the utility of the worst—off individual is maximised. This increases the
optimum tax rates found, but not dramatically. The Maximin criterion

in the Mirrlees model yields tax rates around 50% for the median
individual, see Atkinson (1973).

Stern (1976) points out that the probable influence of backward
bending labour supply effects have an important bearing on the value of
the elasticity of substitution between leisure and cémmodities, €. The
earlier work had not carried out any sensitivity tests on the value of €
and so € = 1 was an arbitrary selection. Following Ashenfelter and
Heckman (1973), Stern calculates € to be approximately O.4, certainly less
than unity. Leaving aside cardinality he calculated optimum tax rates
for € in the range, (0, 1). It becomes apparent that the: zzarginal ra.te'
of tax approaches 1007 as ¢ tends to zero. In fact a theorem is proved
that optimum taxation involves & marginal rate of tax of 100% for e = O.
A most significant point for the appropriate use of numerical methods
is that Stern is able to arrive at tax rates more in accord with those
observed in pragt_ice by complementing the numerical approach with
econometric work on labour supply, that is, by = b;tter selection of
parameter values based on known empirical results. Chapter 3 looks at
some recent issues on the structure of optimum income taxation.

Numerica]: analysis has not been exclusively restricted to the
fields of optimum growth and taxation. Dixit (1973) has employed the
approach 1in a study of the optimum size and arrangements of a monocentric
city. Nelson and Winter (1973, 1976) have used more grandiose simulation
techniques to study technological change in the theory of the firm. Their
work was inspired by the view that conventional models of the firm do not

correspond adequately to economic reality. In a world of friction,
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uncertainty and feedback it is suggested that only crude economic:
mechanisms function reliably. Their simulation model attempts to capture
these mechanisms.

Finally Fisher (1971) also explores through simulation the question
of why the aggregate production function model seems to fit so well
when its assumptions are considered so dubious. He demonstrates that
it 1s the constancy of labour's share which allows the aggregate
Cobb-Douglas production function to work reasonably well, particularly
in explaining wages, rather than that the underlying technology is in
fact Cobb-Douglas. Therefore causation is in the opposite direction,
that is, not from an underlying Cobb-Douglas technology to a {constancy
in labour share. Hence the constancy of labour's share becomes an
unexplained open question;

The above remarks have not in any way attempted to be exhaustiw}e
but demonstrate that numerical techniques have been put to 'some use in
the past. However the recent development of the NAG library has made
their application relatively more accessible to economic and other
researchers. The next section will sketch a number of other applications
to be developed in the thesis, which will hopefully bring out the

versatility of this a.pi:roa.ch.
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- 1.4 The Applications in Outline

It has been suggested that the terms of reference of the thesis are
to demonstrate, through appiications undertaken by the author across a
broad range of microeconomic problems, the scope for computational
techniques in the light of the NAG library dev-elc)pment. This enables us
to provide a quantitative appraisal of m"icroeconomic models where
analytic solutions may be limited or difficult to derive explicitly.

There 1is a téndency in the economics profession to marvel at
theoretical models which have tight unambiguous results. Yet models of
greater complexity and perhaps realism which do not yield elegant
comparative statics are often dismissed as lacking in some way. If we
can demonstrate that numerical solutions can help reduce ambiguity
and provide quantitative assessments of proble;ms which are .not amenable

to conventional econometric or statistical techniques, then the chapters

to follow will have achieved their purpose.

Chapter 2 takes up the issue of economic models of markets with
imperfect information which have increasingly\ involved high degrees of
theoretical sophistication, yet, so far there has been no movement
beyond qualitative prediction. An appeal to fairly simple numerical
optimisation techniques enables us to question under what circumstances
single price equilibria will exist under different assumptions about the
distribution of search costs.

Chapter 3 examines some recent work by Stern (1982) and Allen (1982)
and assesses the sensitivity of optimum tax rates to the production
and consumption  assumptions embodied in their models.

- Chapter 4 considers the question if, in a partially unionised

economy, union workers force up their absolute wage rate, how does

this affect the wage paid in the non-union sector. Here the framework
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is a two sector general equilibrium model of a closed economy, and the

computations attempt to lessen an analytic ambiguity.

Chapter 5 develops a model which captures the trade-off between
scale economies and product variety in aﬂ world of monopolistic
competition. It extends the work of Spence (1976a) to include a second
best solution which requires a NAG routine, plus a I;T-shaped scale
curve. It also shows how the entire analysis can be illustrated oﬁ
diagrams using computer graphics.

Chapter 6 introduces oligopolistic interact ion‘into the monopoly
welfare loss debate which was pioneered by Harberger (1954). By
postulating a specific social-welfare function we can solve directly
for the level of welfare (net surplus), concentra.‘i:ion, prices and output'
rates. The numerical computations are almost trivial and require no
appeal to the NAG library. Again the analysis can be usefully illustrated
by computer graphics.,

Conclusions will be drawn at the end of each chapter, especiaily in

view of the diversity of the applications. However a short concluding

chapter will bring out the more general points of the thesis.
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Chapter 2 A Computational Assessment of the Quantitative B
Significance of Imperfect Informatioq in a Non-Sequential

Search Model

2.1 Introduction¥

-

Retall markets are characterised, more often than not, by price
dispersion, yet conventional microeconoqic'wisdcm espouses the cause
of single price equilibria. Some economists have attempted to explain
how price dispersion can persist in markets where some consumers follow
rational behaviour patterns. One focus has been the information
structure of markets. However the seminal paper by Stigler (1961)
assumed price dispersion, a priori, without questioning*whether-it
would exist in a full equilibrium. This difficulty was remedied by
Salop and étiglitz (1977) and Bravermﬁp (1980). Other researchers,
for example, Stiglitz (1974) concentrated on the efficiency properties
for competitive equilibrium in the presence of imperfect ‘information.

He claimed that the results require us to modify the competitive market
paradign.

.A.comman characteristic of all this work is its qnalifative nature.
We have no idea of the quantitative significance of imperfect
information, such as the possibility of price dispersion. This chapter
attempts to make such quantitative assessments by way of the numerical
analysis approach discussed in the previous chapter. It turns out that
the rost we require is a numerical solution to a fairly straight-

forward optimisation problem. The relevant sections have the details.

* A shortened version of this chapter is forthcoming in’ Carruth (1983).
The content has benefited from discussions with Avinash Dixit.
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2.2 Analytical Framework

The basis of the chapter is the non-sequential search framework,
the variants of which have been brought together under a fairly general
specification due to Braverman (1980) and Braverman and Dixit (1981):.1
This approach embodies limited information about a homogeneous product
where identical consumers know the distribution of prices charged in
-the market, but not the locations. Individuals enter the market only
once, and can identify the lowest price store by expending a fixed
sum, ¢, which differs ac;ross the population:- or, they may select a
store at random.

The consumer's decision is to

max M = X +U(xi)

s.t. x + p.x. = M,
o 1 1 1

wvhere i1 = store selected; M. = income when buying from 13 X, = numeraire
commodity bundle; p = price; x = quantity; and, p, = 1. The linearity
in the numeraire good removes income effects from the analysis in the
sense that consumer demand is not influenced by the possibility of the
search cost being met out of disposable income.

The maximand and budget constraint can be rearranged to give

u =M + V(p;)

where V(p) = max (U(x) - px)

X

'consumer surplus'’

l. Von Zur Muellen (1980) has carried out a similar exercise for a
sequential search framework. |



and
Vi(p) = - x

V''(p) = - ax/dp > ©

"

so V is convex and decreasing in the price of bought commodities. If
the consumer decided to search, then M:-L =M -~ ¢ and P; = Ppsns and to
select, at random Mi' = M, Therefore an individual's appraisal of the.

two strategies would be based on whether .

> . ,
M+ V(p;)  M=c+V(p. )

where V(Pi).@ is the expected utility from random selection, given that
consumers know ‘the price distribution. This conditipn can be

rearranged to give

>
C < V(Pmin) - V(Pi)

L
.- h"

which says that search is only worthwhile if the additional utility

from guaranteeing purchase at the lowest price store is greater than
the cost, ¢, of providing this guarantee. Rational behaviour means

that the point of indifference can be depicted by .

¢ = V(Pmin) -~ V(pi)'

# b

so ¢ 1s the cn.;'itica.l se;.rch cost which sep;.rates bﬁers ix;to :';'.hnformed and
uninformed éréups. %

Firms on the)otlier hand maximise profit in a Bertrand-Nash
fas-';hion and can take account of customers information gathering responses;
therefore the firm-consumer equilibrium is Stackelberg in nature.
| Finally unit cost 5curves are taken to be U-shaped. 'I'he &aimework has

some weak features. The information structure presumes that consumers

know the price distribution yet are unaware of the specific pricfe each
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firm charges. Likewise any changes in the price distribution arising
from firm behaviour are known without knowledge of the actual firm(s)
inducing the change(s). Firms are highly sophisticated in their analysis -
of consumer reactions yet naive with i:'espect' to fellow competitor's
pricing decisions. However the main appeal of this approach lies with
its attention to industry equilibrium. *

Three types of Nash equilibrium cc;nfig-urations can arise. First
1s a single price equilgi'.brium (SPE) at the competitive price (SI;'CE)
or at the monopolistically competitive price (SPME). Second is a two
price equilibrium (TPE), where the low pfice is the competitive price,
the high price is monopolistically competitive. Finally there is the
possibility of non-existence of any Nash equilibrium.

