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ON UNIQUENESS OF TANGENT CONES FOR EINSTEIN MANIFOLDS

TOBIAS HOLCK COLDING AND WILLIAM P. MINICOZZI 11

ABSTRACT. We show that for any Ricci-flat manifold with Euclidean volume growth the
tangent cone at infinity is unique if one tangent cone has a smooth cross-section. Similarly,
for any noncollapsing limit of Einstein manifolds with uniformly bounded Einstein constants,
we show that local tangent cones are unique if one tangent cone has a smooth cross-section.

0. INTRODUCTION

By Gromov’s compactness theorem, [GLP], [G], if M is an n-dimensional manifold with
nonnegative Ricci curvature, then any sequence of rescalings (M, r; %g), where 7; — 0o, has
a subsequence that converges in the Gromov-Hausdorff topology to a length space. Any such
limit is said to be a tangent cone at infinity of M. Compactness follows from that

(0.1) " Vol(B,(x))

is monotone nonincreasing in the radius r of the ball B,(x) for any fixed € M by the
Bishop-Gromov volume comparison. As r tends to 0, this quantity on a smooth manifold
converges to the volume of the unit ball in R™ and, as r tends to infinity, it converges to a
nonnegative number Vy,. If Vi, > 0, then M is said to have Euclidean volume growth and,
by [ChCI], any tangent cone at infinity is a metric conell

An important well-known question is whether the cross-section of the tangent cone at
infinity of a Ricci-flat manifold with V,; > 0 depends on the convergent sequence of blow-
downs or is unique and independent of the sequence. Our main theorem is the following;:

Theorem 0.2 (Uniqueness at co). Let M™ be a Ricci-flat manifold with Euclidean volume
growth. If one tangent cone at infinity has a smooth cross-section, then the tangent cone at
infinity is unique

arXiv:1206.4929v1 [math.DG] 21 Jun 2012

In fact, we prove an effective version of uniqueness that is considerably stronger. Theorem
0.2 settles in the affirmative a very strong form of conjecture 1.12 in .

The results of this paper were announced in and again in [CM3].

Theorem describes the asymptotic structure of Einstein manifolds with Euclidean
volume growth and vanishing Ricci curvature. These arise in a number of different fields,
including string theory, general relativity, and complex and algebraic geometry, amongst

The authors were partially supported by NSF Grants DMS 11040934, DMS 0906233, and NSF FRG grants
DMS 0854774 and DMS 0853501.

'A metric cone C'(X) with cross-section X is a warped product metric dr?+12 d% on the space (0, 00) x X.
For tangent cones at infinity of manifolds with Ric > 0 and Vs > 0, by [ChC1] any cross-secton is a length
space with diameter < 7.

%In fact, we prove that the scale invariant distance to the tangent cone converges to zero like (logr)~# for
some 3 > 0, where r is the distance to a fixed point.
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others, and there is a extensive literature of examples; see, e.g., [BGS], [DS], [K1], [K2],
IMST], [MS2], [MSY1], [MSY2], [TY1] and [TY2]. Most examples fall into several different
classes, including ALE spaces (like the Eguchi-Hanson metric and, more generally, non-
collapsing gravitational instantons, etc.), Kahler-Einstein metrics constructed by blowing up
divisors, or cones over Sasaki-Einstein manifolds.

Our arguments will also show that local tangent cones of limits of noncollapsing Einstein
metrics are unique:

Theorem 0.3 (Local uniqueness). Let (M;, z;) be a sequence of pointed n-dimensional
Einstein metrics with uniformly bounded Einstein constants and Vol(By(x;)) > v > 0.

If (Moo, 2o) is @ Gromov-Hausdorff limit of (M;, x;) and one tangent cone at y € M, has
a smooth cross-section, then the tangent cone at y is unique.

Similar to the case of tangent cones at infinity, the above statement follows from a stronger
effective version of uniqueness of local tangent cones.

It is well-known that uniqueness may fail without the two-sided bound on the Ricci cur-
vature. Namely, there exist a large number of examples of manifolds with nonnegative Ricci
curvature and Fuclidean volume growth and nonunique tangent cones at infinity; see [P2],
[ChCT], [CN2]. In fact, by [CN2], it is known that any smooth family of metrics on a fixed
closed manifold can occur as cross-sections of tangent cones at infinity of a single manifold
with nonnegative Ricci curvature and Euclidean volume growth provided the following two
necessary assumptions are satisfied for any element in the family:

(1) The Ricci curvature is > than that of the round unit (n — 1)-dimensional sphere[
(2) The volume is equal to a fixed constant.

Since the space of cross-sections of tangent cones at infinity of a given manifold with non-
negative Ricci curvature and Euclidean volume growth is connected and closed under the
Gromov-Hausdorff topology, it follows that if a smooth family of closed manifolds occurs as
cross-sections, then so does any metric space in the closure.

There is a rich history of uniqueness results for geometric problems and equations. In
perhaps its simplest form, the issue of uniqueness or not comes up already in a 1904 paper
entitled “On a continuous curve without tangents constructible from elementary geometry”
by the Swedish mathematician Helge von Koch. In that paper, Koch described what is now
known as the Koch curve or Koch snowflake. It is one of the earliest fractal curves to be
described and, as suggested by the title, shows that there are continuous curves that do not
have a tangent in any point. On the other hand, when a set or a curve has a well-defined
tangent or well-defined blow-up at every point, then much regularity is known to follow.
Tangents at every point, or uniqueness of blow-ups, is a ‘hard’ analytical fact that most
often is connected with a PDE, as opposed to say Rademacher’s theorem, where tangents
are shown to exist almost everywhere for any Lipschitz functions.

Uniqueness is a key question for the regularity of Geometric PDE’s; for instance, as ex-
plained in [W]: “Whether nonuniqueness of tangent cones ever happens remains perhaps the
most fundamental open question about singularities of minimal varieties”. Two of the most
prominent early works on uniqueness of tangent cones are Leon Simon’s hugely influential

3Strict1y speaking, for the construction in [CN2], one must assume strict inequality for the Ricci curvature.
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paper [S1] from 1983, where he proves uniqueness for tangent cones of minimal surfaces with
smooth cross-section. The other is Allard-Almgren’s 1981 [AA] paper where uniqueness of
tangent cones with smooth cross-section is proven under an additional integrability assump-
tion on the cross-section; see also [S2] and [H] for more references about uniqueness. Earlier
work on uniqueness for Ricci-flat metrics includes Cheeger-Tian’s 1994 paper [ChT], where
uniqueness is shown if all tangent cones have smooth cross-sections and all are integrableﬂ

In each of these geometric problems, existence of tangent cones comes from monotonicity,
while the approaches to uniqueness rely on showing that the monotone quantity approaches
its limit at a definite rate. However, estimating the rate of convergence seems to require
either integrability and/or a great deal of regularity (such as analyticity). For instance, for
minimal surfaces or harmonic maps, the classical monotone quantities are highly regular and
are well-suited to this type of argument. This is not at all the case in the current setting
where the Bishop-Gromov is of very low regularity and ill suited: the distance function is
Lipschitz, but is not even C!, let alone analytic. This is a major point (cf. page 496 of
[ChT]). In contrast, the functional A (that we describe below) is defined on the level sets of
an analytic function (the Green’s function) and does depend analytically and, furthermore,
its derivative has the right properties. In a sense, the scale invariant volume is already a
regularization of the quantity that, if one could, one would most of all like to work with.
Namely, one would like to work directly with the scale invariant Gromov-Hausdorff distance
between the manifold and the cone that best approximates it on the given scale and try to
prove directly some kind of decay (in the scale) for this quantity. However, not only is it
not clear that it is monotone, but as a purely metric quantity it is even less regular than the
scale invariant volume.

Throughout, C' will denote a constant which will be allowed to change from line to line.
When the dependence is important, we will be more explicit. M" will always be an open
n-dimensional Ricci-flat manifold with Euclidean volume growth where n > 3. Moreover,
deu(X,Y) will denote the Gromov-Hausdorff distance between metric spaces X and Y.

0.1. Proving uniqueness. Next we will try to explain the key points in the proof of unique-
ness; a much more detailed discussion can be found in Section [II

Let p € M be a fixed point in a Ricci flat manifold with Euclidean volume growth. We
would like to show that the tangent cone at infinity is unique; that is, does not depend on
the sequence of blow-downs. To show this, let ©, be the scale invariant Gromov-Hausdorff
distance between the annulus By.(p) \ B,.(p) and the corresponding annulus centered at the
vertex of the cone that best approximates the annulus. (By scale invariant distance, we
mean the distance between the annuli after the metrics are rescaled so that the annuli have
unit size; see (LHI)).) The first key point is to find a positive quantity A = A(r) that is a
function of the distance to p, is monotone A | and so for some positive constant C'

2
5
T

(0.4) —A'(r)y>C

4In addition to integrability of all cross-sections, assumed that the sectional curvatures decay at
least quadratically at infinity. This can be seen (by [C1]) to be equivalent to that all tangent cones at infinity
have smooth cross-sections.



4 TOBIAS HOLCK COLDING AND WILLIAM P. MINICOZZI 11

(The quantity A with this property was found in [C2]. Perelman’s monotone W functional
is also potentially a candidate, but it comes from integrating over the entire space which
introduces so many other serious difficulties that it cannot be used.) In fact, we shall use
that for () roughly equal to —r A’(r), @ is monotone nonincreasing and

(0.5) [Q(r/2) = Q(8r)] = Ce;.
We claim that uniqueness of tangent cones is implied by showing that A converges to its

limit at infinity at a sufficiently fast rate or, equivalently, that ) decays sufficiently fast to
zero. Namely, by the triangle inequality, uniqueness is implied by proving that

k
This, in turn, is implied by the Cauchy-Schwarz inequality by showing that for some ¢ > 0
(0.7) > 05k < o0,
k
as

(0.8) d kT <00,

Equation (0.7) follows, by (0.3]), from showing that

(0.9) D IREM) — QMK < o0
This is implied by proving that for a slightly larger e
C
0.10 <
(0.10) Q(r) < (log )1+

All the work in this paper is then to establish this crucial decay for ). This decay follows
easily from showing that for some o < 1

(0.11) QE2r)* ™ < C(Qr/2) - Q(27)) .
The proof of this comes from an infinite dimensional Lojasiewicz inequality that essentially
gives

(0.12) |A(r) — A(0)|** < C|VAP? = -Cr A,

(Here the middle equation can be ignored as we won’t explain the meaning of VA until later.)
The left-hand side of (LIT) is easily seen (using that @) is monotone) to be bounded from
above by the left-hand side of (ILI2)). To get that the right-hand side of ([ILI2)) is bounded
from above by the right-hand side of (0.I1]) is more subtle and uses that the quantity Q(r)
is defined slightly differently.

The proof of uniqueness has three parts. The first is to find the right quantities and set up
the general scheme described above. The second will be to find a way to actually implement
this general scheme. The third will be to prove the infinite dimensional Lojasiewicz inequality
for a functional R that approximates A to first order. R will actually be defined on the space
of metrics and weights. To explain how R is chosen, recall that a Lojasiewicz inequality
describes analytic functions in a neighborhood of a critical point. The inequality asserts
that the difference in values of such a function at a critical point versus a nearby point is
bounded in terms of the norm of the gradient. In particular, any other nearby critical point
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must have the same value. In our case, the analytic function will be a linear combination of
a weighted Einstein-Hilbert functional on the level sets plus the A functional. The Einstein-
Hilbert functional enters into this picture since in a Ricci-flat cone the cross-section is a
Einstein manifold and, thus, a critical point for the Einstein-Hilbert functional.

Finally, note that although @) > 0 and @ |, the rate of decay on () implies only that

(0.13) Oy < (Z @;)
Jjzk

decays like k~2¢ which in itself is of course not summable. Uniqueness comes from the
decay of () together with that

(0.14) 07 < C[Q(r/2) — Q(8r)],
which gives that
(0.15) D 0y <CkF

Jj>k

for a power 5 > 0.

0.2. Effective uniqueness. In this subsection, we will describe how our main uniqueness
will follow from a stronger effective version.

Let M™ be a Ricci-flat n-manifold and N a smooth closed Einstein (n — 1)-manifold with
Ric = (n —2).

Theorem 0.16 (Effective uniqueness). There exist €, §, 5 > 0 and C' > 1 such that if
A(r1/C) — A(Crq) < 0 for some 0 < r; < 1o and every r € [r1/C, Crq] satisfies
(0.17) day(Ba(z) \ Br(x), Ba.(v) \ B.(v)) <er,
where # € M and v is the vertex of the cone C(N), then:
(E1) Every r € [ry, 1] satisfies

(0.18) dau(Ba(z) \ By(x), By (v) \ Br(v)) < 4der.

(E2) There exists a cone C'(Np) with vertex ¢ such that for r between ry and ro

r —B
(0.19) dert(Bay () \ By(x), Bur(9)\ Bo(3)) < C'r (1og ;1) |

Note that the cone C'(Ny) in this theorem is independent of . Moreover, the Gromov-
Hausdorff distance could be replaced by the C* norm in (LI9) by appealing to [CI]. The key
in the above theorem is that the constants do not depend on r; and r5. As a consequence,
we get the uniqueness theorem stated above.

