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Abstract

Two dimensional electron systems (2DES) provide a uniquely promising avenue for
investigation of many body physics. Graphene constitutes a new and unusual 2DES,
which may give rise to unexpected collective phenomena. However, the vanishing
density of states in charge neutral single layer graphene suppresses many body effects,
and one has to alter the system to observe strongly ordered states. We consider three
ways of accessing quantum many body physics using graphene.

First, we consider doping single layer graphene to a Van Hove singularity in the
density of states. We show that there are strong instabilities to several strongly or-
dered states, with the leading instability being to a d-wave superconducting state.
The superconducting state realizes chiral superconductivity, an exotic form of super-
conductivity wherein the phase of the order parameter winds by 47 as we go around
the Fermi surface. We also discuss the nature of the spin density wave state which is
the principal competitor to superconductivity in doped graphene.

Next, we study bilayer graphene (BLG), which has a non-vanishing density of
states even at charge neutrality. We show that Coulomb interactions give rise to a
zero bias anomaly in the tunneling density of states for BLG, which manifests itself
at high energy scales. We also show that the quadratic band crossing in BLG is
unstable to arbitrarily weak interactions, and estimate the energy scale for formation
of strongly ordered states. We show that gapped states in BLG have topological
properties, and we classify the various possible gapped and gapless states in terms of
symmetries. We study the competition between various ordered states, and discuss
how the nature of the ground state may be deduced experimentally. We also discuss
recent experimental observations of strongly ordered states in bilayer graphene.

Finally, we study bilayer graphene in a transverse magnetic field, focusing on the
properties of the quantum Hall ferromagnet (QHF) state. We resolve an apparent
discrepancy between the experimentally observed energetics and theory. We close
with a discussion of the exotic topological defects that form above the QHF state.

Thesis Supervisor: Leonid S. Levitov
Title: Professor of Physics
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List of Figures

1-1 (a) Graphene consists of a honeycomb lattice of carbon atoms. The
honeycomb lattice can be thought of as two interpenetrating triangu-
lar sublattices, labelled A and B. The A and B sublattice labels have
been indicated on part of the honeycomb lattice. (b) Momentum space
for graphene can be represented on a plane as a hexagon with oppo-
site edges identified (momentum is only well defined up to a reciprocal
lattice vector). The region inside the hexagon is known as the first
Brillouin zone. The Brillouin zone has two inequivalent corners, con-
ventionally labelled K and K’. At half filling, there are gapless states at
the points K and K’ only. The spectrum close to these ‘Dirac points’
is linear, with energy € = vk, where v is the Fermi velocity and k is
the distance to the nearest Dirac point. This spectrum takes the form

of the famous ‘Dirac cone,” drawn above in blue. . . . ... ... ..
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2-1

Chiral superconductivity arises when graphene is doped to the Van
Hove singularity at the saddle point (M points of the Brillouin zone).
a) d + id pairing exhibiting phase winding around the hexagonal FS,
which breaks TRS and parity (§ = 27/3). b) Conduction band for
monolayer graphene [7]. At 5/8 filling of the 7 band, the FS is hexago-
nal, and the DOS is logarithmically divergent (c) at three inequivalent
saddle points of the dispersion M; (i=1,2,3). Their location is given
by +e;, where 2e; is a reciprocal lattice vector. The singular DOS
strongly enhances the effect of interactions, driving the system into a
chiral superconducting state (a). Since the FS is nested, superconduc-
tivity competes with density wave instabilities, and a full RG treatment

is required to establish the dominance of superconductivity. . . . . .

Possible interactions in the patch model. (a) Feynman diagrams repre-
senting allowed two-particle scattering processes among different patches,
Eq.2.1. Solid and dashed lines represent fermions on different patches,
whereas wavy lines represent interactions. (b) Pictorial representation
of these scattering processes, superimposed on a contour plot of the
energy dispersion. Each scattering process comes in three flavors, ac-
cording to the patches involved. However, it follows by symmetry that
the scattering amplitudes are independent of the patches involved, and

therefore we suppress the flavor labels. . . . ... ... ... ... ..
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2-3

Flow of couplings with RG scale y, starting from repulsive interactions.
Note that the coupling g4 changes sign and becomes attractive, lead-
ing to a (superconducting) instability at the energy scale y. (Eq.2.4).
Inset: Critical couplings G; (2.5) near y, as a function of the nesting
parameter at the ordering energy scale, d;(y.). The dominance of su-
perconductivity over spin density wave order arises because —G4 > G2
for all values of d;(y.). Initial conditions: The RG flow is obtained by
numerical integration of (2.3) with initial conditions g;(0) = 0.1, and
modeling the nesting parameter as d;(y) = 1/4/1 +y. The qualitative
features of the flow are insensitive to initial conditions, and to how we
model d;. The critical couplings (inset) are universal, and independent

of initial conditions. . . . . . . . . . . . . .. e

Possible superconducting orders that could develop at the M point.
(a) A dy2_,2 or dy, state would be realised if K < 0 in the Landau
expression for the free energy, Eq.2.12 (b) The d,2_,2 and d;, orders
can co-exist if K, > 0 in Eq.2.12. A microscopic calculation indicates

that the states (b) have lower free energy. . . .. ... ... ... ..

(Color online) a) The Fermi surface at the doping level of interest is
a hexagon inscribed within a hexagonal Brillouin zone (BZ), for both
honeycomb and triangular lattices. The FS has three inequivalent cor-
ners, which are saddle points of the dispersion, marked by a vanishing
Fermi velocity and a divergent density of states. The three inequivalent
saddle points M; are connected by three inequivalent nesting vectors
Q;, each of which is equal to half a reciprocal lattice vector, such that
Qi = —Q;. b) Spin structure for the uniaxial SDW state. The SDW
order quadruples the unit cell to a unit cell with eight sites (shaded).
The enlarged unit cell has a large spin moment 3A on two sites and a
small spin moment —A on the other six. The total spin on each unit

cell i8S ZETrO. . . . o e e e e e e e e e e e e e e e e e

59

63



3-2

(Color online) The terms quartic in A are produced by processes repre-
sented diagrammatically by square diagrams. The diagrams for Z, and
Z3 correspond to patterns Az, Az, Ay, A; and Az, Aq, As, A, respec-
tively. The sixth order chirality sensitive term is produced by ‘hexag-
onal diagrams.” Sample square and hexagonal diagrams are shown
above. The integrals are dominated by momenta that bring all the
fermion propagators to the vicinity of one of the saddle points of the

dispersion. . . . . . . ...

(Color online) a) Excitation spectrum € = E;, — dp of the 3Q uniax-
ial state. Negative k are along the FS, positive k are along the BZ
boundary in the original BZ (along k, in the reduced zone). Placing
the chemical potential at du = —A ensures that four bands lie below
the chemical potential (horizontal dotted line) and two lie above for all
k, irrespective of the value of A. Thus the choice p = —A conserves
electron number. Excitations with spin projection opposite to A are
in blue (solid), along A are in red (dashed) lines. Note that gapless
excitations arise in the spin-down branch only. b) Free energy differ-
ence 0 F = Fjpiaxial — Feniral between the 3Q uniaxial SDW state and the
chiral state, evaluated in the mean field approximation for the honey-
comb lattice Hubbard model with g, = g5 = U = 1.7¢; (Ty ~ 0.002¢,).
The 3(Q) uniaxial state has lower Free energy over a wide range of inter-
mediate temperatures, but at the smallest T the non-coplanar, chiral

state, studied in earlier works [3, 7, 10], has lower Free energy.
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3-4 (Color online) (a) Schematic representation of the emergent Z, symmetry-

breaking paramagnetic phase. The blue links are ferromagnetic bonds,
while the red links denote antiferromagnetic bonds. The system still
has hexagonal symmetry, i.e. the C3 rotational symmetry is preserved,
but the unit cell now contains 8 sites, i.e. the translational symmetry is
broken. There is no long-range spin order, and the Z, symmetry corre-
sponds to the four inequivalent choices for the center of the quadrupled
unit cell (points A, B, C, and D). (b) The uniaxial SDW state. Among
the eigth sites of the enlarged unit cell, two have large spin moment
3A (red arrows) and six have small moment —A (blue arrows in the
shaded hexagons). The total spin on each unit cell is zero. The only
additional symmetry broken with respect to the state in panel (a) is

the O(3) spin-rotational symmetry. . . . . ... .. ... .......

(Color online) (a) The Fermi surface at the doping level of interest
is a hexagon inscribed within the hexagonal Brillouin zone (BZ), for
both honeycomb and triangular lattices. The FS has three saddle
points M, located at the corners of the hexagon. Pairs of inequiva-
lent saddle points are connected by three inequivalent nesting vectors
Q: = (0,27/v/3), and Qa3 = (F7/3,—7/V/3). (b) Order-parameter
space of the preemptive Z, phase. In the ordered phase the vector
order parameter ¢ = (1, @2, p3) points toward one of the four corners

of a regular tetrahedron. . . . . .. .. ..o

(Color online) (a) The effective action S(¢) = S[r,¢]/NV g as a func-
tion of ¢ for o = 100 and various 7. The different curves correspond
to 7o = 197, 195.94 (7*), 195, 194, 192.9 (7¢), 192, and 191 (from top
to bottom). (b) The (red) solid curve shows the order parameter ¢ as
a function A7y = 7y — 7§. The (green) dashed curve shows the expec-
tation value (@ of the metastable phase for 7y < 7§*. (c) The inverse

susceptibility 1/x, = 7 — 2p of the singlet mode as a function of A7.
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4-1

4-3

Diagrammatic representation of self energy (a) and vertex correction
(b) [Eqs.(4.14),(4.28)]. Straight lines with arrows represent fermion
propagator, Eq.(4.13), wavy lines represent dynamically screened long
range interaction, Eq.(4.5). . . . . . ... ... .. L.

The renormalization of the four point vertex T proceeds through re-
peated scattering in the particle particle channel (a) and in the particle
hole channel (b), known as the the BCS loop and the ZS’ loop in the
Luttinger liquid literature [12]. The RPA bubble diagrams (ZS loop
in the language of Ref.[[12]]), which arise in the same order of pertur-
bation theory, have already been taken into account in the screened

interaction, Eq.(4.5). . . . . . .. .. ...

Tunneling density of states (TDOS) of BLG at charge neutrality, Eq.(4.52),

is shown as a function of external bias w = eV. Predicted TDOS is
shown for two different values of the dielectric constant in Ey, Eq.(4.4):
k = 1 (solid curve) and k = 2.5 (dashed curve), describing free-
standing BLG and BLG on SiO substrate, respectively. Plot is nor-
malized so that p = 1 at an external bias of 100meV. . . . . ... ..

(a) Domains of opposite polarization in the ferroelectric state. Valley
polarized chiral edge states propagate in opposite directions along do-
main boundaries. (b) Diagrammatic representation of gap equation.
First term is vertex correction, second term is self energy correction.
Both diagrams exhibit log? divergence which cancels to leading order.
Solid, wavy and dashed lines represent fermion propagators, the RPA

interaction (5.4), and A7s vertex, respectively. . . . ... ... ...
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5-2

6-1

Free energy change from gap formation at leading order in A and
in the interaction. V_ is the difference between interlayer and intra-
layer interactions. While all these diagrams are nominally O(A2), A
also appears as a logarithmic infrared cutoff in each diagram Eq.(5.9).
Physically, the diagrams may be interpreted as a) Kinetic energy cost
from spontaneous gap opening. b, ¢) Interaction energy gain from gap
opening. d) Hartree energy cost of layer polarisation - vanishes within

the approximations of Eq.5.1 . . . . . .. .. ... ... 0oL

Landau level spectrum of the QAH and QSH states. Note an anoma-
lous Landau level in the QAH state that has no particle-hole-symmetric
counterpart. Occupation of this anomalous Landau level allows the
QAH state (a) to lower its energy relative to the states (b,c) at filling

factor v = 4. . . . . . . e e

The long range interaction contributes to the beta functions of the short
range interactions through the diagrams shown above. The wavy line
represents the dynamically screened long range Coulomb interaction,
the dashed lines represent short range interactions, and the solid lines

with arrows represent fermion propagators. . . . . . .. .. ... ...

Phase diagram of BLG, evaluated a) with go = 0 and b) with gy =
1/(41n4). Blue region flows to QAH fixed point, red region flows to

nematic fixed point . . . . . .. ... oL oo

Real and imaginary part of the single species longitudinal conductivity

in the gapped state. . . . . .. .. ... ... ... ...

Real and imaginary part of single species Hall conductivity in the
gapped state. The total Hall conductivity is obtained by summing
over spin and valley species, which multiplies the above result by a
factor of Tr(Qns). In time reversal symmetry preserving gapped states,

Tr(Qn3) = 0 and the Hall conductivity vanishes. . .. ... ... ..
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8-3

Kerr angle (in units of fine structure constant o = e2/kc) as a func-
tion of photon energy for BLG in the QAH phase. Note the resonant
enhancement near Ey = 0.4eV, arising from direct transitions to the
higher BLG bands, Eq.(8.34). Inset: Schematic band structure of BLG
near the K point, for the QAH phase. The Kerr response arises from
transitions 1’ — 2 and 1 — 2/, involving states in the bands 1 and 2

which are affected by broken TRS. . . . ... ... ... .......

Phase diagram for BLG at charge neutrality (schematic). A layer po-
larized state is obtained at high E and a quantum Hall ferromagnet
state at high B. The transition between the two occurs at a critical
field E. = 4aB (Eq.(9.13)). In the zero field limit, there is a rich va-
riety of possible strongly interacting states. How to distinguish which

of these states is realised in experiment was the subject of Sec.8.2. . .

Schematic representation of experimental measurements in eightfold
degenerate zeroth Landau level of BLG [14]. Blue line corresponds
to filling factor v = 0 whereas red line corresponds to filling factor
v = 2. Full (empty) zeroth LL correpsonds to v = 4(v = —4). We
attribute the peak at v = +2 and F = 0 to skyrmions, whereas the
peak at ¥ =0 and F = +F, is attributed to gap collapse. . . . . ..

Phase diagram at v = 2, in the limit of strong in plane magnetic field.
The spins are frozen out and the system behaves as an easy plane
valley ferromagnet in an axial field. The regions I break valley U(1)
symmetry. In the regions /11 the valley polarisation vector is aligned
along the z axis. In the regions II, the valley polarisation vector has
an in-plane component, which is not ordered. The I regions support
de-confined merons. The meron deconfinement transition occurs at
T =~ nJ(1— E?/4a%B,).The dashed line indicates the temperature for

the proposed experiment to detect merons. . . .. ... .. ... ..
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C-1 (Color online) The behavior of scaling functions fi(z) = f; (%’-) a)
The scaling functions f; (black) and f» (blue). b) The scaling function
f3. ¢) The scaling function f5 corresponding to the term Z; — Z; — Z3
(solid line). Superimposed on this is a discrete plot of f4 (points). Note
that the scaling functions f3(z), f4(z) and fs(z) change sign between
small Ty /t, (weak/moderate coupling) and T ~ t; (strong coupling). 261
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Chapter 1

Introduction

The idea that ‘more is different’ [1], and that large collections of interacting parti-
cles can display emergent behavior qualitatively different to the behavior of a few
particles, is the inspiration for condensed matter physics. While the fundamental
laws governing ordinary matter, namely electromagnetism and quantum mechanics,
are well known, the behavior of material systems is endlessly varied, and continues
to surprise us. Superconductivity [2], the quantum Hall effects [3], and the recent
discovery of topological phases of matter [4] are only a few examples of the way that
new physics can emerge in material systems.

Electronic systems provide a particularly interesting playground for exploration of
collective phenomena. Whereas the behavior of systems of non-interacting electrons
is well understood in terms of band theory [5], there is no exhaustive theory for the
behavior of interacting electron systems. Interactions between electrons can lead to
formation of ground states that spontaneously break symmetries of the microscopic
Hamiltonian [6], exhibit topological order (7], or otherwise display properties that are
markedly different to those exhibited by non-interacting electron systems. The study
of many body physics in electronic systems is thus a centerpiece of modern condensed
matter physics.

The dimensionality of the physical system has important consequences for the
many body physics. Interaction effects are stronger in low dimensional systems. Thus,

two dimensional systems are generically more sensitive to interactions than three di-
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mensional systems, and one dimensional systems are more sensitive still. However, in
one dimension, the very low dimensionality reduces the complexity of the problem,
and the behavior of one dimensional systems is largely understood [8]. Two dimen-
sional electron systems are thus ideal for the study of many body physics - the low
dimensionality enhances the effect of interactions, but the dimensionality is still high
enough for unexpected behavior to arise. Many of the most dramatic recent discov-
eries in condensed matter, including high temperature superconductivity [9] and the
fractional quantum Hall effect [3, 7] have occurred in two dimensional or quasi-two

dimensional systems.

Recently, an entirely new family of two dimensional electron systems has become
available, which are based on graphene. Graphene, a single, atomically thin sheet
of carbon atoms, was discovered in 2004 [10], and rapidly became one of the most
popular systems for experimental and theoretical condensed matter research. For an

exhaustive review of work done on graphene, see [11, 12].

The popularity of graphene is motivated partly because of its potential for tech-
nological applications: it is a two dimensional electron system (2DES) with high
mobility, where the carrier density can be tuned by gating, and it can be tuned to
exhibit either electron-like or hole-like (ambipolar) behavior. These properties make
graphene a promising material for building devices and for technological applications.
At the same time, graphene is interesting for physicists because it represents an en-
tirely new 2DES with unique features (for example, the low energy excitations are
governed by a Dirac equation), and as a result qualitatively new physics can arise.
New physics observed in graphene include Klein tunneling and an anomalous ‘half

integer’ quantum Hall effect [11].

However, at the time that this thesis was started, the existing work on graphene
had almost entirely neglected many body effects. The reason for this neglect was
that almost all the observed properties of single layer graphene near charge neutral-
ity appear fully consistent with a model of non-interacting electrons. The recent
observation of a logarithmic dependence of the Fermi velocity on doping level [13],

represents the first truly many body effect to be observed in single layer graphene,
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and even this can be understood within a ‘marginal Fermi liquid’ description that is
adiabatically connected to the non-interacting description [14]. The apparent weak-
ness of many body effects is surprising, given our earlier identification of 2DES as
being ideal for investigation of many body physics. It turns out that the lack of any
striking departures from non-interacting behavior can be attributed to the vanishing
low energy density of states in charge neutral graphene, which suppresses the effect
of interactions. The search for new quantum many body physics in graphene was the

principal objective of this thesis.

How can one sidestep the vanishing density of states, to realize truly new many
body physics in graphene? There are three potential avenues of attack. One possi-
bility is to dope graphene to alter the low energy density of states. A second is to
study bilayer graphene, where the density of states is non-vanishing. Finally, one can
also apply a transverse magnetic field to alter the electronic spectrum and produce a

non-vanishing density of states. I discuss each of these approaches in turn.

First, I discuss doping single layer graphene. Upon doping, the density of states
becomes non-vanishing, and at a critical doping level the density of states actually
diverges. At this doping level, exotic strongly correlated states are highly likely,
and the behavior at this doping level will be the focus of Chapters 2 and 3. Prior
to the work described in Chapters 2 and 3, a large number of possible states had
been proposed for single layer graphene, but there was little understanding of which
states were actually likely. This is the question I set out to address, using a weak
coupling renormalization group technique which allowed for an unbiased analysis of

the competition between various orders.

In Chapter 2, I will argue that the most likely many body ground state at this
doping level is a superconducting state of a form that has not been hitherto observed.
The other (less likely) candidate state is an unusual spin density wave (SDW) state,
the properties of which I will discuss in Chapter 3. Both possible states, the super-
conductor and the spin density wave, have highly unusual features which were not
appreciated prior to our work. The superconducting state provides a realization of

chiral superconductivity, wherein the phase of the superconducting order parameter
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winds by 47 as one goes around the Fermi surface, breaking time reversal symmetry.
This phase winding also endows the superconducting state with a host of topological
properties, such a thermal Hall effect, protected edge states, and zero modes in vortex
cores, which are desirable for nano-science applications. Meanwhile, the SDW state
possesses gapless charged excitations in one spin branch only, and therefore allows for

electrical control of spin currents, which is also desirable for nanoscience applications.

Doped single layer graphene could thus allow realization of one of two highly
exotic and long sought after quantum states, neither of which has been previously
seen in experiments, and either of which could be extremely useful technologically.
Since our work on doped graphene appeared, there has been a flurry of theoretical
papers dealing with superconducting and spin density wave phases in doped graphene.
Meanwhile, experiments are under way to dope graphene to this level, and may soon

be able to directly test the theoretical predictions for doped graphene.

An alternative approach to interesting many body physics involves studying bi-
layer graphene (BLG). Bilayer graphene (BLG) consists of two graphene sheets chem-
ically bonded together, and shares many of the properties of single layer graphene,
except that the density of states is non-vanishing even at zero doping. As a result,
non-trivial many body states can arise, and there is strong experimental evidence sug-
gesting that the ground state of undoped BLG is distinct from the non-interacting
ground state (for a review, see [18], or Chapter 8).

In Chapter 4, I will discuss the behavior of BLG in the presence of dynamically
screened Coulomb interactions. I will predict the existence of a zero bias anomaly in
the tunneling density of states that manifests itself at energy scales as high as 100 meV
(a feature that has been observed experimentally, although not widely appreciated,
see e.g. [19]). In Chapter 5, I will discuss the possibility that Coulomb interactions
might trigger spontaneous gap opening in bilayer graphene - something that has been
observed in experiments [20, 21, 22]. I also point out that because of the non-vanishing

Berry phase in BLG, the gapped states have interesting topological properties.

Our prediction of unusual gapped phases with topological properties helped trig-

ger an explosion of interest in bilayer graphene. A large theoretical literature has
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appeared dealing with strong correlation physics in BLG (23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34]. It has been conclusively established [25] that for short range
repulsive interactions, the leading instability in BLG is to a gapless nematic state,
and not a gapped topological state. The situation for long range interactions is less
clear. If long range (Coulomb) interactions are treated within an RPA screening ap-
proximation, as is done in Chapter 7, and also in [26, 27], then it appears that the
leading weak coupling instability is to a nematic state, just as for the case of short
range interactions only. However, a rigorous treatment of the problem with long range

interactions, which does not privilege the RPA diagrams, has not yet been performed.

Meanwhile, a large number of experimental studies of BLG have also appeared
[38, 36, 20, 21, 22, 37], which all seem to observe non-trivial strongly ordered states in
BLG. Intriguingly, the experiments on BLG appear to be at odds with the theoretical
expectations. With the exception of [37], all of the other experiments appear to
observe gapped states, whereas the most sophisticated theoretical calculations [25, 26],
discussed in Chapter 7, seem to predict that the ground state should be gapless. This
conflict between theory and experiment suggests that new developments in many body
theory may be necessary to fully explain BLG. Meanwhile, the different experiments
also appear to disagree with each other, and I discuss in Chapter 8 what experiments

may be done to yield insight into the nature of the ground state of BLG.

The third and final way to produce a non-vanishing density of states (and hence
to access new many body physics) is to apply a magnetic field perpendicular to the
graphene plane. The resulting quantum Hall physics will be discussed briefly in
Chapter 9.