Given specific families of demand, cost and informafion conditions
the possibilities of the above equilibria can "be examined and their
relative likelihoods assessed. It is clearly of interest to enquire as

to what percentage of informed individuals are required for the

'

competitive outcome to arise through arbitrage.

It turns out that the analysis can be framed in terms of the
distribution of search costs around zero. This is tied to the
analytical approach which postulates a zero profit equilibrium, then
attempts to reconcile whether profit maximisation "0perat_:i'.ng through
a firm's perceived demand curve for a contemplated price change is
consistent with the initial postulated equilibrium. As such four cases
can be identified following Braverman (1980) and Bravema.n'an&

Dixit (1981):

(i) a group with zero search costs (positive atom at zero)

(ii) no individual has zero search costs (zero density at zero)
(iii) many consumers with arbitrarily small search costs (infinite

density at zero)
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(iv) & positive density at zero.

For the final case the quantitative possibilities of single price
equilibria do not arise, as only two price equilibria are possible
(Braverman (1980), pp. 491). Therefbre'éhe next three sections will

consider the implications of (i), (ii) and (iii) above using numerical

methods under particular, but sufficiently rich functional forms.
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2.3 A group with zero search costs

Suppose consumers are of two types a fraction &8 having zero

2

search costs and the rest (1 - §), positive ones. Indeed the rest

are assumed here to have infinite search costs, that is, not to search
at all. The effect of this will be poir}ted out at a later stage.

If in an initial equilibrium all n stores charge the same price
they will have & 1/n share of the market denoted by DD. A slight
increase in price by a firm will cause it to lose all its share of
the informed group, while a small cut will cause it to gain them all.
Thus the perceived demand curve facing each firm, denoted by dd, will
be discontinuous. If the unit cost curve is a conventional U-shape,.
there can be an equilibrium where each firm charges the competitive
minimum average cost price if the demand curve for each firm is as
shown in Figure é.;‘]'.ﬁ,(a). However, for a case like Figure 2?1.(13), each
firm will wish to raise its price suitably and a competitive

equilibrium will not prevail.

Our( aim 1s to find conditions on the fraction §, in terms of
demand and cost parameters, for a competitive equilibrium to exist
and to find out w:hat happens otherwise. It will be shown that, for
a linear demand and quadratic cost formulation, two outcomes are
exhaustive. There will either be g single priée competitive
equilibrium (SPCE) or a two price equilibrium (TPE). Non-existence
will not arise, Price dispersion is restricted to a TPE because this
limited information framework can only partition consumers into st

most two groups, as was shown in the previous section. A full

explanation can be found in Salop and Stiglitz (1977).

2. Where we normalise the number in the population to unity.,
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Figure 2.1 Potential outcomes for g group with zero search costs.



- 23 -

Let output per firm be represented by

= (g - p)/2nb (2.1)
and total cost by ~ . )
T0(x) = £ + kx + gx- (2.2)

wvhere n is the number of firms, p is price, x is output rate per firm
and a, b, £, k, g are parameters. Figure 2.l. (a) indicgtes that

the SPCE must coincide with minimum average cost, so we require that

= (£/g)? and p* = x + 2(£g)? (2.3)

¥

be the competitive output and +price respectively. For ‘;:.he rémaiﬁder
of this chapter an asteris:kr will denote competitive ﬁaﬂ,gnitﬁdﬁes.i
ﬁqﬁation (2.1) can then be used to obtain n¥.

The analytical procedure discussed earlier 1s ;l:o determirnle“
under wilat conditions (p*, x¥*, n*) can be a competitive equilibriun.

Figure 2,1. makes it clear that price reductlons by any flrm will
generate losses a.nd such behav:.our should not take place und;r ;roflt
ma.xa.mlsatlon- but Flgure 2 l. (b) suggests the poss:Lblllty' of non-
existence, where a dev:.ant price-raising flrm can make ra.Jprof:Lt. Here
the infinite search cost assumpti;:an placed on the uninformed |
individuals will favour non;éx;isteﬂce1, because firiite: pri;:el di;pemion,
where there isda. well defined search cost distribution, inay ind1:1ce
ﬁore than the informed group to search. Therefore any additio‘nalr
reduction in the deviant's sales makes positive profit less likely
which would help to maintain tﬁe SPCE. The later section oﬁ th;
infinite density at ze;r-o whi;h ié similé.r to the pre;.slent c;.;e relaxes

this infinite search cost aséumption on the uninformed. To keep the

present arguments tractable it is simpler to presume that the

Poa
P2

uninformed will not search.
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It can be shown that there will be a critical percentage of
consumers with zero search costs, labelled E, which partitions the
equilibrium price distridbutions into either a SPCE or a TPE. Non-
existence will not arise. The details are left to an appendix. This

critical percentage is given by

s =1-4(fe)/(a - k + 2(£)3). . (2.1)

Any value of § greater than E is sufficient to ensure that price 1is
less than unit costs for all output rates below the competitive rate,
x’é. As such deviant price-raising behaviour will not appear
worthwhile, so the SPCE will hold. On the other hand when the actual
value of § 1s less than or equal to E a TPE will be supported by the
market.

Equation (2.4) demonstrates that this'cziitical percentage of
informed consumers 1s determined entirely by the demand and cost
parameters; therefore, given explicit values of the parameters, it
1s easy to evaluate 3. Here then is one basis for a quantitative
test of the proportion of informed consumers required to maintain a

3 Any numerical appraisal is faced with

competitive equilibrium.
the problem of realistic parameter values. Two cases are identified
dependent upon the cost penalty envisaged for firms operating at

less than the competitive output rate. Details of this exercise are
also left till the appendix. Suffice it to say that our treatment is

in terms of a 10% or 20% cost penalty for firms which produce only one
half the competitive output. This i1s consistent with the empirical work

of Pratten (1971). Table 2.1 presents the results including the

effect of varying fixed costs, f.

3. Notice that this problem is so straightforward that powerful
numerical al%orithms are not required. We have an explicit solution
in terms of § for alternative parameter values. The remaining
sections require more powerful computational techniques.




Table 2.1.

Group with zero search costs resultsa

Parameter Set

}
3
p
T
1
3
2
[

a. Remember 6§ > § implies a single price competitive
equilibrium, and § « @ means a two price equilibrium
with (0 § < 1). .
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It 1s obvious from the table that the range of values for §

. )
i

1s considerable. This is not surprising in an exercise where
parameter sensitivity tests can simulate extreme effects. For example,
with £ = 1 in equilibrium, fixed costs comprise 20% of total costs

for the first parameter set. A 10% relationship would increase E to
approximately T8%; whereas the change to £ = T makes fixed costs

32% of total costs. The inverse rela.tic;nship between f and E
demonstrated by Table 21;]1 is in accord with earlier arguments. With
rising fixed costs the average cost curve becomes steeper, therefore

a potential price deviant operating with excess capacity will be

more easily thwarted as smaller discontinuities in demand will

generate the losses required to maintain the competitive outcome.
Graphically Figure 2.1. (a) illustrates the case of a higher fixed cost
to that displayed by Figure 2.1. (b). The fiﬁal and perhaps unex-:pected
conclusion from this set of results is that for a competitive
equilibrium to exist through arbitrage the proportion of individuals
with zero search costs may require to be fairly substantial.

However, with increasing cost penalties when working at less than

optimum scale (higher fixed costs), the single price outcome is more

likely for a given proportion of informed individuals.
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2.4 No individuals with zero search costs

L)

This section considers the case where the density function efi

search costs, labelled p'(*), is such that u'(0) = 0., With the absence

of demand discontinuities (due to u'(0) = 0) the analysis centers on

-

monopolistic market structures. Braverman (1980) shows that. the only

possible candidate for a single price equilibrium requires a three way

tangency among the market share demand (DD), perceived demand (dd) and

L. cqal. . .
average cost, curves. Figure 2.2 illustrates a potential single price

monopolistic equilibrium (SPME), which is somewhat different from the

traditional Chamberlin result, and involves the following intuition.

— . oyl - e, S —lerBid of P egeay o e P ——r e ylg———— 'F-'l“-ll'—llr-'l-—#--ﬂ“ IH'l-H-i"I—hn

| The tangency between DD and dd is an il:nrlportant distinction from

the well known Chamberlin result where DD cuts dd from above in
equilibrium. This arises because & price changing firm in the usual
Chamberlin scheme will gain or lose customers depending on the
direction of price movement. On the other hand for small Price
changes with imperfect information captured by the present form of

search cost distribution consumers will respond by gathering informa-

tion. Therefore infinitesimal price changes will not gain or lose

a deviant any customers, so his perceptions must reflect markel share
which requires the ec_i_uali'ty of DD and dd slopes at the equilibrium
price-output configuration. When price is greater (less) than the
monopolistic equilibrium price, dd will lie to the left (right) and
below (above) DD, because a collective price increase (fall) is liable
to have a smaller individual effect than a deviant price changer on
his own. It is then interesting to question whether finite price
reductions will break the SPME. This can occur if the inducement

to search is enough to take a deviant's perceived sales inside the

4. A rigorous demonstration of this result is given by Braverman (1980).
It is probably easier to accept the result given the aims of this
analysis rather than padding out the thesis with other researchers
mathematical proofs. I have been unable to find mistakes in the
analysis.
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Figure 2,2.
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mec

A single price monopolistic equilibrium.