Remarks:

e [t seems very likely that, by arguing similarly, one could also replace the right-hand

side of ([@IT) by C'r [A(ry) — A(rs)]”.

e There is also a local version of this that we will not state here.
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0.3. Key technical difficulties for the Lojasiewicz-Simon inequality. The classical
Lojasiewicz-Simon inequality is proven by using Lyapunov-Schmidt reduction to reduce it to
a finite dimensional Lojasiewicz inequality on the kernel of the second variation operator. It
is critical that the kernel is finite dimensional. In [S1], the finite dimensionality came from
the functional being strictly convex in the first derivative (which was the highest order), so
that there are only finitely many eigenvalues (counting multiplicity) below any fixed level.

There are two key difficulties for proving a Lojasiewicz-Simon inequality for the R func-
tional:

(1) There is an infinite dimensional kernel for the second variation operator.
(2) The second variation operator has infinitely many positive and negative eigenvalues.

The reason for ([l is that the infinite dimensional gauge group of diffeomorphisms preserves
the functional. (2)) is similar to the situation for the Einstein-Hilbert functional, where the
highest order part of the second variation operator has opposite signs depending on whether
the variation is conformal or orthogonal to the conformal variations. () is far more serious.

Geometric functionals are invariant under changes of coordinates, so ([Il) could potentially
arise in any geometric problem, including the original ones considered in [S1], such as unique-
ness for minimal surfaces. This is overcome in [S1] by working in canonical coordinates, such
as writing the surfaces as normal graphs. Similarly, in [Yal, the author makes a canonical
choice of frames to “gauge away” ([l for the Yang-Mills functional and then directly apply
[S1]. In our setting, the action of the diffeomorphism group is more complicated and even
(@) already makes it impossible to appeal directly to [S1].

We will deal with () by using the Ebin-Palais slice theorem to mod out by the diffeomor-
phism groupﬁ This will allow us to restrict to variations that are transverse to the action
of the group. We will then analyze the second variation operator separately, depending on
whether the variation is in the conformal direction (up to a diffeomorphism) or it is or-
thogonal to both the conformal variations and to the action of the group. We will show
that, if we write the operator in block form, then the off-diagonal blocks vanish and the
kernel is finite dimensional in each diagonal block. This will be enough to carry through the
Lyapunov-Schmidt reduction and prove the Lojasiewicz-Simon inequality.

0.4. Normalizations. Our normalization is that the Ricci curvature of the (n—1)-dimensional
unit sphere 8" ! is (n — 2) and the scalar curvature is (n — 1) (n — 2).

1. THE PROOF OF UNIQUENESS

As mentioned in the introduction, the starting point for uniqueness is a monotonicity
formula from [C2], where the monotone quantity A(r) is non-increasing in r, is constant on
cones, and where the derivative A’(r) measures distance to being a cone on a given scale. We
will show that A(r) goes to its limit A(oco) fast enough to ensure uniqueness of the tangent
cone. The key is to show that

(x) A'(r) controls A(r) — A(oc0).

>The diffeomorphism group also created difficulties in [ChT], where they use a different version of the
slice theorem.
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[terating (%) will show that A’(r), and thus the distance to being a cone, converges to zero
at a rate that implies uniqueness.

In order to prove (x), we will need to introduce an auxiliary functional R. To explain this,
recall that the Lojasiewicz inequality, [L], for an analytic function f on R™ with a critical
point z gives some a < 1 so that

(1.1) [f@) = fP ™ < [V f@)I°

for all y close to z. Leon Simon proved an infinite dimensional version of this for certain
analytic functionals on Banach spaces in [SI]. We will construct an analytic functional
R that approximates A to first order and satisfies a Lojasiewicz-Simon inequality (these
properties are (1)—(5) in subsection [[L4]). Using R, we can prove (x).

In this section, we will prove the uniqueness of the tangent cones assuming properties
(1)—=(5). The rest of the paper will be devoted to proving these properties.

1.1. Monotonicity. We will next define the monotone quantity A(r). Let G be a Green’s
functiond on M with a pole at a fixed point x € M and define

(1.2) b= Gz,

With this normalization, Stokes’ theorem implies that

(1.3) TLW(A;|V6M:\bKﬁBﬂO».

Following [C2], define a scale-invariant quantity A(r) by

(1.4) A(r) = r'=" /b: Vb

Since M is Ricci-flat the third monotonicity formula of [C2] gives that

AR |?
Hessye — — ¢
n

(1.5) Al(r) = l 3 / b
2 r<b

In particular, A is monotone non-increasing and, thus, has a limitf]

(1.6) Ay = lim A(r).

T—00

As a consequence, we have that

1 [ 2
(1.7) AR) — Ay = = / rn=3 / p2—2n dr .
2 R r<b

2
Hessye — — ¢
n

60ur Green’s functions will be normalized so that on Euclidean space of dimension n > 3 the Green’s
function is r27".
In fact, an easy calculation shows (see [CT]) that A, = b2 Vol(0B1(0)); where by, is defined below.
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1.2. A brief introduction to the R functional. We will next briefly explain what the
functional R is that will appear in our Lojasiewicz-Simon inequality. This discussion can
safely be ignored as we will later return to the precise definition, including the weighted
space that R is defined on. At any rate, when restricted to the level set b = r the functional
R will be given by

(1.8) R(r) =R = — (A— 7“3_“2 /b:er:T\VbO

:2—n n —

rl—n 5 T? Ry,
_Q—H/b:r<|Vb| — n—2) |Vb).

Here R,—, is the intrinsic scalar curvature of the level set b = r. The idea behind this
functional is that R defined this way is a weighted analog of the classical Einstein-Hilbert
functional. In particular, when R is restricted to an appropriate weighted space, then the
critical points will precisely be weighted Einstein metrics.

It may be helpful to illustrate this with an example. Suppose that M is n-dimensional
Euclidean space R" so that b is the distance function |z|. Since the scalar curvature of the
sphere of radius r is (n — 1)(n — 2)r72, we get

19) R — ;_n /xzr (1_r2 (1= Yo~ z>r_2) e / _1=40)

This is a special case of that R and A agree on cones with a constant weight (see (1) below
in the subsection after the next one).

1.3. Asymptotic convergence. By [ChCl1], every tangent cone at infinity of M is a metric
cone. Below, C'(N) will always be a fixed cone with vertex v over a smooth (n—1)-dimensional
Einstein metric gy on the cross-section N with

(1.10) Ricy, = (n —2) go

Moreover, 6 = §(IN) > 0 will be a fixed small constant and we will work on scales R > 0 so
that

(1.11) des(Bay(z) \ By (2), Bor(v) \ Bo(v)) < 67 for all r € [% 23} :

where dgp is the Gromov-Hausdorff distance. In particular, by [CI], the annulus Bog(z) \
Bg(m) in M is C* close to one in the cone C(N).

We claim that as long as annuli in M are close to annuli in the cone (in the sense explained
above around (LIT)), then

(1.12) |Vb| is close to by .
Here the positive constant b, is defined by

(1.13) boo = (%) :

where Vj; > 0 is the asymptotic volume ratio
(1.14) Vi = lim r~" Vol(B,(x)) .

r—00
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To see ([LI12)), note that by page 1374 of for € > 0 fixed, there exists ro > 0 so that

for r > rg
e_<_1%_)&
OB (z) | T Vol(B4(0))

(1.16) AMHW*‘GHEﬁwy%

Since the annulus in M is C* close to one in the cone C(N) (by [CI]) and b satisfies an
elliptic equation, we get estimates for higher derivatives of b. Namely, the integral bound on

(1.15) sup <€,

< eVol(B,(x)) .

_2
’\Vb\z - (%) " ‘ gives the following pointwise bound (for a slightly larger ¢)

2

(1.17) sup < €.

Ban(e)\B g (¢)

v~ (vormmy)

1.4. The functional R and the Lojasiewicz-Simon inequality. We will next bring in
the auxiliary functional R and list its five key properties.

Given R > 0, we let gr denote the induced metric on the level set {b = R} in M. It follows
from the previous subsection that if we are in an annulus that is close to one in C'(NV), then
{b = R} is diffeomorphic to N. Moreover, the metric R~2 gg is close to the metric b2 go
and, in fact, (L3]) implies that

(1.18) / Vbl dpg-2 4, = R / |Vb| = Vol(0B4(0)) .
b=R b=R
Define A to be the set of C?# metrics ¢ and positive C*? functions w on N. Let A; be
(1.19) A = {(g,w) €Al / wdp, = Vol(aBl(O))} :
N

The set A, includes (R™2 gg, |Vb|) as well as (b2 go, boo)-

We will construct a functional R : A; — R that satisfies:
(1) R(b2 go, b)) = Ase.
(2) (b2 go,bso) s a critical point for R on Aj.
(3) R satisfies the Lojasiewicz-Simon inequality for some o < 1
(1.20) [R(g,w) = RO go.b) [ < [ViR[ (g, w),

where VR is the restriction of VR to A; and (g, w) is near (b32 go, bso)-
(4) We have

2 AR |2
(1.21) VAR(R™ gn, IVB)|* < © / b |Hessy — 20 g
F<b< 3 n
(5) We have
AB? |
(1.22) A(R) < R(R2 gp, |Vb]) + C / b [Hessye — 20 4
F<b<3E n
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Roughly speaking, (1) and (2) show that R agrees with A to first order at infinity, while
(4) and (5) show that they are equivalent to first order on (R™%gg,|Vb|). At first, this
may appear surprising since R will contain the scalar curvature and, thus, depends on more
derivatives of the metric. However, we will see that the trace-free Hessian satisfies an elliptic
equation and, thus, elliptic estimates will allow us to bound these higher derivatives by lower
order ones (see Theorem B.] below).

We will construct R to satisfy (1) and (2) in Section 2l Properties (4) and (5) are proven
in Section Bl The remainder of the paper proves the Lojasiewicz-Simon inequality (3) for R.

Remark 1.23. Roughly speaking, one can think of (4) and (5) as effective forms of (2) and
(1), respectively. Namely, when the manifold is conical, then (4) and (5) imply (1) and (2),
but with inequalities instead of equalities. The precise dependence in the error terms will be
critical for our arguments.

1.5. Decay. We will show next that (1)—(5) above implies that the tangent cone at infinity
is unique. We will first show decay of the following natural monotone non-increasing scale-
invariant integral

AR |
Hessye — —g
n

(1.24) Q@) = / i

that roughly measures —r A’(r). One important reason why we work with () instead of r A’
is that Q(r) is obviously monotone.

Precisely, we will show that (1)—(5) implies the following crucial decay estimate:

Proposition 1.25. Set § = % — 1> 0. There exists C' so that if every R € (r, s) satisfies

(CII), then -

C
(1.26) QW) < ey

1.6. Proving decay. As described in the overview, the key for proving the decay in Propo-
sition [[.25] is to establish the inequality (0.II) bounding ((2r) in terms of the decay of @
from r/2 to 2r. This will be done in a series of lemmas culminating in Corollary [[.39

Lemma 1.27. If R satisfies (ILTT), then
(1.28

)
oo 2 2—a
(/ Tn—3/ b2—2n d’f’) < C/ pm
R r<b RSbSBR

Proof. Using (7)), then (1) and then (5) gives

p |2

Hessye — —g
n

2
Hessye — — g
n

I 2 2
— / P / b>"?" |Hessye — ——g| dr = A(R) — Ay = A(R) — R(b22 g0, bso)
2 R r<b n
AR
(1.29) < R(R2gr, |Vb|) — R(b:2 g0, boo) + C b~ |Hesspe — — ¢
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On the other hand, (3) and (4) give that
|R(R™?gr, |Vb]) — R(b7 9o, beo)|

2—a

AR |2

(1.30) <C b™" |Hesspe — —g
. n

Raising ([L.29) to the power 2 — «, using the convexity of ¢ — ¢? for p > 1 so that
(1.31) (a+b)P <2P71(a? +b°) for a,b >0 and p > 1
with p = 2 — «, and then using (L30]) gives

- 9 9 2—« b2 2
/ =3 / p2—2n Hessy — — g| dr <C / b™" |Hesspe — —— ¢
R r<b n Lp<if "
2—«
AR P
(1.32) +C (/ b™" |Hessy — ——g ) :
B<p<3R "

2
—n a7
sr 0" |Hessyp — = g‘ is

bounded, we conclude that
(1.33

)
/OO Tn—3 / b2—2n
R r<b

Lemma 1.34. Given R > 0, we have

(1.35) / 3 / b2
R r<b

2
Proof. Within this proof, set f = ‘Hessbz — ATI’Z g‘ to simplify notation. We have

[eS) 0 21t R
/ ,r,n—3 / b2—2n fd?" — E / ,r,n—3 / b2—2n fd?"
R r<b =0 2] R r<b

(e o]

27+ R
N\ n—3 _
S ot B f
2 R 2i+t1 R<h<29t2 R

Jj=0

_ Z (2] R)TL—Q / b2—2nf )
2i+1 R<H<2it2 R

=0

AR |
Hesspe — — ¢
n

2
Hesspe — — g
n

2 2—a
dr) <(C / b~
F<b< At

2

dr >4 "Q(2R).

2
Hessye — — g
n

(1.36)

v

On the interval 271! R < b < 272 R, we have that

‘ . 2] n—2
(1.37) (27 R)" 0?2 = p ( bR) > 42 mpn,
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We conclude that

[e.e]

(1.38) / s / B fdr > 4Ty / b f =4 Q(2R).
R r<b =0 J 2+ R<b<2i+2 R

U
Combining Lemmas and [[34] gives the inequality (0.IT):
Corollary 1.39. If r satisfies (ILTT), then
(1.40) Q2r) ™ < C(Q(r/2) - Q(2r)) .
Proof. Combining Lemmas and [[34] gives
(1.41) Q21 < C / b [Hesse — 22 0| = ¢ (Q0r/2) — 02r)
I<b<or n
U

The decay estimate for Q(r), i.e., Proposition [[25] will follow easily from Corollary
and the following elementary algebraic fact:

Lemma 1.42. If0<a<b<1,a€(0,1), and > < C' (b — a), then
(1.43) a® -t > O,
where C' depends on v and C".