The rest of this introduction is structured as follows: first I provide a brief overview
of the Hamiltonian and the electronic properties of single layer graphene. Then, I
review the Hamiltonian and electronic properties of bilayer graphene, and the sym-
metries of bilayer graphene. I conclude by providing a brief summary of the main

results of this thesis.
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Figure 1-1: (a) Graphene consists of a honeycomb lattice of carbon atoms. The
honeycomb lattice can be thought of as two interpenetrating triangular sublattices,
labelled A and B. The A and B sublattice labels have been indicated on part of
the honeycomb lattice. (b) Momentum space for graphene can be represented on a
plane as a hexagon with opposite edges identified (momentum is only well defined
up to a reciprocal lattice vector). The region inside the hexagon is known as the
first Brillouin zone. The Brillouin zone has two inequivalent corners, conventionally
labelled K and K’. At half filling, there are gapless states at the points K and K’ only.
The spectrum close to these ‘Dirac points’ is linear, with energy € ~ vk, where v is
the Fermi velocity and k is the distance to the nearest Dirac point. This spectrum
takes the form of the famous ‘Dirac cone,” drawn above in blue.
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1.1 Graphene: structure and electronic properties

Graphene consists of a two dimensional array of carbon atoms arranged in a hon-
eycomb lattice. The discovery of graphene [10] came as a surprise to the condensed
matter community, since there is a theorem in statistical mechanics which states that
two dimensional crystals cannot exist at non-zero temperature [6]. This is because the
Debye-Waller factor (which measures the disordering effect of thermal fluctuations) is
logarithmically divergent in two dimensions [6]. However, the statistical mechanical
theorem strictly only applied to samples that are infinitely large. For a crystal of
finite size, the logarithmic divergence in the Debye-Waller factor is cut off by the
finite system size, and micron sized samples of graphene can therefore exist, and can

be measured in the laboratory.

I now make some brief comments on carbon chemistry in graphene (for details,
see [35, 39]). The carbon atoms in graphene are sp, hybridised, with the s, p, and p,
orbitals lying in the graphene plane, and the p, orbitals normal to the graphene plane.
Carbon has four valence electrons per atom, three of which go into the sps hybridised
system, with the fourth going into the p, system. The electrons that go into the
spy orbital system form strong o bonds. These control the structural properties of
graphene, but are irrelevant for the low energy electronic properties. The low energy

electronic properties are controlled by 7 bonding in the p, orbital system.

If I neglect electron-electron interactions, then the low energy electronic physics
consists of electrons hopping from site to site through the p, orbital system. This is

most straightforwardly described in a tight binding model
Hy = Ztij’(/)z%' (1.1)
ij

where 1; annihilates an electron on site ¢, and ¢;; is the amplitude to hop from site ¢ to
site j. It is sufficient to restrict our attention to nearest neighbor hopping only, since
further neighbor hopping is much weaker than nearest neighbor hopping. The nearest

neighbor tight binding Hamiltonian is diagonal in momentum space. For electrons
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moving in a periodic potential, momentum is only well defined up to reciprocal lattice

vectors, where the reciprocal lattice vectors P53 are
Py = (0,47/V3a), Pi3=(+27/(3a),—27/V3a). (1.2)

where a is the carbon-carbon spacing. Momentum space is thus a two dimensional
surface with a complicated topology, which can be represented on the plane as a
regular hexagon with opposite edges identified. The area inside the hexagon is known
as the (first) Brillouin zone, and it is sufficient to diagonalize the Hamiltonian within

the Brillouin zone.

The unit cell for the honeycomb lattice contains two sites, conventionally labelled
A and B. The tight binding Hamiltonian in momentum space thus takes the form
of a 2 X 2 matrix, H = Zp wz,Ho(p)wp, where p is a wavenumber and v, is a two
component spinor ¥, = (cg, cg ), where ¢ annihilates a particle on the o sublattice
with wavenumber p. The Hamilonian Hy(p) is defined by

0t ‘ . 3
Ho(p) = ; ; tp =1 [e’p’“ + 2e7%P=9/2 cog (___\/_éoya)] (1.3)
t*
P

where, t; = 3eV is the nearest neighbor hopping amplitude (sometimes denoted sim-
ply as t) and a = 0.142nm is the carbon-carbon spacing in graphene [12]. Henceforth,
I set a = 1 for simplicity. The above Hamiltonian can be straightforwardly diagonal-

ized, and has eigenvalues e(p) = +|t,|, where [12]

pyV3
2

3 3Pz
|tpl =t1\/1 +4cospy—2—\/_cos—§- + 4 cos?

(1.4)

Note that the spectrum is particle-hole symmetric about € = 0.

Now when graphene is undoped, each carbon atom contributes one electron to the
P, orbital system, which is sufficient to fill exactly half the states. Since the spectrum
is symmetric about £ = 0, it follows that for undoped graphene, the chemical potential

p must lie at zero energy, with all negative energy states being filled, and all positive
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energy states unfilled. The dispersion relation (1.4) has zero energy solutions only
at two in-equivalent points (conventionally labelled K and K'’), which are the two
in-equivalent corners of the hexagonal Brillouin zone (Fig. 1-1) (corners that are
connected by a reciprocal lattice vector represent the same point). In the vicinity of
the Brillouin zone corners, t, behaves as toax = A[(p.— K:)+i(py—Ky)]+O0(Ip—K|?)
and tpaxr = —H[(ps — K}) — i(py — K)] + O(|lp — K'|?), with v = 10°ms™" being
the Fermi velocity for graphene [11]. Henceforth, I set i =1 and define k = p — K,
k/ = p — K'. Thus, in the vicinity of the K and K’ points, the Hamiltonian takes the

form

0 v(kg + ik
Ho(p = K) = ( 2 ;
v(k; — iky) 0
0 —v(kl — k!
Ho(p ~K') = vk~ k) (1.5)
—v(k; + k) 0

where k and k' are the displacements from the K and K’ points respectively. The
low energy spectrum is linear and isotropic, ex = +v|k| and e = *vl|k'|, and looks
like two double-cones in momentum space (Fig. 2-1). The equation (1.5) is the Dirac
Hamiltonian which appears to govern all the low energy properties of graphene. It
is so called because the low energy Hamiltonian parallels the Dirac equation, with
v =~ 10%ms~! replacing the speed of light, and with a sublattice pseudospin playing
the role of real spin.

This non-interacting Hamiltonian should be supplemented by electron-electron
interactions. The electron-electron interactions are most conveniently expressed in
real space, and include both short range (contact) four fermion interactions, and
also long range (1/r) Coulomb interactions. It has been established in theoretical
calculations [40, 11] that contact interactions do not qualitatively alter the low energy
physics of graphene if they are weaker than a critical value, although they can open
a gap in the spectrum if they exceed a critical interaction strength. Experimentally,
no gap is observed, so the contact interactions are assumed to be subcritical [11].

Meanwhile, the strength of Coulomb interactions is controlled by a dimensionless
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constant o = e?/hv, which is analogous to the fine structure constant, but with the
Fermi velocity replacing the speed of light. This graphene fine structure constant
o' = 2, thus it is not clear if the non-interacting approach is appropriate to describe
graphene. However, it has been established [11] that for sufficiently weak o, the low
energy properties of graphene are qualitatively unaltered from the non-interacting
model, save for a logarithmic renormalization of the Fermi velocity (which grows
bigger at low energies). Whether the physical value o/ &~ 2 is small enough for this
‘weak coupling’ description to hold is not clear. However, no significant departure
from the weak coupling description has been observed experimentally (despite an
enormous experimental effort), and thus it has been widely accepted that single layer
graphene is weakly coupled. The reason why interaction effects are so weak in single
layer graphene can be traced back to the low density of states N(g), which vanishes

as N(g) ~ € at low energies.

To access strong coupling physics in graphene, it is therefore necessary to get
around the vanishing density of states. One way to sidestep the vanishing density of
states is to dope graphene. At small doping levels, graphene is well described by the
‘Dirac Hamiltonian’ (1.5), and the Fermi surface of the non-interacting theory consists
of two small circles centered on the K and K’ points (the Fermi surface is the surface
in momentum space which separates occupied and unoccupied states). However, at
very large levels of doping, when the 7 band system is nearly empty (full), the system
is analogous to a two dimensional electron gas (hole gas), and has a Fermi surface that
consists of a single circle centered at zero momentum. At some intermediate doping
level, there must be a topological transition from a one piece Fermi surface to a two
piece Fermi surface, and at such a topological transition, the density of states must
diverge [5]. The strong coupling physics that arises in the vicinity of this divergent
density of states will be addressed in the first chapters of this thesis. An alternative
way to get around the vanishing density of states is to change the system that is
studied, and to study instead bilayer graphene. This system will be discussed in the

next section.
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1.2 Bilayer graphene

Bilayer graphene (BLG) consists of two graphene layers chemically bonded together.
The BLG lattice has a four site unit cell - one site each from the A and B sublattices
on the upper and lower layer, which I refer to as the Al, B1, A2 and B2 sublattices
respectively. The Al and B2 sites lie on top of each other in the Bernal stacking, and
are chemically bonded, whereas the A2 and B1 sites do not lie on top of each other,
and are not bonded. For undoped BLG the chemical potential also lies at zero energy,
and there are zero energy states at two in-equivalent points (the K and K’ points),
just like in single layer graphene (SLG). However, the band crossing at these points
is quadratic and not linear (i.e. the low energy dispersion is ¢ = +k?/2m, where
m = 0.05m, is the band mass and m, is the free electron mass). This quadratic
band crossing is unstable to arbitrarily weak electron-electron interactions, unlike the

linear band crossing in SLG.

One way to understand the instability of the quadratic band crossing is as fol-
lows. Consider promoting a single electron from the valence band to the conduction
band, thus forming a particle-hole pair. Since the particle and hole are oppositely
charged there will be an attractive interaction between them. If the low energy dis-
persion is quadratic, then this particle-hole pair can be approximately described by
a two-dimensional two particle Schrodinger equation, which is known to have bound
states for arbitrarily weak attractive interactions. It thus follows that the system
can lower its energy by promoting particles from the valence band to the conduction
band, which means that the filled Fermi sea is manifestly unstable. (Whether the
leading instability is to particle-hole pair production or in some other channel cannot
be deduced from this argument). I thus conclude on very general grounds that a

spontaneously ordered nontrivial ground state must arise in BLG.

I now present the Hamiltonian for bilayer graphene, and discuss the relative im-

portance of the various terms. The general Hamiltonian in the absence of any external
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electric and magnetic fields can be written as a sum over lattice sites 7 and j
1
H= E Pty + Eaninj (1.6)
ij

where t;; represents the tight-binding hopping matrix element between sites ¢ and
J, and V;; represents a general ‘density-density’ interaction V(r; — r;), which has a
long range Coulomb component in addition to short range lattice scale components.
Further theoretical progress depends crucially on the relative importance of the tight
binding and interaction terms. A non-interacting model that sets V;; = 0 adequately
describes the observed transport physics in bilayer graphene on energy scales greater
than a few meV (and at all doping levels other than charge neutrality) [11, 12]. Since
the characteristic scale for the tight binding Hamiltonian is =~ 3eV, and the scale at
which departures from non-interacting behavior become significant is =~ 3meV, most
theoretical analyses assume that interactions are weak, and treat them perturbatively.
I will adopt this weak coupling perspective in this thesis, commenting on possible

weaknesses of the approach as and when necessary.

In the spirit of the weak coupling approach, I first discuss the non-interacting
Hamiltonian, before moving on to discuss the interactions. Upon going to momentum
space, the tight binding Hamiltonian becomes a four-by-four matrix in the space
of Bloch functions (1;,%s,%s3,1%,) which are localized on the Al, B1, A2 and B2

sublattices respectively. This non-interacting Hamiltonian takes the form :

r 1

0 tp O t3(P)

£ 0 E 0
Ho(p)=| P ° . Eo~04eV, (1.7)
0 Ey 0 t

where t, was defined in Eq.(1.3). Note that ¢, vanishes at the K and K’ points,
behaving as vp; near point K and as —vp_ near point K’, where p; = p, + ip,

1

and v &~ 10%°ms™! is the Fermi velocity for graphene [11]. Meanwhile, the term

Ey =~ 300meV reflects dimerization of the |Al) and |B2) sites (which are directly
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on top of each other), and the term ¢3(p) reflects the ‘trigonal warping’ arising from
direct hopping between |B1) and |A2) sites. It also vanishes at the K and K’ points,
behaving as v3p_ near point K and as vsp, near the point K’. Note that v3/v = 0.1,
[41], so trigonal warping represents only a small perturbation to the tight binding

Hamiltonian.

The specrum of the Hamiltonian (8.23) features four bands. If we set the small
perturbation t3 = 0, then we find that the band energies are given by

1 1
E(p) = ltpl? + 5 B2 + S E3/1+ 41,2/ B3, (18)

Near the points K and K’, this gives two massless Dirac bands & »(p) that cross at
zero energy, and two high-energy bands €3 4(p) =~ +E. This spectrum acquires small

corrections from the t3 term, which we will discuss below.

The low energy physics near charge neutrality is dominated by the low energy
states. One can therefore restrict oneself to the regions in momentum space near
the K and K’ points, where there are gapless states. Moreover, one can project out
the high energy bands €3 4 to obtain an effective two band Hamiltonian [12] for each

valley K and K’, which takes the form

0 2
2m T UsD-—

Hox = , Hoxr(P) = Hg 1 (—P), (L.9)

P2

20 + VsP+ 0
where m =~ 0.05m, and m, is the free electron mass. This Hamiltonian provides a good
description for BLG on energy scales less than ~ 200meV - above this energy scale
the higher bands must also be taken into account. The Hamiltonian is independent
of spin. Moreover, the low energy bands that constitute the Hilbert space of this
effective Hamiltonian have weight on the |B1) and |A2) sites only.

The effective two band Hamiltonian (1.9), diagonalized in the absence of trigonal
warping (v3 = 0) gives rise to energy bands with quadratic dispersion E = :I:{%.
The inclusion of trigonal warping causes the quadratic band crossing to split into

four linear band crossings - however this effect only manifests itself on energy scales
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smaller than 1meV [12], whereas the non-interacting description already fails at en-
ergy scales smaller than a few meV. For this reason, the trigonal warping term is
usually neglected in theoretical analyses, and an effective quadratic model consisting
of Eq.(1.9) with v3 = 0 is used.

The non-interacting Hamiltonian above is supplemented by electron-electron in-
teractions.

H = Hy+ Hg + H,y, (1.10)

where Hy is defined by (1.9), H¢ represents the Coulomb interactions, and H; repre-
sents lattice scale interactions. I have separated out the Coulomb interactions because
they are long range, and thus require a different and more careful treatment.

The Coulomb interactions can be described by a many-body Hamiltonian written
intermsof pg =} ;b;‘,wpﬂ (the density summed over layers) and \q = > 1/);‘,731/)p+q
(the density difference between layers). Here, 9, is an eight component spinor, with
spin, valley and sublattice indices which have been suppressed for clarity. The matrix
73 acts in the sublattice space. Meanwhile, the resulting Coulomb Hamiltonian H,,
which incorporates a difference between interlayer and intralayer interaction [42], can

be written in second quantized notation as
1
Ho = 2 Zq: Vi(@)pap-q + V-AqA_q, (1.11)-

where V, (q) = 2me?/kq is the Coulomb interaction, and V_ = me?d/x accounts for the
layer polarization energy (here d = 3.5A is the BLG layer separation and & reflects
dielectric screening in the substrate). For the purposes of a perturbative treatment,
the densities p and A should be projected onto the low energy bands (i.e. one should
take into account only the densities on the A2 and B1 sublattices). Henceforth
whenever I speak of densities I will implicitly be referring to the projected densities,
unless specified otherwise.

" Note that the long range nature of the interaction V. creates considerable technical
difficulties. One way around these difficulties is to ignore the long range nature of the

interactions entirely, and to assume all interactions are short range. Such a neglect
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can be justified by appealing to metallic screening, and this approach has been used
in [25, 31, 32]. A more careful approach is to take into account the RPA screening
of the interaction, and then perform calculations with the RPA screened interaction
(23, 24, 26, 27]. In this approach, dynamical screening effects that give the interaction
a frequency and momentum dependence are important, and are responsible for the
Green function acquiring an anomalous dimension, as discussed in Chapter 4. Finally,
the long range nature of the interaction can be handled on a computer in a functional

RG treatment, as done in [30]. These issues will be discussed further in Section 8.4.1.

Having dealt with the long range Coulomb interactions, I now consider the short
range, lattice scale interactions contained in H;. These are most naturally expressed
in real space, as an onsite Hubbard interaction, a nearest neighbor interaction, etc.
However, for a perturbative treatment of interactions what is needed are the inter-
action matrix elements in the low energy Hilbert space. This means the short range

interactions must also be expressed in momentum space.

The low energy single particle states are Bloch states near one of the band crossing
points, which can be denoted as |¢y;), where I = 1...8 is a super-index that tracks
the spin, valley, and sublattice, and k is the momentum relative to the band crossing
point. Since short range interactions are dispersionless in momentum space, I drop the
momentum labels, and simply denote the low energy states as |¢;). It is convenient
to define the operator %, which acts on the vacuum as $!|0) = 3, |¢;). The short

range interaction Hamiltonian may then be written as
Hi= Y gusHlg (112
ap
where gop are coupling constants, and

v = (BT M) (T Mpp). (1.13)

In this expression, the M, ) are matrices in the eight dimensional spin-valley-sublattice

space.
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The allowed couplings g,g are restricted by lattice symmetries, and by the require-
ments that spin and valley index must be conserved (spin conservation follows from
spin rotation invariance of the Hamiltonian, and valley conservation follows from mo-
mentum conservation). After using exact symmetries and Fierz identities to restrict
and organize the interactions, it emerges [25] that there are nine distinct independent
short range coupling constants in the low energy Hilbert space. The full interacting
Hamiltonian is thus given by (1.10), where H; is given by (1.12), and the sum goes

over the nine independent coupling constants.

All theoretical approaches agree that the quadratic band crossing (with vz = 0)
is unstable even to arbitrarily weak interactions, and at sufficiently low energy scales
the spectrum undergoes a dramatic reconstruction that spontaneously breaks one or
more symmetries of the Hamiltonian. The origin of this instability is rooted in the
existence of bound states for arbitrarily weak attractive interactions. It has been
established [25] that the leading weak coupling instability for purely short range re-
pulsive interactions is to a gapless nematic state. A fully rigorous analysis for long
range interactions has not yet been conducted, although one attempt to analyse the
problem with long range interactions is presented in Chapter 7. Meanwhile, exper-
imentally there is now overwhelming evidence for a spontaneously ordered ground
state (Chapter 8). However, the precise nature of the ground state is at present un-
clear - the different candidate states will be discussed in Chapter 8. In Chapter 8 I will

also discuss how the nature of the ground state may be determined experimentally.

I close this section by commenting on the effect of external electric and magnetic
fields. An external electric field E applied perpendicular to the two layers enters by
making the chemical potential on the two layers different - it adds a term %eEdﬁ to
the non-interacting Hamiltonian (1.9), where 73 is a Pauli matrix in sublattice space,
e is the electronic charge, and d is the interlayer spacing. This opens a gap eFd in the
spectrum. Meanwhile, an external magnetic field applied perpendicular to the BLG
enters the Hamiltonian in multiple ways. Firstly, it couples to the orbital degrees of
freedom - the orbital effect of magnetic fields can be incorporated through minimal

substitution p — p — eA. The magnetic field also introduces a Zeeman splitting

36



between the two spin species, ugBo3, where o3 is the appropriate Pauli matrix in
spin space. Finally, a magnetic field can also introduce a ‘valley Zeeman splitting’ -
such a term lies beyond the minimal substitution approach, and requires a full tight
binding analysis [46]. However, the spin and valley Zeeman splittings are inversely
proportional to the free electron mass, whereas the orbital coupling energy is set by
the cyclotron frequency, which is inversely proportional to the band mass. Since the
band mass is much lower than the free electron mass, m./m = 20, it follows that the

dominant effect of magnetic field is on the orbital physics.

1.3 Symmetries in bilayer graphene

An understanding of the symmetry structure of BLG enables the classification of
interaction matrix elements, making a theoretical analysis possible. It also allows
a classification of the various possible broken symmetry states, and facilitates un-
derstanding of the experimental signatures. Therefore, I now survey the various
symmetries exhibited by the Hamiltonian of BLG. Some of the symmetries are exact,
such as time reversal symmetry, and a three-fold rotation symmetry, whereas other

higher symmetries emerge from a low energy approximation.

I first discuss the symmetries of the non-interacting Hamiltonian, and then dis-
cuss the symmetries of the interaction. This is appropriate since interactions are
being treated perturbatively. Moreover, I concentrate on the effective two band non-
interacting Hamiltonian that is obtained by projecting out the high energy states
(1.9). It is useful to define the Pauli matrices 7,7 and o, acting in the sublattice,
valley and spin spaces respectively. The non-interacting Hamiltonian may then be

written as Ho = diag(Hkr, Hk|, Hk', Hi)), where

2 2

p p_
Hgy=Hg, = (ﬁ + v3p- )Ty + (‘2—77; + V3P4 )T (1.14)

The Hamiltonian in the K’ valley may be obtained by applying Hx:(p) = Hy(—p)
(Eq.1.9). Here 74 = 7 472, and 7 takes an electron from the B2 sublattice to the
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A1l sublattice, and 7_ takes an electron from the A1l sublattice to the B2 sublattice.

Bilayer graphene displays a number of exact symmetries, which are symmetries
of the interaction terms as well as of the non-interacting Hamiltonian. In particular
the full Hamiltonian is invariant under time reversal (T") and under parity inversion
(P). Time reversal involves complex conjugation, taking p — —p, and swapping spins
and valleys, | 1) — | |) and |K) — |K’). In the spin space T? = —1, whereas in the
valley space T2 = 1. Parity inversion involves taking p — —p, and also exchanging
sublattices and valleys, |K) — |K’) and A1 — B2. The BLG is also invariant under
mirror reflection (M) in the three high-symmetry directions. Mirror reflection changes
the sign of one of the two components of the momentum (p,,p,) — (pz, —py), and
also swaps sublattices A1 — B2, but leaves the valley and spin degrees of freedom

untouched.

Additionally, BLG exhibits an exact symmetry under a threefold lattice rotation,
that will henceforth be referred to as C3. The generator of the C3 symmetry is
R(0 = 27 /3), where

R(8) = exp (#(L. — 74ns)) (1.15)

with L, = 0/0,, the generator of spatial rotations in the plane. Thus, the C3 symmetry
involves rotating the vector p by @ = 27/3, while the sublattice pseudospin 1/2 is
rotated by —20 = —47/3 in the K valley, and by 26 = 47/3 in the K’ valley. Under
such a transformation, in the K valley, a term of the form p2 7 is invariant, whereas
a term of the form p_7, picks up a factor of e72™ = 1, and is thus also left invariant.
Invariance in the K’ valley follows similarly, and the full Hamiltonian is thus seen
to be unchanged under 27/3 rotation. Finally, BLG is invariant under SU(2) spin
rotations, and also under U(1) valley rotations (i.e. giving a relative phase to states

in the two valleys).