AC
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3

average cost curve, and so violate zero profits. The rest of this
section examines the quantitative possibilities of finite price
dispersion to test under what search conditions perceived demand
will remalin below average cost. Notice I,hat price cuts below the
competitive price are not conceivable.

Figure 2.2. illustrates that for a SPME to exist over the price
range (p¥*, Pmc)s the horizontal distance between average cost and
perceived demand will be minimised at zero. A numerical procedure
can check this explicitly for any particular case. We maintain the
assumption of linear demand, quadratic cost and postulate an inverted
V search t;ost den‘sity function. This yields the following cumulative

search cost distribution

u(e) = 202/02 for c < ic | (2.5)
2, 2

= -] + 1h::/c - 2¢ /e for c 3 30 s (2,-6)

= 1 for ¢ 2 C (217)

where c is an arbitrary value of ¢, the search cost fee, which
determines the shape of the search cost distribution. As S increases
for a given price dispersion, the numbers induced to search falls.

At the SPME we know that price equals averaée cost
(f/x + ¥ + gx). Solving this condition for x by selecting the

smaller root due to average cost decreasing for x < x*, we obtain

x = 2(p) = ((p-k) - /(p%)2 = bge 72)/2 (2.8)

D¢ P, is the monopolistically competitive price.
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for all p in the range (p*, P )+ Provided price is greater than

or equal to minimum average cost, the expression under the square
root will be greater than or equal to zero. The next step is to

consider what happens when (n

. 1) firfas charge p . and one charges

P <D, It can be shown that with such a price dispersion consumers

will search if

cs (o =1) (V(p) - Vlp )/in_ =¢ (2.9)

N

wvhere ¢ can be treated as a ceritical search cost in terms of the
percentage of individuals who will search. V(p) is an individuel's
indirect ut:ility function which is convex and decreasing in the pric‘e
of bought commodities. Thus individuals will search if the cost of
acquiring information is less than the difference in expected
utility between the search and no-search strategies. For convenience
c'onsumers who are indifferent in this choice are assumed to search.
Hence u(s) individuals will search. A price cutting firm's perceived

demand curve will be of the general form

alp) = - V'(plu(e) - V'(p)(1 - ule)/m . (2.10)

where ~ V*'(p) makes use of Roy's identity.6 Perceived demand comprises

the informed plus a 1/nmc share of the uninformed.

T

Finally for either of the Table 2.1 parameter sets the problem

is solved in the following way. A choice of p in the range (p*, Pmc)

N ]

enables ¢ to be evaluated from equation (2.9), then u(c) is obtained
from (2.5), (2.6), or (2.7) by comparing ¢ with ¢. Perceived demand

and cost in terms of z(p) can be derived from (2.10) and (2.8)"

6. - V'(p) =+ (a - p)/2b

T with f=1 only.
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respectively. Our objective is to

Minimise (z(p) - d(p)) for all p ¢ (p*, Pmc) (2.11)
P

L

By careful choice of ¢ we can ensure that this minimum will be zero
at p=7p_ .. It, of course, can never b? negative if the SPME is to
be.m&inta{ned. Table 2.2. presents the results.

Equation (2.11) was solved for the different parameter sets
of Table 2.2. by NAG routine EO4ABF, which searches for a minimum in
s given finite interval of a single variable, continuous function.

The methodology is based on quadratic interpolation and the algorithm
was proposed by Gill and Murray (1973). This routine is very easy to
use and requires function values only. It was also used to solve

for a similar problem presented in the next section.

Table 2.2. clearly demonstrates that if‘E'is large’Eﬁoﬁgh our
function minimisation procedure will select the monopolistic tangency
as the minimum point, confirming the potential outcome portrayed by
Figure 2.2. TIntuitively the actual value of c is of no interest. What
1s of interest is its implications for the proportion of the
individuals in the market adopting a search strategy under finite price
dispersion. The u(g ) column o.f the table suggests that, when a: SPME
exists, price dispersion equivalent to the difference between p* and

p., entices no more than 23% of the consumer population to pay the

mc

search cost fee and become informed. The final column of the table
underlines this point demonstrating that a considerable percentage price
dispersion is required for even 1% of the market to find search
worthwhile when the SPME is valid.

It is also apparent that the higher cost penalty case (parameter
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set 2) needs a lower likelihood of search to maintain the SPME.

Given a steeper unit cost curve this is exactly what we should expect

to happen.

€«

In summing up this section it would seem that the single price
monopolistic equilibrium is a rather fragile concept in that most
consumers would require to remain oblivious to substantial price
dispersion'through an inability to acquire information. Yet while
a steeper unit cost curve will make the single price monopolistic
equilibrium less likely here, the opposite occurred in the previous
section on competitive equilibrium. This is not surprising given

the nature of these equilibria.
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Table 2.2.

- e ® o : - v . &
No i1ndividual with zero search costs results

Extent of

Price
Minimum Estimated Dispersion
Parameter Set Value of Position to entice
(Z(p)“d(P)) of Minimum 1% of market
PE‘-(P*,Pmc) P to search

a. For the first parameter set, p* =10.0, p_, = 13.07

for the second set, p* = 5.0, P = 10.92
NAG routine EO4ABF provided the solutions.

Accuracy was to 14 decimal places.




2.5 Many consumers with arbitrarily small search costs

This possibility was elaborated in a note by Braverman and
Dixit (1981). Where the density function of search costs is infinite
at zero, the firm's perceived demand curve at some initial position
has an infinite price derivative. If'tge starting price, p, equals
the minimum average cost, and if average cost increases rapidly
enough for output rates below the optimum scale, then a competitive
equilibrium will result. Figure 2.3. illustrates this case.

There are of course similarities with the zero search cost
group, but while

"no consumer has literally zero search cost, ....

there are sufficiently many with arbitrarily small

search costs"

(Braverman and Dixit (1981) pp. 658)
to yield the outcome depicted by Figure 2.3. Here we actually want
to play much the same sort of game as in the previous section, but
now we are interested in a deviant price-raising firm. We therefore
want to check that perceived demand will always remaln below and to
the left of average cost for all p > p*. Prices less than p* are
untenable as before. Numerically an upper bound on p is not a
problem, although the output origin is clearly a constraint.

The choice of density function is again somewhat arbitrary.

Pareto can meet our requirements where

ut(e) = ac®® L (2.12)

gy

and ¢ is the smallest value of ¢; for u'(ec) = a/c, which approaches




Figure 2-3-

—35—

D
d
p* T T T T T

I
l 7 -
! d
'
!
!
|

O 3 *

A single price competitive equilibrium with no

- discontinuity in perceived demand.

AC




- 36 -

8

infinity as ¢ approaches zero. If we set ¢ to the machine accuracy
of the computer, then this should be a reasonably fair representation
of the Braverman and Dixit scheme. The cumulative distribution

function will be -

u(c) = - cm/cﬁl + constant | (2.13)

A value of unity for the constant gives u(ec) = 0 and u(c + =) = 1,

which is exactly what we want. Consumer willingness to search will

depend upon

c < (i’r(p*) - V(p))/n* = e (2.1h4)

énd so percelved demand will be

a(p) = = v'(p)(1 - u(c))/n* (2.15)

A price raising deviant firm can only expect a 1/n¥* share of the
uninformed. The z(p) relationship is exactly as before (equation
(2.8)).

A slight problem is that the minimisation of (z(p) - da(p))
can only be checked for p > p*, otherwise e = 0, which is not defined

N

for the cumulative distribution function. As c is small, ¢ can get
fairl& close to zero. Given the way in which the resulis are presented
this is of little co‘nsequence. Here we can ensure that the SPCE will
be maintained bir our choice of a, which again means that the

minimum of (z(p) - d(p)) can never be negative. Table 2.3. has the

results,

All outcomes in the table represent situations where a SPCE

8. ¢ = 0,22, 10_15 on the ICL 2960 at Kent.
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will hold. The column headed u(;) for p 1% above p* is interesting
for its close relationship to g of Table 2.1. As there is no longer

an infinite search cost assumption, it is not surprising that the
percentages are slightly less than for Table 2,1, This accords with
the arguments presented at that stage, If price continués to rise

up to 50% above p*, the additional search undertaken is small. The
final column of the table is also rather interesting. The minimisation
routine was able to find another tangency point at prices above'the
competitive price (z(p) - d(p) = O for p > p*). From Table 2.2, for

f =1, we can see that this price was fairly close ta the monopolistie
price,9 therefore, a TPE was a possibility. However, non-existence could
not be ruled out for thislcase. Finally the effect of higher fixed
costs was to increase the likelihood of a single price competitive

equilibrium.