Proof. Since a < 1 and 0 < a < b < 1, the fundamental theorem of calculus gives

b
a® == (1-a) / t*?dt < (1—a)(b—a) max {t*?|t € (a,b)}

(1.44) (1) (b—a)a?> U g/“) ,

where the last inequality used the hypothesis that a?>=® < C" (b — a). O
Proof of Proposition[1.23. Given j so that r = 2 (47) satisfies (LI1), then (L40) gives
(1.45) QU <O (QW) - Q™) ,

where C” is independent of j. Applying Lemma with a = Q(47) and b = Q(47) gives
(1.46) QU — Q)1 > O

Therefore, if r = 2 (47) satisfies (LI for j; < j < jo, then iterating this gives

(1.47) Q)™ > QU T + O (j2 — i) -

If we set g = ﬁ — 1, then § > 0 and (L47) gives

(1.48) QU < C (2 — )™ = Clja— 1) .

Using the monotonicity of @), we conclude that if every R € (r, s) satisfies (LTT), then
(1.49) ¢

) <
(s) < | log(s/r)|P+t
completing the proof.
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U

1.7. Distance to cones. Let the point y € M be the pole for the Green’s function. Follow-
ing definition 4.2 in [C2], define the quantity O, to be the scale invariant Gromov-Hausdorff
distance from the annulus

(1.50) B (y)\ Bz (r) € M

to the corresponding annulus centered at the vertex in the closest metric cone. Here, we
have divided by by since the function b is not asymptotic to the distance function r, but
rather to by r. Thus, if ©, < ¢, then there is a cone C, so that

T
(1.51) den (Bl% 1)\ By (z) © M, Ba \ Byr. C or) <e,

where the balls in C, are centered at the vertex of the cone C,.
We need the following fact which follows from |[ChCI]: Given p > 0, there exists C,, so
that

(1.52) X < C, [Qr/2) — Q(8r)] -

(In the current case, where we already know that we are close to a fixed Ricci-flat cone with
smooth cross-section, this can also be proven directly using the estimates from Section Bl)

The last properties of ©, that we will need are the following criteria for uniqueness (cf.
Theorem 4.6 in [C2]) and an effective version of it that follows afterwards:

Lemma 1.53. If Zj‘;l O, < 00, then M has a unique tangent cone at infinity.

Proof. To keep notation simple within this proof, we will argue as if b,, = 1. For each j, we
get a cone C; so that

(1.54) dGH (B42j (l’) \ ng (ZL’) C M, B42j \ng C C]) <2 @2j 2j .
Let A; denote the annulus Byj+1 () \ By (z) C M and define the rescaled annuli A; by
(1.55) A; =277 4;.

Since two cones that agree on an annulus must be equal, it suffices to prove that the sequence
A; is Cauchy with respect to Gromov-Hausdorff distance. This will follow from the triangle

inequality once we show that the sequence dGH(flj, A;41) is summable.
The bound (L54) implies that

(1.56) daw (A, Bo\ By C C)) = 277 dgy (A}, Byiri \ By C C;) <20y,

(1.57) den (Aji1, Bo\ B1 C Cy) =277 day (Aji1, Baer \ By C Cj) < Oy .
Combining these bounds with the triangle inequality gives

(1.58) dar(Aj, Aj1) < dgu (Aj, Bo\ By C C)) +dan (Ajy1, Ba\ By C C)) <30y .

It follows that the sequence dGH(flj, fljﬂ) is summable, completing the proof. 0

We will also use the following effective version of Lemma [[.53]
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Lemma 1.59. Fix R > 0. Let A; denote the annulus Byj+1 () \ By g(7) C M and define
the rescaled annuli A; by

- 1
(1.60) A= TR A
Given integers j; < ja, then
J2
(1.61) sup {dGH A i <i,j< 92} <3 Z O Rb., -
j=j1
Proof. This follows as in the proof of Lemma U

1.8. Uniqueness. Uniqueness will follow by combining Lemma [ 59 with the following mod-
ification of Theorem 4.6 in [C2].

Proposition 1.62. There exist C, 3 > 0 so that if every r € (R, 2™ R) satisfies (ILT1]), then

(1.63) Z Oy p < Cj;”
J=j1
Proof. By scaling, we may assume that R = 1.
Given any p > 0, v > 0, and j; < jo, Holder’s inequality for series gives

(1.64) > 6y < (Z o 2+M> (Z (j—v)?iﬁ> -

J=j1 J=i Jj=1

The series in the last term is summable whenever we have

(1.65) (“—“) > 1

1+p

To bound the remaining term, we bring in (L52) to get
(1.66) i @2+u 2t < ¢ i 2] 1 (2j+3)} jv(2+u)'

J=n 1=1
By assumption, every r € (1,272) satisfies (L), so Proposition gives for j < jp
(1.67) Q) < 0,
so Lemma below applies as long as
(1.68) YR2+p) <1+75.

Since 3 > 0, we can choose > 0 and v > 0 so that both (LG3) and (L68]) are satisfied.
Therefore, we get that (L66]) is bounded by

(1.69) Z @212 < ¢ Z Q1) — Q(27¥)] j7 @ < ¢ jyGHI-1-8

J=j1

The preceding proposition used the following elementary lemma for sequences:
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Lemma 1.70. Suppose that § > 0 and {a;} is a monotone non-increasing sequence with

(1.71) 0<a;<Cj 7,
For any positive integers k and m and constant v € [1,1 + /3), then we have
N » B+1 4
Proof. Given N > m, we have
N N N+k
la; —aji) 3 = a; 3" = > a;(G— k)
j=m j=m j=m+k
m-+k—1 N+E N
(1.73) = > = Y a( -k Y a4 (-G -k
j=m J=N+1 j=m+k
Using (L7I) and noting that j¥~!17 is decreasing in j, the first sum is bounded by
m+k—1 m-+k—1
(1.74) d ar<c Y P <Chm T
j=m j=m

To prove the lemma, we have to handle the last sum in (L73). Since v > 1, the fundamental
theorem of calculus gives

J
(1.75) j”—(j—k;)”zy/ 't < kvivt.
j—k

Putting this in, then using (IL71]), and then noting that v — 2 — § < 0 gives

N N N
Z a; ("= —-k)") <kv Z a; jV—l <Ckv Z ju—z_g
j=m+k jmmtk Pt
> Ckymy—1-°
L <Ck gy = 22
o = kv /m B+1—v
where we used that v — 2 — 8 < —1. 0

We are now ready to prove uniqueness assuming that we have a functional R that satisfies
(1)—=(5). The rest of the paper will then be devoted to constructing R and proving (1)—(5).
Proof of Theorem [0 assuming (1)-(5). We start by choosing constants § > 0, j; and € > 0:

e Fix § > 0, so that (1)-(5) hold on any scale 7 that satisfies (LIII).
e Proposition [[62 gives C, § > 0 so that if every r € (R, 2™ R) satisfies (I.IT]), then

(1.77) S eur<Ci”.
J=i
Fix an integer j; = j;(C, ) so that C’jfﬁ_ < 0/100.
e Using [ChCI], fix € > 0 so that if A(r/2) — A(8r) < ¢, then O, < §/100.
Suppose now that R > 0 and an integer m > j; satisfy:
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(A) Every r € (R, 27" R) satisfies (ILIT)) with §/100 in place of 6.

(B) A(R/2) — A(2™3 R) < e.

Suppose that k € [j;,m — 1] . If r € (R, 2% R) satisfies (LII)) with &, < §/2 in place of d,
then (B) and the triangle inequality give that r € (R, 2! R) satisfies ([L1I]) with
(1.78) 5, +36/100 < §

in place of 9. In particular, we can apply Proposition [[.62] on this stretch to get that

(1.79) > Oy < Cy” < 5/100.
J=J1
Consequently, Lemma and the triangle inequality give that r € (R,2*"! R) satisfies
(TCIT)) with 49/100 < § in place of §. Since this bound is independent of k, we conclude that
it holds on the entire interval (R, 2™ R).
We can use this to prove both the global uniqueness theorem (Theorem [0.2]) and the

effective version. To prove Theorem [0.2], use the monotonicity of A to pick some large R so
that (B) holds for every m. It follows that (LII)) holds on the entire interval (R, o0) and

(L79) gives for j > j; that

(180) Z Oy < 75_5 < 0.
J=j

This implies uniqueness by Lemma [[L53} combining it with Lemma [[L59 gives the rate of
convergence.

O
We will next describe the modifications needed for the effective version of uniqueness.

Proof of Theorem[0.18 The first claim (E1) follows as in the proof of the uniqueness the-
orem, with (A) and (B) in the proof now given by the assumptions instead of by taking
R sufficiently large. Furthermore, arguing as there (see (L80) and Lemma [[.59) gives an
“effective Cauchy bound” for r| <r < s < ry:

1
s

1 N\ P
W80 dan (3 (Ba(o)\ Bi(e) ] (Bu(o)\ Bua))) <€ (10wl )
1
Thus, we get that the maximal scale-invariant distance between any of these annuli decays
as claimed. Finally, (L79)) gives that O, also decays like a power of log % so these annuli are

close to an annulus in a fixed cone. O

2. FUNCTIONALS ON THE SPACE OF METRICS AND MEASURES

In this section, we will define the functional R and verify properties (1) and (2) of R. Recall
that gy is a fixed Einstein metric on an (n—1)-dimensional manifold N with Ricy, = (n—2) go,
A is the set of C*# metrics g and positive C?# functions w, and A; C A are the ones
satisfying the weighted volume constraint

(2.1) A = {(g,w) e A /Nwdﬂg - v01(aBl(0))} .
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As we saw, (022 go,bs0) € A;. The tangent space T to A is given by the set of symmetric
2-tensors h and functions v, with (h,v) being tangent to the pat

(2.2) (g+thwe?).

The linear space 7 comes with a natural inner product

(23) <(h1, ’Ul), (hg, U2>>(g,w) = /N {(hl, h2>g + U1 ’02} wd,ug .

Lemma 2.4. The variation (h,v) is tangent to A; at (g, w) if and only if

(2.5) /N (% Tr(h) +v) Wy = 0.

Proof. This follows immediately from integrating

(2.6) ((we™) dug+th)/ = (% Tr(h) + v) wdjg .

O

The functional R will be a linear combination of two natural functionals on A given by

(2.7) Alg.w) = [ wdn,.

(2.8) Blg, w) = /Nngd,ug.

where R, is the scalar curvature of the metric g. The coefficients of A and B will be chosen
so that R satisfies (1) and (2).

The next proposition computes the first derivatives of A and B at (g, w).

Proposition 2.9. Given one parameter families g + th and we', we get

(2.10) A’:/N{w2 <%Tr(h)—|—v) —|—2w2v} wdpy,

(211) B = /N {—(Ricg,h> +(h, H‘jj% - Tr(h)% +R, (1 Tr(h) +v)} wd,.

2

/
Proof. Since [(w et”)z} = 2w?v, the first claim follows from the formula (Z6) for the deriv-
ative of the weighted volume form. Using Lemma [A. Tl and (2.6)), the variation of B is

po [ (e, (100 0)) v

(2.12) = /N { (—(Ricy, h) + 6> h — ATr(h)) + R, (% Tr(h) + v) } wdp, .

8This normalization simplifies some later computations.
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This almost gives what we want, except that two of the terms have derivatives applied to h.
We will integrate by parts to take these off. Namely, Stokes’ theorem gives that

(2.13) /wATr(h)dug:/ Tr(h) Awdp,,

N

(2.14) /w52hdug: —/<vw,5h> dug:/(h,Hessw>dug.
N N N
U

The next corollary uses the first variation formulas to choose a linear combination R of A
and B so that R(b32 go, bes) = Ao and (go, bso) is a critical point, i.e., (1) and (2) hold.

Corollary 2.15. Given b, > 0, the pair (b2 go, bs) is a critical point for the functional

(2.16) REQin (A—(n?2)>

restricted to the subset A; and, moreover, R (b2 o, boo) = Aco-

Proof. To simplify notation, set g = b2 go. Since gy is Einstein with Ric,, = (n — 2) go,

(2.17) Ry =02 Ry, =b% (n—1)(n—2),

(2.18) Ric; = b2 (n —2) 7.

Hence, at (g, by ), Proposition gives that

(2.19) A =202 / v dug = —b>, / Tr(h) dyg
N N

(2.20) B' = —by / (Ricg, h) dpg = (2 —n) b, | Tr(h) dug,
N N

where the first two equations used that the integral of Tr(h) + 2v is zero because of the
weighted volume constraint. This gives the first claim.
For the second claim, observe that

N

(2.21) — (2 —n)b / boo djig = (2 — ) B2 Vol(0B1(0)) = (2 — n) Awe .

U

2.1. The gradient of R. We will next compute the gradient of R as a functional on the full
space of metrics g and weights w. The starting point is the following lemma that computes
the directional derivative of R.