It is useful to introduce, in additon to exact symmetries, the notion of approxi-
mate symmetries. While Eq.1.9 is the full non-interacting Hamiltonian for BLG,
not all terms in this Hamiltonian are of equal importance. As discussed previously,

the trigonal warping term is weak, manifesting itself only on energy scales lower than
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the energy scales for spontaneous symmetry breaking, and thus can be neglected in a
first approximation. When trigonal warping is neglected, the exact threefold spatial
rotation symmetry (1.15) gets promoted to a continuous rotation symmetry, with the
Hamiltonian (7.1) invariant under rotation (1.15) by any 6, not just # = +2x /3. This
continuous rotation symmetry is respected also by the interaction terms in (1.10).
Additionally, the SU(2) spin rotation symmetry, and the U(1) valley rotation symme-
tries of the non-interacting Hamiltonian become part of a larger approximate SU(4)
symmetry, discussed in detail in [34]. To manifest this SU(4) symmetry, I make a
basis transformation that interchanges sublattices in the valley K’. After this basis

transformation, the non-interacting Hamiltonian (setting vs = 0), becomes
i 3
H0= —T++—T_ ®I4 (116)
m m

where Z is the identity matrix in the twisted spin-valley space and the Pauli matrices
7; act on the twisted sublattice space (sublattices interchanged for the K’ valley only).
The SU(4) invariance under rotations in the twisted spin valley space is now manifest.
This enlarged SU(4) symmetry is also respected by the Coulomb interaction V, in
(1.10), although not by the ‘capacitance energy’ interaction V_. Furthermore, only
three out of the nine independent couplings in (1.12) respect this SU(4) symmetry.
Thus, if the six SU(4) non-invariant bare couplings in (1.12) and the interaction V_
are initially set to zero, then they are not generated at any order in perturbation
theory. This trick was exploited to simplify the theoretical analysis in [24, 31], and
it provides a useful toy model for BLG, although a detailed understanding of the
phase structure requires consideration of the full set of interactions, including SU(4)

non-invariant couplings.

1.4 Main results of this thesis

In this section I provide an overview of the main results from this thesis.
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1.4.1 Chiral superconductivity from repulsive interactions in

strongly doped single layer graphene

In Chapter 2, I consider graphene doped to a Van Hove singularity in the density
of states. The divergent density of states guarantees the emergence of non-trivial
ordered states, even for infinitesimally weak bare interactions. I show using a renor-
malization group method that superconductivity dominates over all competing orders
for any choice of weak repulsive interactions. Thus, I predict that at this doping level,
graphene should superconduct. Superconductivity develops in a doubly degenerate,
spin singlet channel, and a mean field calculation indicates that the superconductiv-
ity is of a chiral d + id type. Chiral superconductivity involves a pairing gap that
winds in phase around the Fermi surface, breaking time reversal symmetry. Chiral
superconductors have a rich phenomenology which is highly desirable for nanoscience
applications, but there are as yet no experimentally known examples of chiral d-
wave superconductivity. In this chapter, I predict that doped graphene can provide
experimental realization of d-wave chiral superconductivity.

This work was published in [15]. Experiments are underway to dope graphene
to this level, and it may soon be possible to test the theoretical prediction of chiral

d-wave superconductivity.

1.4.2 Spin density wave physics in strongly doped single layer

graphene

While superconductivity is the leading instability when graphene is doped to the Van
Hove point, a spin density wave (SDW) instability is a close second. When graphene
is doped close to (but not exactly to) the Van Hove point, the SDW instability can
even become dominant. In chapter 3, I consider the nature of the SDW state.

First, I argue that the preferred finite temperature SDW phase (within a saddle
point calculation) is a uniaxial SDW phase whose ordering pattern breaks O(3) x Z,
symmetry and corresponds to an eight site unit cell with non-uniform spin moments

on different sites. This state is a half-metal — it preserves the full original Fermi
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surface, but has gapless charged excitations in one spin branch only. It allows for
electrical control of spin currents, which is desirable for nano-science applications.

The second part of Chapter 3 is motivated by the observation that it is not pos-
sible to break O(3) symmetry at finite temperature in two dimensions. Thus the
broken O(3) symmetry associated with the uniaxial SDW phase must be restored
when thermal fluctuations are taken into account. However, the uniaxial SDW phase
also breaks a discrete Z; symmetry, and it is possible to break discrete symmetries
at finite temperature in two dimensions. One might therefore suspect that the ‘true’
finite temperature state of the system is a SDW state that breaks Z; symmetry but
not O(3) symmetry. I show that this is indeed what happens, and a Z; breaking
paramagnetic state results. Unlike other emergent paramagnetic phases in itinerant
and localized-spin systems, this state preserves the rotational symmetry of the lattice
but breaks its translational symmetry, giving rise to a super-lattice structure that can
be detected by STM. I show that spin fluctuations are also enhanced in this emergent
phase, leaving distinctive signatures in the magnetic spectrum that can be probed
experimentally.

This work was reported in [16] and in [17]. Experimental efforts to dope graphene
to the vicinity of the Van Hove point are currently underway, and it may soon be

possible to experimentally look for this SDW state.

1.4.3 Electron Interactions in Bilayer Graphene: Marginal

Fermi Liquid Behavior and Zero-Bias Anomaly

In Chapter 4, I turn my attention to bilayer graphene. I analyze the many-body
properties of bilayer graphene (BLG) at charge neutrality, taking into account long
range interactions between electrons. The long range Coulomb interaction is treated
in a random phase approximation, taking into account dynamical screening effects.
Crucially, the dynamically screened interaction retains some long range character,

resulting in enhanced (log?) renormalization of key quantities.

I treat the In? renormalizations arising from dynamically screened interactions
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in a perturbative renormalization group formalism. I carry out the perturbative
renormalization group calculations to one loop order, and find that BLG behaves
to leading order as a marginal Fermi liquid. Interactions produce a log squared
renormalization of the quasiparticle residue and the interaction vertex function, while
all other quantities renormalize only logarithmically. The cancellation of higher log
divergences is explained in terms of symmetries.

I solve the RG flow equations for the Green function with logarithmic accuracy,
and find that the quasiparticle residue flows to zero under RG. At the same time,
the gauge-invariant quantities, such as the compressibility, remain finite to log? or-
der, with subleading logarithmic corrections. The key experimental signature of this
marginal Fermi liquid behavior is a strong suppression of the tunneling density of
states, which manifests itself as a zero bias anomaly in tunneling experiments in a
regime where the compressibility is essentially unchanged from the non-interacting
value. |

The central prediction of this Chapter is that there should be a zero bias anomaly
in the tunneling density of states which manifests itself on a characteristic scale of
~ 10 — 100meV, whereas the more striking departures from non-interacting behavior
occur only on scales = 1meV. This zero bias anomaly at high energy scales has been
observed in experiments [19], although the significance of these results has not yet
been widely appreciated in the experimental community. The work reported in this

chapter was published in [43]

1.4.4 Spontaneous gap opening in bilayer graphene

In this chapter, I consider the nature of the strongly ordered state that should arise at
the lowest energies in BLG. In Section 1, I consider the possibility that dynamically
screened Coulomb interactions may cause the spectrum to develop a band gap. I work
within a mean field approximation, taking into account self energy effects, and I show
that spontaneous gap opening lowers the free energy. Minimization of the free energy
allows us to estimate the size of the gap. In this manner, I obtain a characteristic

gap scale of a few meV, which is in good agreement with experiments. This work
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was reported in [23]

1.4.5 Quantum anomalous Hall state in bilayer graphene

In this chapter, I show that due to the non-trivial Berry phase in BLG, any gapped
states must have interesting topological properties. I also consider the competition
between the various possible gapped states. I show that whereas all the gapped states
are degenerate at a mean field level, the inclusion of thermal and quantum fluctuations
lifts the degeneracy. Working within a ‘saddle point plus quadratic fluctuations’
approximation, I show that thermal fluctuations favor a state that breaks SU(4) spin
valley symmetry, such as a Quantum Spin Hall (QSH) or antiferromagnetic state.
Meanwhile, quantum zero point fluctuations appear to favor a state that preserves
SU(4) symmetry but breaks time reversal symmetry - this is a Quantum Anomalous
Hall (QAH) state, which exhibits a spontaneous quantum Hall effect. I argue based
on this analysis that if the ground state of BLG is a gapped state, then it should be
a QAH state. This work was reported in [34].

1.4.6 Weak coupling renormalization group and nematic states
in bilayer graphene

In this chapter I outline a perturbative renormalization group calculation that allows

for an unbiased determination of the leading instability in bilayer graphene, assuming

interactions are sufficiently weak. This chapter is based on unpublished work (which

is similar in spirit to [25, 26]), and indicates that the leading weak coupling instability

in graphene is to a gapless ‘nematic’ state that breaks rotation symmetry.

1.4.7 Spontaneously ordered states in bilayer graphene: sum-

mary and outlook

I begin this chapter by listing the various possible broken symmetry states that com-

pete to be the ground state for BLG, including gapless states as well as gapped states,
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and by highlighting their experimental signatures. Next, I review the experiments on
bilayer graphene, and compare the experimental observations with existing theories.
I point out that none of the existing theories are consistent with all the experiments
(and moreover the experiments also seem to be inconsistent with each other). I com-
ment on what experiments are needed to bring clarity to the field. I also comment on
what theoretical developments are necessary to complete our understanding of BLG.

Parts of this section were published in [44] and [18].

1.4.8 Quantum Hall Ferromagnetism in bilayer graphene

In this chapter, I discuss what happens when a perpendicular magnetic field is applied
to BLG. The spectrum splits into Landau levels, and at particular filling factors,
the partially filled Landau levels spontaneously polarise in spin and valley to gain
exchange energy. I explain the essential properties of this quantum Hall ferromagnet
state, and I also highlight the unusual nature of the topological defects of this state.
This work was published in [33] and [45].
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Chapter 2

Chiral superconductivity from
repulsive interactions in strongly

doped single layer graphene
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We identify graphene as a system where chiral superconductivity can be realized.
Chiral superconductivity involves a pairing gap that winds in phase around the Fermi
surface, breaking time reversal symmetry. We consider a unique situation arising in
graphene at a specific level of doping, where the density of states is singular, strongly
enhancing the critical temperature T,. At this doping level, the Fermi surface is nested,
allowing superconductivity to emerge from repulsive electron-electron interactions. We
show using a renormalization group method that superconductivity dominates over all
competing orders for any choice of weak repulsive interactions. Superconductivity
develops in a doubly degenerate, spin singlet channel, and a mean field calculation
indicates that the superconductivity is of a chiral d + id type. We therefore predict
that doped graphene can provide experimental realization of spin-singlet chiral super-
conductivity.

This work was published in R. Nandkishore, L. Levitov and A.V.Chubukov, Nature
Physics 8 158 (2012).

50



Chiral superconductors feature pairing gaps that wind in phase around the Fermi
surface (FS) by multiples of 27, breaking time-reversal symmetry (TRS) and parity
and exhibiting a wealth of fascinating properties [1, 2, 3]. The search for experimental
realizations of chiral superconductivity greatly intensified in the last few years with
the advent of topological superconductivity [4, 5, 6]. Here we show that chiral super-
conductivity with a dy2_,2 & id,y (d + id) gap structure can be realized in graphene
monolayer, a system of choice of modern nanoscience [7, 8]. We demonstrate that
when graphene is doped to the vicinity of a Van Hove singularity in the density of
states (DOS), repulsive electron-electron interactions induce d-wave superconductiv-
ity. Our renormalization group analysis indicates that superconductivity dominates
over competing density wave orders, and also indicates that interactions select the
chiral d + id state over TRS-preseving d-wave states. The nontrivial topology of
the d + id state [1] manifests itself in exceptionally rich phenomenology, including a

quantized spin and thermal Hall conductance [9).

The search for chiral superconductivity has a long history. Spin-triplet p-wave
chiral superconductivity (p, +ip, state) has likely been found in Sro RuO4 [10], which
represents a solid state analog of superfluid 3He [1], but the spin-singlet d + id state
has not yet been observed experimentally. Such a state was once proposed as a
candidate state for high T, cuprate superconductors [9, 11|, but later gave way to
a more-conventional TRS-preserving d—wave state. The key difficulty in realizing a
d +id state is that the interactions that favor a d-wave state usually have strong mo-
mentum dependence and hence distinguish between d,2_,2 and d,, pairing. However,
in graphene the d,z_,2 and d,, pairing channels are degenerate by symmetry [12, 13],

opening the door to formation of a d 4 id superconducting state.

How can superconductivity be induced in graphene? Existing proposals for su-
perconductivity in undoped graphene rely on the conventional phonon mediated BCS
mechanism [14], which leads to an s—wave superconductivity with low T; values for
- realistic carrier densities due to the vanishing density of states of relativistic particles.
However, there is an alternative route to superconductivity, wherein repulsive micro-

scopic interactions give rise to attraction in a d-wave channel [15]. This alternative
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Figure 2-1: Chiral superconductivity arises when graphene is doped to the Van Hove
singularity at the saddle point (M points of the Brillouin zone). a) d + id pairing
exhibiting phase winding around the hexagonal FS, which breaks TRS and parity
(@ = 27/3). b) Conduction band for monolayer graphene [7]. At 5/8 filling of the
7 band, the FS is hexagonal, and the DOS is logarithmically divergent (c) at three
inequivalent saddle points of the dispersion M; (i=1,2,3). Their location is given by
+e;, where 2e; is a reciprocal lattice vector. The singular DOS strongly enhances
the effect of interactions, driving the system into a chiral superconducting state (a).
Since the F'S is nested, superconductivity competes with density wave instabilities,
and a full RG treatment is required to establish the dominance of superconductivity.
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route becomes viable when graphene is doped to the M point of the Brillouin zone
corresponding to 3/8 or 5/8 filling of the 7 band (pristine graphene corresponds to
1/2 filling). At this filling factor, a logarithmic Van Hove singularity originates from
three inequivalent saddle points, and the FS also displays a high degree of nesting,
forming a perfect hexagon when third and higher neighbor hopping effects are ne-
glected [7, 12] (Fig.2-1). The combination of a singular DOS and a near-nested FS
strongly enhances the effect of interactions [20, 18, 19], allowing non-trivial phases to
emerge at relatively high temperatures, even if interactions are weak compared to the
fermionic bandwidth W. Relevant doping levels were recently achieved experimen-
tally using calcium and potassium dopants [16]. Also, the new technique [17] which
employs ionic liquids as gate dielectrics allows high levels of doping to be reached

without introducing chemical disorder.

Competing orders: In systems with near-nested F'S, superconductivity (SC) has to
compete with charge density wave (CDW) and spin density wave (SDW) instabilities
[21]. At the first glance, it may seem that a system with repulsive interactions should
develop a density-wave order rather than become a superconductor. However, to
analyze this properly, one needs to know the susceptibilities to the various orders at
a relatively small energy, Ey, at which the order actually develops. The couplings
at Ey generally differ from their bare values because of renormalizations by fermions
with energies between Fy and W. At weak coupling, these renormalizations are well

captured by the renormalization group (RG) technique.

Interacting fermions with a nested FS and logarithmically divergent DOS have
previously been studied on the square lattice using the RG methods[20, 18, 19, 21],
where spin fluctuations were argued to stimulate superconciductivity. However, anal-
ysis also revealed near degeneracy between SC and SDW orders. The competition
between these orders is decided by subtle interplay between deviations from perfect
nesting, which favor SC, and subleading terms in the RG flow, which favor SDW. In
contrast, the RG procedure on the honeycomb lattice unambiguously selects SC at
leading order, allowing us to safely neglect subleading terms. The difference arises

because the honeycomb lattice contains three saddle points, whereas the square lat-
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tice has only two, and the extra saddle point tips the delicate balance seen on the
square lattice between magnetism and SC decisively in favor of superconductivity. A
similar tipping of a balance between SC and SDW in favor of SC has been found in

RG studies of some Fe-pnictide superconductors [22, 23].

In previous works on graphene at the M point, various instabilities were analyzed
using the random-phase approximation (RPA) and mean field theory. In [12], the in-
stability to d-wave SC was studied, whereas [24] considered a charge ‘Pomeranchuk’
instability to a metallic phase breaking lattice rotation symmetry, and [25, 26] con-
sidered a spin density wave (SDW) instability to an insulating phase. Within the
framework of mean field theory, utilized in the above works, all of these phases are
legitimate potential instabilities of the system. However, clearly graphene at the M
point cannot be simultaneously superconducting, metallic and insulating. The RG
analysis treats all competing orders on an equal footing, and predicts that the dom-
inant weak coupling instability is to superconductivity, for any choice of repulsive
interactions, even for perfect nesting. Further, the Ginzburg-Landau theory con-

structed near the RG fixed point favors the d + id state.

The model: We follow the procedure developed for the square lattice [21] and
construct a patch RG that considers only fermions near three saddle points, which
dominate the DOS. There are four distinct interactions in the low energy theory,

involving two-particle scattering between different patches, as shown in Fig.2-2.

The system is described by the low energy theory

3 3
L = Z Z wg,a(a‘f — &+ W Yao — Z Z %Q4¢Lawlé¢aé¢aa

a=1l o a=1 0,6

-2 %[91¢la¢}sa¢aé¢ﬁa + 929l ¥hspstbac + 95U, Vlstastes), (2.1)
a#B oé

where summation is over patch labels «, 8 = M, M3, M3 and over spin labels o, §.
Here ¢y is the tight binding dispersion, expanded up to quadratic terms about each
saddle point. For example, near point M, the tight-binding model [27] predicts
dispersion ey = 2m2a?t((6k;)? — v/36k,0k, +O((5k)*)), where ¢ is the nearest neighbor
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hopping, and a is the lattice constant, and 6k = k — kjps,. The chemical potential
value p = 0 describes system doped exactly to the saddle point. We note that while
the existence of saddle points is a topological property of the FS and is robust to
arbitrarily long range hopping, the FS nesting is spoilt by third and higher neighbor
hopping effects 7, 12]. Inequivalent saddle points are connected by a nesting vector
Qop = €a — € (Fig.2-1). A spin sum is implicit in the above expression, and the
interactions are assumed to be spin independent. The short-range interaction model,
used in our analysis, is expected to provide a good approximation under the conditions
of metallic screening arising due to the states near the F'S. We further assume that
screening is insensitive to the level of doping relative to the M point. While these
assumptions introduce a large uncertainty into the bare values for the interactions, we
will show that precise knowledge of these bare values is not required for determining

the final state.

The patch structure of the interactions is restricted by momentum conservation,
which allows only the four interactions in (2.1). The Umklapp interaction g; is al-
lowed, because it conserves momentum modulo a reciprocal lattice vector. All four
interactions in (2.1) are marginal at tree level, but acquire logarithmic corrections
in perturbation theory, which come from energy scales £ < A, where A = t is the

energy scale at which higher order corrections to the dispersion become important.

Logarithmic divergences in perturbation theory analysis indicate that the problem
is well suited to study using RG. The building blocks of the RG are the susceptibilities
in the particle-particle and particle-hole channels, II,, and II;, evaluated respectively
at momentum transfer zero and at momentum transfer Q,xp (Fig.2-1). Similarly to
[21], we have

v A A Y A A
Mpp(0) = 2l ——ln 2, Ty (Qars) = 221

|
4 " max (T, u) 4 " max (T, p) T (T, p, t3)’
(2.2)
and TI;(0), Mpp(Qaxs) = voln =—2-—, where A is our UV cutoff (Fig.2-1) and T is

max (T,u)’

the temperature. The single spin density of states at a saddle point is v In ﬁ%u_)

The additional log factor in II;,(0) (Cooper channel) arises because € = £_x, generic
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Figure 2-2: Possible interactions in the patch model. (a) Feynman diagrams rep-
resenting allowed two-particle scattering processes among different patches, Eq.2.1.
Solid and dashed lines represent fermions on different patches, whereas wavy lines
represent interactions. (b) Pictorial representation of these scattering processes, su-
perimposed on a contour plot of the energy dispersion. Each scattering process comes
in three flavors, according to the patches involved. However, it follows by symmetry
that the scattering amplitudes are independent of the patches involved, and therefore
we suppress the flavor labels.
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for any system with time reversal or inversion symmetry. In contrast, the additional
log factor in IT,n(Qaxp) arises from nesting of the FS, and is cut in the IR by any
term that spoils the nesting, such as third neighbor hopping ¢3 or doping u [12]. We
assume max(t3, u) < A, 50 I;p(Qaxg) and Ip,(0) are of the same order under RG.

RG equations: The RG equations are obtained by extending the approach devel-
oped for the square lattice problem [20] to the number of patches n > 2. The number
of patches matters only in diagrams with zero net momentum in fermion loops, since
it is only there that we get summation over fermion flavors inside the loop. The only
zero-momentum loop with a log? divergence is in the Cooper channel. Moreover, only
the g3 interaction changes the patch label of a Cooper pair, therefore, the number of
patches affects only diagrams where two g3 interactions are combined in the Cooper
channel. With logarithmic accuracy, using y = II,p(k = 0,E) = % In? 4 as the RG

time, we obtain the § functions

d d

G = 2hale-a) G =63+ ad),

d d

_d% = —(n—2)g? — 29394 +2d193(202 — ¢1), di; = —(n—1)g3 — g3.(2.3)

Here d;(y) = dlI,n(Q)/dy = Ipn(Q)/Mp(0) is the ‘nesting parameter’ [20, 21]. This
quantity equals one in the perfectly nested limit. For non-perfect nesting, d;(y) has
the asymptotic forms di(y = 0) = 1, di(y > 1) = In|A/t3]//y, and interpolates
smoothly in between. Since the RG equations flow to strong coupling at a finite scale
Ye, wWe treat 0 < dy(y.) < 1 as a parameter in our analysis.

The (-functions, Eq.(2.3), reproduce the two-patch RG from [20] when we take
n = 2, and neglect subleading O(log) divergent terms (d23(y) from [20]), and also
reproduce for n = 2 the RG equations for the Fe-pnictides [22]. Graphene near the
Van Hove singularity however is described by n = 3.

We note from inspection of (2.3) that g1, g» and g3 must stay positive (repulsive)
if they start out positive. This follows because the 3 function for g is positive
definite, and the (3 functions for g; and g; vanish as the respective couplings go to

zero. However, g, decreases under RG and eventually changes sign and becomes
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negative. As we will see, g3 — g4 becomes large and positive under RG, driving an
instability to a superconducting phase. However, the positive g3 coupling penalizes
s-wave superconductivity, so pairing occurs in a higher angular momentum (d-wave)
channel.

We integrate our RG equations with n = 3 from starting from g; = go = 0.1
and modeling d; as d;(y) = 1/4/1+y. The results are plotted in Fig.2-3. Similar
results are obtained if we just treat d; as a constant. The couplings diverge at a scale

Ye = 1/go, corresponding to a critical temperature and ordering energy scale

T, By ~ Aexp(—A//Govs). (2.4)

Here A is a non-universal number that depends on how we model d;(y). For d; =1
(perfect nesting, corresponding to zero third neighbor hopping ¢3), we obtain A =
1.5. An RPA-type estimate of g is outlined in the online supplementary material.
While T, and E, are exponentially sensitive to go, thus introducing a considerable
uncertainty to our estimate, a strong enhancement of characteristic energy scales
relative to the BCS result is evident from Eq.(2.4).

A similar ,/go dependence arises in the treatment of color superconductivity
[28] and in the analysis of the pairing near quantum-critical points in 3D [29]. It
results in a 7, that is strongly enhanced compared to the standard BCS result
T. ~ exp(—A'/govo). It should be noted that the enhancement of T, in (2.4) arises
from weak coupling physics. It is distinct from the high T, superconductivity that
could arise if the microscopic interactions were strong Refs.[30, 13, 31, 32].