9. Accuracy here is actually restricted to our choice of a.




Table 2.3,

ool

Many consumers with arbitrarily small search cost results.

Parameter Set

a. Routine EOYABF found the minimum of (Z(P)"d(P)) for p > p*,

in a similar fashion to the problem of Table 2.2.
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2,6 Conclusion

This chapter has studied the quantitative significance of imperfect
information. Some numerical results have been obtained for models
brought together in a. general framework ;Jy Braverman (1980) and
Braverman and Dixit (1981), based on non-sequential search behaviour.
- No attempt was made to quantify the sequential search approach of
Von Zur Muehlen (1980) which also focussed on the existence of
industry equilibrium price distributions.

Initially, it was shown, for example, that up to 65% of
individuals would need to be perfectly informed (zero search costs)
for a competitive equilibrium to be reached through arbitrage;
though substantial scale economies may help to maintain the single
price competitive equilibrium. Where an atom of consumers have zero
search costs, under linear demand and quadratiic‘: cost, non-existence
will not arise. Similar results were found when many cons;mers have
arbitrarily small search costs, but, with a well defined Pareto

search cost distribution, non-existence could not be ruled out.

In a situation where no individuals have Zero search costs,
perceptions for very small price changes reflect share of the market
demand (DD), so the focus is on monopolistic ma.rke_-_t structures. Here
the single price monopolistic equilibrium could only exist, provided
less than 23% of the consumer population were induced to search
under a price dispersion equivalent to the difference between
monopolistic and competitive prices. It is then not surprising that
price dispersion is the norm in markets with imperfect information.

The next chapter goes on to detail how NAG software can also be
used to study the structure of optimum taxation in models with

endogenous wages, and more than one type of worker.
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Chapter 2: Appendix: Group with zero search costs

Suppose we start from a SPCE and take the equations of the
text as given, and assume the uninformed (1-8) will not search.

"

Therefore a price raising firm will have sales

x = (a=-p)(1-§)/2bn* (2.16)

*l-'

where the equilibrium number of firms is the relevant magnitude.

Rearranging (2.16) gives
p = a - 2bn*x/(1-6) . (2.17)
For a SPCE we require p < AC for all x < x¥, that is,

a -~ 2bn*x/(1-8) < £/x + k + gx for all x

which can be expressed as

a<min { £f/x + k + ¢x } (2.18)
X

with ¢ = g + 2n*b/(1-6)

(2.18) states that the minimum value of the right hand side (RHS) with
respect to x be greater than a if a SPCE is to survive. The minimum
value of x can be obtained by differentiating the RHS of (2.18).

Substitution of this value and for n* in (18) yields:the condition
§ > 1~ 4(fg)/(a-k+2(£g)") .19

which is sufficient to ensure p < AC for all x < x¥,

If (2.19) fails to hold it turns out that the outcome is a TPE,
not non-existence. The easiest way to demonstrate this point is to
formulate a similar condition for a TPE. Suppose there are n, low

price firms and n, high price firms, then the output of a low price ’
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firm depends upon its share of the informed and uninformed customers

respectively, which 1is

x* = § (a-p*)/2bn, + (1—6)(a—p*)/2b(pl+n2) (2.20)

g

Competitive magnitudes on x and p arise because a potentially deviant
low price firm perceives a demand discontinuity, the informed group
imparting an effect similar to that illﬁstrated‘bﬁ'Figure 2.1. Hence
it must operate at the optimum scale position. Substitution for

x* and p* from.équétion (é.3) yields

8y, + (1—a)y2 = 2b(f/g)3/(a-k-2(fg);) | (2.21)

where Yy = 1/n1 and Yo = 1/(Ql+n )

A high price firm depends solely on the uninformed customers

for 1ts sales, so
x = (1-8)y,(a~p)/2b" - | (2.22)

As a monopolistic competitor in a market with many firms, the high
price firm will obey profit maximisation (MR = MC) and normal profit

(AR = AC). Equation (2.22) in inverse fbrmlis

p.= a — 2bx/(1~6)y2 (2.23)

which is average revenue. Marginal revenue is twice as steep as
AR, so we replace 2bx with bbx in (2.23). Marginal cost and average

cost are easily obtained from (2.2). The simultaneous solution of the
two profit conditions gives x = 2f/(a-k), and substitution back

into one of the profit conditions for x generates the result

Yy = 8be/(1-6)((a-k)® - L) (2.24)

Now n_, n, >0 and n are necessary and sufficient

1l 1

< n

+ n
1l

2
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for a TPE, which i1s equivalent to n,, n, > 0 and Yy > ¥Yp3 moreover

Equations (2.21) and (2.24) can be substituted into (2.25) to give

Yy 2Y,= 51 - 4(2g)? /(a-k+2(£8)?) (2.26)

which provides another restﬁction on 8§, but for a TPE. Inspection

of (2.19) and (2.26) demonstrates that the possibilities for this case

are exhausted: non-existence will not arise. Hence we can use

5 =1 - b(re)?/(ak+2(se)?) | ' (2.27)

As a partition into the two equilibrium price distributions with
0 & E implying a TPE, and § > 3 implying a SPCE.

The final issue we wish to deal with in this appendix concerns
the implications for scale or minimum efficient size (mes). This

+ .h.

helps with our choice of parameter values. Average cost is

AC=f/x + k + gx

minimum average cost, min(AC) = k + 2(fg)% at x* = (f/S);

Suppose & plant operates at 50% of mes at x = 31x*, Therefore

AC = F/3x* + k + Zgx¥*
= k + 5/2(fs);
and (AC - min(AC))/min(AC) = 3(£g)?/k+2(sfg)? (2.28)

1/(L4 + 2k/(fg)a)

If a 10% cost penalty is appropriate when operating at 50%* of mes,
then

(AC - min (AC))/min(AC) = 1/10

and so k = 3(fg)3, using (2.28). An analogous argument for a 207 cost




penalty yields k = 3( fg)i.

Such restrictions help to reduce the somewhat arbitrary choice
of numerical values for the parameters. The work of Pratten (1971)
suggests that a cost penalty in the re.ngré 5% = 20% is consistent
with his empirical cost analysis of a variety of different industries
vhen plants are restricted to produce at 50% of mes. For the 107
cost penalty case we let £ = 1, g = 4, which means k = 6, Similarly
k + 2(i‘g)3 = 10 and a > 10 1s necessary. To allow some leeway for
changing f we take a = 20, b =1, k=6, £ =1, g = 4, For the 20%

cost penalty we have a =20, b=1, k=1, £ =1, g = 4,
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Chapter 3 OEtimum Taxation Models with Endogénous Wages »

3.1 Introduction*

Mirrlees (1971) in his seminal paper on optimum income taxation
formulates a model where individuals have identical utility functions
but differ in their skills and pre-tax wage rates. The government
chooses the income tax function to1maximise the sum of utilities across
the population. There is a resource constraint and in addition
individuals make their own utility maximising cholce of consumption
and leisure given their pre-tax wages and the inéﬁme'tax schedule.

His rigorous handling of the incentive issue did not allow the
derivation of many unequivocal results. However he was able to show
that marginal tax rates would be non-negative.

The Mirriees framework assumes that the elasticity of substitution
between workers of different productive abilities is constant and
infinite, Consequently the ratio of the wages of any two groups of
workers of different abilities is completely independent of the
number of man-hours supplied by these groups (and indeed, by any other
group). Researchers wishing to work with a continuum of abilities
have in the main kept to this assumption for ease of exposition.
However thié type of approach not only ignores the impact of supply
factors it also limits the role of the tax system in improving the
welfare distribution to that of redistributing spending power.

The introduction of a production function with more than one type
of labour means that the wages earned by the various groups of workers

can also depend upon their labour supply. This allows an alternative

* A subset-of this chapter has appeared in a symposium, Carruth (1982).
This version has benefited from some recent work undertaken by

Heady, Ulph and Carruth (1982). For encouragement on this topic I
am indebted to Nicholas Stern and David Ulph, who are in no way

responsible for remaining failings.
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route by which the tax system can ‘bring about some redistribution. .

¥ %
Feldstein (1973) was the first to address the consequences of

different, but finite, labour types and endogenous wages. In fact

his discrete population included only two groups of workers, which,

Heady, Ulph and Carruth (1982) have recently suggested, may be

restrictive. Nevertheless Feldstein's numerical computations

indicated that the effect of endogenous wage rates on optimum tax

rates was of little consequence., Recent theoretical work by Allen (1982)
has questioned this finding. He argues that the redistribution route

through labour supplies and relative wage rates (the production effect)

was submerged in Feldstein's computations due to the adoption of the

Cobb-Douglas production function. Otherwise it is theoretically

possible to posit outcomes which have negative marginal tax rates at

the optimum. This stands in stark contrast to the Mirrlees finding.

Section 3.4 will attempt to explore the circumstances of the Allen

result through numerical computation.