Lemma 2.22. Given one parameter families g + th and we®, we have

(2—n)R’=/N{<3w2—n}ig2) <%<g,h>g+v)+<<51_Cg2—w2g),h>g} w dyug

(2.23) + ! /N(((Aw) g — Hessy,) , h)gdpg .

n—2
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Proof. 1t is convenient to set ¢ = (1 Tr(h) + v). Proposition 2.9 gives

(2.24) A':/ {w2¢+2w21}}wd,ug:/ {3w* ¢ —w? (g, h)} wdp,,
N N

Hess,, A
(2.25) B’:/ {—<Ricg,h>+<h, s >—Tr(h)—w+Rg¢} wdpy .
N w w
Using the equations for A" and B’ gives
B\ R Ric
A— _ 2 1Yy 9 2
(=772) = [0 =725) o= (T o) o

(2.26) + " i 5 /N<((Aw) g — Hess,,) , h) dpg .

O

The previous lemma computed the directional derivative of R. To get the gradient, we
need to write it in terms of inner products for a fixed background metric g.

Lemma 2.27. If h and J are symmetric 2-tensors, while g and g are metrics, then

(2.28) (h, J)g = (h,W(J))g,

where W is the mapping defined by [V(J)];; = Gikg"" Jumg™ Gej . If g = G+ t h, then
d _pn —m

(2.29) 7 oo (D)ij = Jf; = hip 8 T — JimG™ B

Proof. Expanding the first expression out, we have

(2.30) (hy J)g = hijJeng™ g™ .

On the other hand, we get
(h, \I’(J»g = hpquigqj [\II(J)]Z] = hpquigqj gikgknjnmgmégﬂj
(231) = hpq 5pkgkn']nmgm55€q _ hk@gknjnmgmz )

Suppose now that we have a one-parameter family of metrics ¢ = g+t h and both ¥ and J
depend on t. Differentiating at t = 0 and using that W is the identity at t = 0 gives

[W(J);] = Ji/j + Gik (glm)/ Ing + Jim (gmz)/gej

(232) - JZ/] - hip gpn Jnj - imgmp hpj ’
where the last equality used that (gmé)/ = —g™h,,g?" (and the corresponding equation for
the derivative of g"). O

We will apply Lemma 227 with § equal to the background metric § = b2 go. The next
corollary uses the lemma to calculate the gradient of R on the space of all variations; later,
we will project this onto A;.

Corollary 2.33. The gradient of R at (g, w) is given by

(2.34) (2—n)VR = (%(bl\lf(g)—i-\lf(J), qbl) v,
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where we define functions v and ¢; by

(2.35) y— W ydetly)
' boo \/det (b2 go)

R
(2.36) 1 =3w’ — —,
and we define the 2-tensor J = J; + J, by
Ric
2. = —Z —uw?
(2.37) Ji s w9,
1 A H
(2.38) Jy = ( - ess‘”) .
n—2 w w

Proof. Given one parameter families g + th and w e, Lemma [2.22) gives that

2 n)R = /N {¢1 (%(g, h>g+v) iy h)g} wdp,
(2.39) = /N {%% (9. h)g + (S h)g + U} Voo diy 24, -

Lemma 2.27] gives the corollary.

For the next corollary, it is useful to define the functional A; by

(2.40) Ai(g,w) :/ wdpy .
N
The next corollary computes the gradient of Aj.

Corollary 2.41. The gradient of A; at (g, w) is given by VA; = (

(2.42) y = W/ detly)

det(b32 go) .

U(g),1) v where

1
2

Proof. Given one parameter families g + th and we™, differentiating A; gives

, 1 1
(2.43) Ay = / (5 (9, h)g + U) wdpy = / <§ (g, h)g + U) Vboo dptyz2,, -
N N

Lemma 2.27] gives the corollary.

3. PROVING PROPERTIES (4) AND (5)

In this section, we will show that when R is applied to the level sets of b, then it satisfies
properties (4) and (5). A key for both of these will be to show in the next subsection that

an L? bound on the trace-free Hessian of b? implies scale-invariant C'! bounds.

As in section [T will assume throughout this section that we are working on a scale R

where the Hessian of b? is almost diagonal and |Vb| is almost constant.
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3.1. C' bounds on the trace free Hessian.

Theorem 3.1. There exists a constant C' so that

AY?
(3.2) |Hesspz — TgHzCl(b:R) <C ﬂ b"
E<p

3R
<55

<
where || - [|c1p=p) is the scale-invariant C'-norm on M at b = R.

7

Here, “scale-invariant” means measured with respect to the rescaled metric R=2 g, where
gr is the induced metric on the level set b = R. Namely, at b = R

2 2 Ab2 2
\V4 {Hessbz - —g} <C / b~
n F<b< B

Hessye — — g| + R?
n
We will need the following Bochner type formula for the Hessian in the proof.
Lemma 3.3. We have
(3.4) (AHessw)jk = (Aw)jx + 2 R;jowic -

AD? |
Hessye — — ¢
n

Proof. Let w be a function and e; an orthonormal frame. The definition of the curvature
tensor gives

(35) wl]k) - wzk] = v[ek,ej}vw + R(ek’ e])vw .

To simplify notation, we will assume that the e;’s are coordinate vector fields (so that the
brackets all vanish) and that we are working at a point where V.,e; = 0 for every i, j.
Since V.,e; = 0 at this point, the Laplacian of the Hessian is

(3.6) AHess,, = V., V., VVw,
and combining this with V.,e; = 0 at the point gives
(3.7) (AHessy ), = (Ve, Ve, Ve, Vw, ex) — (Vv v..e; VW, ep) .

Using the definition of the curvature and the properties of the e;’s, we get at this point

(Ve Ve, Ve, Vw, er) = (V,, (VejVein + Viere;) VW + R(es, ej)Vw)) )

(3.8) = (Ve,Ve, Ve,V 4V, Vi, e )V + R(ej, ¢;)(Ve, Vw) + Ve, (R(e;, e5) Vw), ex)
= (Ve, Ve, Ve,V + Vo, Vi, eV, er) + Rijoewie + RijnkWin

where the last equality used that Ric = 0 and, by the second Bianchi identity and Ric = 0,

(3.9) (VR)iijnk = 0.
Since [e;, e;] vanishes at the point, we have V., Vi, . |Vw = Vv, [ene;] Vw and we get
(3.10) (VeiVEiVGij, €k> = <VejVeiVein + Vvei [ei,ej}Vw, 6k> + 2 Rijgkww .

On the other hand, Ric = 0 implies that VAw = AVw, so we have
(Aw)jr = (Ve,VAw, ;) = (Ve,AVw, er) = (Ve, (Veivein — Vveiein) , €k
(3.11) =(Ve; Ve, Ve,V — Vv, Ve,e, VU, ek) -
Combining this with (3.7)) and (BI0) gives
(AHessw)jk — (Aw) i, = 2 Rijoxwie + (VVEZ. ere) VW = Vg, v,.e; VU + Vvejveiein, ex) -
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To complete the proof, we observe that
(312) Vei [ei, 6]'] — Veiveiej + VejVeiei = —VeiVeje,- + Vejveie,- =0
since M is Ricci flat. U

Proof of Theorem [31. Set By, = Hessy> — %’2 g, so that By is trace free. Since Ab? = 2n |Vb|?,
we have

(3.13) By, = Hessy — 2|Vb|*g.
Since M is Ricci flat, a computation from [C2] (see Lemma [B.I1)) gives

(3.14) 7 AIVHP = 5| Buf? + (20— 4) By(Vb, V)
Lemma [B.4] gives

(3.15) bV |Vb|? = B,(VD),

so we know that

(3.16) Vb ® V|Vb|* + bHessjyy2 = V(B (VD))
We rewrite this as

(3.17) b* Hess|ypz = b V(By,(Vb)) — Vb @ By, (V).

Thus, using Lemma B.3] we compute
b* AHessye = b° Hessapz + 2% Rijo (0%)ie = 2n0” Hessjpppz + 2% Rijor(b)ie

(3.18) =2n {bV(B,(Vb)) — Vb ® By(Vb)} + 2% Rijer(By)ie
where the last equality also used that Ric = 0 to get that
(3.19) Rijor(Bp)ie — Rijor(b%)ie = —2|Vb|* Rijox gie = 0.
On the other hand, the metric is parallel so we have
(3.20) A (2|Vb2g) =29 AIVD = b% (1Bol? + 4(n — 2) By(Vb, VD)) .
Combining these, we see that

b* ABy, = 2n {bV(By(Vb)) — Vb ® By(Vb)} — {|By|* + 4(n — 2) By(Vb,Vb)} g
(3.21) + 20 Rijoe(Bp)ic -

Using this, noting that By, is trace-free (so its inner product with g is zero), and using that
b? R; o, is bounded by a constant C' (since we are close to a fixed cone), we get the differential
inequality

1

5 A B =1 |VBy|* + (* ABy, By)
(3.22) > b2 |VBy|* — 2n|By| {b|VBy| V| + | By|b|Hessy| + |Vb|* |By|} — C | Byl .
Using the a priori bounds for |Vb| and b|Hessy|, and the absorbing inequality, we get

1 1
(3.23) §b2A |By|* > b? |VBy|* — C1|By| b|VB,| — Cy | By|* > 5b2 IVB,|> = C% |B,J* .



UNIQUENESS OF TANGENT CONES 23

We will use this twice. First, this differential inequality allows us to use the meanvalue
inequality to get the desired pointwise bound for \Bb\2. Second, using a cutoff function
1 > 0 with support in the annular region and arguing as in the reverse Poincaré inequality;,
we have

2
= [aie @V 1BE) = [ (19 - 20— a0Vl 5] V5 )

1
20 = [ (s -acyBh s joieime) .

Since we are on the scale R, we have |[Vn| < % ¢ and b~ R, so this yields

(3.25) Rz/ VB> < C | By)?
3R <p< 5B

3R <p<3

NI:,

1 ==
We will again use the meanvalue inequality to go from this integral bound to a pointwise
bound for |V B,|. We start with the “Bochner formula” for A |V B,|?

(3.26) A VB >2|VVB) — = |VBb| +2(V By, VAB,),

where the constant C' comes from a scale—lnvarlant curvature bound for M which holds
because it is C® close to a fixed cone on this scale. Bringing in the formula ([B.21]) for AB,
and the a priori bounds that hold since M is close to conical on this scale, we see that

(3.27) b [VAB,| < C {|VBb| +b |[VVBy| + B, ; ‘}

Using this in the Bochner formula (3.:26) and using the absorbing inequality as before, then
allows us to use the meanvalue inequality to get the desired bound on b |V B,|. O

3.2. The proof of property (4). As in the previous section, the functional R is given by

(3.28) R= 1 (A— (nf2)> .

The next proposition verifies property (4) for the functional R.

Proposition 3.29. There exists C' so that
2

Ab?

(3.30) IViR(R™? gk, |Vb|)\2 <C / b™" |Hessy — —9
T bt

To prove this, we will first give a pointwise bound for VR for metrics g that are in a
fixed neighborhood of b2 go.

Lemma 3.31. If (g, w) is in a sufficiently small neighborhood of (b2 gy, bso ), then
(3.32) [ViR| < C sup (|Ricy — (n — 2)w® g| + [Hess,| + [Vuw]) .

Proof. Within this proof, we will write | - | for pointwise norms and || - || for L? norms, while
(-,-) will be the L? inner product.
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The space A; is a level set of A;, so the projection V1R of the gradient VR is

VA,
3.33 ViR=VR - (VR,VA) ———
( ) 1 < ’ 1> ||VA1H2 )
where Corollary 2.41] gives that
1
(3.34) VA = (5 U(g), 1) v.
By Corollary 2:33] the gradient of R at (g, w) is given by
(3.35) (2—n)VR = ¢ VA + (V(J),0) v.
Here v, ¢y and J = J; + J, are given by
\/det
(3.36) y o wydetly)
boo v/ det (b2 go)
(3.37) ¢ = 3w? — i ,
n—2
_ Riey 2
(3.38) Jl_n—Q wyg,
1 A Hess,,
(3.39) Jy = ( Wy 298 ) .
n—2 w w

Since ¥ is a bounded operator, w is bounded above and below, and v is bounded, we get
the pointwise bound

(3.40) [(¥(J),0) v| < C1J| < C (|Ricy — (n —2)w?® g| + [Hess,|) .
To bound VR, we combine the above with a bound on the projection of ¢; VA, given by

VA, VA, VA
3.41 VA — VA, VA)) ——— = — VA;.
I T CRICT T  A
However, since VA; is bounded, we can bound this by
VA,
(342) C (bl — % < C (Sup ¢1 — inf ¢1) .
N

Using the definition of ¢, we can bound this by a multiple of the supremum |[Vw| +
|Ric, — (n — 2)w? g|. O

Proof of Proposition[3.29. Set g = R~2 gg, where gp is the induced metric on the level set
b = R and set w = |Vb|, where V is the gradient in M; V7 will denote the tangential
gradient on the level set. We can assume that g is close to b2 go and w is close t0 bu.

It follows from Lemma B.31] that

(3.43) IViR| < C sup (‘Ricg — (n—2)w?g| + |Vywl, + |Hessw7g|g> :

To complete the proof, we will show that the right hand side of (8:43)) can be bounded by
the scale-invariant C'! norm of the trace-free Hessian Bj, of b and then appeal to Theorem
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3.1 The first observation is that at b = R

1

(3.44) Vwl? = R [VTw|” = R? [V |Vb||* = T [(By(m))T |,
so we see that |V, wl, is bounded by the C° norm of trace-free Hessian of b%. Similarly, differ-
entiating the equation 2R V7 |Vb| = B,(n) shows that the tangential Hessian of w is bounded
by the C* norm of By. Finally, Lemma [B:33] gives the desired bound on |Ric, — (n — 2)w?g|.
O

3.3. The proof of property (5). We will let gp denote the induced metric on the level
set {b = R} in the manifold M. The main result in this section is the following proposition
which verifies property (5):

Proposition 3.45. There exists C' so that

AR |
(3.46) A(R) < R(R~2 g, |V]) + C b | Hessys — Tb g

R 3R
2 Sbhsr

The next lemma expresses R(R™2 gg, |Vb|) in terms of A(R) and an integral that vanishes
when B, is zero. This must be since R and A agree on cones. To prove the proposition, we
must show that the error terms either have the right sign or are at least quadratic in B,.