Returning to our RG analysis, we note that near the instability threshold, g1, g2, g3 —
oo and g4 — —oo, with —g4 > g3 > g2 > ¢;. This observation may be made precise

by noting that close to y., the interactions scale as

G;
i\Y) = 2.5
(o) ~ 2:5)

Substituting into Eq.2.3, we obtain a set of polynomial equations, which may be

solved for the co-efficients G; as a function of d;(y.). The solution is plotted in the
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Figure 2-3: Flow of couplings with RG scale y, starting from repulsive interactions.
Note that the coupling g4 changes sign and becomes attractive, leading to a (super-
conducting) instability at the energy scale y. (Eq.2.4). Inset: Critical couplings G;
(2.5) near y. as a function of the nesting parameter at the ordering energy scale,
d1(y.). The dominance of superconductivity over spin density wave order arises be-
cause —Gy4 > Gy for all values of dy(y.). Initial conditions: The RG flow is obtained
by numerical integration of (2.3) with initial conditions g;(0) = 0.1, and modeling the
nesting parameter as d;(y) = 1/4/1+ y. The qualitative features of the flow are in-
sensitive to initial conditions, and to how we model d;. The critical couplings (inset)
are universal, and independent of initial conditions.
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inset of Fig.2-3. Note that —G4 > G35 > Go > G, for all values of d;(y.) satisfying
0 < d1(y.) < 1. We have verified that any choice of repulsive bare couplings leads to

the same limiting trajectory (see online supplementary material).

Susceptibilities: We now investigate the instabilities of the system by evaluating
the susceptibilities x for various types of order. To analyze the superconducting
instability, we introduce infinitesimal test vertices corresponding to particle-particle

pairing into the action, £ = Lo+ 6L, where Ly is given by (2.1) and
3 -~ ~
oL = Z Aq l,T¢l,l + A2¢a,T¢a,la (26)
a=1

one test vertex for each patch. The renormalisation of the test vertices is governed

by the equation [20]

5 A, 94 93 93 Ay
3_y 1:32 = -2 93 94 G3 éz (2-7)
As 93 93 G4 AV

which can be diagonalized by transforming to the eigenvector basis

. A < 2 1 1
B = 0,1-1), A= §A(1, -3 —5) (2.8)
~ A

Here A, is an s-wave order, whereas A, and A, correspond to order parameters that
vary around the Fermi surface as A cos(2p) and Asin(2¢), where ¢ is the angle to
the z axis (see Fig 2-4). Such dependence describes d-wave superconducting orders
(SCd), since the gap changes sign four times along the FS. In 2D notation, the two

order parameters A, and A, correspond to dyy and d,2_,2 superconducting orders

-y

respectively.

Notably, we find the s-wave vertex A, Eq.(2.9), has a negative eigenvalue and

is suppressed under RG flow (2.7). This is to be expected given that we started
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out with repulsive microscopic interactions. At the same time, the d-wave orders
A, and A, have (identical) eigenvalue g; — g4, which may be negative at the bare
level but definitely becomes positive under RG, indicating an instability in the d-wave
channel. We solve (2.7) for the d-wave orders by substituting the scaling form of the

interactions (2.5), and find that the d-wave susceptibility diverges near y,. as

Aa,b (y)
Ay p(0)

£l

~ (yo — 9)* ¢, (2.10)

xsca(y) =

where, we remind, G5 — G4 > 0.

The divergence of the SCd susceptibility indicates an instability to d wave super-
conductivity under RG, with the A cos(2¢) and Asin(2¢p) order parameters having
identical susceptibility. The degeneracy of the two d-wave orders is guaranteed, since
the dy2_,2 and dg, functions belong to the same two dimensional irreducible repre-
sentation of the lattice point group [12, 13]. However, this does not guarantee that
d-wave superconductivity will develop, since the SCd instability must compete against

the tendency for density wave formation.

To investigate density wave formation, we introduce test vertices representing
pairing of particles with holes on a different patch. The particles and holes may
pair in the charge channel, forming CDW, or in the spin channel, forming SDW.
We compute the renormalization of the pairing vertices under RG, and find that the
CDW vertex is suppressed by interactions, but the SDW vertex Agpw is enhanced,
similar to [20]. The SDW susceptibility xspw diverges near y,. as

Aspw (y _
XSDwW = _:_IMJ ~ (yc _ y) 2(G3+G2)d1(ye) (2_11)

Agpw (0)

This describes a potential instability towards SDW formation, which will compete
with the SCd instability. The SDW instability arises provided there is at least partial
nesting i.e. the nesting parameter d;(y.) # 0. However, since —G4 > G» for all
0 < dy(y.) <1 (Fig.2-3 inset), it follows from comparison of Eq.2.11 and Eq.2.10 that
the SCd susceptibility diverges faster than the SDW susceptibility, for all values of
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nesting. At perfect nesting (d; = 1), the SCd susceptibility diverges as (y. — v)™1%,
whereas the SDW susceptibility diverges only as (y. — y)~!. As we move away from
perfect nesting, the SCd susceptibility diverges faster, and the SDW susceptibility
diverges more slowly, so that SCd is the leading instability for all values of nesting,
within validity of the RG. This is in contrast to the square lattice [20], where at
perfect nesting the SDW and SCd instabilities have the same exponent under RG, with
subleading terms lifting the degeneracy in favor of SDW, which is in turn overtaken

by SCd at some d; < 1.

We also considered the possibility of ordering in a channel exhibiting only a log
divergence e.g. the Pomeranchuk ordering. However, we found that such orders can-
not compete with superconductivity (see online supplementary material). Finally, the
phonon-mediated attraction in the pairing channel could induce s-wave superconduc-
tivity provided that it overwhelms the electronic repulsion in the s-wave channel at
the Debye frequency scale, wp < A. However, the s-wave coupling (2¢(3) + g(4))
remains positive and grows ever more repulsive under our logZ RG. Thus, as long as
the nesting parameter is not too small (2G; > —G4 for d; > 0.05), the s-wave pairing

appears to be unlikely to win.

Competition of d-wave orders below T.: We now investigate the competition of
the d,2_,2 and d,, superconducting orders (2.8) below T,. In this regime, the system
may either develop one of these two orders, or a linear combination of the two. The
ordered state that minimizes the free energy wins. The hexagonal lattice point group

symmetry dictates that the free energy below T, must take the form [33]
F = oT = T.)(|Aaf* + |86%) + K1(|Aal* + [8s*)* + K| A7 + A + O(A%) (2.12)

with K; > 0. This free energy allows for two possible superconducting phases. If
K3 < 0 then a d,2_,2 or a d,y, superconducting state would arise, whereas if if K, > 0
then the d,2_,2 and dy, orders can co-exist [33]. We now calculate K, microscopi-
cally (an alternative but equivalent microscopic treatment is provided in the online

supplementary material).
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Figure 2-4: Possible superconducting orders that could develop at the M point. (a)
A d,2_,2 or dg, state would be realised if K < 0 in the Landau expression for the
free energy, Eq.2.12 (b) The d,2_,2 and d,, orders can co-exist if K, > 0 in Eq.2.12.
A microscopic calculation indicates that the states (b) have lower free energy.
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We begin by writing the free energy as the sum of the free energy on three patches,
F = F(A;) + F(A2) + F(A3), (2.13)

where the free energy on a patch is given by the standard Landau expansion
F(A) = o (T - T.)| A+ K|Al*, K>0 (2.14)

In this expression, it is essential to realize that A, A,, and A3 are not independent,
but must be expressed in terms of the two parameters A, and A, Eq.(2.8). Rewriting
(2.13) and (2.14) in terms of the two independent variables A, ;, we obtain Eq.(2.12)
with K; = 1K > 0 and K = $K > 0. This implies the co-existence of d,2_> and dz,
orders. Minimization of the free energy (2.12) with K, > 0 leads to |A4| = |As] and
Arg(A,/Ap) = w/2. This order parameter can be rewritten as a three component

vector in the patch basis, which takes the form
Ay iy = A(1, X283 eF2mi/3), (2.15)

This corresponds to a superconducting gap that varies around the FS as A exp(£2iyp).
Such an order parameter corresponds to d+id (or d—id) superconductivity (Fig.2-4),
and is a spin singlet analog of the p + ip state that has been predicted for Sre RuOj,.

Conclusions: The robustness of d + id superconductivity in the weak coupling
limit, demonstrated by the above analysis, leads us to believe that the graphene
based chiral superconductivity can be realized experimentally. While our analysis is
controlled for the weak short-range interaction model, several questions pertaining to
the behavior of realistic systems should be clarified by future work. Determination of
the phase structure for interactions of moderate strength and of long-range character
remains an open problem, as does an accurate estimate of 7, and the role of disorder,
against which d-wave superconductivity is not protected. The graphene based d + id
superconductivity, if realized in experiment, will play a vital role in the development

of technology designed to exploit topological superconductivity.
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Chapter 3

Properties of the spin density wave

state in strongly doped graphene
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Section 1: We consider electrons on a honeycomb or triangular lattice doped to the
saddle point of the bandstructure. We assume system parameters are such that spin
density wave (SDW) order emerges below a temperature Ty and investigate the nature
of the SDW phase. We argue that at T < Ty the system develops a uniazial SDW
phase whose ordering pattern breaks O(3) x Z, symmetry and corresponds to an eight
site unit cell with non-uniform spin moments on different sites. This state is a half-
metal — it preserves full original Fermi surface, but has gapless charged excitations in
one spin branch only. It allows for electrical control of spin currents and is desirable
for nano-science.

This work was reported in R. Nandkishore, G.W.Chern and A.V. Chubukov, Phys.
Rev. Lett. 108, 227204 (2012)

Section 2: We show that the spin-density wave state near the 3/8 or 5/8-filling of
the honeycomb lattice is preempted by a paramagnetic phase that breaks an emergent
Z4 symmetry of the system, associated with the four different arrangements of spins
in the unit cell. Unlike other emergent paramagnetic phases in itinerant and localized-
spin systems, this state preserves the rotational symmetry of the lattice but breaks its
translational symmetry, giving rise to a super-lattice structure that can be detected by
STM. We show that spin fluctuations are also enhanced in this emergent phase, leaving
distinctive signatures in the magnetic spectrum that can be probed experimentally.

This work was reported in G. W.Chern, R. Fernandes, R. Nandkishore and A.V.Chubukov,
http://arziv.org/abs/1203.5776 (2012).
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3.1 Spin density wave physics without thermal fluc-

tuations

Introduction: The electronic properties of single layer graphene have been the
subject of considerable experimental and theoretical interest [1]. Near half-filling, a
description in terms of non-interacting Dirac electrons captures the essential physics,
since interactions effects are suppressed by the low density of states (DOS). A sharply
different behavior arises when graphene is strongly doped to 3/8 or 5/8 filling [2]. At
this filling, a divergent density of states and nested Fermi surface (FS) conspire to pro-
duce weak coupling instabilities to an extensive buffet of ordered states, including spin
density waves (SDW) [3, 4, 7], Pomeranchuk metals [8], and d wave superconductors
(SC) [9, 5, 6]. A similar situation arises on a triangular lattice at 3/4 filling [10, 25).

It has recently been established using renormalization group (RG) methods [5]
that the two most relevant instabilities at weak coupling are towards SDW and a d-
wave SC. Other potential instabilities, like a charge-density wave have much smaller
susceptibilities. The SDW vertex is the largest at intermediate RG scales, but su-
perconducting vertex eventually overshoots it, making d-wave superconductivity the
leading weak coupling instability at the Van Hove filling. The SC state has a d + id
gap structure and breaks time-reversal symmetry [5]. Upon doping away from Van-
Hove filling, the Cooper and SDW channels decouple at a scale set by doping, and the
RG flow is altered. In this situation, the SDW, which is the largest at intermediate
RG scales, may become the dominant instability, and numerical functional RG stud-
ies found [6] that SDW is indeed the leading instability in substantially wide doping
range away from 3/8 or 5/8. Previous work on SDW order argued that the SDW
state is non-coplanar and has non-zero spin chirality [3, 7, 10]. Such a state gaps out
the entire Fermi surface (FS).

We argue that the situation is more complex than originally thought, and the chi-
ral SDW state is present only at the lowest temperatures. Over a wide intermediate
range of temperatures, a different SDW state emerges in which SDW order develops

simultaneously at three inequivalent wavevectors Q;, but the three vector order pa-
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Figure 3-1: (Color online) a) The Fermi surface at the doping level of interest is a
hexagon inscribed within a hexagonal Brillouin zone (BZ), for both honeycomb and
triangular lattices. The FS has three inequivalent corners, which are saddle points
of the dispersion, marked by a vanishing Fermi velocity and a divergent density of
states. The three inequivalent saddle points M; are connected by three inequivalent
nesting vectors Q;, each of which is equal to half a reciprocal lattice vector, such that
Q; = —Q;. b) Spin structure for the uniaxial SDW state. The SDW order quadruples
the unit cell to a unit cell with eight sites (shaded). The enlarged unit cell has a large
spin moment 3A on two sites and a small spin moment —A on the other six. The
total spin on each unit cell is zero.

rameters are all aligned along the same axis. This state has an eight site unit cell
with non-uniform spin moments and zero net magnetization (Fig. 3-1b). Such a state
cannot be accessed starting from a spin Hamiltonian for local moments with a fixed
length, and can only be accessed starting from a model of itinerant fermions. We show
that in this state, unlike in any other known SDW state, the chemical potential shifts
proportionally to the SDW order parameter preserving the original Fermi surface for
one spin branch and gapping out the other spin branch. The uniaxial SDW state is
therefore a ‘half-metal’ that allows for electrical control of spin currents. Such a state
is highly desirable for nano-science applications.

The model: For definiteness we focus on doped graphene at 3/8 filling. Our point
of departure is the tight binding model [12], with the nearest-neighbor dispersion

3k,

k,v3 ky V3
5k=—t1\/1+4cos y;/_0057+4cos2 y\/_—,u

2

(3.1)

where = —t; at 3/8 filling. The FS then forms a perfect hexagon inscribed within
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a hexagonal BZ (Fig. 3-1a). The perfect nesting of the FS in doped graphene is
quite robust — it is broken only by third and higher neighbor hoppings, which are
generally quite small. The Fermi velocity vanishes near the hexagon corners M; =
(7/3,7/v/3), My = (21/3,0), M3 = (7/3, —7/+/3), which are saddle points of the

dispersion:

3t 3t
EMa+k =~ Tl(kj - 3ki)7 €M 3+k ~ _leky(ky + \/gk-’r)’ (32)

where each time k denotes the deviation from a saddle point. Saddle points give
rise to a logarithmic singularity in the DOS and control the SDW instability at weak
coupling. There are three in-equivalent nesting vectors connecting in-equivalent pairs

of saddle points (see Fig. 3-1a):
Q. = (0,27/V3), Qi3 = (+7/3,—7/V3). (3.3)
Each Q; is equivalent to —Q; modulo a reciprocal lattice vector.

For the interactions we use the low energy model from [5], which provides an
exact description of the system in the weak coupling limit. This model contains four
interactions — density-density, exchange, pair-hopping and forward scattering, labeled
g1, 92, 93, 94, respectively. Of these, the interactions g4 and g; do not couple to spin
density waves [5] and may be safely ignored [16]. The SDW physics is controlled
by the density-density interaction g (|k,k + Q;) — |k, k + Q;)), and the umklapp
pair-hopping interaction gs (|k, k') — |k+Q;, k’+Q;)). The partition function in the
SDW sector can be written as Z = [ D[y, ¥] exp(—S[¢f, ¥]), where S = fl/T Lk, )

and

Z 1/)1,&(87 — €&k + N)wa,a

(o]
= > g5l ol s¥bpUba — 92U ¥ 5¥b pVa 0 (3.4)
a#B

where the action is written in terms of electron operators, a, b are patch labels, and
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o and [ are spin components.

Each nesting vector Q; has associated with it an SDW order parameter A; =
Agp = 283 (P} ,oapthep). The condition for the emergence of each A, is the
same: ((ga+g3)/t1)log?t1 /Ty = O(1) [5], leaving a large number of SDW states as po-
tential candidates. We study the selection of the SDW order within Ginzburg-Landau
theory and by comparing different SDW solutions in the mean-field approximation
for Eq. (3.4) at arbitrary T < Ty.

Ginzburg-Landau theory: To construct the Ginzburg-Landau theory, we decouple
the quartic interaction terms by restricting the interaction to the spin channel and a
Hubbard Stratonovich transformation to collective spin variables A;. Note that the
Hubbard Stratanovich transformation is exact and does not introduce any approx-
imation. We integrate out the fermions in the Matsubara frequency representation

and obtain an action in terms of A; in the form

=71 Z / 27r)2 gz+9 Z(Ai)z
+ Trln(z’wn—&:k—ZAi-a)]. C(35)

For T =~ Ty, we can expand (3.5) in small A;/Ty. It is useful to define the

expansion coefficients
d*k
Z;=T wE /(77;)—2& (3.6)

where the integrands &; are expressed in terms of fermionic Green functions G =

(twn — €k — u)‘l, G; = (iwp — €k+Q; — M)_ly and Giy; = (fwn — Ek+Q;+Q; — N)"l as

& = G*G, & = G°G,Gy,
& = GG3G1Gy3, & = G*’G3Gl. (3.7)

Diagrammatically, Z; —Z3 are given by ‘square’ diagrams with four fermionic prop-
agators and o,g in the vertices, and Z; is given by a ‘hexagonal’ diagram with six

fermionic propagators, (see Fig. 3-2). The free energy evaluated at T' = Ty can be
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Figure 3-2: (Color online) The terms quartic in A are produced by processes repre-
sented diagrammatically by square diagrams. The diagrams for Z, and Z3 correspond
to patterns Az, Az, Ay, Ay and Az, Ay, Az, Ay, respectively. The sixth order chirality
sensitive term is produced by ‘hexagonal diagrams.” Sample square and hexagonal
diagrams are shown above. The integrals are dominated by momenta that bring all
the fermion propagators to the vicinity of one of the saddle points of the dispersion.

expressed in terms of these coefficients as

L o ofT —Ty)> A+ Zi(AT+ AJ+ A}’ +2(2: — Z) — Zs)(A]A] + AJAS + AJAY)

+ 4Z5((A1- A2+ (Ag- As)? + (As- A1) —4Z4(A; - Ay X As)® + -+ (3.8)

where « is an inessential positive constant.

The quadratic term and the first quartic term in (3.8) set the overall magnitude
of A2, = >". A? but do not differentiate between different SDW states. The second
quartic term in (3.8) determines whether SDW order develops only at one nesting
vector, or at all three (depending on the sign of Z; — Z; — Z3). Finally, the third
quartic term and sixth order term control the relative orientation of the vector order
parameters, if SDW order develops at multiple wavevectors. Close to Ty the expan-
sion to order A} is generally sufficient, but we include the sixth order term because
Zs3 is suppressed by an extra factor of T /t;, which is exponentially small in the weak
coupling limit. The relative smallness of Z3 arises because in the integrals for Z;, Zs,
and Z4, all fermions can be simultaneously brought to the saddle points, whereas in

the integral for Z3, three fermions can be brought simultaneously to saddle points,
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but the remaining fermion stays far away from the saddle point and the F'S.

We evaluate the coefficients Z; — Z4 to leading order in small Ty /¢; and obtain [16]

0.20 log - 0.58
008 Ty 0.1
Z —_—— Z —_ e, —_— 3-9
5 7T2T]%,t1 t1 ’ 4 Tﬁ,tl ( )

The positivity of Z; guarantees a second order phase transition, with the type of
SDW order depending on the signs and relative magnitudes of Z5, Z3, and Z,. Since
Zj3 is smaller by Ty /t; than Z; 2, and Z, is smaller by log %; than Z;, it follows that
Zo— Z1 — Z3 < 0, so the system forms SDW order simultaneously at all three nesting
vectors (the 3Q) state). Meanwhile, the relative orientation of the three SDW order
parameters is controlled by the sign of Z3 at the smallest A;, and by the sign of Z,4
at somewhat larger A;. Both Z3 and Z, are negative and favor the non-chiral SDW

order with the three A; all aligned along the same axis.

An order parameter of the form A(e!Q™ 4 T 4 ¢iQ2T) Jeads to spin moments
on the lattice of the form shown in Fig. 3-1. A quarter of lattice sites have spin
moment 3A, the other three quarters have moment —A. Such an order cannot be
obtained from any spin Hamiltonian for local moments of constant magnitude on
every site. Our result differs from earlier mean-field analysis [25] which found non-
coplanar insulating SDW order at weak coupling. We note, however, the 3Q) state
that we found, with non-equal spin length on different sites, was not considered in
that work and other earlier considerations of SDW order. We found analogous results
for fermions on a triangular lattice at Van Hove filling, which are described by an

identical low energy theory provided we neglect further neighbor hopping.

Properties of a uniazial SDW: Is the uniaxial SDW state a metal or an insulator?
To address this issue we need to compute the fermionic spectrum. Without loss of
generality, we take the SDW to be uniaxial along the z axis, so that S* is a good
quantum number, and spin-up and spin-down fermions decouple. Consider the state

with A; = Ay = Az = AzZos. Up spins near the three Van Hove points are described
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by a simple Hamiltonian

€1,k — 0L A A
H= A e—0p A (3.10)
A A €3k — 6[1,

where €1, €2, €3 are the dispersions near the Van Hove points, Eq. (3.18), and dp is
the SDW-induced shift of the chemical potential. The 3 x 3 Hamiltonian describing
the spin down branch is obtained by taking A — —A. At k = 0 (i.e., at Van Hove
points) the energies of spin-up excitations Ey — du are —A, —A, and 2A, and the
energies of spin-down excitations are A, A, and —2A. In conventional SDW states
(e.g., SDW on a 2D square lattice) du/A o Tn/EFr is negligibly small and can be
safely neglected. We find that in our case du = —A, so that gapless excitations arise
in the spin-down spectrum.

To see the unexpected shift of the chemical potential, we diagonalize Eq. (3.10)
and the corresponding equation for down spins and inspect six branches of excitations.
We find that fixing du = —A ensures that both in the paramagnetic and in the 3Q
uniaxial SDW state there are four bands with Fy < p and two bands with Ey > u for
all momenta in the reduced BZ (see Fig. 3-3). Since the chemical potential is fixed by
the constraint that the total number of electrons (equal to the number of states below
the chemical potential) must not change between A = 0 and A # 0 [13], it follows that
we must set du = —A. For verification, we computed the thermodynamic potential
Q(A, p) from (3.5), numerically solved the simultaneous equations 92/9A = 0 and
0)/0u = —N, and confirmed that éu = —A to a high accuracy.

Having determined that du = —A, we find from (3.10) that gapless excitations
emerge when €; x €2k €3k = 0, which has solutions along three lines passing through
each Van Hove point. Two of then coincide with the original F'S, the third is directed
towards the center of the BZ. The 3(Q) uniaxial SDW state is then obviously a metal.
We emphasize, however, that gapless states exist only for the electrons with spin
projection opposite to A. The electrons with spin projection along A are fully

gapped. Since a Fermi surface exists for one spin projection only, we dub this state a
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‘half metal.” We found an analogous ‘half-metal’ spectrum for the 3Q uniaxial SDW

phase on the triangular lattice.

The half-metallic nature of the SDW should manifest itself in numerous experi-
ments. For example, in tunneling experiments conducted with electrons spin polarized
along the z axis, a hard gap will be seen for down spins, but a Fermi surface will be
seen for up spins. Furthermore, since the low energy charged excitations involve up
spins only, any charge currents will necessarily also be spin currents. Thus, the half
metal state allows for electrical control of spin currents, which may be beneficial for

nanoscience applications.