Another application of the Feldstein framework in terms of the
Cobb-Douglas production function was undertaken by Stern (1982). He
compares the welfare implications of lump-sum taxation where errors in
classifying individuals are committed, and income taxation, where each
individual faces tﬁe same tax schedule. With no mistakes in
classification and no disutility from providing information first-best
wvelfare theory unambiguously favours lump-sum taxation. However, as
horizontal inequity can occur through otherwise identical individuals
receiving an incorrect lump-sum transfer, this first-best implication
may no longer hold. This begs the question as to the scope for
governments to commit errors in classification before optimum income
taxation becomes the preferred tax structure. It would seem from

Stern's results that, among other factors, much depends upon society's

** Tt should be noted that Feldstein worked within the linear income tax -
framework, whereas Mirrlees was firmly committed to non-linear income tax
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preference for inequality in utility levels. It is of interest to
check whether his conclusions are also specific to the Cobb-Douglas
formulation., Therefore sections 3.2 and 3.3 will present a
computational framework to include a CES production function, which
will provide an additional degree of freedom in the value of the

elasticity of substitution, denoted by o.
The computations for this chapter were dependent to a large
extent on the NAG software. General details were set out in an

earlier chapter. Specific information on the actual routines used to

solve a problem will be given at appropriate points in the text.
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3.2 The Effect of a CES Production Function on Optimum Taxation

with Errors

The basis of this analysis is a comparison of

. o

"the welfare levels which can be achieved by two

distinct tax regimes: lump-sum taxation, where one attempts

to identify individuals and allocate transfers or subsidies
on the basis of characteristies, and income taxation, where
characteristics are not observed but incomes are measured and
taxed. Where there are no errors in classifying' individuals,
lump-sum taxation is superior, but, where mistakes are made
in the allocation of lump-sum grants or subsidies, income

taxation may be more attractive." (Stern (1982), pp. 181)1

Both of these tax regimes have their own information requirements
and administrative costs. To keep the analysis tractable we take it
that administrative costs are similar for the two schemes, but that
the set-up costs of each are prohibitive enough to make having both
operating together undesirable. We, therefore, concentrate on the

benefits of either regime.

The LumE-Sum Tax Model

In line with most adaptations of the Feldstein model the analysis
is restricted to the two labour types, one skilled (subseript S), the
other unskilled (subscript N). Both types are involved in the

production of a single consumption good, Y. As is usual each individual

maximises an identical utility function

1. It is well known that incentives may exist for individuals not to
reveal information on personal characteristics or income. We do
not address this issue directly.
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-1
uc,L) = [(1-a)c™¥ + a2-1)H T /¥ (3.1)°
subject to the budget constraint

where W, is the gross hourly wage of labour type i, t is the marginal

4

tax rate, Li is the amount of labour suﬁplied, C, is consumption and

Gj is the lump-sum grant for individual type j. The indices i and J

take the values S and N: if an individual is correctly classified
i=J, if incorrectly i # j. The utility function has a standard
CES interpretation of the parameters, and € = 1/(1+u) is the consumption-

leisure ela.sti;:ity of substitution. It would appear from Stern (1976)

that ¢ = 3 has some empirical plausibility in terms of recent

econometriec work on labour supply.2

It was suggested above that any attempt at discrimination among
individuals and the likelihood of making errors in such a practice
is one of the novel features of this work. As such the probability of
an individual being misclassified is § ;s With Gy < Gy the asymmetry
of incentive3 to be placed in the wrong group warrants an endogenous
§. Two alternatives pursued by Stern for exogenous § are, firstly,
to have the proportion of skilled misclassified greater than unskilled (GS 7 le
Secondly due to the asymmetrical incentive to be misclassified, the

unskilled should always be correctly clasa.ified; SO cSN = 0 and GS > 0, 1In

reality there may be a significant extra cost in ensuring that the

unskilled are correctly screened. If society is unable or unwilling

to bear such costs then it is necessary to accept ‘SN > 0 and

W

2. This is consistent with a negative labour supply elasticity, and
is based on work by Ashenfelter and Heckman (1973) and others.

3. Skilled individuals would be happy to receive G, but not the

unskilled with Gs .
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investigate its consequences. Hence computations will be presented,

for6=ss=6Na..0, GS>6N and GN'= 0.

The production function is given by

~ !
Y = y{0(BLy) ™" + (1-6)((2-8)Ly) "} /e (3.2)

where y, 6 and p are the efficiency, distribution and substitution
parameters respectively. There are B individuals of type S and (2-8)
of type N. The degree of substitutability between the two types of

labour is given by o = 1/(1+p). Individual workers are paid their

marginal products per hour of work supplied.

_ +1 +]
W = 6YP /v (pLg)° ‘ (3.3)
Wy = (1-0)Y" " AP ((2-8)1y )P ™ (3.4)

Like all linearly homogeneous production functions, the CES in its

present form will display constant returns, so factor shares will

exhaust output.

The labour supply functions derived from (3.l) are

1O = (1-aW Cy)/(1+aW; ©) o (3.5)
Lé = (1—aﬁ;eGN)/(1+a§é"e) . (3.6)
1O = (1-aW °G ) /(1+aiy ®) (3.7)
1p = (L-aif o) /(1+aiy®) (3.8)

where ﬁi = (1-t) W, for i = S,N is the net wage and a = _@/(l-ﬁ_)_js-
Correctly classified persons have superscript o and those incorrectly
classified a superscript 1. Consumption levels follow from (3.1).
The average labour supply of type S and N groups is given respectively

by the linear combinations
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Ly = (1-64)Lg + 84Lg (3.9)
o 1
Ly = (-8, )Ly + 8 Ly (3.10)
The government budget constraint is <
(B(1-85)+(2-8) 8, }G+{BE +(2-B) ( 1-8) 3Gy = tY-F (3.11)

where R represents a revenue requirement outside of the transfer systenm.
Equations (3.2) -~ (3.11) represent a simultaneous system of

10. equations in 12 unknowns, the left hand sides of (3.2) to (3.10)

plus t, G,. GS'

solve for the other variables in terms of the maximand

By adopting values of t and Gy i1t is possible to

— (1 VO O \ H
W, = (1 GS)BU (CS’ LS) + GSBU (Cé, LS)

(3.12)
v (1-8,)(2-)U%(C, I9) + s (2-B)UV(CE, I3). .

U is just our CES utility function: v is Atkinson's (1970) inequality .
aversion parameter in terms of utility levels. Ex ante it allows society

to decide the weightfto attach to the lower ujb:i'.'lity levels, which in
'this case will be the incorrectly classified unskilled individual. With
v = 1 we have the utilitarian objective whereaé as v > - «© ye maximise
the utility of the worst—off iﬁdividual in societ} - the ma:gimin

criterion.

The Non-Linear Income Tax Model

This model i1is formulated as

Max W(U(Cq, Lg)s U(Cy, ILy)) (3.13)
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S.t. U(cs, le - U(cC,., HP‘. LN) > 0 (3.1ka)
s
~Cg-Cy~R+Y¥Y30 (3.15)

™.

with B=1., We require to maximise social welfare, W(*), subject to the
resource constraint, (3.15), and constr?.int (3.1ka) which just states
that type S individuals do not want to éarn CN post tax. This reflects
the skilled having a lower social marginal utility of consumption, and
is related to the issue of wages monotonic increasing in ability for
the Mirrlees (1971, infinite elasticity of substitution) production
framework. With finite production elasticities some kinds of workers
may be very abundant relative to other less able workers and so may
receive a lower wage. However such an outcome raises the likelihood
that skilled individuals will switch to the higher paid jJobs. Stern
(1982) and Allen (1982) rule out this possibility by assuming the wage
is strictly increasing in skill; hence constraint (3.1ka) is appropriate.
Nevertheless non-monotonicity does raise issues of absolute/
comparative advantage of workers and the potential endogeneity of job
choice. This can only be examined satisfactorily for the continuum case.
Heady, Ulph and Carruth (1982) have attempted to move in this direction
though the analysis becomes extremely complex. Suffice it to say that
in the section on Allen's (1982) two theorems we encounter the problems

of computational solutions with W,, > W, and a need to use the constraint

N S
'U(CN’ L) = U(CS,ETE le 5 0 (3.14D)
W
N

so that type N individuals do not want to earn CS post tax. Effectively

the numerical analysis encounters regions where the monotonicity

assumption is no longer viable. This is in complete sympathy with the
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Heady, Ulph, and Carruth (1982) position.

Stern (1982) demonstrates that the inclusion of a production
function with more than one type of labour and finite substitution
elasticity violates the well-known theorems of Mirrlees (1971), positive
marginal tax rates and Seade (1977), bounded income distributions have
zero marginal tax rates at both endpoints. We now expect to find a
marginal subsidy (negative marginal tax‘rate) at the top and a positive
marginal -tax rate at the bottom. Heady, Ulph and Carruth (1982)
demonstrate that this result carries over to the continuum case. It
reflects the following intuition.

"By lowering the marginal tax rate at the top the h;i'.ghest skilled
workers are encouraged to work harder, so driving down their wage
relative to that of other individuals. This narrowing of the wage
distribution means that marginal tax rates can be lower elsewhere in the
distribution (less redistribution required), and so the increased
distortion at the top of the di_stribution can be traded off against

the reduced distortion lower down." (1982, pp 5).