Lemma 3.47. We can write R(R™? gg, |Vb|) as

R 2 |By(m)[* — |By|”
(3.48) A(R) + p— /b:R {— By(n,n) + (n = 2) Vb2 V| .
Proof. We have
(3.49) A(R) = R'" / Vbl
b=R

On the other hand, we have
R?Rp

(3.50) R(R™? gg, |Vl]) = % R /b:R { (n—2)

where the scalar curvature Ry of the level set is given by Lemma [B.20]

_ |Vb|2} v,

1 1
(3.51) b |Vb* Rg = (n—1)(n —2) |Vb|* — (n — 2)|Vb|* By(n,n) — 1 |B,* + 3 |By(n)* .
We see that at b= R
R? Rp 2 |Bym)|” — | By
(n—2) 4(n —2) |Vb|?
After dividing by (n — 2) the first term on the right gives us A(R), giving the lemma.

(3.52) — |Vb]? = (n —2) |Vb|* — By(n,n) +
U
Proof of Proposition [543 Using Lemma BT, we can write R(R™2 gg, |Vb|) as

R 2 [By(n)|”* = |By|”
(3.53) A(R) + n_2/b:R{—Bb(n, )+ = o }|Vb|.
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Since |Vb| By(n,n) = b (V|Vb|? n), we see that

(3.54) R-" /b_R{—Bb(n, n)} |Vb| = —R*™" / (VIVb2,n) = —RA'(R) > 0.

b=R
Substituting this back into (3:55) and throwing away the (only helpful) |B,(n)|* term gives

; R i
(3.55) R(R™2 gg, |Vb|) — A(R) > _n—2/b:R{m}Wb"

We conclude that
2

Ab?
n—1

Hessye —

(3.56) A(R) < R(R % gg, |Vb|) +CR'"™ / g

b=R

Finally, the proposition follows by using Theorem B.1] to estimate the last term. U

4. SECOND VARIATION OF R AND THE LINEARIZATION OF THE GRADIENT OF R

The rest of the paper will be devoted to proving the Lojasiewicz-Simon inequality (3) for
R. We will need to understand the linearization Lz of the gradient VR of the functional
R restricted to A;. This is equivalent to understanding the second variation of R. The
operator Li will behave quite differently on different subspaces of variations, just as for the
second variation of the classical Einstein-Hilbert scalar curvature functional.

Throughout this section, we will assume that
(4.1) (b2 go +th,bye™) € A

is a variation. As in the previous section, go is an Einstein metric with Ric,, = (n — 2) go
and b, is a positive constant. Where it is clear, we will omit the subscript ¢ from g and v.

We will first compute the second variations of A and B and then combine these to get the
second variation of R on two important subspaces. Roughly speaking, this will determine
the two on-diagonal blocks of L. In the last subsection, we will show that the remaining
(off-diagonal) blocks of Lz vanish.

4.1. The second variation of A.

Lemma 4.2. The second variation A” = % ‘t:(] A(b2 go + th, by €™t) is

1 1 2R T
(4.3) biO/N{ZlU <§Tr(h)+21))+<§Tr(h)+v> + 6v —%4— (2 )} Apty2 g, -

Proof. To simplify notation, set g = b gy + th. Proposition gives

(4.4) A'(t) = b2 / {ezt” (% Tr(h) + v+ tv’) + 2(v + tv') ezt”} e dpg .
N

At t =0, the term in curly brackets becomes

(4.5) (% Tr(h) + v) +2v.
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Since we also have
(4.6) (Te(h) = (g7hy;) = Te(W) — |R]?,

differentiating A a second time at t = 0 gives

" 2 N B2
(4.7) % = / { (% Tr(h) + v) + 4 (% Tr(h) + v) + w + 40? + 61/} dtg, -
00 N

O

4.2. The second variation of B.

Lemma 4.8. The second variation B” = d—2‘ B(b2 go + th, by €™t) is

B”:boo/N{bgo(n [n—l ( )—2Tr(h)] (%Tr(h)+v)
1

- <V(5h), h> <Ah h) <HessTrh, h) + Rzkjghkgh”

4 (h, Hess,) — Tr(h) Av + (8°h — ATe(h)) (1

L )

n—3

(4.9) +02 (n —2) ( (Te(R') — |h|?) +2(n — 1) v’)} dpy—2

Proof. To simplify notation, set g = b go + th. Proposition 2.9 gives that B (t i

) Hesstv Aet? Tr(h , "
(4.10) /N {—(Rlcg,h> + (h, oo ) — Tr(h) i + Ry < é ) —I—v+tv)} e dug .

At t =0, Ricg, = b2 (n — 2) go and the term in curly brackets is equal to
1
(4.11) —b% (n—2)Tr(h) + b2, (n—1)(n —2) (5 Tr(h) + v) :

Using Lemma [A] and Ricz, = b2, (n — 2) go, we get at ¢ = 0:
(4.12) (g7) = —h",
(4.13) R, =6"h— (Ricg,, h) — ATr(h) = 6> h — b2, (n —2) Tr(h) — ATx(h),

1
Ricgj = 5 (V (5 h) +V, (5 h) + RlC,kth + Rlcjkhlk Ah,j — HessTrh) — Rikjghkg

1
(414) = 5 (VZ((S h)] + V]((S h)l + 2 bgo (n - 2) hij - Ahw - HessTrh) - Rikjghkg y
1
(Hessetv);j = Hess, — 3 <VZ- (Hessero) 5, + Vj (Hessern )y, — Vi, (Hessew)ij) Ve
15 = Hess, .
4.1 H

(In the formula for Ric’, we work in an othonormal frame and ignore the difference between
upper and lower indices after differentiating.)
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We also need the formula for (Ae™)’. This follows from the first and last formulas above
since Aw = g (Hess,,);; so that

(4.16) (Ae™Y = go (Hesser );; = Awv.
We will differentiate the four terms in curly brackets in (AI0) at ¢ = 0. The first is
(Ricg, h)' = (Ric}, h) + (Ricg, h') — Rijhuh™ 7" — Rijhieg™h’*
(4.17) = (Ric}, h) + b2, (n — 2) Te(h') — 262, (n — 2) |h/?
= b2 (n —2) Tr(h') — 202 (n — 2) |h|* + (V(0h), h) + b2 (n — 2) |h|?
_ %(Ah, By — %(Hessm, BY — Rupsehueh |
Simplifying this gives

(Ricg, h) = b2, (n—2) [Tx(R') — || + (V(Sh), h)

1 .
(4.18) — —(Ah h> <HessTrh, h> — Rikjghkghm .

Since Hessqtv vanishes at t = 0, differentiating the second term gives

et

(4.19) <<h, e )) — (h, Hessl..) = (h, Hess,) .

Similarly, the third term is

etv

(4.20) (Tr(h) Aew) = Te(h) (Ae™) = Te(h) Av.

Finally, the last term is

(Rg (% Tr(h) + v +u/)), - R (; v(h) —i—v) 2 (n—1)(n—2) G Tr(h) + v +u/)
(4.21) — {5%h— 1, (n — 2) Te(h) — ATr(h)} (% Tr(h) + v)

!/

+ 02 (n—1)(n—2) (% (Tr(W) — |h|*) + 21}’) .

Combining all of this gives

B”:boo/N{bgo(n—z) l(n—1 ( )
)+ 5
Tr

— bgo (n — 2) (Tl"( ) |h| ) < (5h) Ah h (HessTrh, h> + Rikjghkghij

+ (h,Hess,) — Tr(h) Av + (6°h — b2, (n — 2) Tr(h) — ATr(h)) (% Tr(h)+v)

(4.22) +02 (n—1)(n —2) (% (Tr(W) — |h|*) + 21/) } dpg -

Simplifying this completes the proof.
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4.3. The constraint on the variation. Since the variation (b2 g;, by €) is in Aj, there
are constraints on h, h/,v and v'. The next lemma records this.

Lemma 4.23. At t = 0, we have that

(4.24) /N {% Te(h) + v} —

1 2 1 / 1 /
(4.25) /N { (5 Tr(h) + v) + 3 Tr(h') — 5|h|2 +2v } dpty=24 = 0.

Proof. Set g = b2 go + th. Since the path (g, by, €'*) is contained in A;, the integral

(4.26) Ai(t) = / e dyg
N
is constant in ¢. Differentiating this gives
1 ..
(427) 0= All (t) = /N (5 g” hij +v+ tv’) et” dug .

This gives the first claim. Differentiating A; a second time at ¢t = 0 gives

1 S| 1.
N

4.4. The transverse trace-less second variation. The functional R is given by

(4.29) R=—1_ (A - i) |

2—n (n—2)

Since we have computed the second variations of A and B, we get R” as a consequence. It
is useful to divide this into two cases, depending on the variation A of the metric. In this
subsection, we will consider the case where h is “transverse-traceless”, i.e., when

(4.30) oh=0and Trh=0.
The next proposition computes the second variation for transverse trace-less variations[]

Proposition 4.31. If h satisfies ({30), then the second variation is

o no__ 1 - 2 2
(4.32) (2—n)R" = —by /N {72(n_2)<£h,h> 612 v } Aoz,

where L is the Lichnerowicz operator

9When we apply this later, we will have v = 0.
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Proof. Set g = b2 go + th. Since Tr(h) = 0, Lemma 2] gives

2 T I
(4.34) A" = b2 / {9 v? + 60 — A% + (A )} dpig, -
. 2 2

Since Tr(h) = 0 and dh = 0, Lemma [L.8) gives

B” = boo / {bgo (n - 1)(n - 2) 122 + %(Ah, h> + Rikjghkghij
N

n—3

(4.35) +b2 (n —2) (T (Tr(h') —|h|*) +2(n —1) v’) } dpigy ,

where we have also used that [(h,Hess,) = — [(0h, Vo) = 0. Combining the two formulas
gives that

B//
2 _ " — A// _
h|*>  Tr(h') (Ah, h)
_ 2 (10 — ) o+ B2 (4 — 90 — | B )

boo/N{boo(O n) v+ b3 ( n)[v 5 + 5 2n—2)

(4.36) Bt b
. T ke Hgo -
We want to eliminate the v' and I’ terms. Lemma gives that
h|?>  Tr(h
(4.37) / 20" — i + () dpg, = —/ {v*} dug, -
N 2 2 N

Substituting this gives

Ah, h Ry g
(4.38) (2—n)R" = by /N {6 2o — 2<(n - 2>) - _’“g hkgh“} dyig, -
O
4.5. The conformal second variation. We suppose next that
(4.39) h=6b2 g0
at t = 0 for a function ¢, so that
(4.40) Trh=(n—-1)¢,
(4.41) (0h) =Vo,
(4.42) Véh = Hessy ,
(4.43) 8 h=Ag,
(4.44) Ah = (A¢) b2 go.

Theorem 4.45. If h satisfies ([£39), then the second variation is

2-mR b |

N
(4.46) +602, 07} dpy-2 -

{” ; 3 ¢ [A¢+ (n—1)b2 0] +2(n— 12 v+ ¢ Av+vA¢
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Proof. To simplify notation, set 1) = ("T_l o+ v) and g = b2 go. Lemma gives

h|*>  Tr(W
(4.47) A”:b‘zO/{4v(w+v)+w2+6v'—%+ r; )}dﬂg.
N
Lemma [ gives

B" = be /N {2 (n=2)(n—1) [ —2¢] ¥ — ¢ A+ (n — 1) 9 AP + ¢* Rikjegreg”
+ o Av—(n—1)pAv+ (Ap — (n— 1) Ag) 1
(4.48) +b2, (n —2) < (Tr(K) = |h]*) +2(n — 1) z/) } dpig .
Collecting terms, this becomes

B" = b (n —2) / {05 (n=1) [¥* =20¢] + 9 AP+ b3, (n—1)¢* — dAv — 1 A
N

n—3

(4.49) +b2, (” ; ’ (Tr(K) = |h]*) +2(n — 1) z/) } diig .
Combining the two formulas gives that
B//
2 o R” — A// _

(4.50) :bw/{—¢A¢+¢Av+¢A¢
N

02, {4?;2 +(6—n)Y? + (4—n) [27/ - @ + Tréh,)] —(n—1) ¢2] } ditg |

where the last equality also used that

(4.51) duip +2(n — 1)pp = 4.
We want to eliminate the v' and I’ terms. Lemma gives that
1 1
(4.52) / {5 Tr(h') — §|h|§ - 21/} dpg = —/ {v?} dug.
N N

Putting this in gives
(2—n)R" = by / {—0 AP+ ¢ Av+ A+ b [4v° +2¢% — (n— 1) ¢°] } dp; .
N

Since ¢ = (”T_l o+ v), we have

2% + 40? — (n — 1) ¢* = 20* +2(n — 1)(;511—1—@&—1—402— (n —1) ¢
(4.53) P 1)2(” =3) 62 4 2(n— 1)gu,
(4.54) —¢A¢+¢Av+¢A¢:”;3¢A¢+¢Av+m¢.