Order parameter manifold: ~ The uniaxial SDW order obviously breaks O(3)
spin-rotational symmetry. It also breaks Z; discrete symmetry associated with either
parallel or antiparallel ordering of A;, i.e., in addition to the (A, A, A) state which we
considered above, there are also (A, —A, —A), (—A, A, —A), and (—A, —A, A) states.
These states have an identical structure of fermionic excitations, and correspond to
the four in-equivalent ways to choose which two of the eight sites of the SDW unit cell
carry large spins (see Fig. 3-1(b)). Equivalently, the three other states from the Z,
manifold are obtained from the (A, A, A) state by shifting the origin of coordinates
to the center of one of three neighboring hexagons. An interesting possibility, which
deserves further study, is that Z, symmetry can be broken before O(3) symmetry,

leading to a nematic-like state [22].

The phase diagram: Thus far we have constructed the Ginzburg-Landau ex-
pansion in small A/Tx. This expansion becomes less justified as we move towards
zero temperature. To investigate the behavior at arbitrary T" we calculate numeri-
cally the full Free energies of the various SDW states from (3.5). Upon doing this,
we find that the 3Q) uniaxial state has the lowest Free energy over a wide range of
intermediate temperatures, roughly between T /2 and Ty, but undergoes a first or-
der transition at a lower temperature to the insulating chiral SDW state discussed in
earlier works [3, 7, 10]. We show the Free energy profile in Fig. 3-3b. We found this
behavior both for graphene and for fermions on a triangular lattice. Intuitively, the

chiral SDW state wins at the lowest T because it has spin-degenerate excitations and
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Figure 3-3: (Color online) a) Excitation spectrum & = Ej — du of the 3Q uniaxial
state. Negative k are along the FS, positive k are along the BZ boundary in the
original BZ (along k, in the reduced zone). Placing the chemical potential at du =
—A ensures that four bands lie below the chemical potential (horizontal dotted line)
and two lie above for all k, irrespective of the value of A. Thus the choice p =
—A conserves electron number. Excitations with spin projection opposite to A are
in blue (solid), along A are in red (dashed) lines. Note that gapless excitations
arise in the spin-down branch only. b) Free energy difference 6 F = Fypiaxial — Feniral
between the 3¢) uniaxial SDW state and the chiral state, evaluated in the mean field
approximation for the honeycomb lattice Hubbard model with g, = g3 = U = 1.7t;
(Tn ~ 0.002¢;). The 3Q uniaxial state has lower Free energy over a wide range
of intermediate temperatures, but at the smallest 7' the non-coplanar, chiral state,
studied in earlier works [3, 7, 10], has lower Free energy.
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opens a full spectral gap, unlike the half-metal state.

The Free energy profile in Fig. 3-3b is for weak/moderate coupling, when Ty /t; <
1. At Txy ~ t;, the phase diagram is more complex. For completeness, we discuss the
forms of Z; and the phase diagram at Ty ~ t; in the supplementary material [16].
The ordering temperature T depends sensitively on the strength of the microscopic
interactions. For graphene doped near the saddle point we estimate Ty =~ 3 — 30K,
whereas t; = 3eV [15]. Thus, at least for doped graphene, we should be decisively in
the limit T /t; < 1, where our calculations apply.

Conclusion: ~We considered in this work the SDW instability on the honeycomb
and triangular lattices, when doped to the saddle points of the dispersion. The SDW
instability is subleading to a d—wave superconducting instability at weak coupling,
but becomes the leading instability if superconductivity is suppressed. We found that
if the SDW ordering temperature Ty is much smaller than the fermionic bandwidth,
then a uniaxial SDW order develops simultaneously at three inequivalent nesting
vectors. This has an order parameter manifold O(3) x Z; and corresponds to the
ordering pattern shown in Fig.3-1. Such a state can only be obtained from an model
of itinerant electrons with interactions, and not from a spin model of local moments.
We found that such SDW state is a half-metal in which gapless excitations exist in
one spin branch only. Such a state may be beneficial for nanoscience applications par-
ticularly because charge currents will necessarily also be spin currents, which allows

for electrical control of the latter.

3.2 Spin density wave physics taking into account

thermal fluctuations

Magnetic phases without long-range spin order exhibit unusual elementary excita-
tions and thermodynamic properties. Unlike the common paramagnetic phase, they
break a symmetry related to emergent degrees of freedom arising from the collective

magnetic behavior of the system. These phases usually appear in frustrated systems
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(b)

Figure 3-4: (Color online) (a) Schematic representation of the emergent Z4 symmetry-
breaking paramagnetic phase. The blue links are ferromagnetic bonds, while the red
links denote antiferromagnetic bonds. The system still has hexagonal symmetry,
i.e. the C3 rotational symmetry is preserved, but the unit cell now contains 8 sites,
i.e. the translational symmetry is broken. There is no long-range spin order, and
the Z, symmetry corresponds to the four inequivalent choices for the center of the
quadrupled unit cell (points A, B, C, and D). (b) The uniaxial SDW state. Among
the eigth sites of the enlarged unit cell, two have large spin moment 3A (red arrows)
and six have small moment —A (blue arrows in the shaded hexagons). The total spin
on each unit cell is zero. The only additional symmetry broken with respect to the
state in panel (a) is the O(3) spin-rotational symmetry.
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with localized spins, as a result of the interplay between frustrated interactions and
fluctuations. Canonical examples include the Ising-nematic phase of the extended
Heisenberg model on the square lattice [17], the spin-nematic phase of the Heisenberg
model on the kagome lattice [18], and the magnetic-charge ordered phase in kagome
spin ice [19)].

Itinerant magnetic systems - where the electronic interactions are at most moder-
ate - can also display paramagnetic phases with unusual broken symmetries. This is
believed to be the case in the ruthenates [20] and in the iron-based superconductors
[21, 22, 23]. In these systems the emergent paramagnetic phase breaks the rotational

symmetry of the lattice, while the spin-rotational symmetry remains preserved.

In this section, we present an unusual itinerant paramagnetic phase, which breaks
the translational symmetry without changing the point-group symmetry of the lattice.
This magnetic phase arises in doped triangular and honeycomb lattices and could
potentially be realized in single-layer graphene doped to the saddle point of the band-
structure (3/8 or 5/8 filling) [1, 2]. The divergent density of states at 3/8 or 5/8 filling
combined with a near-nested Fermi surface (FS) make doped graphene a fertile ground
for exploring nontrivial many-body states [5, 3, 4, 7, 8, 6, 9]. It has been established
by renormalization-group (RG) analysis that the chiral d-wave superconductivity is
the leading weak-coupling instability at exactly 3/8 or 5/8 filling [5], but the spin-
density wave (SDW) susceptibility is the largest at intermediate RG scales, winning
over superconductivity slightly away from 3/8 or 5/8 filling [6].

The SDW order immediately below the instability is uniaxial [24], and the mag-
netic unit cell contains eight sites with non-uniform magnetic moments - six sites have
moment —A while two sites have moment 3A, see Fig. 3-4(b). This state breaks not
only the O(3) spin-rotational symmetry, but also a discrete Z, symmetry related to
the four inequivalent choices for the position of the large 3A spin moments in the
quadrupled unit cell. These four inequivalent spin configurations transform into each
other upon translation of the origin of coordinates to neighboring hexagons - the
points A, B, C, and D in Fig. 3-4(a). Thus, breaking the Z; symmetry corresponds

to breaking the translational symmetry of the lattice.
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Here we show that at finite temperatures the uniaxial SDW order can be pre-
empted by a phase transition to an emergent paramagnetic phase that breaks only
the Z4 part of the order parameter manifold. The Z; symmetry breaking transition
falls into the universality class of the four-state Potts model in two dimensions. In the
Z4-ordered phase, one quarter of the hexagons contain only ferromagnetic bonds and
form an enlarged triangular lattice (see Fig. 3-4). Consequently, the phase preserves
the lattice rotational symmetry but breaks the lattice translational symmetry, even
though (S;) = 0. Experimentally, these real-space modulations can be readily probed
by scanning tunneling microscopy (STM). Furthermore, due to its magnetic origin,
this phase also has stronger spin fluctuations than the paramagnetric phase, which

can probed by neutron scattering or nuclear magnetic resonance (NMR).

The uniazial SDW order. The FS of graphene near 3/8 or 5/8 filling contains
three saddle points with nearly vanishing Fermi velocity (the M points in Fig. 3-
5(a)). The density of states near these points is strongly enhanced, giving rise
to an SDW instability already at weak coupling. Pairs of inequivalent M points
are connected by three commensurate nesting vectors Q; = (0, 2w/ \/5) and Qg3 =
(¥7/3,—m/v/3). The collective magnetic degrees of freedom associated with SDW
ordering at these nesting vectors are described by three bosonic vector fields [24]:
A; = Agp =7 (e} 40,56, 5), Where 7 is the SDW coupling and cf , creates elec-
trons with spin a around saddle point M,.

In the uniaxial state, which minimizes the free energy in a wide T range below
the SDW transition, all A; are directed along the same axis and have equal magni-
tude [24]. The uniaxial state with (A, Ag, A3) = (A, A, A)n is shown in Fig. 3-
4. There exists, however, three other states with the same energy, (A, —A, —A)A,
(—A,A,—A)f, and (—A, —A, A)f. These states can not be obtained from the one
shown in Fig. 3-4(b) by a global spin rotation. Instead, these four degenerate states
are related by a translational Z; symmetry. The uniaxial state (Fig.1b) chooses a
particular direction of i and also one of the four states, such that the total broken
symmetry is O(3) X Zy.

Order parameters of the preemptive Z, phase. To investigate the potential pre-
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Figure 3-5: (Color online) (a) The Fermi surface at the doping level of interest is
a hexagon inscribed within the hexagonal Brillouin zone (BZ), for both honeycomb
and triangular lattices. The FS has three saddle points M, located at the corners of
the hexagon. Pairs of inequivalent saddle points are connected by three inequivalent
nesting vectors Q; = (0,27/v/3), and Qa3 = (F7/3,—7/V/3). (b) Order-parameter
space of the preemptive Z; phase. In the ordered phase the vector order parameter
@ = (1, P2, @3) points toward one of the four corners of a regular tetrahedron.

emptive phase which breaks only the Z; symmetry, we start with the effective action
for the A; fields. Quite generally, the expansion involves irreducible representations

of A = (A, Ay, Aj) and has the form

u
siad=ro Y 188+ [ (1A + |8af +1Aaf)

+3 [[0AP+HAR =280 +3 (A1 | AaP)]

T

_g/x[(m AP+ (Ag - Ag)?+ (A A1)2] s 2 (3.11)

where 79 o< (T — Ty), and Ty is the mean-field SDW transition temperature. The
coefficients u, v, g were calculated in Ref. [24] and found to be positive, with v/u =
1/log(W/Ty) < 1 and g/u = (ITn/W) /log (W/Ty) < 1, where W is the band-
width. Minimizing S[A;] with respect to A; and neglecting momentarily the fluctua-
tions of the A, fields, we see that v > 0 implies that the magnitudes of A; are equal,

while g > 0 makes all A; collinear. As a result, we obtain one of the four uniaxial
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SDW states described above.

The phase in which Z, is broken but O(3) is preserved corresponds to (A;-A;) # 0
and (A;) = 0. A proper order parameter for this phase is thus the triplet ¢ =
(1,92, @3), where ¢; = g(A; - Ay) and (ijk) are cyclic permutation of (123). A
preemptive phase for the uniaxial SDW order have {p;) = %y, with the constraint
p1pa3 > 0. To investigate whether such state emerges we go beyond the mean-field
approximation for S[A;] by including fluctuations of the A; fields, and re-express
the action in terms of the collective variables ¢;. We analyze this action assuming
that fluctuations of ¢; are weak and check whether a non-zero (p;) emerges above

the actual Th.

Effective action in terms of ¢. To obtain the action in terms of ¢; we employ
the standard Hubbard-Stratonovich transformation [22] and introduce six auxiliary
fields, one for each quartic term. We verified that the only fields with non-zero
mean value at finite T are the three fields ¢; o< A; - Ay associated with the Z,
symmetry breaking and the field 9 oc A% + AZ + AZ associated with the Gaussian
fluctuations of the A; fields. With the aid of these auxiliary fields, action (3.11)
becomes quadratic in the fields A;, which can then be integrated out. Because we
allow the A; fields to fluctuate, we include non-uniform space/time configurations,
replacing A — A,, and ro — 79 + ¢*> + y|wn| in Eq. (3.11), with w,, = 2maT.
Since near finite temperature phase transitions the thermal fluctuations are the most
relevant, we restrict our analysis to the w,, = 0 component. The new action now

depends only on the 9 and ¢ fields:

S, ] = /x (I—EE - 2%;) + g/;log (det &) . (3.12)

where |o|? =37, ¢7, [ = £ [ d%q, and the matrix & is

 4n?

X;' —ws —p2

B=| —p3 X' -0 | (3.13)

—P2 —¥P1 Xq



with renormalized X;* = ro + 1% + ¢ = r + ¢>. In the absence of Z; symmetry-
breaking, long-range SDW order sets in at r = 0, hence an intermediate phase exists

if Z, symmetry is broken at some r > 0.

We assume that fluctuations of the fields ¢ and ¢; are weak and treat S[t, | =
S[r, ] in the saddle point approximation. This strategy can be rigorously justified
if we extend the number of components of the A; fields from N = 3 to arbitrary N,
rescale the coupling constants to g — g/N and u — u/N, and take the limit N — oo.
In this case, N appears as an overall factor in the action, justifying the saddle-point

approximation.

The four possible realizations for the Z; symmetry breaking correspond to ¢; =
¢ subject to the constraint ¢;p2p3 > 0. Substituting this in Eq. (3.12), integrating

over d?q, and absorbing the factor T into the couplings, we obtain:

Slrye]l _ (r—mo)® N 3p? N 3r

NV 2u 29 ' 8m
2 2

1 ]
r_2go+2(r+cp) Ogr+<p

(3.14)

1
ter [(1‘ — 2¢p) log

where V' is the volume of the system and A is the upper cutoff. Differentiating

Eq. (3.14) with respect to r and ¢ yields the coupled saddle-point equations:

r=r +Elo A” (3.15)
IR R e s e '
_ r+
¢ = glog (T — 2";) : (3.16)

where the rescaled parameters are @ = u/4w and § = g/12n. For ¢ = 0 (i.e., when
Zj4 is unbroken), Eq. (3.15) becomes the familiar equation r + 3@/ (2log A/r) = 19
whose solution r = 7 is positive for arbitrary rg, i.e. for any non-zero T". This is an
obvious consequence of the Mermin-Wagner theorem, which prohibits O(3) symmetry
breaking in two dimensions at finite T. However, the discrete Z; symmetry can be

broken at finite 7'.
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¢*
Figure 3-6: (Color online) (a) The effective action S(¢) = S[r, §]/NV§ as a function
of ¢ for @ = 100 and various 7. The different curves correspond to 7p = 197, 195.94
(73™), 195, 194, 192.9 (7¢), 192, and 191 (from top to bottom). (b) The (red) solid
curve shows the order parameter @ as a function A7y = 7y — 7. The (green) dashed

curve shows the expectation value ¢ of the metastable phase for 7y < 7{"*. (c) The
inverse susceptibility 1/xs = r — 2¢ of the singlet mode as a function of Af.
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Assuming that ¢ is non-zero and eliminating r from Egs. (3.16) and (3.15), we

obtain the self-consistent equation for the rescaled order parameter ¢ = @/g:

(2%+1\ @[. 3 35
i s 21 h =7 A7
¢<e¢_1)+g[w+2og(e¢_l)] 7o, (3.17)

where 7y = 70/ + (3%/2) log A2 < (T — Ty), and Ty is the rescaled mean-field Tly.
The ratio A = @/g is large, of the order of W/T The analysis of Eq. (3.17) for A > 1

shows that the first non-zero solution appears below a particular 7{* ~ g)\ln3 at
@ =~ 2.15+ 14.2/), indicating that the transition is first order.

At the temperature corresponding to 7", the effective action first develops a local
minimum which over some range of 7p < 7" is a metastable state. To find when
the actual transition occurs, we solve Eq. (3.15) for r(yp), substitute the result into
(3.14) and obtain the effective action S(@) for which 7 is a parameter and Eq. (3.16)
is the saddle-point solution. The behavior of S(¢) for various 7 is shown in Fig. 3-
6(a): at sufficiently large 7, it increases monotonically with ¢ and its only minimum
is at ¢ = 0, implying that Z, is unbroken. As 7, is reduced to 7", the function
S(@) develops an inflection point, which at smaller 7 splits into a maximum and a
minimum. Upon further decreasing T', the value of S(®) at this minimum becomes
equal to S(0) at some 7o = 7§. For 7y smaller than 7§, the minimum of the free
energy jumps to a finite ¢ # 0. Once this happens, the system spontaneously chooses
one out of four states with the same ¢, and the Z, symmetry is broken. We plot the
minimum ¢ versus 7o in Fig. 3-6(b).

That the breaking of the translational symmetry occurs in the saddle-point ap-
proximation via a first-order transition can also be seen by expanding the effective
action S(@) in powers of @. For A > 1, we obtain
—=(%+gln%—2)¢2—1—12¢3+%¢4+---, (3.18)
Clearly, the presence of the ¢* term implies that the transition is first order. We
note that @3 is the only odd-power term in S({), as all higher-order terms have even

powers.

88



To analyze whether the discontinuous Z, transition triggers a first-order SDW
transition, we obtain the eigenvalues of the spin susceptibility matrix & in (3.13),

which correspond to a singlet and a doublet mode:

1 1
r—2p’ Xd_r+<p'

Xs (3.19)

If either r — 2¢ or r + ¢ jumped to a negative value at the Z; transition, then
the breaking of Z; would induce a simultaneous breaking of the O(3) symmetry [22].
However, it follows from (3.16) that both x, and x4 remain positive when ¢ jumps
to a finite value, i.e. breaking the Z; symmetry does not induce SDW order (see Fig.
3-6(c)). We verified that this holds also in d = 2 + € dimensions by a calculation
similar to that in [22].

Beyond mean-field, 4-state Potts model. At a finite NV, the effective action
(3.18) for our Z, transition has the same form as the action of the four-state Potts
model [27], implying that both transitions belong to the same universality class.
We can use this to go beyond the saddle-point solution and understand how the Z,
transition is affected by fluctuations. The four-state Potts model in 2D does exhibit
a transition, i.e. the preemptive Z; ordering is not destroyed by fluctuations [27].
Interestingly, however, fluctuations transform the first-order transition into a second-
order transition, although with a rather small critical exponent 8 = 1/12 for ¢ ~ (T,—
T)P (Ref. [27]). A small 8 implies that the order parameter sharply increases below
the critical temperature, and in practice this behavior is almost undistinguishable

from that in the first-order transition.

Ezperimental manifestations. As spin rotational symmetry is preserved in the
preemptive Z, phase, no magnetic Bragg peaks are to be observed in neutron scatter-
ing experiments. On the other hand, since the charge density p(r) and the Casimir
operator S%(r) have the same symmetry, a spatial modulation of the latter induces a
modulation in the charge density. Given the 2D character of graphene, such a super-
lattice structure can be directly probed by STM. The additional Bragg peaks due to

the quadrupled unit cell should also be detectable by scattering measurements. Local
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probes such as NMR can measure the different on-site fluctuating magnetic moments
of the Z4 phase, since the size of the local moment controls the linewidth of the NMR
signal. We thus expect to see two different linewidths coming from the 3A and the
A sites.

The order parameter ¢ can also be inferred by measuring the static magnetic
susceptibility x at any of the three nesting vectors. In the absence of O(3) breaking, we
have x(7o) = (2xq4 + Xs)/3, where x; 4 are given by (3.19). Once the order parameter
@ jumps to a finite value below the transition, so does the susceptibility:

x(To) = % [1 + (%)2+---]

where 7 is the value of r at ¢ = 0. This provides a direct method for detecting the
order parameter ¢. The jump of the static susceptibility (i.e. of the spin corfelation
length) also affects the electronic spectrum. For larger correlation length the system
can develop precursors to the SDW order, which in turn give rise to a pseudogap in
the electronic spectral function, at the energy where the gap develops in the SDW
state. This pseudogap can be probed in photoemission experiments in the same way
as it was proposed in the Fe-pnictides [22].

Conclusion. We discussed in this work the intriguing possibility of an emergent
paramagnetic phase with spontaneously broken translational symmetry for properly
doped fermions on triangular and hexagonal lattices. This unique state emerges from
a preemptive phase transition which breaks only a discrete translational Z, lattice
symmetry but preserves O(3) spin-rotational invariance. We demonstrated that this
phase exists in 2D systems and by continuity should exist in anisotropic 3D systems.
We argued that such a phase should be observed in STM, NMR, neutron scattering,

and photoemission experiments.
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Chapter 4

Electron Interactions in Bilayer
Graphene: Marginal Fermi Liquid

Behavior and Zero-Bias Anomaly
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We analyze the many-body properties of bilayer graphene (BLG) at charge neu-
trality, governed by long range interactions between electrons. Perturbation theory in
a large number of flavors is used in which the interactions are described within a ran-
dom phase approximation, taking account of dynamical screening effect. Crucially,
the dynamically screened interaction retains some long range character, resulting in
log® renormalization of key quantities. We carry out the perturbative renormalization
group calculations to one loop order, and find that BLG behaves to leading order as
a marginal Fermi liquid. Interactions produce a log squared renormalization of the
quasiparticle residue and the interaction vertex function, while all other quantities
renormalize only logarithmically. We solve the RG flow equations for the Green func-
tion with logarithmic accuracy, and find that the quasiparticle residue flows to zero
under RG. At the same time, the gauge-invariant quantities, such as the compress-
ibility, remain finite to log® order, with subleading logarithmic corrections. The key
experimental signature of this marginal Fermi liquid behavior is a strong suppression
of the tunneling density of states, which manifests itself as a zero bias anomaly in
tunneling experiments in a regime where the compressibility is essentially unchanged

from the non-interacting value.
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4.1 Introduction

Bilayer graphene (BLG), due to its unique electronic structure of a two dimensional
gapless semiconductor with quadratic dispersion [1], offers an entirely new setting for
investigating many body phenomena. In sharp contrast to single layer graphene, the
density of states in BLG does not vanish at charge neutrality, and thus even arbitrar-
ily weak interactions can trigger phase transitions. Theory predicts instabilities to
numerous strongly correlated gapped and gapless states in BLG [2, 3, 4, 6, 5]. These
instabilities have been analyzed in models with unscreened long-range interactions [2],
dynamically screened long-range interactions [3] and in models where the interactions
are treated as short range [6, 4, 5]. Irrespective of the form of the interaction, the
instability develops only logarithmically with the energy scale. However, dynamically
screened Coulomb interactions have been shown to produce log? renormalization of
the self energy[9] and vertex function [3]. Such strong renormalization can result in
significant departures from non-interacting behavior on energy scales much greater
than those characteristic for the onset of gapped states. However, there is as yet no
systematic treatment of the log? divergences. In this paper, we provide a systematic
treatment of the effects of dynamically screened Coulomb interactions, focusing on the
renormalisation of the Green function, and using the framework of the perturbative

renormalization group (RG).

We analyze the RG flow perturbatively in the number of flavors, given by N =4
in BLG. We use perturbation theory developed about the non-interacting fixed point,
and calculate the renormalization of the fermion Green function and of the Coulomb
interactions. We demonstrate that the quasiparticle residue and the Coulomb vertex
function undergo log? renormalization, while all other quantities renormalize only log-
arithmically. The quasiparticle residue and the Coulomb vertex function, moreover,
are not independent, but are related by a Ward identity which stems from gauge
invariance symmetry. Therefore, at log? order, BLG behaves as a marginal Fermi
liquid.