Other Outcomes

Optimum linear inﬁ:ome- tax with GS = GN = G (and BS = GN = 0, of
course) in (3.2) to (3.i25 is BimplifiEdh to one dimension, t; for now
the government budget constra.lnt, (3.11) provides a relation between
t and G, It is also apparent from lump~sum that when Gi = 1 the
classification provides no information - a random allocation.h Such

randomness suggests a solution of equal grants for all which corresponds

to optimum linear income taxation. Therefore between Gi = 0 and

L, §; = b and §; = 1-b will provide the same information with the

labels reversed when b = 3,
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O < Gi < 3 we should expect to move from first-best to approximately
optimum linear taxation.

A final comparison for the welfare levels of lump-sum taxation
is given by the point on the first-best frontier where both skilled

and unskilled have equal utility levels. This is the maximin solution.
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3.3 Computations for Optimum Taxation with Errors

There are now four types of optima to be calculated under the

CES production function specification: lump-sum taxation with. errors, -
non-linear income taxation, linear income taxation and first-best
maximin, The lump-sum solution can be evaluated (given a set of
parameter values) by searching over (t, GN) with bounds on t from zero
to 90% (0.9), and G, zero to 0.6. Equations (3.2) - (3.11) could only
be reduced to two simultaneous non-linear equations in two unknowns,
Lys Ly. A Newton-Raphson procedure was used to provide a solution. It
was this routine which displayed an element of instability from time

to time; however it is well known that the basic Newton method either

works very quickly, or, not at all. With this approach the unconstrained

u:::p’cim:'i'.ss.a.t:'L:::n5 NAG routine EO4LJBF could be used to maximise social

welfare, equation (3.12).

¥ L

Another method of obtaining lump-sum solutions was to maximise
social welfare subject to the four labour supply first-order conditions,
(3.5) - (3.8), but with six unknowns L;, Lé, Lﬁ, Lil\i, t, Gy. Using a
more sophisticated constrained optimisation routine, NAG-EOWIAF, it is
also possible to place bounds on the values of the unknowns. This is
useful in keeping labour supply within the (0, 1) range. This procedure
was adopted for the greater complexities introduced by Allen's theorems.

It is certainly very useful for economic problems which place bounds on

the values of key variables,

The linear tax solution was evaluated over t running from O to

90% , using the NAG routine EOLABF. When the search was widened to

5. The EO4- NAG routines are set up for minimisation, but for
maximisation all that is required is a minus sign in front of the
function value. There are many different routines from which to choose,
see Chapter 1, Table 1.2.
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negative tax rates to examine Allen's production effect, we switched
to the EOLUAF method above; but, notice we only have five unknowns ‘
wvhen GS = GN ='G. The nonlinear income tax problem was solved by
EOLUAF throughout. The two constraints are equations (3.1ka) and

(3.15) and the two unknowns are CS and CN. In section 3.4 the

difficulty with Wy > Wy means that constraint (3.lka) has sometimes
to be replaced with (3.14b). Finally with maximin the marginal tax
rate equals zero and so we have a one dimensional problem in GN
_ which can also be solved by EO4YABF. Accuracy was to four decimsal
places except for computations using EO4LABF, which l;ad 14 decimal
Places accuracy.

Following Stern (1982) social welfare was calibratéd using the

notion of the equally distributed leisurely-equivalent cohsumption,

OC, defined as
2u¥ (°c, 0) = W

that is, "that consumption which if equally distributed and when hours
of work were zero for everyone would give social welfare level.Wb."

U is the CES utility as bef‘ore. Similarly we label 3, the value of

§ which gives equal welfare in both lump-sum and non-linear income
tax schemes. Moreover § < E favours the 1umP-BUII-l regime, a;ld S > E ’

non-linear income tax.

We define a base run parameter set as v = -1, R ==.0, e = 0.5,
a=0.5 yvy=1,606 = 0.6T, 8 =1 and g = 4. To reduce a vast amount
of tabulation, only results from varying the elasticity of substitution
in production, o, and the measure of attitudes to inequality, v, will
be presented in the text. It is essentially the role of o which

distinguishes this work from Stern's. Undoubtedly the use of the CES

production function raises the question of appropriate values for o.
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Empirical investiga.tién by Layard et al (1971) on the economic
implications of qualified manpower indicates from their production
analysis that any confidence interval for o may be extremely large.
As such we propose to work with two values of o; one is the base run,

c = 4 above, and the other ¢ = 3. The base run also has

’

GS = 6N= d, and O ¢ § € 0.5,
The computations for the base run are presented in Table 3.1l(a)

and for v = 0,97 in Table '3.1(b).6 Tables 3.2(a) and 3.2(b) present

the case o = 3. The effect of allowing 68 - GN = 0.1 for the base

run plus ¢ = 3 is illustrated in Table 3.4; and, similarly for

| GN = 0 in Table 3.3. The value of E is given at the foot of each

table except for Table 3.4 where it is necessary to distinguish values

of both §_. and GN' Also listed is the no tax system welfare level.

S
An overall statement must reflect that the influence of g does

not lead to substantial qualitative differences from the results brought

out by Stern's Cobb-Douglas treatment. Society's attitude towards

inequality can generate significant differences in welfare levels,
amply illustrated by comparing Tables 3.1l(a) and 3.1(b), and

3.2(a) and 3.2(b). For Table 3.1(b), the maximand with

v = 0.97, the lump-sum case with 6 = 0.1, 0.2 has the unskilled,
incorrectly classified individual working his full one unit of time
for zero consumption. In effect this is a corner solution, for it is
never optimal in this framework to have individuals idle, unlike the
Mirrlees formulation. However it does point to the unsatisfactory
nature of the utilitarian maximand, in a world where governments can

make mistakes in classification, and the degree of substitution

6. v = 0.97 is our approximation for the utilitarian maximand,
v = 1, Convergence problems with the NAG routines pre-empted
this approximation.
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between labour types is greater than unity.

The values of & in Tables 3.1 and 3.2 tell a similar story.
When v = 0.97 considerable misclassification is required before income
taxation will be preferred: more precisely for Table 3.1(db),
3 = 0.379 means that if more than 62% of individuals are .correctly
classified then lump~-sum taxation prevgils over income taxation.
For Table 3.1(a) 92% of individuals need to be correctly classified
to favour lump-sum taxation. Clearly when v = -1 it matters a great
deal that the unskilled may face a lump-sum tax, GS' Further evidence
can be adduced from the relation between the marginal tax rate and
§ under the different degrees of aversion to inequality. An equality
conscious society will have tax rates rising more quickly and to
higher levels with increasing 8. The influence of ¢ on the marginal
tax rate in relation to § is relatively minor. It appears that as
g falls the marginal tax rate rises less quickly for § < 0.2, but

ultimately it attains higher levels.

The calibration of welfare in terms of consumption makes it
easier to discuss the redistributive gains from taxation. Consider
Table 3.1(a) (and for comparison in parentheses equivalent values for
Table 3.2(a)). This brings out the importance of the elasticity of
substitution. A move from no taxation to lump-sum provides a welfare
gain of 0.02 (0.04) consumption units or 10.6% (19.2%). A restriction
to income taxation will yield a gain of 8.1% (17.9%) for non-linear,
and 3.2% (13.5%) for linear. Finally there is a 5.2% (3.3%) fall in
welfare from the first best to a position where only 80% of individuals
are satisfactorily screened (§ = 0.2). The welfare gains from having
a tax system are considerable, particularly when o is less than unity.

So the greater the extent to which individuals are trapped within
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their skill category, the greater the benefits to be had from a tax
system.T Notice also that random classification (§ = 0.5) corresponds
roughly to the linear tax solution, as predicted. Therefore non-linear
income taxation will always do better in welfare terms for the

present framework.

With misclassification (& -+ 0.5) gross relative and absolute wage
rates of the unskilled fall in all case;s. The movements are more
pronounced with a falling elasticity of substitution in production.

A lower degree of substitutability means that it 1s less easy to'
counteract the welfare implications of misclassification through
adjustments in labour input. This point is examined in detall in the
next section.

Table 3.3 demonstrates that, where the skilled alone are
misclassified considerable gains in welfare are available of the order
of 3% in consumption units (c.f. Table 3.3 with Tables 3.1(a) and
3.2(a) for 0 < § £ 0.5). Moreover with less strain on the
redistributive function of the tax system it is not surprising that
the optimum marginal tax rates fall. Table 3.4t provides e similar

picture, but the orders of magnitude are rather smaller. As 5N = 0
18 the extreme position, this is exactly what we should expect.

Other sensitivity tests were carried out for different values of
R, B, and e, though the tabulations have not been presented in the
text. Additional needs for government revenue outside the tax system
(R > 0) pushes marginal tax rates higher a;nd lowers lump-sum grants
for § > O under lump-sum tax. ILabour supply and output increases
but welfare declines. Both types of income taxation also require an

increased output. This result is not of great significance given that

T. This result would be useful for exponents of dual labour markets.
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any benefits which might be attributed to government spending of R

are ignored. An increase in g, the elasticity of substitution between
consumption and leisure reduces the marginal tax rate for 6§ > O
because the deadweight loss from taxation is lafger. A reduction in
the proportion of skilled in the population raises the marginal tax
rate and lowers output. Clearly falling incomes for the unskilled
increases the desirability of redistribution. Finally notice that

Stern's endpoint results for income taxation continue to operate:

the skilled face & marginal subsidy and the unskilled a positive

marginal tax rate. 0

The final section of the Chapter provides a computational
assessment of Allen's (1982) two theorems. It turns out that the
degree of substitutability between labour types along with assumptions
about individual consumption-leisure choices serve to drastically

alter the conventional wisdom on the structure of oPtimﬁm“tax rates.