Substituting these two equations back in gives the claim.
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4.6. The gradient of R in the conformal directions. The next proposition shows that
the linearization of VR maps conformal variations onto the span of conformal variations
together with variations tangent to the action of the diffeomorphism group.

Proposition 4.55. The first variation of VR along the path (b 2g;, b €t) where b 2g, =
®b2 go and v, = v’ can be written as

(456) (VR)/ = (f1 9o, f2) -+ (Hessfg, 0) s

where fi, fo and f3 are functions.

Proof. Set g; = b2 g;; we omit the subscript when the meaning is clear. Corollary 2.33 gives
1
(457) (2—n) (VR) = 61 (5 ¥ () 1) v+ (B(7),0) v.

At t =0, we know that
(4.58) v=1,J =0, Vis the identity, and ¢; = (4 — n) b .

Lemma [Z27) gives that if .J is a family of 2-tensors depending on ¢, then

d

(4.59) y

‘t:O \I’(j)zg = ‘71',]' - Qgp gpn jnj - _imgmp g;j‘
Using this, we see that

(4.60) (@) = -7,

(4.61) () =J.

Thus, we see that at t = 0 we have
/ (TL - 4) 2 (=t 1 2 / /

Next, we bring in the conformal nature of the variation in order to compute v/, J', and ¢].
If we write the metric g; as

(4.63) i = b;oz e’ g,

then we have at t = 0 that gy = b2 go and g’ = ¢ go. Using this variation in the formulas
for v, ¢1, and J from Corollary 2.33] gives

(4.64) y =t (o0 9)

R,
n—2"

(4.65) ¢1 = 32 " —
and the 2-tensor J = J; + J5 is given by

(4.66) gy = N
n—2

1 A tv H etv
(4.67) Ty = ( o= )

2 2tv =
— b, e™"g,

n—2 etv etv
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Using Lemma [A] and Ric; = b (n — 2) g and working in an orthonormal frame (so we
do not distinguish upper and lower indices), we get at ¢t = 0:

(4.68) Ry =0"g — (Ricg, g) — ATi(g) = (2—n) {A¢+ 03 (n —1) 0} ,

. 1 _ _ . . _ _
Ric;; = 3 (Vi(0g); + V(67 + Ricijy, + Ricrgi, — Agy; — Hesstyg) — RikjeGre

= Hess, + 12, (n —2) 65— 5 {(A6)g+ (n — 1) Hessy} — B (n — 2) 63

% {(3 —n)Hessy — (AP)g} .

1
(Hessew);j = Hess, — 5 (VZ- (Hessero) 5, + V; (Hessern )y, — Vi, (Hessew)ij> Ve
(4.70) = Hess, .

(4.69)

By the last formula and the general formula Au = g% (Hess,);;, we get

(4.71) (Aet) = gi (Hessow);j =Av.
Using these formulas for the derivatives in the definitions of ¢, and J, we compute
(4.72) ) =62 v+ Ap+b2 (n—1)0,
3 —n)Hessy — (Ad)g 1
J = ( )Q(nj2)( )30 b2 (20 + @) go + p— (Av go — Hess,)
(3—n) Hess, Av Ag 5 ~
4. =—-—H — — — 2 :
(4.73) e ot e Ty @) 9

Finally, substituting these in (£62) gives

(2 —n) (VR) = [(4—71)530 {M”T_las] +6b§ov+Agb+b§O(n—1)¢} (190,1)

2
(4.74) + (% Hessy — 36—882 ’ O)
L,A_Uz - 2<nAf 3y Ve @urelt o ‘4 0

U

The previous proposition linearized the full gradient VR along a conformal variation. The
next corollary linearizes the projection ViR of the gradient to A;.

Corollary 4.75. The first variation of VR along the path (b;2g;, b €') where b 2g, =
® b2 go and v, = v’ can be written as

(476) (VlR)/ = (fl 9o, fg) + (HeSng, 0) s
where fi, f» and fs are functions.

Proof. Set g; = b2 g;; we omit the subscript when the meaning is clear. Within this proof,
| -] is the pointwise norm and || - || is the L? norm, while (-, -) is the L? inner product.
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Since A; is a level set of the functional A, the projection ViR of VR is
VA

4.77 ViR=VR—-(VR,VA)) ——— .
( ) 1 < ) 1> ||VA1||2
Tt follows that']

VA,

VA2
(4.78) +2(VR,VA) (VA (VA

VA4,

iy (VA,)
IV A2

(ViR) = (VR) = ((VR)', VA,) VA

- <VR7 (VAI)/>

VA,
IV A"

We next calculate VR, VA, and (VA;) at t = 0. First, Corollary gives at t =0

(4.79) (2—n)(VR) = (4 —n)b%, (% o, 1) :

Next, Corollary 2.41] gives that the gradient of A; at ¢ is given by VA; = (
particular, at t = 0, we have

1
(480) VAI = <_ g()v 1) )

VR, VA,)

19(g),1) v. In

2
(4.81) (VA = <n ; ! ¢>+v) <% g0,1> —g (30, 0)

where the second equality also used Lemma 227 to see that [V(g)]' = —¢'.
Observe that both VA; and (VA;)" give conformal variations of the metric. The corollary
now follows from this, (78] and Proposition €55 O

5. THE ACTION OF THE DIFFEOMORPHISM GROUP

Let D be the space of C%# diffeomorphisms on N. The group D acts by pull-back on both
the space of metrics and the space functions, where the metric or function are pulled back
by the diffeomorphism. The tangent space Tp to this action is given by

5.1 To = {(Lvgo,0) |V is a C*F vector field},
(5.1)

where Ly gg is the Lie derivative of the metric gy with respect to V. As observed by Berger
and Ebin (see, e.g., (b) in corollary 32 of the appendix of [Be]), it follows that 7 decomposes
as an orthogonal direct sum

(5.2) T=Tp® T, where T; = {(h,v) € C*?|§h =0} .

Here, the divergence ¢ is computed with respect to go.
We will be most interested in the subspace 7" C T; of variations that are tangent to A,
i.e., that preserve the weighted volume constraint

(5.3) T = {(h, w) | / (% Tr(h) +w) ditg, = 0} ,
(5.4) TO=TinT".

10he gradients are computed with the fixed L? inner product (-, -) induced by the background metric go.
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There are two main results in this section, both related to the action of the diffeomorphism
group. The first is the use of the Ebin-Palais slice theorem to mod out by this action; this
is described in subsection The second is the following theorem which shows that the
linearization Lz of ViR has finite dimensional kernel after we restrict it to 7°. To state
this precisely, define a bilinear form Bz on T° x T° by setting

(5.5) Br(z,y) = (Lr2,y) .
Theorem 5.6. The restriction of Bz to 7,° is Fredholm.

Here, we identify the quadratic form with the associated linear operator; it is really the
associated linear operator that is Fredholm. The theorem says there is a finite dimensional
kernel K C T, so that if x € 7? N K+, then there is a unique y, € 7N K=+ so that

(5.7) (LR Ys, 2) = Br(yae, 2) = (2, 2) for every z € T
We will prove Theorem at the end of this section.

5.1. The action of D. Given 7 in the diffeomorphism group D, (g,w) € A, and tangent
vectors X, Y at a point p € M, then the action of n is given by

(5.8) 1(9)p(X,Y) = gnp (dn(X), dn(Y))
(5.9) n*(w)(p) = w(n(p)).

This action gives a map

(5.10) p:DxA— A,

where p(n, (g,w)) = (1*(g), n*(w)). We will need three elementary properties of this action:

e The action preserves Ay, i.e., if n € D and v € Ay, then p(n,v) € A;.
e The action fixes the functional R.
e The action is isometric with respect to the metric on A.

Given v € A, let I, and O, denote its isotropy group and orbit, respectively

(5.11) L,={neD|pn,v) =1},
(5.12) O, = {p(n,v)|n € D}.

5.2. The slice theorem. The Ebin-Palais slice theorem, [E], gives a way to mod out by
the action of the diffeomorphism group D. In particular, the version due to Palais (which
uses C” spaces, rather than Sobolev spaces as in Ebin) gives:

e A neighborhood ; of 0 in the space of divergence-free symmetric 2-tensors.

e A neighborhood U of b2 go in the space of metrics.

e A neighborhood Uy of bZ2 gy in the orbit of b2 gy under D.

e A map x : Up — D to a neighborhood of the identity Id with x(b22 go) = Id.
so that the mapping

(5.13) F(u, h) = p(x(u), b go + h)

is a diffeomorphism from Uy x U; to U. Here we are using a slight abuse of notation, as the
action p is actually on pairs of metrics and functions, but the meaning is clear.

This slice theorem allows us to mod out by the action of D on the space of metrics, but
it does not incorporate the second part of the action where the diffeomorphism acts on the



36 TOBIAS HOLCK COLDING AND WILLIAM P. MINICOZZI 11

function by composition. When we incorporate the full action, we get neighborhoods U; C T;
of (0,0) and U C A of (b2 go, bso), 0 that

(5.14) F :Up x Uy — U is onto.

The slice theorem guarantees that this map hits all of the metrics, so the point here is that
it also covers a neighborhood of the constant function b, in the space of functions. To see
this, given a diffeomorphism 7, note that push forward by 1 takes won™! to w.

The last thing that we need to do here is to restrict to the space A; of normalized pairs
of metrics and functions, i.e., to the subset of A where A; = Vol(0B4(0)).

Lemma 5.15. The analytic map exp on 7 given by

VOl@By(0)
A1(052 go + h, b €®)

(5.16) exp(h,w) = <b;o2 go+ h,

is a diffeomorphism from a neighborhood of 0 to a neighborhood of (b2 go, bso) in Aj;.

Proof. Analyticity follows since linear maps and exponentials are analytic and the functional
Ay is analytic since it is given as an integral where the integrand depends analytically. The
is defined so that A; oexp = Vol(0B1(0)), so it automatically lands in A;. Furthermore, exp
takes the origin to (b2 go, beo)-

Finally, we will show that exp is a local diffeomorphism by using the implicit function
theorem, [N]. To do this, first observe that the linearization at the origin is given by

d
(5.17) E‘t:o exp(th, tw) = (h, by w) ,
where we used that the variation is tangent to A; so that the derivative of A; vanished. In
particular, the linearization is the identit and the inverse function theorem applies. [

Combining all of this, we get the following slice theorem:

Corollary 5.18. There is a neighborhood U] of (b2 go, bs) in A; and a constant C', so that
for each y € U], there is yo € T and n € D so that y = p(n, exp(yo)) and ||n||css < C.

5.3. The linearized operator. We need a little notation. We will let 7. denote the vari-
ations corresponding to the conformal directions and 7; denote the space of transverse
traceless variations, so that

(5.19) Tie = {(h,0) € C*# |§h = 0 and Tr(h) = 0},
7T

(5.20) = {(¢ 90,v) € C*7},

(5.21) To = {(Lvgo,0) |V € C*F is a vector field} .

We add a superscript 0 to denote the intersection with 7°, so that 72 = 7.N TY consists of
the conformal variations that are tangent to A;.

It will be useful to define two additional spaces. The first is the space T.p of variations
coming from conformal diffeomorphisms

(5.22) Tp=T.NTp.

HRecall our convention on the tangent space where we exponentiate the second factor.



UNIQUENESS OF TANGENT CONES 37

The last space that we will need are the variations 7,° in 7 that can be generated from
conformal variations and diffeomorphisms

(5.23) T =Tin(T2+To) .
Note that 7. is orthogonal to Ty since both 7. and 7p are. The next lemma shows that
(5.24) T=T"&Tu.

Lemma 5.25. Given any x € 7'10, there exist zy € Ty, x. € 7'60, and zp € Tp so
(5.26) T =Ty + Te+ Tp.
Conversely, given any z,. € TCO, there exists xp € Tp so that z. + xp € 7'10

Proof. Suppose that z = (g,v). York’s decomposition of Riemannian metrics (see or
theorem 1.4 in [EM]|) gives a transverse traceless metric ¢y, a conformal metric g., and a
C3# vector field V so that

(527) g = gu + Je -+ £Vg0 .

The first claim follows with z;; = (94,0) € T, e = (ge,v) € Te, and zp = (Lygo,0) € Tp.
To see that z. € T (and not just 7;), note that the spaces Ty and Tp are tangent to Aj.
For the second part, we need to find a vector field V' so that

(5.28) 5Ly gy = —o..

However, § is (a multiple of) the adjoint of £go, so the operator V' — 6Ly gy is elliptic and,
thus, Fredholm, and its kernel consists of Killing vector fields. In particular, the kernel is
orthogonal to the image of §, so we can solve (5.28) as claimed. O

We will need the following standard property of the linearized operator Lg.
Lemma 5.29. The operator Lg is symmetric.

Proof. Let z(s,t) € A; be a 2-parameter variation depending on s and ¢. We have

0? 0
(5.30) aSatR(x) =5 (ViR(x),zs) = (Lg x4, xs) .
Since mixed partials commute, we get that Lz is symmetric as claimed. 0

The next proposition describes Lg on the subspaces T, Ty, Tp and 7.°. Part (D) says
that the off-diagonal blocks of Ly are zero. The reader should keep in mind that 7;; and 7T,
are orthogonal and span 7, but 7,; is larger than 7, . Namely, this orthogonal complement
is done relative to the L? inner product, so it includes things with lower regularity.

Proposition 5.31. The linearization Lz has the following properties:

(A) The restriction of Br to T2 is Fredholm.

(B) The restriction of Br to Ty is Fredholm.