We solve the RG flow equations with logarithmic accuracy, finding that the quasi-
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particle residue flows to zero under RG. This behavior manifests itself in a zero bias
anomaly in the tunneling density of states (TDOS). We conclude by extracting the
sub-leading (single log) renormalization of the electron mass, as a correction to the
log square RG. This calculation allows us to predict the interaction renormalization
of the electronic compressibility in BLG, a quantity which is interesting both because
it is directly experimentally measurable, and because it allows us to contrast the slow

single log renormalization of the compressibility with the fast log? renormalization of

the TDOS.

The structure of the perturbative RG for BLG has strong similarities to the per-
turbative RG treatment of the one dimensional Luttinger liquids [4, 11, 12, 13]. We
recall that in the Luttinger liquids, the Green function acquires an anomalous scaling
dimension, which m‘anifests itself in a power law behaviour of a quasiparticle residue
that vanishes on shell. In addition, the electronic compressibility in the Luttinger
liquids remains finite even as the quasiparticle residue flows to zero. Finally, in the
Luttinger liquids, there are logarithmic divergences in Feynman diagrams describing
scattering in the particle-particle and particle hole channels, corresponding to mean
field instabilities to both Cooper pairing and charge density wave ordering. However,
when both instabilities are taken into account simultaneously within the framework
of the RG, they cancel each other out, so that there is no instability to any long range

ordered phase at low energies [11].

Exactly the same behavior follows from our RG analysis of BLG, including the
cancellation of the vertices responsible for the pairing and charge density ordering.
However, the diagrams in this instance are log® divergent, and even after the leading
log? divergences are canceled out, there remains a subleading single log instability.
Nevertheless, this single log instability manifests itself on much lower energy scales
than the log? RG flow. Therefore, over a large range of energies, bilayer graphene can

be viewed as a two dimensional analogue of the one dimensional Luttinger liquids.

Our treatment of the log? renormalization in BLG is somewhat reminiscent of
the situation arising in two-dimensional disordered metals[14]. In the latter, the log?

divergences of the Green function and of the vertex function stem from the properties
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of dynamically screened Coulomb interactions, which exhibit “unscreening” for the
transferred frequencies and momenta such that w/q? is large compared to the diffusion
coefficient. Furthermore, the divergent corrections to the Fermi-liquid parameters,
as well as conductivity, compressibility and other two-particle quantities in these
systems, are only logarithmic. This allows to describe the RG flow of the Green

function due to the log® divergences by a single RG equation [15] of the form

9G9€ = — 45290, (4.1)

where ¢ is the dimensionless conductance. The suppression of the quasiparticle
residue, described by this equation, manifests itself in a zero-bias anomaly in the

tunneling density of states, readily observable by tunneling measurements.

4.2 Dynamically screened interaction

We begin by reviewing some basic facts about BLG. BLG consists of two AB stacked
graphene sheets (Bernal stacking). The low-energy Hamiltonian can be described
in a ‘two band’ approximation, neglecting the higher bands that are separated from
the Dirac point by an energy gap W ~ 0.4 eV [1]. There is four-fold spin/valley
degeneracy. The wavefunction of the low energy electron states resides on the A
sublattice of one layer and the B sublattice of the other layer. The non-interacting
spectrum consists of quadratically dispersing quasiparticle bands E. = 4p%/2m with
band mass m = 0.054m.. We work throughout at charge neutrality, when the Fermi
surface consists of Fermi points. The discrete point-like nature of the Fermi surface
is responsible for most of the similarities to the Luttinger liquids.

Although the canonical Hamiltonian has opposite chirality in the two valleys, a
suitable unitary transformation on the spin-valley-sublatttice space brings the Hamil-
tonian to a form where there are four flavors of fermions, each governed by the same
2 x 2 quadratic Dirac-type Hamiltonian [7]. We introduce the Pauli matrices that act

on the sublattice space 7;, and define 74 = 7 + 472, and py = p, * ipy, and hence
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write!

e? — n(x)n(x’")
H_H0+§XZW, (4.2)
P’ p?
Ho= Y tho (oret 7 ) Voo (43)
jo Nop

Here 0 = 1,2, 3,4 is a flavour index, n(x) = ) n,(x) is the electron density, summed
over spins, valleys and sublattices, while the dielectric constant x incorporates the
effect of polarization of the substrate. Note that the single-particle Hamiltonian H
takes the same form for each of the four fermion flavors, and is thus SU(4) invariant

under unitary rotations in the flavor space.

The Coulomb interaction sets a characteristic length scale and a characteristic
energy scale (“Bohr radius and Rydberg energy”)[3]:
h?k e’ 147

ap = —’r—ncj =~ 10k A, EO = n—ao ~ 7 eV. (44)

In Eq.(4.2), we have approximated by assuming that the interlayer and intra-layer
interaction are equal. This approximation may be justified by noting that the inter-
layer spacing d ~ 3 A is much less than the characteristic lengthscale aq, Eq.(4.4).
Within this approximation, the Hamiltonian (4.2) is invariant under SU(4) flavour

rotations [7].

We note that for k ~ 1 the energy E, value is comparable to the energy gap
parameter W ~ 0.4eV of the higher BLG bands (see Ref.[[8]] for a discussion of four
band model of BLG). This suggests that there is some interaction induced mixing
with the higher bands of BLG. However, since a four band analysis is exceedingly
tedious, here we focus on the weak coupling limit Fy <« W, where the two band
approximation, Eq.(4.2), is rigorously accurate. We perform all our calculations in

this weak coupling regime, and then extrapolate the result to Ey =~ 1.47eVx™2. Since

1We have performed a unitary transformation on the Hamiltonian, as outlined in Ref.[[7]], to
clearly manifest the symmetries. As a consequence, our ‘valley’ and ‘sublattice’ variables are not
the physical valley and sublattice variables, but are linear combinations thereof.
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the low energy properties should be independent of the higher bands, we believe
this approximation correctly captures, at least qualitatively, the essential physics in
BLG. Meanwhile, since W is the maximum energy scale up to which the two band

Hamiltonian, Eq.(4.2), is valid, we use W as the initial UV cutoff for our RG analysis.

We wish to obtain a RG flow for the problem (4.2) by systematically integrating
out the high energy modes. However, the implementation of this strategy is com-
plicated by the long range nature of the unscreened Coulomb interaction. Within
perturbation theory, the long range interaction gives contributions which are rele-
vant at tree level, making it difficult to come up with a meaningful perturbative RG
scheme. Therefore, it is technically convenient to perform a two-step calculation,
where we first take into account screening within the random-phase approximation
(RPA), and then carry out an RG calculation with the RPA screened effective inter-
action. We emphasize that it is necessary to consider the full dynamic RPA screening
of the Coulomb interaction, since a static screening approximation does not capture

the effects we discuss below.

The dynamically screened interaction may be calculated by summing over the
RPA series of bubble diagrams, to obtain a screened interaction. The RPA approach
to screening may be justified by invoking the large number N = 4 of fermion species

in BLG. The screened interaction takes the form
2me?

Ul 9) = S 2reie, q)

(4.5)

Here II(w,q) is the non-interacting polarization function, which can be evaluated
analytically[21, 3]. Here we will need an expression for II(w, q) in terms of Matsubara
frequencies w, derived in Ref.[[3]], where it was shown that the quantity II(w,q)

depends on a single parameter 2mw/q?, and is well described by the approximate

form
N In4 L 41n24
M(w,q) = -~ "2m u="22 (4.6)
2Qr (%)24-'&&)2 T



where N = 4 is the number of fermion species. The dependence (4.6) reproduces
I1(w, q) exactly in the limits w < q?/2m and w > q?/2m, and interpolates accurately
in between. We discover upon substituting Eq.(4.6) in Eq.(4.5) that the dynamically
screened interaction is retarded in time, but crucially is only marginal at tree level. It
therefore becomes possible to develop the RG analysis perturbatively in weak coupling
strength, by taking the limit of N > 1.

Since the quantity II(w,q) vanishes when ¢ — 0, the RPA screened interaction
(4.5) retains some long range character, exhibiting “unscreening” for w > q%/2m.

This will lead to divergences in Feynman diagrams of a log? character.

4.3 Setting up the RG

To calculate the RG flow of the Hamiltonian, Eq.(4.2), in the weak coupling regime,
we begin by writing the zero-temperature partition function ® as an imaginary-time

functional field integral. We have

3 = / Dy D exp (—Solw!, 9] — Si', %)) (47)
dwd? —1 H?
So=3 | Ty Pheon (%"(p)) Youp: (4.8)
1 dwd?
Sl = 5 (2—71_)3q-F2U(w, q)nuhqn_w,_q + Sg. (49)

Here the ¢ fields are Grassman valued (fermionic) fields with flavour (spin-valley)
index o, while w is a fermionic Matsubara frequency, " is a vertex renormalization
parameter, Z is the quasiparticle residue, and n, g is the Fourier transform of the
electron density, summed over spins, valleys and sublattices. The effective interaction
U(w,q) is given by Eq.(4.5). The term S, is included tentatively to represent more
complicated interactions that may be generated under RG. In the bare theory, I' = 1,
Z =1 and S; = 0. The theory is defined with the initial UV cutoff Agy. Since the two
band model, Eq.4.2, is only justified on energy scales less than the gap W =~ 0.4eV
to the higher bands in BLG, we conservatively identify Ag = W. Our main results
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will be independent of A,.

As we shall see, the RG flow will inherit the symmetries of the Hamiltonian,
Eq.(4.2), strongly constraining the possible terms S;. The relevant symmetries are
particle-hole symmetry, time reversal symmetry, SU(4) flavour symmetry [7], and
the symmetry of the Hamiltonian under the transformation e R(6/2), where R(6)
generates spatial rotations, R(0)py = e*¥p,.

We will employ an RG scheme which treats frequency w on the same footing as
p?/2m, in order to preserve the form of the free action Eq.(4.8) under RG. Thus, we

integrate out the shell of highest energy fermion modes

N <yfw?+ (-297—;)2 <A, (4.10)
and subsequently rescale w — w(A/A’), p — p(A/A)'/%, where z is the dynamical
critical exponent [12], which takes value z = 2 at tree level. Because the value z = 2 is
not protected by any symmetry, it may acquire renormalization corrections. However,
it will follow from our analysis that the quasiparticle spectrum does not renormalize
at leading log® order, so that the exponent z does not flow at leading order. We
therefore use z = 2 for the rest of the paper, which corresponds to scaling dimensions
[w] = 1 and [p?] = 1. Under such an RG transformation, the Lagrangian density
in momentum space has scaling dimension [£] = 2, and we have tree level scaling
dimensions [¢)] = 1/2 and [I'] = [Z] = 0 respectively.

Given these tree level scaling dimension values, it can be seen that all potentially
relevant terms arising as part of S; must involve four fermion fields. Indeed, any
term involving more than four v fields will be irrelevant at tree level under RG,
and may be neglected. The terms with odd numbers of ¢ fields are forbidden by
charge conservation, while the quadratic terms A,-jz/);’ 1; cannot be generated under
perturbative RG, since they break the symmetries of the Hamiltonian listed above?.

Thus, the only potentially relevant terms that could arise under perturbative RG

2The symmetry of the Hamiltonian may be spontaneously broken. However, the energy scale for
spontaneous symmetry breaking is set by the subleading single log flows [3] and is lower than the
energy scale for the phenomena discussed in this paper.
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take the form of a four point interaction which may be written as
1 oo’
S2=3 / Prds Y] (@) (@)Yl (2 o a(2), (4.11)

where £ = (r,t), ' = (r/,t'), Here T is an effective four particle vertex, which
is marginal at tree level, the indices 0,0’ refer to the flavour (spin-valley) of the

interacting particles, and ¢, 7, k, [ are sublattice indices.

The symmetries of the Hamiltonian, Eq.(4.2), impose strong constraints on the
spin-valley-sublattice structure of the four point vertex Y. Since the Coulomb interac-
tion does not change fermion flavour (spin or valley), and the electron Green function
is diagonal in flavour space, the vertex T cannot change fermion flavour. Moreover,
the SU(4) flavour symmetry of the Hamiltonian implies that T does not depend on
the flavour index of the interacting particles, and we may therefore drop the indices
0,0’ in Eq.(4.11). Finally, the bare Hamiltonian (4.2) is invariant under combined
pseudospin/spatial rotations through e R(0/2). This symmetry further restricts
the form of four point vertices in Eq.(4.11) to have sublattice structure Y;;;; or Yyjj;
only 3. That is, the allowed scattering processes are restricted to (AA4) — (AA),
(AB) — (AB) and (AB) — (BA). We note that the processes (AB) — (AB) and
(AB) — (BA) are distinct, since the particles have flavour, and the interaction (4.5)

is not short range.

Below we obtain the RG flow for bilayer graphene, working in the manner of
Ref.[[12]]. We consider the partition function, Eq.(4.7), where the interaction is given
by Eq.(4.5). Starting from this action, supplied with ultraviolet (UV) cutoff Ay, we
systematically integrate out the shell of highest energy fermion modes, Eq.(4.10). We
perform the integrals perturbatively in the interaction, Eq.(4.5). This corresponds
to a perturbation theory in small I?Z2?/N. We carry out our calculations to one
loop order, and examine the renormalization, in turn, of the electron Green function

(Sec.4.4), the vertex function I' (Sec.4.5) and the four point vertex T (Sec.4.6).

3In that, we ignore vertices of the form Y 44480%, Ta4p40%, and other similar terms, which
are allowed by symmetries, but are irrelevant in the RG sense.
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Figure 4-1: Diagrammatic representation of self energy (a) and vertex correction
(b) [Eqgs.(4.14),(4.28)]. Straight lines with arrows represent fermion propagator,
Eq.(4.13), wavy lines represent dynamically screened long range interaction, Eq.(4.5).

4.4 Self-consistent renormalization of the electron
Green function
At first order in the interaction, the fermion Green function acquires a self energy ¥,

represented diagrammatically (to leading order in the interaction) by Fig.4-1(a). A

self-consistent expression for the change in the fermion propagator G is

5G(wa q) = GO("‘)’ q)z(wv q)GO(w’ Q), (4'12)
Go(w,q) = Z—'O—J—:%%E’ (4.13)
(o, @)= [2 T30, Gile + .7 + ), (4.14)

where ¥ is a 2 X 2 matrix in sublattice space.

A number of general properties of the self energy can be established based on
symmetry considerations. It follows from Eq.(4.14) that 3(0,0) vanishes, since the
part of G(g, p) which is invariant under rotations of p is an odd function of frequency
€. Likewise, the expressions for diagonal entries ¥ 44(0,q) and Xpp(0,q), which
involve an integral of an odd function of ¢, vanish on integration over €. For the same
reason, the expressions for off diagonal entries ¥ sp(w, 0) and £pa(w,0) vanish upon
integrating the momentum p over angles. Hence, nonvanishing contributions arise at

lowest order when the right hand side of Eq.(4.14) is expanded to leading order in
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small w and q. We obtain

0
Zaaw,a) = ~w 00 o2 g g, (4.15)
2
Sapw,q) = L9Zas0.0) | 2 o ey (4.16)

2m 9(q2/2m)
where ¥ 44 = Ypp and X5 = Y54 by symmetry.

It was shown in Ref.[[9]] that i0X44/0w and 8% 45/8(g2 /2m) are both log® diver-
gent, and are equal to leading order (see below and Sec.4.8 for alternative derivation).

Thus the self energy can be written, with log? accuracy, as

Y(w,q) = —z'Zo—g—iGal(w, q)+0 (ln KA—,) . (4.17)

Here, it is understood that non-vanishing 0¥/0w is due to the modes that have
been integrated out, Eq.(4.10). Within the leading log approximation, the electron
Green function, Eq.(4.13), retains its non-interacting form, whereby the self energy,
upon substitution into Eq.(4.12), can be absorbed entirely into a redefinition of the

quasiparticle residue, as

1

_ .0%a4
mé& 6Z = —Z—ZO. (418)

6G(w,q) = 5

We emphasize that the lack of renormalization of the mass only holds at log? order.

The subleading single log renormalization of the mass will be analyzed in Sec.4.8.

The renormalization of the quasiparticle residue, Eq.(4.18), can be evaluated ex-

plicitly by calculating :0%/0w. Taking ¥ from Eq.(4.14), we write

ia_zl __ [dedp (B-e  2mTize (4.19)
dwla=o ] (2m)3 ((£)2 + e2)2 rp — 2me?T1(25E)” :

We express the momenta in polar coordinates p, = pcosa, p, = psina, and straight-
away integrate over —m < a < w. We further change to pseudopolar coordinates in

the frequency-momentum space, € = r cosf, p?/2m = rsinf, with the “polar angle”
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0 < 6 < w. Using the Rydberg energy Ey, Eq.(4.4), as units for 7, we have

()Y — cos? 0)I'2
9% _ _/ / df (sin 20 — cos H)I‘ ZO (4.20)
w N V2rsin@ H(9)

where II() is the dimensionless polarization function, given by Eq.(4.6) with quasi-
particle mass m suppressed and 2me/p? = cotf. We note that II(f) goes to zero
when 8 — 0, 7, and these zeros of the polarization function dominate the integral and
lead to the log® divergence. Since II(6) is even about 6 = 7/2, the log? contribution
can be evaluated by replacing I1(#) in Eq.(4.20) by its asymptotic § < 7 form,

I1(9) ~ Nf:ntan 6. (4.21)

In the region § <K 7, we may approximate sinf ~ 6, tanf =~ 6 and cosf = 1
Including a factor of 2 for the region # =~ =, which gives a contribution identical

to that of the region § = 0, we can express the integral Eq.(4.20) with logarithmic

z— =2 / / ) Tidy (4.22)
A 2m /2r0 + Nzg '

Performing the integral over 8 and assuming r < N? yields

accuracy as

82 _MEZy [Mdr, N2n?

= —1 4.2
‘0w ~ Nn? N T " g (4.23)
Integrating over A’ < r < A (see Eq.(4.10)), we obtain
0% 2%z, N2m2Ey, A 1 _, A
— = 1 In——=In"—]. 4.24
"w Nmz \" 8N AN 2 N (4.24)
We now consider an infinitesimal RG transformation. Defining an RG time
Ao A
E=In T 0 =1In " (4.25)
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we rewrite the recursion relation, Eq.(4.24), as

9T 2IZ,

2= N27T2E0
Ow  Nnu2 ’

8Ao

€+, c=In

(4.26)

The constant term c describes corrections subleading in log?, aﬁd thus may seem to
be irrelevant. However, we shall retain it in the RG equation since it will determine
the form of renormalization near the UV cutoff (see discussion of TDOS in Sec.4.7).

In our derivation of Eq.(4.26) it was assumed that our initial UV cutoff Ay <
N27%Ey/8. Such choice of Ay is certainly justified when N is large, which is the limit
we worked in thus far. Better still, the condition remains entirely reasonable for the
physical value N = 4, leading to N272E,/8 = 24eV k™2, which is much bigger than
the bandwidth for BLG.

Substituting Eq.(4.26) into Eq.(4.18), we obtain a differential equation for the
flow of the quasiparticle residue,

0z _ () Z°()

B¢ = —]V?_(§+c) (4.27)

This equation encapsulates a one loop RG flow for the residue Z, describing its

renormalization within a log? accuracy.

4.5 Self-consistent renormalization of the vertex

function I

The screened Coulomb interaction renormalizes through the vertex correction, pic-
tured in Fig.4-1(b). The RPA bubble diagrams, which have already been taken into
account in moving from an unscreened to a screened interaction, Eq.(4.5), do not
contribute to renormalization. It may be verified by an explicit calculation that the

vertex correction in Fig.4-1(b) is given by

2 Py2 _ 2 3722
5F=_/d5dp (&) —¢ 2372 (4.28)

(27)3 ((%)2 +e2)2Kp — 27rezﬂ(%)'
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This is the same expression as for the residue renormalization [Eqgs.(4.18),(4.19)], with

I' replacing Z, and a sign change. Hence, we obtain

o _ 20%(e)2%(¢)

% N (6t 0) (4.29)

which is identical to the flow equation for Z, albeit with a reversed sign. Therefore,

the product I'Z does not renormalize at log square order, and we can write.

Iz =1 (4.30)

This result is not a coincidence, since the residue Z and the vertex function I' are
not independent quantities. The Hamiltonian, Eq.(4.2), is invariant under a gauge
transformation of electron wavefunction 1)’ = 1e'X, accompanied by energy and mo-
mentum shifts & = ¢ — 8;x, p' = p + Vx. This gauge invariance symmetry can be
shown to lead to Eq.(4.30) through a Ward identity that relates the self-energy to the
vertex function [[18, 10]].

4.6 Renormalization of the four point vertex T

The four point vertex T, introduced in Eq.(4.11), renormalizes through the diagrams
presented in Fig.4-2(a,b), which represent the repeated scattering of two particles in
the electron-electron and electron-hole channels respectively. We follow the naming
conventions used in Ref.[[12]] in the context of the Luttinger liquid, and name these
two diagrams, the BCS loop and the ZS’ loop, pictured in Fig.4-2(a) and Fig.4-2(b),
respectively. In the one dimensional Luttinger liquids, the two processes famously
cancel[11], so that the four point vertex does not renormalize. In higher dimensions,
such a cancellation is rare. However, the discrete nature of the Fermi surface in BLG
results in a Luttinger liquid like cancellation of the processes Fig.4-2(a,b), as will be
discussed below.

We argued in Sec.4.3 that the RG-relevant scattering processes allowed by sym-
metry must have sublattice structure (A4, A) — (A4, A), (A,B) — (A, B) or (4,B) —
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Figure 4-2: The renormalization of the four point vertex T proceeds through repeated
scattering in the particle particle channel (a) and in the particle hole channel (b),
known as the the BCS loop and the ZS’ loop in the Luttinger liquid literature [12].
The RPA bubble diagrams (ZS loop in the language of Ref.[[12]]), which arise in
the same order of perturbation theory, have already been taken into account in the
screened interaction, Eq.(4.5).

(B, A). To see the mathematical origin of such selection, it is instructive to explicitly

write out the form of the electron Green function. We have

—Z1ie

Gaale,p) = mém—)z = Ga(e, P), (4.31)
GAB(€7P) = % = *BA(E)p)' (432)

When the diagrams Fig.4-2(a,b) are evaluated in any channel other than these three
channels, they vanish upon integration over inner momentum variables, due to the

chiral structure of the sublattice changing Green functions, Eq.(4.32).

Similar reasoning leads to a conclusion that the (4, B) — (B, A) vertex cannot
exhibit a log? divergence. As we saw above, the log? divergences arise because the
effective interaction U, has a pole at p = 0 and finite . However, the sublattice
changing Green functions, Eq.(4.32), have zeros at small p, which cancel the contri-
bution of the pole in the interaction. Thus, the diagrams in Fig.4-2 can only be log?
divergent if all internal Green functions are sublattice preserving, given by Eq.(4.31).
Since the process (AB) — (BA) involves two sublattice changing Green functions, it
follows that the integrals associated with this processes cannot be log? divergent, and

hence this process does not contribute at leading log? order.

Thus, at leading order, we need to consider only the processes (AA) — (AA) and
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(AB) — (AB). Moreover, since the interaction (4.5) does not distinguish between
sublattices, the ZS’ and BCS contributions from Fig.4-2(a,b) in these channels are
the same. Therefore, to demonstrate that T does not renormalize at leading order,
it is sufficient to demonstrate that there are no log” divergences in the (AA) — (AA)

channel.