8. (I_MTRS) > 1 and (l-—M’I‘RN) < 1, respectively.



- 60 -

TABLE 3.1(a)®

The Base Run v = =1, g = 4

Optimum Lump-Sum Taxation with Errors

o " G G

N S N S C
0 0 0.1235 =-0.1235 0.3443  0.6573 0.5896  0.2100
0.1 0.2291 0.1386 -0.0116 0.3383 0.6623 0.5542 0.2038
0.2 0.3081 0.1338 0.0321 0.3335 0.6666 6;538h 0.2001
0.3 0.3487 0.1244 0.0602 °~ 0.3302 0.6698 0.5293 0.1977
0.4  0.3689  0.112%4 0.0811 0.3281 0.6719 0.5244 0 .1963
0.5  0.3970  0.1022 0.1038 0.3279  0.6721  0.5187  0.1959
O
- _ C
(1 MIR.) (1 MTRS) G, Gg Wy Wy Y
0.7339 1.01k46 0.1123 -0.0715 0.3382 0.6623 0.5706 0.2053
Optimum Linear Income Taxation
O
t . G Wt W I C
0.3753 0.0981 0.3275 0.6726 0.5229 0.1959
First-Best Maxi-Min
O
Gy - Gg Wy We Y C
0.0938 -0.0938 0.3384 0.6622 0.5866 0.2089

S = 0.076; No tax system welfare level: °C = 0.1899



@ Notation
Gi’ i=N, S = lump-sum grant intended for individuals type i
W, 1=N, S = wage rate for individuals type 1
t = marginai tax rate (MIR)
8 - proportion incorrectly classified
Y = output
°c = equally—-distributed leisurely—equivalent level of welfare
v = 1inequality aversion parameter
o = elasticity of substitution in production between

different labour types

The different optima

Optimum lump-sum taxation with errors: where § > O some individuals

receive incorrect grants. Optimum non-linear income taxation: every
individual faces the same income tax schedule although they differ in
thelr wage rates; l---MTRi is one minus the marginal tax rate and G- 18

the lump-sum grant as given by the tangent to the indifference curve

for individuals type 1i.

Optimum linear income taxation: G = Gy = Gy is the common grant, so
there is a one dimension optimisation with respect to t.

First-best maximin: point on the first best frontier where Vg= V-
The no tax system welfare level means that both t and Gi are equal

to Zero.

Other parameters

R, €, kK , o and B are the government revenue requirement, the elasticity

o
of substitution between consumption and leisure, the efficiency
paremeter in the CES production function, the distribution parameter

in the CES utility function and the proportion of individuals of each

type, respectively. Excluding the final section of this chapter the
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Tables present results where R=0, ¢ = 0.5, y =1, a = 0.5,

B =1, Section 3.4 distinguishes €q # e



\Y

= 0.97, o = &
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Optimum Lump-Sum Taxation with Errors*®

TABLE 3.1(b)

" o

S t Gy Gs Wy We Y C

O o, 0.5474 -~0.547H 0.4930 0.6070 O0.644T 0.2287

0.1 0.2183  0.4608 -0.3321 0.L24k9 0.6200 0.5894 0.2227

0.2 0.2025 0.4213 -0.3045 0.3818 0.6350 0.5770 0.2168
- 0.3 0.1906  0.396% -0.2880 0.3561 0.6489 0.5684 0.2109

0.4 0.1819  0.3507 ~-0.2487 0.3368 0.6636 0.560% 0.2051

0.5 0.1860  0.0519 0.0511 0.32L2 0.6761 0.5539 0.2018

Optimum Non-Linear Income Taxation -

O

(1+MTRN) (l—MTRS) GN GS 'Vﬁ 'Wé Y C

0.7713 1.0012 0.1052 =-0.0617 0.3369 0.6635 0.5712 0.2063

Optimum Linear Income Taxation

t G W W, Y c
0.18L46 0.0511 0.3242 0.6761 0.5541 0.2018
First-Best Maxi-Min
O
Y C
Sy Sg y g
0.0938 -0.0938 0.3384 0.6622 0.5866 0.2089

)

6 = 0.379; No tax system welfare level: °c = 0.2011

* Results for §=0.1 and 0.2 have'C§=0, L§=f, and for §=0.3 and §=0.h,

equilibrium has the unskilled, misclassified individual working very hard
for little return. |
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TABLE 3.2(a)

t - O
S GN c:.S Wﬁ. ws Y C
0 0 0.0803 -0.0803 0.4011 0.6041 0.5895 0.2089
0.1 0.1642 0.1196 -0.0266 0.3927 0.611%L 0.5664 0.2057
0.2 0.2998 0.1417 0.0210 0.37hl 0.6280 0.5425 0.2020
0.3 0.4003 0.1461 0.0625 0.3516 0.6489 0.5210 0.1985
0.4 0.4480 0.1353 0.0926 0.3326 0.66T4 0.5088 0.1960
0.5 0.4596 0.1167 0.1156 0.3250 0.6751 0.5055 0.1951
Optimum Non-Linear Income Taxation
(1--rmN) ( l-MTRS) Gy Gq Wy W Y O
0.6567 1.077L 0.1103  -0.067Th  0.3983  0.6065  0.5700  0.2057
Optimum Linear Income Taxation
t G. Vﬁ Wé Y qc_
0.4658 0.1174 0.3262 0.6738 0.5041 0.1951
First-Best Maxi-Min
O
Sy Cs WY W b ¢
0.0709 -0.0709 0.3796 0.6230 0.5873 0.208%
5 =0 1; No tax system welfare level: _C = 0.1688
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TABLE 3.2(b)

‘U - 0.97 . 8} — %
Optimum Lump-Sum Taxation with Errors -
. . .
8 Gy G Wy We Y C
0 0 0.1221 -0.1221 0.5053 0.5224 0.5991. 0.211k
0.1 0.0027 0.1520 ~0.1504 0.5032 0.5239 0.5986 0.2112
0.2 0.0088 0.2001 -0.1948 0.4985 0.5273 0.59Th 0.2110
0.3 0.0279 0.2862 -0.,2697 0.4851 0.5371 0.5938 0.2102
o.4 0.1397 0.4085  -0.3285 0.4226 0.5859 0.5728  0.2070
0.5 0.3262 0.0853 0.0877 0.2989 0.7023 0.5303 0.2001
Optimum Non-Linear Income Taxation
O
(1 MTRN) (lfMTRS) GN GS Vﬁ wg Y C
0.T679 1.0010 0.0929 -0.0467 0.3727 0.6292 0.5T21 0.206k
Ontimum Linear Income Taxation
t G Wy Wy Y ° -
0.3250 0.0862 0.2987 0.7025% 0.5305 0.2001
First-Best Maxi-Min
O
C
Gy Gq Wy We Y
0.0709 -0.0709 - 0.3796 0.6230 0.5873 0.2084

6 = 0.409; No tax system welfare level: °C = 0.1947



Optimum Lump-Sum Taxatioan with Errors

The Base Run v = =) o= U .
GN,=O
O

S t Gy Gg Wy Wg Y C

0 O 0.1235 -0.1235 0.3443 0.6573 0.5896 0.2100
01  0.0603 0.1195 =-0.1072  0.34%20  0.6592 ~0.5807  0.2081
0.2  0.1137 0.1161 =-0.0928  0.3398 0.6610 0.5724  0.2063
0.3 0.1611 0.1131 ~0.0801 0.3378 0.6627 0.5645 0.204T
0.4 0.1977 0.109T -0.0703 0.3360 0.6644  0.5578 0.2032
0.5 0.2395 0.1076 -0.0592 0.3343  0.6659 0.5506 0.2017

6% 0.262
v = -l o = 3
0
S ¢ Gy Cs Wy Wg X °c
0 0 0.0803  -0,0803  0.k011  0.604L  0.5895  0.2089
0.1  0.0439  0.0858 -0.0764 0.3957 0.6088  0.,583%  0.2080
0.2  0.0992  0.092T -0.0678  0.389%  0.6143  0.57T54  0.2069
0.3 0.1341  0.0958 -0.0689  0.3831 0.6199  0.5699  0.2057
0.4 0.1988 0.1035 -0.0560 0.3765 0.6258 0.5596 0.204%
0.5 0.237h 0.1057 - -0.0548 0.3681 0.6334 0.5526 0.2030
5 = 0.300
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The Base Run §. =-§