(C) Ly is identically zero on Tp and maps to Tp™.
(D)

D) L : 7% = Tt and L : Ty — [T.°] .
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Proof. Proof of (A): To prove this, define the quadratic form Q. : 72 — R by

(5.32) Qc(h,v) = (Lgr(h,v), (h,v)) .
The claim is that the linear operator L, associated to @), is Fredholm.
It follows from Theorem that if h = ¢ b2 go, then

(533) Qc(ha U) = m <LC(¢> 'U)a (¢a U)> )
where the linear operator L, maps the pair of functions (¢, v) to the pair of functions
_ —1(n —
(”T3A¢+b§o (n )2(" 3) 6 B2 (n— 1) 0+ Av, 612 v+ b2 (n — 1)¢>+A¢) .

In block form, we can write this as the symmetric linear operator

22 (A+0% (n—1)) A4+b%(n—1
(5.34) ( A(+bgo(n(—1) ) 6b§(o ))'

It suffices to show that this linear second order operator is elliptic. For this, we need only
consider the second order part which can be written as

(5.35) ( "?3 (1) ) A.

Since A is elliptic, it suffices to show that the matrix in front of A is non—degenerate This
follows since the determinant of this matrix is —1.
Proof of (B): Define a quadratic form @y : 75 — R by

It follows from Proposition [L.31] that Q) is given by

(5.37) Quh, 0) = =—

2(n —2)?
where L is the Lichnerowicz operator
(5.38) (L h)ij = (A h)ij + 2 Rigjohie -

Since L is elliptic, the linear operator associated to @y is Fredholm, giving (B).

Proof of (C): Since the diffeomorphism group preserves R and, thus, maps critical points
to critical points, it follows that Lgr : Tp — 0. Since Ly is symmetric by Lemma [(.29 it
follows that Lz maps to Tp.

Proof of (D): Since 7y is perpendicular to both Hessians (these are tangent to 7p) and
to conformal variations, Proposition implies that

((£h,0), (h,0)),

(5.39) L :T.NT° = T,

Combining this with (C), we conclude that

(5.40) L :T.°=(To+T)NT" = T;.

The last claim follows from this and the symmetry of Lg. O

2There are several different notions of ellipticity for systems. Weak ellipticity requires only non degener-
acy of the matrix and is sufficient to imply elliptic estimates and that the map is Fredholm. Strong ellipticity
requires that the matrix is positive definite; this gives additional properties like the maximum principle.



UNIQUENESS OF TANGENT CONES 39

We are now ready to prove Theorem

Proof of Theorem[5.0. Let L denote the linear operator associated to the restriction of Bxr
to T2, so that

for z,y € TP, L is symmetric since Lg is. Moreover, L maps T to the C* closure of 7.
To prove the theorem, we will show that:
e [ has a finite dimensional kernel K.
e Given z in (the C* closure of) 7, N K+, there is a unique y € 7 N K+ so that
(5.42) Ly=ux.
We will decompose the map L into blocks according to the orthogonal decomposition
(5.43) T =TwoT.°

given by Lemma [5.28 Namely, (D) in Proposition [5.31] implies that L “preserves” this
splitting Let Ly and L, denote the restrictions of L to T;; and T, respectively. Let K|
and Ky be the kernels of K| and Ky, respectively. By (D) in Proposition [B.31], we have

(544) K = KJ_ @ Ktt .

Since the off-diagonal blocks vanish, we need only show that L;; and L, have the two desired
properties. This is immediate for Ly by (B) in Proposition 531l The rest of the proof will
be to show that L, also has these properties.

We will need a few preliminaries. Define the map II. : 7% — T2 by

(5.49) (6,0 = (D o)

where gy = b2 go is the background metric and the trace is computed relative to go. The
map II. projects the two-tensor to a diagonal two-tensor with the same trace; it is easy to
see that this preserves 7°. Let L. be the linear map associated to the restriction of Br to
T2, If z. € T2, then it is easy to see that

(5.46) Lewe =11, (Lga.) .

The map L. is Fredholm by (A) in Proposition [5.3T] so the kernel K. of L. is finite dimen-
sional and L, is invertible on (the C* closure of) K.
Suppose now that z,y € 7.°. Lemma [5.27] gives ., y. € T2 and zp,yp € Tp so that

(5.47) r=x.+xpand y =y.+ yp.

Furthermore, z. and y. are unique up to elements of T.p. Part (C) in Proposition [5.31] gives
that Lrxp = 0 and Lgiz, is orthogonal to Tp, so we get

(548) <LJ_x> y> = <L($c + ZL”D), (yc + yD)) = <LRxca yc) = <Lc$ca yc) .

Thus, if € K, then z. is in the finite dimensional space K. (by (A) in Proposition B.31]).
It follows that K| is also finite dimensional.

13The spaces are defined to be in C%%, so the image of L is merely in C*; cf. (D) in Proposition 5311
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Next, suppose that y is orthogonal to K |. Given any x € K |, then since Tp is orthogonal
to 7.7, we get

(5.49) 0= (e +ap,y) = (e, y) = (2, 11e(y)) -

In particular, II.(y) is orthogonal to K.. Since L. is Fredholm ((A) in Proposition (5.31]), we
get z. so that L.z, = Il.(y). The second part of Lemma [5.31] then gives zp so that

(5.50) z=z+2p €T,

Since Lrzp = 0, we have II. (Lz) = L.z. = I1.(y). In particular,

(5.51) (y—Lz)eT."Cc T

is trace-free and transverse, so it belongs to 7. But 7.°% is perpendicular to Ty, so we
conclude that Lz = y as desired. U

6. A GENERAL LOJASIEWICZ-SIMON INEQUALITY

The Lojasiewicz-Simon inequality of [S1] is set up for analytic functionals that are uni-
formly convex in the gradient, such as the area or energy functionals. Our functional does
not quite fit into this framework since it depends on second derivatives and is not convex,
so we will need a generalization. Suppose therefore that we have:

(1) A closed subspace E of L? maps to a finite dimensional vector space and an analytic
functional G defined on a neighborhood Of of 0 in C?# N E.
(2) The gradient of G is a C' map VG : Op — CP N E with VG(0) = 0 and

(6.1) IVG(z) = VG ()l < Cllz = yllwze

(3) The linearization L of VG at 0 is symmetric, bounded from C%*# N E to C# N E and
from W22 N E to L? N E, and is Fredholm from C*’ N E to C* N E.
One consequence of (3) is that L has finite dimensional kernel K ¢ C%# N E.
In (2), C' means that there is a Frechet derivative at each point and this varies contin-

uously. Recall that if V' is a map from a Banach space X to another Banach space Y and
r € X, then a linear map V,, : X — Y is the Frechet derivative of V' at x if

[V(z+u) = V(z) = Va(u)lly

]l x

(6.2) 0 as ||ullx — 0.

The main result of this section is the following Lojasiewicz-Simon inequality.

Theorem 6.3. If G satisfies (1), (2) and (3), there exists « € (0,1) so that for all x € F
sufficiently small

(6.4) G(2) = GO < [VG(2)|lZ- -

Let IIx be projection onto K and define the mapping NV by N' = VG + IIx. The next
lemma is Lyapunov-Schmidt reduction.

Lemma 6.5. There is an open set O C C? N E about 0 and a map ® : O — C*? N E with
®(0) = 0 so that

e Do N(z)=xand N o®(z) ==x.
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o [®(z)llc2s < Cllzl[cs and [|B(x) — P(y)|lw22 < Cllz = yllL2.
e The function f = G o ® is analytic.

Proof. Following [S1], the mapping N' = VG + Il is C! from C?* N E to C# N E and the
Frechet derivative at 0 is

(6.6) ANy = L+ T .

We will show that dNVy = L + Il is an isomorphism. First, since L is Fredholm and Il is
compact (it has finite rank), the sum L + [l is also Fredholm. Since both L and Il are
symmetric, so is L 4 [Ix and, thus, it is an isomorphism if and only if it is injective. Finally,
since K is the kernel of the symmetric operator L, we see that L maps to K+ and, thus,
L + Il is injective. We conclude that dNj is an isomorphism from C%# N E onto C* N E
and the inverse [dNg] ™" is a bounded linear mapping from C? N E to C>F N E.

The implicit function theorem (theorem 2.7.2 in [N]) gives an open set O C C® N E about
0 and a C* inverse map ® : O — C*’ N E with ®(0) = 0 and

(6.7) PoN(z)=xzand No®(z)=x.
The Frechet derivative of ® is continuous and is given by
(6.8) d®, = [dN@(y)]_l .

Since @ is C*, the integral mean value theorem on Banach spaces (see page 34 in [N]) gives
a constant C' so that for x,y € O

(6.9) [@(x) = ®(y)llc2e < Cllz —yllce -

Using this with y = ®(y) = 0 gives || P(x)||c2s < C'||x]|cs. The Lipschitz bound for ¢ as a
map from L% to W22 follows in the same way using the W?2? estimate for VG and the trivial
boundedness of 115 on L2.

Finally, by the remark on page 36 of [N], the map @ is analytic. U

The next lemma gives a lower bound for VG(z) in terms of V f at Ik (x).
Lemma 6.10. There exists C so that for every sufficiently small x € C*/ N E
(6.11) IVf(k(@)ll7: < CIVG(@)]72.

Proof. Suppose first that y € K. Since f = G o ®, it follows from the chain rule and the
Lipschitz bound for ® that

(6.12) IVFW)ll72 < Co [IVG o @(y)|17: -
Thus, given any z (not necessarily in K), applying this with y = Ik (x) gives
(6.13) IV f (g (2))[|72 < Co VG 0 @ 0TIk ()| -

This is close to what we want, except that VG is evaluated at ® o [Ix(x) instead of at .
Since z = ® o (Ilx(x) + VG(x)), the Lipschitz bounds for VG and ¢ give

VG (@ ollk(x)) = VG(2)||2 = VG (2(Lk(2))) — VG (P(Uk () + VG(2))) || 2
(6.14) < Of|@(llg(x)) — @Ik (x) + VG()) w22
< C|VG(@)le2
completing the proof. O
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We next bound the difference between G and G o ® o [1g.
Lemma 6.15. There exists C' so that for every sufficiently small z € C*/ N E
(6.16) |G(@) — f(Ik ()] < CVG(@)]2-
Proof. Define the one-parameter family t — y; by
(6.17) y =g (x) +tVG(2),
so that ®(y1) = z, yo = lk(x), and Ly, = VG(z).

Combining the definition of f and the fundamental theorem of calculus gives

Gla) = F(Mle)) = G@()) = Flon) = F) = o) = [ o)

1
(6.18) — [ (V). VG .

0
Hence, the lemma follows from Cauchy-Schwarz once we show that
(6.19) IVf(w)lle < ClIVG(z)] >

To show this, note first that V f is Lipschitz from L? to L? by the chain rule (since @ is
Lipschitz from L? to W?%? and VG is from W%? to L?). In particular, we have

(6.20) IVF(ye) = Vllz < Cllye —mllz < CIVG()| 2 -
Finally, (GI9) follows from this and the fact that |V f(y1)||zz < C||VG(x)||rz which we
already established using the chain rule in the proof of the last lemma. O

We will now prove the Lojasiewicz-Simon inequality using the two lemmas and the fi-
nite dimensional Lojasiewicz inequality applied to the restriction fx = f } s of the analytic
function f to the finite dimensional vector space K.

Proof of Theorem[6 3. Let x € E be sufficiently small. Applying Lemma [6.10 and the finite
dimensional Lojasiewicz inequality (which applies to fx) gives

CIVG(@)|72 > IV f (@) 172 = [V fre Mk (@) > [ fre (T ()) = fre(0)]*

(6.21) = |f(Ik(2)) = GO .
The estimate now follows from the triangle inequality and Lemma which gives
(6.22) [f(k(2)) = G(x)] < C|VG(2)]7.

7. THE LOJASIEWICZ-SIMON INEQUALITY FOR R

Finally, in this section, we will prove that R satisfies a Lojasiewicz-Simon inequality. We
cannot argue directly on R since the diffeomorphism group creates an infinite dimensional
kernel for the linearized operator. However, the slice theorem of Ebin allows us to mod out
by this action and then prove such an inequality which will in turn imply one for R.
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7.1. Modding out by the group action. We will prove a Lojasiewicz-Simon inequality
for G : 7" — R given by
(7.1) G(z) = Roexp(x),

where exp : T — A, is given by Lemma 515l Since R and exp are both analytic, so is G.
By definition, the gradient VG of G is given by

(VG(@).9) = 1] _, R o expla + 1) = (ViRlexp(z). dexp, (1)

(7.2) = ((dexp,)' ViR(exp(z)),y) ,

where (dexp,)" is the transpose of dexp,.
Proposition 7.3. A Lojasiewicz-Simon inequality for G implies one for R on A;.