In evaluating the ZS’ and BCS diagrams (Fig.4-2), it will prove important to keep
track of external momenta. The vertex Y(E, Es,w, ki, ks, q) then represents the

amplitude for the scattering process

,(!)O',A,El ,kl ¢0,1A1E2 ak2 - /‘pO',A,El +w7k1 +q1/)olaA1E2 —w’k2 —-q-

Translating the ZS’ and BCS diagrams in Fig.4-2 into integrals, we find the contri-

butions

, ded?
Yoaaa = F4/ (2 )]:U,pU e-wp-aGaa(E1 +¢€ ki +p)

XGAA(E2 +€_U-J,k2+p—q)7 (433)
ded?
Tiaaa = T / (2n )f UepUe-vp-aGaa(Er + &, k1 +p)
XGAA(E2 —E&, k2 - p) (434)

Here, the interaction U(e,p) is defined by Eq.(4.5), the Green functions are defined
by Eq.(4.31), and the integral goes over the shell defined by Eq.(4.10).

As always in a RG analysis, we assume that the external frequencies and momenta

are small compared to the internal frequencies and momenta:

max (w W', 2q ;l ) <N <qle?+ (;—m> <A. (4.35)

In such a case, the standard approach to handling the integrals over € and p involves
setting the external frequency and momenta to zero at first, and restoring their finite
values later to regulate the infrared (IR) divergences. However, a straightforward ap- -

plication of this recipe to the integrals in Eqs.(4.33),(4.34) proves impossible, because
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these integrals are power law divergent when all external momenta are set to zero.
The divergence arises from the region near p ~ 0 (which lies within the shell defined

by Eq.(4.10)), where the interaction is nearly unscreened. In this region, we have

1
(lp| + alpl?) (lp — a| + alp — q|?)’

(4.36)

Ue,p Ue—w,p—q ~

with @ = Ne?/2kA. At finite q, the poles in this expression are split apart, and
thus the singular contribution of each pole, p = 0 and p = q, is regularized by the
integration measure d?p so that the integrals in Eqgs.(4.33),(4.34) remain well defined.
However, when all external momenta are zero, the poles from the two interaction lines
co-incide, and the expressions (4.33), (4.34) acquire a second order pole at p = 0.

When we integrate over this second order pole, we pick up a power law divergence.

Hence, if either of the ZS’ or BCS diagrams existed in isolation, this power law
divergence would indicate a strong (power law) instability, which would drive T into
the strong coupling regime, where our log? RG would cease to apply. However, as
we will now show, the divergences in the contributions to T from the expressions
(4.33), (4.34) in fact cancel out, so that T does not flow to log® order. To analyse
the cancellation between the ZS’ and BCS diagrams, it is convenient to add the in-
tegrands of Eq.(4.33) and Eq.(4.34) together before doing the integral, while keeping
external momenta finite. Preserving finite external momenta ensures that the inte-
grals Eq.(4.33) and Eq.(4.34) are well defined. After combining the integrands, and

denoting Y45, + Y595, = T, we obtain

- ded?
T = F4/ (271-){: Ue,pUe—w,p—qGAA(El +&,ky + p) X (4.37)

[GAA(E2 +e—wky+p-— CI) +GAA(E2 —g,ky — p)] .

To simplify this expression we note that momentum q enters very differently in
Eq.(4.38) as compared to other external frequencies and momenta E;, Es, w , Kk, ko.

The momentum q is needed to split the poles coming from the two interaction terms
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— if we take q to zero, the integral will acquire a second order pole at p = 0, leading to
a divergence. This divergence arises from within the shell that we are integrating out
(Eq.(4.10)), and thus the RG will be ill defined. In contrast, sending the frequencies
and momenta E,, E5, w, k;, ke to zero by applying Eq.(4.35) does not cause any

concern. We thus have

- ded’p
T = F4/ r )3U,pU,p ~aGaal(e, p)

X [Gaale,p — q) + Gaa(—¢, —p)]. (4.38)

Interestingly, the expression in square brackets vanishes identically when q = 0,
since Gaa(e,p) = —Gaa(—¢,—p). However, taking the limit q — 0 is potentially
problematic because of the pole structure of U, pU,_,, p—q discussed above. Instead,
we proceed with caution, and evaluate Eq.(4.38) at finite q, using the conditions

(4.35) to simplify the analysis.

Given what we just said, it is now easy to see why there is no log® divergence in
Y. First, we note that the interaction (4.5) carries a soft UV cutoff, so the integral
in Eq.(4.38) is UV convergent (this property of dynamically screened interaction in
BLG is discussed e.g. in Ref.[[3]]). Hence, we can shift variables to p+ = p £ q/2

and rewrite the expression (4.38) as

T F4Z2 f (2m)? U ,p+U ep-€ 2 D(€ p+) [ (51 p—) - D(57 p+)] (4'39)
D ’ -D ] - D y - D ’ —
— _F4z2f¢(ig_:)gU6 p+U (6 p+)-'2- (E p ) + (6 p+) > (6 P )

[D(E:’ P—) - D(67 p+)] ’

where we factored the Green functions as

Gaale,p) = iZeD(ep), D(ep) = 5= (plz/m)z. (4.40)

We note that because T should be even under q — —q the first term in the brackets
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gives zero upon integration over p. Hence, we can rewrite the result for T, Eq.(39),

as
~ I‘4Z2 dEdzp
T = 5 / (2’/1')3 Ue,p+U5,p__52 [D(g’ p_) - D(€,p+)]2
Mz / dsd2pU 0o 22— 22 2
B AT et (ER A ) I

(4.41)

where 23 = |p+|2/2m.

To extract the leading contribution at small q, we approximate the effective in-
teraction as
I 'ep) 1

ml ~ T .
1- 5zl Iep)

Ue,p) =— (4.42)

From the definition of the polarization function, Eq.(4.6), we see that the approxi-
mation U = —1/II holds everywhere in the shell Eq.(4.10) except at p = 0, since
II(p = 0) = 0. However, in the limit p — 0, the expression in brackets in Eq.4.41
tends to zero because of the expansion 22 — 22 = (p%/m)(p - q/2m) + O(p*), which

ensures validity of the approximation (4.42).

Hence, using Eq.(4.6), we obtain

- 42 o V(23 + ue?) (22 + ue?)
T= TI%Z* [ ded®p

47r(NmIn4)2
g2 22 — 22 ?
— 4.43
"z [(624-2_2,_)(62 + 22) (4.43)

Simple power counting shows that this integral is UV convergent, IR convergent, and
is completely independent of ¢, which can be scaled out by defining new variables
p = p/q and € = 2me/q?. It follows that the the diagrams representing repeated
scattering in the particle-particle and particle-hole channels do indeed cancel, so that

T 444422 does not renormalize.

Combining this with our argument demonstrating that T 4gp42Z? does not renor-

malize at log® order (see discussion below Eq.(32)), and recalling that Tssaa =
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Y aaBB, Wwe conclude that we can set T = 0 with log? accuracy.

4.7 Solution of RG flow equations. Zero bias anomaly

in bilayer graphene

Since the only quantities which renormalize at log? order in a one loop RG are the
quasiparticle residue Z and the interaction vertex function I', the problem of finding
the RG flow of these quantities reduces to solving Eqgs.(4.27),(4.29). All other quan-
tities do not renormalize at log square order, and may thus be treated as constants
with logarithmic accuracy.

Additional simplification arises due to the Ward identity I'Z = 1, Eq.(4.30). Using

it to decouple the RG equations for Z and I', we write the equation for Z as

07 2

3_§= wiN

(€+0)2Z, (4.44)

where we retained a constant ¢ = In % corresponding to the first term in the self

energy renormalization, Eq.(4.24).

Integrating the RG equation, and taking into account the boundary conditions

Z(0) =T'(0) = 1, we obtain

2
2(€) = exp (— e ) ~17(e), £=l (4.45)

We note that in the limit of small £2/N, we reproduce the perturbative result[9] for
the residue, Eq.(4.24). However, our result (4.45) applies for all £, both small and

large. The fermion propagator at arbitrary energies and momenta is then given by

w + Ho(k)
o+ (B

2m

G(w, k) = —Z(¢) (4.46)

At zero temperature, the infrared cutoff is supplied by the external frequency and

momentum, such that £ =In4 and A = \/w? + (k?/2m)?
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Thus, the quasiparticle residue in undoped BLG is suppressed to zero by electron-
electron interactions, Eq.(4.46). This is reminiscent of the situation in disordered
metals, where enhancement of interactions by disorder produces a renormalization
of electron self energy of a log® form [14], and analysis of an RG flow[15] yields
a suppression of the quasiparticle residue similar in form to our Eq.(4.46). The
suppression of the quasiparticle spectral weight at low energies, governed by the Z(¢)
dependence, will manifest itself directly in the behavior of the tunneling density of
states of BLG, similar to disordered metals.

We note parenthetically that, while keeping the constant term ¢ in the RG equation
(4.44) is formally beyond the log? accuracy generally adopted in our analysis, it can
be justified on the same grounds as in the discussion of the zero bias anomaly in
disordered metals [16, 17]. Because of its fairly large value for N = 4, given by
¢ = In2n? ~ 2.98, this term may significantly alter predictions for the behavior of Z
at intermediate energies € < Ao.

To analyze the suppression of tunneling density of states (TDOS), we use its

relation to the retarded Green function [14],
1
p(w) = ——;Im [TrGr(w, k)], (4.47)

where Gg(w, k) is obtained from the Matsubara Green function analyzed above,
Eq.(4.46), by the analytic continuation of frequency from imaginary to real values,
W — w+ 7.

It is convenient to take the trace before performing the analytic continuation. The
trace may be most easily taken in a basis of free particle eigenstates (plane waves
with appropriate spinor structure), which amounts to integrating Eq.(4.46) over all
k values, TrG = [ G(w, k)d?k. Noting that the term containing Hy(k) vanishes upon
integration due to the angular dependence, we write

w2422

oo (%0
16 = 2 /0 2(¢) iz (4.48)

where z = k?/2m and Nj is the density of electronic states in BLG in the absence of
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interactions.

It can be seen that the integral over z is determined by z ~ w. It is therefore

convenient to introduce a variable ¢ = sinh™(z/w) and write

TG =1— Z(&, —1 hyp)—— 4.
= /. (éw — Incos w)cosh(p, (4.49)

where &, = In (Ap/w). Noting that this integral is dominated by ¢ ~ 1, we obtain an

estimate of the spectral weight:

(4.50)

2
p(w) = NoZ(€,) = Noexp (—M> .

Nn2

The form of this expression remains unchanged, to leading log® order, upon analytic

continuation to real frequencies.

The expression in Eq.(4.50) can be re-arranged by using Eq.(4.26) as

(4.51)

1112 N272E, _ 1I12 N272Eg
Nr2

p(w) = Noexp (— e 2o

Thus, we see that the only effect of the UV cutoff Ag is to rescale the prefactor for
the TDOS without affecting the frequency dependence. Absorbing the dependence

on Ag in the prefactor, we have

(4.52)

1 2 N27T2E0
N2 8w '

p(w) = Npexp (— In
Tunneling measurements yield p(w = eV'), where V' is the bias voltage. The interac-
tion suppression of the TDOS, Eq.(4.50), will therefore manifest itself as a zero bias
anomaly in tunneling experiments. The predicted behavior the TDOS is shown in
Fig.4-3. Because of the exponential dependence in Eq.(4.52), the suppression rapidly

becomes more pronounced at lower energies.

Closing our discussion of the zero bias anomaly in BLG, we note that the results
described above apply only to the system at charge neutrality. Away from neutrality,

with the Fermi surface size becoming finite, the effects of screening will grow stronger,
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Figure 4-3: Tunneling density of states (TDOS) of BLG at charge neutrality,
Eq.(4.52), is shown as a function of external bias w = eV. Predicted TDOS is shown
for two different values of the dielectric constant in Fy, Eq.(4.4): k = 1 (solid curve)
and k = 2.5 (dashed curve), describing free-standing BLG and BLG on SiO substrate,
respectively. Plot is normalized so that p = 1 at an external bias of 100 meV.
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resulting in a weaker effective interaction. Yet, even in this case, the tunneling den-
sity of states will be described by the suppression factor p(w = eV')/Np given by
Eq.(4.50), provided that the bias voltage eV exceeds the Fermi energy measured

from the neutrality point.

4.8 Single log renormalization of electron mass

Thus far we have concentrated on log® flows. However, the analysis may be extended
to obtain the subleading single log flows of the action. We illustrate this procedure
by calculating the renormalization of the mass (which did not renormalize at log®
order in the RG). This calculation is interesting because it allows us to investigate
the interaction renormalization of the compressibility—a directly measurable quantity,
and also because it allows us to illustrate how much slower the single log flows are
than the log? flows.

In this section, we first analyze mass renormalization by extracting it directly from
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the self energy. After that, in Sec.4.9 we consider electron compressibility of BLG
and show that the log divergent correction to the compressibility matches exactly our

prediction for mass renormalization obtained from the self energy.

In BLG, the self energy is a 2 x 2 matrix, given by Eq.(4.14)), which is related to

the renormalized Green function by the Dyson equation,

G ,@) = Gty q) — | W Balnal) gy

Z"BA(“‘)’ Q) EBB(UJ) q)

As discussed in Sec.4.4, the leading log?® contribution to the self energy is proportional
to Gy'!, since 05 45/8(q2 /2m) = i0X 44/Ow. This means that all renormalization can
be attributed to the residue Z with mass remaining unchanged. However, as we now

show, this equality is only true to leading logarithmic order.

Comparison of Eq.(4.53) with Eq.(4.15) and Eq.(4.16) indicates that the mass

renormalization is given by

%m Zo ('82’“‘ O%an ) . (4.54)

AN

Here, i0¥ 44/0w is defined by Eq.(4.19). For the second term, we obtain the expres-

sion

0%ap /d6d2p 1 (g
arm ) e |\ E )
224
+ m I?ZU (e, p), (4.55)

where U (g, p) is given by Eq.(4.5). To evaluate the difference in Eq.(4.54), it is conve-
nient to subtract the integrands of Eqgs.((4.19,4.55)) before doing the integrals. Once

again, we use the “polar” representation of the frequency and momentum variables,
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w = rcosf, p?/2m = rsin @, and obtain

d 2 72
" / 6 T2Z2(3sin” @ — 4sin* 0), (4.56)
A’

V2rsing — & =2 1(())

where II(6) is the polarization function introduced in Eq.(4.6), and r is measured in
units of Ey as before. The integral over # is now fully convergent, and the result-
ing expression is only single log divergent. Integrating analytically over r» and then

integrating numerically over 0, we find

om 056 5,9, A
™ 2N oAl (4.57)
Converting this recursion relation into a differential equation, we obtain
dlnm 056 _, ,
¢ Nrmd. 2 (4.58)

This equation cannot be solved for general £ by applying the Ward identity Eq.(4.30),
since the Ward identity only holds at leading log® order, while the mass flows at
subleading (single log) order in Eq.(4.58). In the perturbative limit ¢ < 1, when

Z = 1andI' = 1, we obtain a logarithmic correction to the mass

m(€) = m(0) (1 + %g) . (4.59)

We may relate this mass renormalization to a measurable quantity, by noting that the
electronic compressibility K is proportional to the density of states which is propor-
tional to the mass. Thus, the logarithmic renormalization of the mass in Eq.(4.59)
should manifest itself in a logarithmic enhancement of the electronic compressibil-
ity. The relation between mass renormalization and compressibility will be further

discussed in Sec.4.9.
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4.9 Interaction correction to compressibility

Here we explicitly calculate the renormalization of the compressibility. By doing this
we shall confirm that the compressibility does not renormalize at leading (log square)
order, and also extract the single log renormalization of the compressibility. The

interaction correction to the compressibility K is given by
0K = ——— (4.60)

where p is the chemical potential, and F is the interaction energy. Within the RPA

framework, the interaction energy is expressed as

P = [0 - V@G, 0). (451)

Here, II(1,w, q) is the non-interacting polarization function evaluated at a chemical
potential , and V(q) is the unscreened Coulomb interaction V(q) = 2me?/kgq.
To evaluate the second derivative in (4.60), we consider the difference AF =

F(u) — F(0). After rearranging logs under the integral, we rewrite this expression as

AF = — / ‘g‘;’:;f In (1 Uy (L0t 0,0) — TI(O, w, ), (4.62)

where now U,, 4 is the dynamically screened Coulomb interaction, Eq.(4.5). Since the
compressibility is obtained from the free energy through K = —3%F/du?, the problem
of calculating the interaction renormalization of the compressibility is reduced to that
of calculating the polarization function at finite p. This may be calculated through
methods similar to those developed in Ref.[3]. We define ey = et w/2, pr =p+q/2

and zy = |p+|?/2m. The non-interacting polarization function at finite u is given by

(g, w,q) = TrtG(p, 64, P+)G (1,6, P-)

ded?p 1
- Tr/ (2m)3 (ie4 — p — Ho(p4))(ie~ — p — Ho(p-))

B ded?p
-2 | T e T
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(e — p)(ie— — p) + z42— cos 20,,
(e- +i(p+z))(e- +i(p—22))

(4.63)

where 6, is the angle between p; and p_. We now perform the integral over € by

residues to obtain

d’p (24 +iw + 2 c08260,,)O(zy — )
I _N Pq +
(1, w,q) / (27)2 22 — 22 —w? + 2iwz,
—+ ((4), q— —w, _q)

“+=H d2p, 1 2z_sin? 6,
=N (27m)? |zp +iw — 2_ (24 +iw)? — 22
24=0 + - + =
+ (wa q— —Ww, _'q) . (464)

In the limit 4 — 0, this repfoduces the non-interacting polarization function from

Ref.[[3]]. Now we expand Eq.(4.62) to leading order in small y to obtain

1, [ dwd’q

2
ar= L, Pl ,0)

Gy g

(4.65)

The term linear in p must vanish, by particle hole symmetry. Taking derivatives
of Eq.(4.64) greatly simplifies the calculations, since it turns the two dimensional
integral over momenta into a one dimensional integral over momentum angles, which

is fully convergent, and may be evaluated numerically. We find

2 3222 _ b 2
O’ _ Nm3w'z e =L (4.66)
ou?  2m (w?+22)? 2m
2 2
w? [ dwd’q 011
AF = —— [ —— —-_—. .

We again change to the coordinates w = rcosf, z, = rsin, and measure r in units
of Ey. Note that even though the interaction has a pole at # — 0, this pole is
canceled by 9%I1/0u? having a zero at # — 0,7. As a result, the 6 integral is fully
convergent. Integrating numerically over # and analytically over r, we find that the

fractional change in the compressibility is

SK() 056
K(0) ~ 2Nmln4

3 (4.68)
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a result that agrees exactly with Eq.(4.59). We note that an enhancement of the
compressibility due to interactions was also predicted in Ref.[[19]]. However, the effect
described by Eq.(4.59) is much weaker than that predicted in Ref.[[19]], because we
have worked with a screened interaction, whereas in Ref.[[19]] screening was not taken
into account.

In summary, the compressibility does not renormalize at leading (log square) order,
just as in the Luttinger liquids, and while there is a subleading logarithmic correction,
the pre-factor is quite small (0.56/(2N71n4) = 0.016). Thus, in contrast to the zero-
bias anomaly in TDOS, experimental detection of the interaction correction to the
compressibility is likely to be challenging. The difference arises because the single log
flows are much weaker than the log? flows, retrospectively justifying our earlier neglect
of the single log flows in the RG. Hence, strong suppression of the tunneling density
of states at energy scales where the compressibility is not significantly renormalized

is a key signature of the marginal Fermi liquid physics in bilayer graphene.

4.10 Discussion and Conclusions

Here we briefly discuss the range of validity of our results. Our analysis was organized
as a perturbation theory in I'?Z2?/N. Since ['Z = 1 at leading (log square) order, the
perturbation theory remains well defined under the log square flows. However, our
analysis neglected subleading single log flows. For £ ~ Nn?, the subleading single
log flows become important, and the analysis leading to the expression Eq.(4.45) no
longer applies. A mean field theory of subleading single log effects [3] indicates that
a gapped state develops at £ = 1—33N 72, the scale which we tentatively identify as the
limit of validity of our analysis.

How can the marginal Fermi liquid physics be distinguished from the formation
of a gapped state? We note that at very low energies, once the gapped state has
developed, the tunneling density of states will vanish anyway. However, in the gapped
regime, the compressibility will vanish also. What we have shown, however, is that

there is a large range of energies greater than the energy scale for gap formation, where
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the tunneling density of states vanishes, while the compressibility remains essentially
unchanged. Such behavior represents the key signature of the marginal Fermi liquid
physics discussed above, which is analogous to the Luttinger liquid physics.

In our analysis, we neglected the short range interactions which are characterized
by lattice scale, such as the interlayer density difference interaction V_ = %(VA A—
Vap) = me?d and the Hubbard-type on-site repulsion. Short range interactions are
non-dispersive, do not renormalize the Green function in the weak coupling limit,
and hence do not alter our results. Short range interactions also produce only single
log renormalization [4, 5] and therefore do not need to be included in our log square
RG. Similarly, we justify our neglect of the trigonal warping effect [20] by noting that
trigonal warping is significant only on energy scales smaller than the characteristic
energy scale for onset of gapped states [3].

Finally, we note that our analysis made use of the fact that there were no un-
canceled log square divergences at one loop order in the RG, except for the renor-
malization of the quasiparticle residue and the Coulomb vertex function, which were
related by a Ward identity, Eq.(4.30). Technically, in order for our neglect of higher
loop corrections to be justified, we also require that there are no un-canceled log square
divergences beyond one loop order in the RG, except those that are constrained by
Ward identities. We believe this to be the case, however, the proof requires a non-
perturbative approach, which lies beyond the scope of the present work.

To conclude, we have examined the one-loop RG flow for bilayer graphene. We
have demonstrated that the quasiparticle residue Z and the Coulomb vertex function
I both flow as £2, where £ is the RG time. All other quantities flow only as £&. The
structure of the RG for Coulomb interacting BLG has strong similarities to the RG for
the one dimensional Luttinger liquids. In particular, we predict a strong interaction
suppression of the tunneling density of states for undoped BLG, even at energy scales
where the electronic compressibility is essentially unchanged from its non-interacting

value. These predictions may be readily tested by experiments.
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Chapter 5

Dynamical screening and
spontaneous gap opening in bilayer

graphene

Electron interactions in undoped bilayer graphene lead to instability of the gapless
state, ‘which-layer’ symmetry breaking, and energy gap opening at the Dirac point.
In contrast to single layer graphene, the bilayer system exhibits instability even for
arbitrarily weak interaction. A controlled theory of this instability for realistic dy-
namically screened Coulomb interactions is developed, with full acount of dynamically
generated ultraviolet cutoff. This leads to an energy gap that scales as a power law of
the interaction strength, making the excitonic instability readily observable.
Graphene, due to its unique electronic structure of a two-dimensional semimetal,
provides an entirely new setting for investigating many-body phenomena [1]. Since
the conduction and valence band joined together in a semimetal mimic massless Dirac
particles, electronic phenomena in graphene often have direct analogs in high energy
physics[2]. In particular, several authors discussed the analogy between excitonic
instability in a single-layer graphene and chiral symmetry breaking in 2+ 1 Quantum
Electrodynamics. While this instability is absent when interactions are weak[3], and
the situation for realistic interaction strength is still debated, the instability can be

“catalyzed” by a magnetic field[4, 5]. These predictions are in qualitative agreement
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Figure 5-1: (a) Domains of opposite polarization in the ferroelectric state. Valley
polarized chiral edge states propagate in opposite directions along domain boundaries.
(b) Diagrammatic representation of gap equation. First term is vertex correction,
second term is self energy correction. Both diagrams exhibit log? divergence which
cancels to leading order. Solid, wavy and dashed lines represent fermion propagators,
the RPA interaction (5.4), and A7 vertex, respectively.

with experiment[6].