S N

=0-l,v=_l, U=l+

8q 5 t Gy G, Wy W Y °c
0.1 0 0.0603 0.1195 =-0.1072  0.3420  0.6592 0.580T  0.2081
0.2 0.1 0.2616 0.1317 -0.0018 0.3361 0.6642 0.5478 0.2022
0.3 0.2 0.3290 0.1263 0.0408  0.3318  0.6682 0.5338  0.1989
o.bh 0.3 0.3632 0.1173 0.0689  0.3291  0.67T09 0.5260  0.1969
0.5 0.k 0.37h4 0.1048 0.0895 0.3277T  0.6724 0.5231 0.1960

8 — &, = 0.1, = -, o = )

°s °N t Sy b3 Yy ¥g 1 °C
0.1 0 0.0439 0.0858 -0.076h 0.3957 0.6088 0.5834%  0.2080
0.2 0.1 0.2206 0.1240  -0.0150 0.3838  0.6193 0.5568  0.20L2
0.3 0.2 0.3488 0.1405 0.03L4T 0.3628 0.6384 - 0.5324 0.2003
0.4 0.3 0.4235 0.1383 0.073% 0.3403 0.6599 0.5150 0.1971
0.5 0.4 o0.4601  0.1255 0.1051  0.3275  0.6725  0.5056  0.1953
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3.4  The Redistributive Impact of Relative Wages

It has already been stated that the Mirrlees (1971) incentive
model has the capacity to redistribute j_._ncome through the Exchequer,
the fiscal effect in Allen's (1982) terminology, which essentially
involves a redistribution of purchasing power based solely on the shape
of the optimum tax schedqule. Within 1:113.3 same framework Sheshinski
(1972) proved that with positive labour supply elasticities
redistribution should take place from rich to poor and yield lump-sum
grants coupled with positive marginal tax rates.

Allen (1982) has!_dem'ﬁnstrated that for the present Feldstein
type framework redistribution can also take place through the
production function. Here the interdependence of labour supplies will
involve general equilibrium effects on wage rates. Such an adjustment
process he labels the production effect. An analytical appraisal
of & linear tax model enables him to show that, for the Feldstein
computations with a Cobb-Douglas production function, both the fiscal
and production effects work together to redistribute from rich to poor,
which effectively maintains the conventional linear tax schedule with
positive intercept and positive slope. All previous computational
work would appear to have reached similar conclusions.

Nevertheless Allen's (1982) two linear tax theorems indicate
that where the production effect works in the opposite direction to
the fiscal effect and dominates, we should expect a negative optimum
marginal tax rate in conjunction with a lump—sum tax. The Exchequer
may be redistributing from poor to rich but the attendant laboui'
supply adjustment leads to a relative improvement in unskilled wages
which overall makes them béffér ofjfl. ﬁis elasticity analysis posits

that a likely candidate for this outcome arises when skilled
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individuals have negative, and unskilled positive, labour supply
elasticities along with a low degree of substitution between labour
types (low o). To try and imitate such conditions it is necessary to

work with non-identical utility functions, given that labour supply

elasticities are en&'iogenous. Essentially we allow individuals to
have different consumption-leisure substitution elasticities so
e (= Eg = ;N) no longer holds.

This requires a redefinition of the calibration of social

welfare in consumption units. We propose to use the relationship
V0 Vv, 0 _
805 °(°¢, 0) + (2-81U,"(°c, 0) = Wi,

which we again wish to solve for °c. An explicit formula is not -
readily generated, so it was easier to let the computer find a
numerical solution. The NAG routine COSAZF was convenient for this
purpose. —C has of course a similar interpretation to before.

It is also of interest to examine the Allen arguments in terms
of the optimum tax with errors framework above, rather than simply
linear income taxation. This will provide a further test of the
robustness of Stern's results. However the number of tabulations will
be kept to a minimum.

Again it is helpful to define a base run set of parameter values

vhich will be fixed throughout:

-

V=“l, ES=0-5’a=OlS, R=0’ Y=l’9=0'67! B=li

We are only concerned with the influence of o and ey vhich can allow
us to generate the case where production substitutability is low,

the skilled have a negative, and the unskilled a positive, labour supply
elasticity. Empirical evidence on the non-monotonicity of labour

supply schedules is by no means clear cut. The closest distinetion is

- that between low and high pay (rather than skill). Hall (1973) and
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Metcalf, Nickell and Richardson (1976) find some support for a
supply schedule shaped as a right hand side parenthesis — the Allen
case above. However Atkinson, Stern and Comulka (1980) support a

left hand side parenthesis shape. It will become apparent that this
is an important consideration for the sﬁape of optimum-tax schedules
derived from variable wege models.

Tables 3.5(a) and 3.6(a) have the same format as earlier except
that the maximin outcome is no longer evaluated. Tables 3.5(b) and
3.6(b) provide the values of the labour supply elasticities for the
solutions of Tables 3.5(a) and 3.6(a). With ¢ = 1/’2‘ and /5 and,
ex = 1.6 in both, Tables 3.5(b) and 3.6(b) show that we are able to

simulate the circumstances where Allen suggests the production effect
will dominate.
Table 3.5(a) indicates that the welfare levels are almost

invariant with respect to § for the lump-sum case. Moreover since

O

the no tax system welfare level is C = 16900, then the welfare gains

from any form of taxation are negligible. The production effect has
brought WN/WS close to unity, and while the marginal tax rates are

negative they are rather small. This is hardly surprising given the

welfare invariance to taxation. Simila}ly for linear and non-linear
income taxation the marginal tax rates are close to zero. § = 0.1
1s in line with earlier results.
Table 3.6(a) is even more interesting. With ¢ = l/S the optimum
marginal tax rates for lump-sum are substantially negative.
Discrimination is required to be fairly accurate, approximately 96%
(E = 0.037) of individuals z:equire correct classification before
lump-sum 1is superior to inccgme taxation. However societies distributional

values do not have such a strong influence: with v = 0.97 § = 0.1

(8§ = 0.2 for Table 3.5(a)). ~Nevertheless the movement is in the
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expected direction. Utilitarianism requires less accuracy in
classification to favour a personalised tax regime (lump-sum). The
production effect has WN/Ws > 1 'for 6§ £ 0.3 and fairly close to unity
otherwise. The optimum non-linear income tax now has & marginal

wage subsidy for the unskilled and a positive marginal tax rate for
the skilled. Here, of course, the unskilled face a lump-sum tax with
GN < O. Remember also that there is noﬁ scope for unemployment: in the
present framework. This possibility :s.ta.nds in stark contrast to the
actual tax and welfare sysfem, wh-ich is often criticised for having

effectively 100% marginal tax rates for individuals at the bottom of

the income distribution, who have to rely on welfare payments. With
the reduction in o to 1/5 the welfare gains from redistributive
taxation are not inconsequential, like Table 3.5(a). The first-best
outcome yields a gain of 19.4%7 in consumption units, non-linear income
tax 19.1% and linear income tax 17.l%. The gain in going ‘from income

tax to first-best is rather small.

L

Table 3.7(a) explores the influence of the production effect in
greater detail, but only with respect to income taxation. Table 3.7(b}

provides the respective labour supply elasticities. The influence of
E, consumption—-leisure substitution ﬁossiﬁﬂiﬁiéé; ‘ié_'plart_icularly |
striking. With a linear income tax system, when o = /5, a move. from

= 1.2 changes the optimum marginal tax

€, = = 0.5, €

s~ °N S N
rate by T0% from 51% to -19%. The labour supply elasticity switch is

= Q.S to €

also clear from Table 3.7(b). Not surprisingly we witness a very

N

same parameter changes give a considerable jolt to the optimum

large relative wage effect with W, rising 47% and Wé falling 23%. The

non-linear tax solutions. The endpoint conditions switch round because
the unskilled now appear to have a higher social marginal utility of

consumption. Hence constraint (3.14b) was appropriate to evaluate
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this outcome. Finally notice that we found an optimum linear
marginal tax rate as low as -51%. It serves to underline the rather
important interactions between Allen's fiscal and production effects,
and casts doubt on Feldstein's claim that variable wage tax models

have little effect on the structure of optimum taxation.



Base run with ¢

= % and e

.

TABLE 3.5(a)

= ]_.6

N

‘Optimum Lump-Sum Taxdtion with Errors

oNoNoNoNoNe
® »
viEsFWwmPPEH O O

Optimum Non-Linear Income Taxation¥*

t

0
-0.0003
-0.0190
-0.0266
-0.0304
-0.0326

(1+MTRN) (l-MTRS)

0.9666

1.0196

W

Gy G Wy
-0.0054 00,0058 0.5120
-0,006h 0.0062 0.5127
-0.0086 <0.0011 0.5102
-0,0094 ~0.0043 0.509k
-0.0092 -0.0064 0.5092
-0.0084 -0.,0084 0.5088

GN ‘
~0.0027 0.0039

0.5208

Ys

0.517T
0.5172
0.5190
0.5196
0.5197
0.5200

Wg

0.5116

0.5072
0.5075
0.511kL
0.5130
0.5138
0.51k2

Y

0.5046

* required constraint (3.14b) and likewise for Table 3.6(a).

Optimum Linear Income Taxation

t

-0.0323

N

6 = 0.10°

G

~0.0083

Wy

0.5089

i see the notes to Table 3.1l(a).

0.5199

No tax system welfare level: <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>