Proof. Corollary 518 gives a neighborhood U] of (b2 go, bs) in A; and a constant C, so that
for each y € U], there is yo € T and n € D so that y = p(n, exp(yo)) and ||n|css < C. In
particular, the invariance of R under the group action gives that

(7.4) R(y) = G(yo) -
Therefore, the Lojasiewicz-Simon inequality for G' and ([Z2)) give

[R(y) = R g0, b0) [ = 1Gy0) = GO < [VG(yo) 72
(7.5) < Cexp [IViR(exp(yo)) 122 »

where Ceyp, comes from the bound for the differential of exp.
Finally, we need to bound VR at exp(yo) by the value at y. To do this, let = be tangent
to Ay at exp(yo) and use the invariance of R under the action to get that

(ViR(exp()),2) = |,y Rlexplun) +t2) = 2,y Rplo, explun) + t2)
(76) = <VIR(p(777 eXp(y0>>>7 dp(nv ')exp(yo)(x»
= (o0, Jexpiu))” ViR (), 7)

where the third equality used that the action preserves A; to get ViR instead of VR. Since
[1]|css < C, the differential dp(7), -)exp(yo) i bounded independent of # and we conclude that

(7.7) IViR(exp(yo))l|z2 < C"IViR(y) |l 2
completing the proof. 0

7.2. Verifying the properties. We now need to verify that
(7.8) G=Roexp:T =R
has the properties needed for Theorem [6.3] Recall that we need 3 properties:

(1) G is analytic on an open neighborhood Of of 0 in C%# N TP.
(2) VG is C* from Op to C? with VG(0) = 0 and
(

(7.9) IVG(z) = VGl < Cllz —yllwze .

3) The linearization Lg of VG at 0 is symmetric, bounded from C%° N TP to C¥ and
from W22 N TP to L?, and is Fredholm.
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Lemma 7.10. G defined in (7.8)) satisfies (1), (2) and (3).

Proof. We deal with these in order.

Proof of (1): Property (1) is automatic since exp is analytic from C%# to C*# and R is
analytic from C?*# to R. The analyticity of R follows since it is given as an integral of an
analytic (in fact algebraic) function of the weight and the metric, as well as their first and
second derivatives (the second derivatives come in from the scalar curvature), cf. [S1].

Proof of (2): Since exp(0) = (b2 go, bso) is a critical point for R, VG(0) = 0. By (Z.2),
(7.11) VG(z) = (dexp,)' ViR(exp(z)) .

It follows from the formula ([3.33) for ViR and Corollaries and 2Z40] that VR is C!
from a neighborhood of 0 in C*# to C* and also Lipschitz (in this neighborhood) from W22
to L?. Since exp is smooth, the formula (ZI]) implies that VG has the same properties.
Proof of (3): The Lipschitz bounds on VG from (2) imply the boundedness of Lg from
C*NTL to CPNTL and from W22NTL. Using (T2), plus the fact that exp(0) is a critical
point for R, we can calculate the linearization Lg of VG at 0 by

(Lo(r).) = |y (VG{t2),9) = 2,y (ViR(exp(t), dexpr, ()
(7.12) = (Lr(dexpy(2)), dexpy(y)) = (Lr(x),y) = Br(z,y),

where the first equality in the second line used that dexp, is the identity on 7. Since Lz
maps to 7°, we conclude that L is just the restriction of Lz to 7. Thus, L¢ is symmetric
since Ly is and Lg is Fredholm by Theorem [(.6l

O

APPENDIX A. THE WEIGHTED TOTAL SCALAR CURVATURE FUNCTIONAL

We will need the following calculations from for the changes of geometric quantities
under deformation of a metric. The derivative at t = 0 will be denoted by a prime; for
example, R’ denotes the derivative of the scalar curvature R at t = 0.

Lemma A.1. Let g + th be a one-parameter family of metrics on a closed manifold and
u + tv a one-parameter family of functions. Then

(A.2) ((g+th)7) = —hv,

(A.3) (IV(u+t0)[*) = =h(Vu, V) + 2 (Vu, Vo),
(A.4) dy' = %Tr(h) du

(A.5) R = —(Ric, h) + 6 h — ATr(h),

where J is the divergence operator and 6% comes from applying it twice. These will suffice
for first variation formulas.

We will need the following additional formulas for the second variation; to simplify nota-
tion, we compute these at an orthonormal frame so that we do not need to keep track of
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upper or lower indices:
1
(AG) Ricgj = 5 (V,(é h)j + Vj(é h,) + RiCikhjk + RiCjkhik — Ah” — HessTrh) — Rikjghkg s
1
(A.7) (HesSuy10);; = Hess, — 3 (VZ- (Hess,);, + V; (Hess,), — Vi (Hessu)i]) Viu

Note that h¥ is given by using the background metric ¢ to raise the indices on the tensor
h, i.e., h' = glkgﬂhkg.
APPENDIX B. SOME COMPUTATIONS AND IDENTITIES FOR THE TRACE FREE HESSIAN

In this appendix, we collect some calculations and identities for the trace free Hessian B
of b* where b? satisfies Ab? = 2n |Vb|* on an n-dimensional Ricci flat manifold (M, g).

B.1. The trace-free Hessian. Throughout this section, the function b satisfies

(B.1) Ab* = 2n|Vb|?

and we define the tensor Bj to be the trace-free part of the Hessian of b?, i.e.,
(B.2) By = Hessy: — 2|Vb]*g.

We will use that Hessyz = 20 Hess, + 2 Vb ® Vb, so that

(B.3) 2bHess, = Hessye —2Vb® Vb= B, +2 (|Vb]* g — Vb® Vb) .

The next lemma computes the gradient of |[Vb|? in terms of By,.
Lemma B.4. We have b V|Vb|? = By, (Vb), where By, (V) is given by (B,(Vb),v) = B(Vb,v).
Proof. Since V|Vb|?> = 2 Hess,(Vb, -), equation (B.3) gives
(B.5)  bV|Vb]> =2bHessy(Vb,-) = By(Vb,-) + 2 (|Vb]> Vb — |Vb|* Vb) = B,(Vb, ).

O
Corollary B.6. We have 2bV|Vb| = By(n) where n = & and 45? |V|Vb||* = |By(n)|".
Proof. Since bV|Vb|? = 2b|Vb| V|V, this follows from Lemma [B.4] O

The next lemma computes the divergence of By,.
Lemma B.7. The divergence of B, is
(B.8) 6By, = (2n —2) V|Vb]* = (2n — 2) b~ ! By(Vb).

Proof. Fix a point p € M and let e; be an orthonormal frame at p with V.,e;(p) = 0. Since
M is Ricci flat, we get for any function w that

(B.9) VAw = AVw.
Using the definition of By, the fact that g is parallel, and ([B.9) with w = b gives
Thus, 6B, = V(Ab? — 2|Vb|?). The lemma follows since Ab? = 2n |Vb|%. O

Using this, we can compute the Laplacian of |Vb|?.
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Lemma B.11. We have

7 AIVHE = 5 Byl + (2n — 4) B(Vb, V)
(B.12) _ % By? + (n — 2) (V|VB]2, VI2)

Proof. Using the definition of the Laplacian, then Lemma [B.4, and then Lemma gives
b* A[Vb]* = b* div V|Vb|* = b* div (b~" By(Vb)) = b(5By, Vb) + (B, bHess;) — By(Vb, Vb)

2
Using (B, g) = 0 since B, is trace-free, and noting that (B, Vb ® Vb) = B,(Vb, Vb) gives

(B.13) = (2n — 2) By(Vb, Vb) + (B, {1 By + (Vb g — Vb @ Vb) }) — By(Vb, Vb) .

1
b2 A|VD|? = (2n — 4) B,(Vb, Vb) + 3 |By|? .
This gives the first equality. To get the second equality, use that b V|Vb|> = By(Vb) by
Lemma B.4] to write
(B.14) 2 By(Vb, Vb) = 2 (B,(Vb), Vb) = 2b(V|Vb]*, Vb) = (V|Vb|*, VH?) .
U

B.2. The trace-free second fundamental form. The second fundamental form II of the
level sets of b is given by

(B.15) I(e;,ej) = (Ve,n,ej) ,

where e; is a tangent frame and n = % is the unit normal. It follows that

(B.16) 20|Vb|1(e;, e;) = (V., Vb?, e;) = Hessyz (s, €5) .

Lemma B.17. The trace-free second fundamental form Il and mean curvature H are
(B.18) 20 (V| Ty = By + B;(f’ ;‘) qr

(B.19) 2b|Vb| H =2(n —1)|Vb> — By(n,n),

where Hessy2 and B, are restricted to tangent vectors and ¢” is the metric on the level set.

Proof. The mean curvature H is the trace of I over the e;’s. We have
2b|Vb| H = Ab® — Hessye (n,n) = 2n |Vb|* — Hessy2(n, n)
(B.20) =2(n —1)|Vb|* + (2|Vb|* — Hessy2 (n, n))
=2(n —1)|Vb|* — By(n,n),
giving the first claim. The trace-free second fundamental form Il is

H
26|V 1y = 20|V (II - —19T) = Hessye — 2| Vb2 g7 +
n JE—
By(n,n
b )gT

n—1

B(n,n
( )gT
n—1

(B.21) = By +

Y

where Hess,2 and B, are restricted to tangent vectors. O
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Lemma B.22. If By denotes the restriction of the tensor B, to tangent vectors, then
(B.23) B> = |Bo|* + 2 | By(n)"|* + (By(n,m))?.
Lemma B.24. If we let By denote the restriction of B, to tangent vectors, then

n

By(n,n))?
A0 (V0P (T2 = |Bof? — PRI e o 1,y TP - " (By(m,m))?
n—1 n—1
2 n 2 n—2 2
(5.25) — 1B - B - P22 By

The next lemma computes the scalar curvature R,r where ¢” is the induced metric on the
level sets of b.

Lemma B.26. The scalar curvature R r is given by

40* |Vb]? Ryr = 4(n — 1)(n — 2) |[Vb|* — 4(n — 2)|Vb|* By(n,n)

(B.27) — | B> + 2 |By(n)]? .
Proof. Using that 11, and ¢” are pointwise orthogonal and } gT}z =(n—1), we get
- H?
B.2 1) = |1l + ——g"| = [ITp|? :
(B.23) I = i+ 7| =+
Since M is Ricci flat, the Gauss equation gives
H? n—2
2 2 2
(B.29) Ry = H? —|II|" = H? — I|" — — = H? — |IIo|° .
To handle this, we first compute H?
40% VO[> H? = [2(n — 1) |Vb]> — By(n,n)]”
(B.30) = 4(n —1)?|Vb|* — 4(n — 1)|Vb|> By(n, n) + (By(n,n))*
Combining this with the calculation of |TIy|? from Lemma [B.24] gives
-2
40 |Vb|* Ryr = 4(n — 1)(n — 2) [Vb|* — 4(n — 2)|Vb|* By(n,n) + Z — (By(n,n))?
9 n 9 n—2 T2
(B.31) —|Bu|” + — | By(n)|” + 1 | By(n)" |

Finally, simplifying this gives
40* |Vb)* Ryr = 4(n — 1)(n — 2) [Vb|* — 4(n — 2)|Vb|* By(n, n)
(B.32) — B> +2 |By(m)|* .

We will also need to compute the Ricci curvature Ric” of the level sets.
Lemma B.33. The Ricci curvature Ric” of the level sets is given by
(B.34) b’ Ric” = (n —2)|Vb]*¢" + €&,
where the error term £ is bounded by a constant times |By| + b |V By|.
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Proof. Let R and RT denote the curvature tensor of M and the level set of b, respectively.
Choose an orthonormal frame e; where e,, = |g—2‘ is the unit normal and ey, ..., e,_; diago-
nalize the second fundamental form II; let \; be the eigenvalue corresponding to e;.

For i # j (and i, j < n), the Gauss equation gives

Summing over j < n gives the Ricci curvature of the level set in the e;, e; direction
1#j<n
Using that M is Ricci flat, this becomes
(B.37) Ricl = —Ripin + N H — A2,
where we used that H =3, ;. Using that \; = Ily(e;, ;) + %, we get
, g "\’
(B.38) Ric); = — Rinin + H g (e;, ;) + — - (110(6,-, ei) + m) :
Lemma [B.17] gives that
- 1)|VDb B

(B.39) H—%'HHM gc%.
Using this in (B.38)) and noting that both |By| and b|H| are uniformly bounded gives

. T Vo2 &

where the error term & is bounded by a constant times By,.

To complete the proof, we will bound the “radial” extrinsic curvature term Rj;,;, in terms
of the trace-free Hessian By. Let e be a tangent vector to the level set b = R; we can assume
that Vyse = 0. The definition of the curvature tensor gives

4b% (R(Vb,e)Vb,e) = (R(Vb?, e)Vb*, e)
(B.41) = (Ve Ve V%, e) — (Vi V.V e) + (Vv Vb, €)
= (V. Hess;2 (VB?), e) — (VgpeHessye (), e) — Hessye (Hessyz(e), €) .
Next, we use metric compatibility (and the fact that Vy,e = 0) to get
(B.42) 40> (R(Vb,e)Vb,e) = V. (Hessy (V% €)) — Hessy2 (V0*, Vee) — Ve (Hessye (e, €))
— Hessy2 (Hesspz(e), €) .
Bringing in that Hessy,e = By + 2|Vb|? g, we can write this as
40> (R(Vb,e)Vb,e) = V. (By(Vb,e)) — By(VH?, V.e) — 2|Vb|* (Vb V.e)

(B.43) — Ve (By(e, €)) — 2 V| VO[> — B, (By(e) + 2|Vb| e, ¢)

— 2|Vb|? By(e, e) — 4|Vb|*.

The right-hand side has eight terms. Terms 1, 2, 4, 5, 6 and 7 are all bounded by C' (| By| + b |V By|)
(here we also used that V|Vb| can also be bounded in terms of By). Thus, we get that

(B.44) 4% (R(Vb,e)Vb, e) = —2|Vb|* (Vb V.e) — 4|Vb|* + &,
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where & < C (|By| + b |V By|). Using that Vb and e are orthogonal, we get

(B.45) (Vb Vee) = —(V. VP2, e) = —Hesspz(e,e) = —By(e, e) — 2|Vb|?,
and plugging this in completes the proof. U
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