The effect of interactions is drastically different for semimetals with linear (type I)
and quadratic (type II) electron dispersion. This was recognised in an early work [7],
where the difference in behavior was traced to the density of states at low energies,
which is much lower in type I systems than in type II systems. Electronic properties
of quadratically dispersing systems are governed by infrared divergences in Feynman
diagrams, resulting in unconventional low energy states, such as the gapped excitonic
states of a bilayer graphene (BLG) discussed in Ref.[21], whereas in linearly dispersing

systems the free-particle description is robust.

In this Letter, we analyze excitonic instability in a BLG system with 1/r repulsion,
focusing on a ferroelectric (FE) state that spontaneously breaks which-layer symme-
try and polarizes the layers in charge. After accounting for dynamically generated
ultraviolet cutoff, treated in the RPA screening approximation, we find a gap which
in the weak coupling limit scales as a square of the interaction strength, A o (€?/k)?,
with e the electron charge and « the dielectric constant. This is in contrast to the
exponential BCS-like behavior of the gap expected in single layers coupled via a
dielectric spacer[8, 9, 10].

Interestingly, we find the behavior to be highly sensitive to the specifics of screen-

ing model: log divergent diagrams can become log? divergent upon going from static

128



to dynamic screening (see Fig.5-1b). Thus for a reliable estimate of the gap it is nec-
essary to properly treat dynamic screening. We evaluate the dynamical polarisation
function for BLG and use it to estimate the gap value A ~ 10~3me*x~2. For realistic
parameters the predicted gap lies within the experimentally accessible range. The
gap value found for the FE state coinsides with that for the anti-ferromagnetic (AF)

states considered in [21], indicating that these states are near degenerate in energy.

The formation of a gapped state will manifest itself in strongly temperature de-
pendent conductivity at 7 < A. In the presence of long-range disorder, the gapped
state will occur at the p-n boundaries separating electron and hole ‘puddles’, making
these boundaries a bottleneck for transport. Hopping-like temperature dependence is
indeed noted in all conductivity measurements near neutrality point in BLG but not
in single-layer graphene [1].

Since the ferroelectric transition breaks a Z, symmetry, excitonic ordering will
produce domains of opposite polarization (see Fig.5-1(a)). In the absence of disorder,
the characteristic size of the domains L is determined by long-range attraction be-
tween polarization in neighboring domains, in analogy with “electronic microemulsion
phases” discussed in Ref.[16], giving an estimate 80 In(L/ao) = A/ao, where p is po-
larization density and ag is the correlation length, Eq.(5.3). As discussed in Ref.[18],
the boundaries between regions with opposite polarization host valley polarized edge
states. Since a two-dimensional system with two domain types should exhibit perco-
lation of edge states, the FE state should be able to carry valley currents. This could

be useful for valleytronics applications.

The low-energy Hamiltonian for BLG can be described in a ‘two band’ approxi-
mation, neglecting the higher bands that are separated from the Dirac point by an
energy gap W ~ 0.4 eV [11]. The electron states are described by wavefunction
taking values on the A and B sublattice of the upper and lower layer respectively.
The non-interacting spectrum consists of quadratically dispersing quasiparticle bands
E; = +p?/2m with band mass m = 0.054m.. It is convenient to introduce the
Pauli matrices 7; that act on the sublattice space, and to define 7o = 73 + i and

P+ = pr T i(p, [11], where { = 1 for the K valley and { = —1 for the K’ valley. The
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Hamiltonian may then be written

P} p’
Hy = Z"/’L,a (%T+ + %T—) d)p,a (51)
P,
2 ’
H = Hy+ € < n(x)n(x')

L) = S el e ).

The sum over « indicates summation over N = 4 spin and valley species, while the
dielectric constant x incorporates the effect of polarization of the substrate and of
the higher bands of BLG. The interaction is invariant under SU(N) rotations in
spin/valley space. We also approximate by treating the interlayer and intra-layer
interaction as equal, and defer discussing the effect of finite layer separation until
after we present our main result.

We investigate stability of the gapless state by introducing a test gap-opening
perturbation A7 into the non-interacting Hamiltonian, where A must be real, but
may take either sign. This test perturbation explicitly breaks the Z, layer symmetry
of the Hamiltonian, and corresponds to a ferroelectric instability that polarises the
layers by charge. We develop our analysis perturbatively in the interaction, and
calculate the interaction renormalization of the Ar; vertex. At leading order in weak

bare interactions, the vertex correction in Fig.5-1(b) takes the form 6T" = 736 A, where

A
0h = - / B+ Ho)GE —Hy) ' (5:2)

Here Hj is the Hamiltonian of the non-interacting system evaluated at A = 0. The
vertex correction is positive and preserves the form of the o3 vertex. Moreover, simple
power counting shows that the vertex correction is divergent in the infrared for any
form of interaction U, screened or unscreened. The infrared divergence indicates
instability even for arbitrarily weak interactions (unlike monolayer graphene). The
infrared divergence is power law when U is the unscreened Coulomb interaction,
therefore it is important to include screening even at weak coupling, to moderate the
infrared divergence.

We now introduce the interaction energy scale Ey and the corresponding length-
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scale ag, defined as

Ey= — ~ ==V, ao=;§-§-§znx1.1nm (5.3)
For simplicity, we take the weak coupling limit Fy < W, and neglect interaction-
induced mixing of the low energy states with the higher bands [for discussion of
mixing see Ref.[17]]. Moreover, when U is the unscreened or dynamically screened
Coulomb interaction, the integral in Eq.(5.2) is convergent in the UV, without the
need for any high energy cutoff. Thus Ej, emerges as the only energy scale in the
problem. This then implies that the energy scale for the gap must scale as a power

law in electric charge A ~ Ey ~ et.

As we shall see, it is necessary to properly treat dynamic screening to obtain a
reliable estimate for the gap. We therefore take U in Eq.(5.2) to be the dynamically

screened Coulomb interaction, defined as

~ 2me?
Upq= . 5.4
1 kg —2me2NIL, 4 (5:4)
Here we have introduced the single species polarisation function IT,, = — [ G(p4+,e4+)G(p-,€-) ‘fg—jj;g,

where we use the notation pr = p £+ q/2 and ex = € + w/2, and define the imag-

inary frequency Green function in terms of the non-interacting Hamiltonian Hj as

G~ Y(E,p,A) =1iE — Hy(p,A). Hence, we obtain

E.E_—pip? 20,,) — A2
s = -2 [ 4502 EeP P o) 4 55

(27)3 (E% +pi + A?)(E2 4+ pt + A?2)
Here, 6, is the angle between the vectors p; and p_. To determine the dynamically
screened interaction, it is sufficient to determine the polarisation function in the un-
gapped state. We therefore take A — 0 in Eq.(5.5), integrate over frequencies by
residues, and scale out ¢q. The integral then depends on a single dimensionless param-
eter @ = 2mw/q?, and may be evaluated analytically by integrating over momenta in

polar co-ordinates (details in online supplement). This gives an exact expression for
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the polarisation function I1,q0 = —% f(&), where

2tan"! @ — tan~1 20 @?+1 In4
w) = — +In — ~ 5.6
7@ z 41" Vi (59

with 4 = (2In4m)2. The right hand side provides an approximate formula that
reproduces f(@) exactly for © — 0 and @ — oo, interpolating accurately between the
two limits. Result (5.6) agrees with the polarization function found in [12] continued

to Matsubara frequencies.

The vertex correction Eq.(5.2), calculated with the dynamically screened inter-
action Eq.(5.4), is In® divergent in the infrared (see supplement). The enhanced
divergence arises from the phase space region w/q? > 1, where the Coulomb interac-
tion is not efficiently screened. However, it is also necessary to take account of the
self-energy correction, so that the full gap equation is represented by Fig.5-1(b). In
particular, the self energy undergoes a In? renormalisation [20], and this can be shown

to cancel the vertex correction at In® order, leaving a residual logarithmic divergence.

Since demonstrating the cancellation of the self energy and vertex correction at
leading In® order and extracting the subleading logarithmic divergence is fairly te-
dious, we employ an alternative scheme for solving the gap equation Fig.5-1(b). We
note that calculating the free energy of BLG as a function of A, at leading non-
vanishing order in A, simply produces the diagrams in Fig.5-2(a,b,c). Upon minimiz-
ing with respect to A, this yields the gap equation Fig.5-1(b), with correct combina-
torial coefficients. Minimising the free energy of BLG with respect to A is therefore
formally equivalent to solving the gap equation Fig.5-1(b), and is technically simpler.
It may be verified that while Fig.5-2 (b) and (c) are individually In® divergent in the
infrared, their sum is only In? divergent. This is the same leading order cancellation

of divergences that is manifested by the gap equation.

We approximate by assuming that the gap function A is static and momentum
independent, on the grounds that the screened interaction in the particle-hole chan-
nel depends only weakly on the transferred momentum. In this approximation, we

evaluate the kinetic energy change 6T represented by Fig.5-2(a) by including A in the
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Figure 5-2: Free energy change from gap formation at leading order in A and in the
interaction. V_ is the difference between interlayer and intra-layer interactions. While
all these diagrams are nominally O(AZ%), A also appears as a logarithmic infrared
cutoff in each diagram Eq.(5.9). Physically, the diagrams may be interpreted as a)
Kinetic energy cost from spontaneous gap opening. b, c) Interaction energy gain
from gap opening. d) Hartree energy cost of layer polarisation - vanishes within the
approximations of Eq.5.1
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fermion Green function. We obtain, with logarithmic accuracy, 67 = Z2A?In(A/A),

where A is the maximum momentum scale up to which the gap persists.

To calculate the exchange energy gain, we note that the difference in interaction
energy between the gapped and ungapped states, 6V = V(A) — V(0) is given, within
the RPA approach, by

dwd?p .
5V = / e (1= NOug(Mogp — Thug)) - (5.7)

Here, Uw,q is the interaction Eq.(5.4) and II, A is the single species polarisation
function in the gapped state. The problem thus reduces to that of evaluating the

polarisation function at finite A.

We calculate the quantity IIa — 1o by integrating Eq.(5.5) over frequencies by
residues, Taylor expanding to leading order in small A2, and analytically performing
the integration over momenta, assuming as before that A is independent of momen-

tum. After some algebra (available in the online supplement), we obtain

A2 4 8
s —Tho = o (In ) (—7‘12 + 4%) . (5.8)

2nr? A r2
We are using the notation r? = w? + ¢*.

We now evaluate the exchange energy gain from gap formation by substituting
Eq.(5.8) into Eq.(5.7), and performing the integrals using polar co-ordinates, (see
supplement for details). Combining this with the kinetic energy cost obtained earlier,

we find that the free energy associated with gap opening is

13mA?
6m3

F(A) = %AQ In(A/A) — In*(N2Ey/A) (5.9)

We note the expected emergence of a natural ultraviolet cutoff A = N2E,. Minimizing

Eq.(5.9) with respect to A, we obtain, with logarithmic accuracy

A = N?Eyexp(—3mN/13) (5.10)
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We emphasize that E, appears only outside the exponential, making A a power
law function of interaction strength at weak coupling. However, A is exponen-
tially small in N, where N is the number of fermion species participating in screen-
ing. If we had worked instead with static screening, we would have obtained A ~
N2Ey exp(—2N In4), and would have underestimated the size of the gap by an order

of magnitude.

For N = 4 Eq.(5.10) gives A = 1073Fy ~ 1.5 meV 72, upto a numerical prefactor
of order unity. Meanwhile, numerically evaluating the free energy integrals Eq.(5.7)
and Fig.5-2(a) and minimising with respect to A gives A ~ 4 meV k2. This num-
ber lies within the experimentally accessible regime, although it can be reduced by
screening in the substrate, by doping, or by disorder induced density inhomogeneity.

Thus far, we have neglected the effect of trigonal warping which leads to deviation
of particle dispersion from a simple quadratic dependence, causing an overlap of the
conduction and valence bands. Trigonal warping can provide an alternative IR cutoff
and prevent formation of a gapped state, but only if the size of the trigonal warping
effect exceeds the size of the estimated gap. Since the the upper estimate for trigonal
warping, 1.5 meV [19), is less than the estimated gap value A = 4 meV k2 the effect
of trigonal warping on gap formation should be inessential, at least for suspended
bilayers (k = 1).

Our analysis can be easily generalized to any state that adds a term A7382 to the
Hamiltonian (5.1), where € is a 4 x 4 hermitian matrix in spin/valley space satisfying
2 = 1. The FE state considered above corresponds to ) = 1, wheras the AF states
discussed in Ref.[21] are characterized by 2 = 03 ® 1 or 2 = 1 ® 713, where o3 and
73 are Pauli matrices in spin and valley space, respectively. All these inequivalent
choices for 2 yield the same mean field free energy F(A), Eq.(5.9), and the same gap
value as was obtained for the FE state. This mean field degeneracy occurs because
the Hamiltonian is invariant under SU(4) spin/valley rotations, within validity of
Eq.(5.1), while the states corresponding to different choices of Q differ only in their

spin/valley structure.

We now examine the effect of finite layer separation d ~ 3A, which differentiates
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the interlayer and intra-layer interactions, giving an anisotropy V_ = %(VA a—Vap) =
%%(1 — e79%) = we?d. This anisotropy is small, because d < ag. The leading order
effect of finite layer separation is to introduce a Hartree energy Fig.5-2(d) for the

states that polarise the layers in charge,

Nm?
472

V_AZIn*(A/A). (5.11)

EH artree —

Ref.[19] identified this Hartree energy, concluding that it prevents formation of the
ferroelectric state. However, Ref.[19] neglected the exchange energy. We note that
the Hartree energy is of the same functional form as the exchange energy Eq.(5.9)

but is parametrically smaller by d/ag < 1, and so cannot prevent the instability.

Upon going beyond the weak coupling approximation, d/ay ceases to be a good
control parameter, but our conclusions remain unchanged. This is because the V_ in-
teraction is screened as V_ = V_/(1-V_IL_), where II_ = [ TrG(e, p4+)7G(e—, p-)T;;%;? ~
2 In(A/A). Such logarithmic screening ensures that the Hartree energy remains
smaller than the exchange energy Eq.(5.9) and so cannot prevent gap formation.

However, when d/ag is not small, the Hartree energy may tip the balance from the

FE state to one of the AF states, which do not polarise the layers by charge.

A ferromagnetic instability was predicted for unscreened interactions in [12]. How-
ever, the free energy gain from ferromagnetism was only cubic in the ferromagnetic
order parameter. In contrast, the excitonic states all have a free energy gain of O(A?),

and should thus dominate for weak coupling.

After submitting this Letter we became aware of works [8] and [23]. Instabilities
in BLG are analyzed in these papers within a renormalization group framework, with
interactions modeled as being short range. It is found that different choices of short

range interaction can result in different states, gapped [8] or gapless [23].

To conclude, we have demonstrated that electron-electron interactions drive BLG
to a gapped state. Our analysis considers dynamically screened Coulomb interactions,
and yields an estimate for the gap of A = 1073Ey, where Ey = me*/h%x%. Manifes-

tations of the energy gap opening in BLG include temperature dependent transport
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at low temperatures, and also valley polarised edge states.
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Chapter 6

Spontaneously ordered states in

Bilayer Graphene

We present a symmetry-based analysis of competition between different gapped states
that have been proposed in bilayer graphene (BLG), which are all degenerate on a
mean field level. We classify the states in terms of a hidden SU(4) symmetry, and
distinguish symmetry protected degeneracies from accidental degeneracies. One of
the states, which spontaneously breaks discrete time reversal symmetry but no con-
tinuous symmetry, is identified as a Quantum Anomalous Hall (QAH) state, which
exhibits quantum Hall effect at zero magnetic field. We investigate the lifting of the
accidental degeneracies by thermal and zero point fluctuations, taking account of the
modes softened under a renormalisation group procedure (RG). Working in a ‘sad-
dle point plus quadratic fluctuations’ approximation, we identify two types of RG-soft
modes which have competing effects. Zero point fluctuations, dominated by ‘trans-
verse’ modes which are unique to BLG, favor the QAH state. Thermal fluctuations,
dominated by ‘longitudinal’ modes, favor a SU(4) symmetry breaking multiplet of
states. We discuss the phenomenology and experimental signatures of the QAH state
in BLG, and also propose a way to induce the QAH state using weak external magnetic

fields.
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6.1 Introduction

The Quantum Anomalous Hall (QAH) insulator is a state of matter where sponta-
neous breaking of time reversal symmetry produces (integer) quantum Hall effect in
the absence of any external magnetic field. First predicted in 1988 [1], the QAH state
has never yet been observed. In the recent literature on interaction driven topological
insulators [2, 3], the elusiveness of the QAH state has been ascribed to fluctuations,
which typically disfavor the QAH state with respect to a Quantum Spin Hall (QSH)
state, which is degenerate with the QAH state on a mean field level. Here we point
out that the fluctuations which govern the competition of different gapped phases
proposed in bilayer graphene (BLG) [4, 5, 6] are dominated by the modes not present
in the models [2, 3], leaving open the door to formation of a QAH state at zero field in

BLG. Also, we will propose a mechanism for inducing the QAH state using external

fields.

The theoretical literature on BLG predicts instabilities to numerous strongly cor-
related states, which are gapped [4, 5, 6] or gapless [7] depending on the way the
electron-electron interaction is modeled. The numerous gapped states predicted in
the literature are all degenerate at the level of mean field theory [4, 5], and have
the same instability threshold under one loop RG [6]. The relation between these

different states, and their experimental signatures, have not yet been understood.

Meanwhile, recent experiments indicate that the gapped state observed in charge
neutral BLG in quantizing magnetic fields [8] persists down to low fields, crossing over
to another gapped state at zero field [9]. However, the nature of the gapped state at
zero field is unknown. Hence, clarifying the relation between different gapped states

and understanding their physical properties is an interesting and timely task.

Here we present a unifying symmetry based analysis of strongly correlated states
in BLG. The states predicted in Refs.[[4, 5, 6]] are classified according to a hidden
SU(4) flavor symmetry into symmetry breaking multiplets and an SU(4) invariant
singlet. The SU(4) singlet is a QAH state. The degeneracy of the multiplets and the

singlet is an artefact of the approximations made in the analysis, and will be lifted
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upon taking fluctuation effects into account.

Our analysis of fluctuations in BLG focuses on the effect of the modes softened
under RG. Those include the ‘longitudinal’ fluctuation modes (L-modes) analogous
to those discussed in Ref.[[2, 3]], and also ‘transverse’ fluctuation modes (T-modes)
which are unique to BLG. We find that these two types of modes have competing
effects: while the L-modes favor the symmetry breaking multiplets, the T-modes favor
the SU(4) invariant QAH state. The zero-point fluctuations are dominated by the
T-modes, and hence appear to favor a QAH state at zero temperature. Meanwhile,
thermal fluctuations are dominated by the L-modes, and favor the symmetry breaking
multiplets. We speculate that thermal fluctuations may drive a phase transition
from the QAH state at low temperatures to a SU(4) symmetry breaking state at
higher temperatures, and estimate the transition temperature. We also discuss the
phenomenology of the QAH state, its possible experimental signatures, and propose

a way to further stabilize it using external magnetic fields.

6.2 SU(4) symmetry

In this section we show that within the often-used approximation where the difference
between interlayer and intra-layer interactions is neglected [4, 5, 6, 13, 14], the inter-
acting Hamiltonian is invariant under rotations in a suitably defined four-dimensional
flavor subspace. Specifically, we perform a unitary transformation by exchanging the
sublattices A and B in one of the valleys, upon which the single particle Hamiltonian
becomes identical for all spin and valley species, while the layer and sublattice blind
interactions are left unchanged.

Before entering the discussion of the SU(4) invariance in BLG, we recall that
electronic states in BLG at low energy are described by wave-functions on the A and
B sublattices of the upper and lower layers [11], and are fourfold degenerate in spin
and valley. To analyze the structure of the Hamiltonian, it will be convenient to
combine the spin and valley components in a single eight-component wavefunction

Ya,s.0(X), where a is the sublattice (layer) index. We shall use the Pauli matrices in
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sublattice, spin and valley space, denoted below by 7;, o; and 7;, respectively. The

low energy non-interacting Hamiltonian may then be written as

(p:t + ipyﬂ3)2 (pm — ip 7’3)2
Hy= _ ¥ 6.1
0 om -+ om T4y ( )
where 7 = 7y + i75. Here m = 0.05m, is the effective mass. Because of the presence
of n3 in Eq.(6.1), the single particle Hamiltonian is not invariant under rotations of
valley components. To bring it to an SU(4) invariant form, we perform a unitary

transformation on all operators

14+ 1-—
773+ 3

O=Uv0Ut, U= 5 ST

(6.2)

This transformation does not act on the spin space, however it mixes the layer and
valley indices of the wavefunction %, s,(x) by interchanging the 7 pseudospin com-
ponent (layer) in one of the valleys. As a result, 7, and 7_ are interchanged and T3
changes sign in the 73 = —1 valley, after which the free-particle Hamiltonian, Eq.(6.1),

becomes identical in both valleys.

Defining p+ = p, *+ ¢p,, the transformed non-interacting Hamiltonian takes the

compact form

2 2

pL. . Pt

Hy=*7 4 &= .
0= o -7+ o T, (6.3)

where 7, and 7_ are obtained by transforming 7, and 7_ according to Eq.(6.2).
This single particle Hamiltonian is manifestly invariant under SU(4) rotations in the

transformed spin/valley flavor space.

Meanwhile, electron interactions can be described by a many-body Hamiltonian
written in terms of pq = Y, ¥ ¥psq (the density summed over layers) and Aq =
> ¢L%3ﬁ3d)p+q (the density difference between layers). The interacting Hamiltonian,
which incorporates a difference between interlayer and intralayer interaction [14], can

be written as

1
H= Z "/)I,Ho’;//p + 5 Z Vi(@)pap-q + V-AgA—q, (6.4)
P q
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where V., (q) = 2me?/kq is the Coulomb interaction, and V_ = me?d/k accounts for
the layer polarization energy (here d = 3.54 is the BLG layer separation). The pp
term, which is isotropic in flavor space and thus is SU(4) invariant, dominates because
d is small compared to

ap = F’k/me* = 10k A, (6.5)

the characteristic lengthscale set by interactions [5]. We therefore approximate by
neglecting V_, an approximation that becomes exact in the weak coupling limit,
where d/ap — 0. Under this approximation, the Hamiltonian is invariant under
SU(4) flavor rotations, generated by the operators 7; and ;. We will henceforth drop
the ~ symbols for notational convenience, and will refer to the operators 7, 77 and &
as 7, 7 and o respectively. All operators are assumed to be transformed operators

unless specified otherwise.

6.3 Classification of states and topological proper-
ties

In the transformed basis, the mean field Hamiltonian for the gapped states described

in [4, 5, 6] may be written as

_PiT+piTy

H
2m

-+ ATgQ, (66)

where m = 0.05m,. is the effective mass. Here the Pauli matrices 7; act on the
transformed sublattice space, and @ is a 4 X 4 hermitian matrix in the transformed
spin-valley space (flavor space), satisfying Q% = 1.

Since unitary hermitian matrices have eigenvalues +1, all gapped states can be
classified as (M, M.), where M., and M. are the numbers of +1 and —1 eigenvalues
of @ respectively. There are three general types of states: (2,2), (3,1), and (4,0).
There is an additional Z, symmetry associated with the overall sign of ) which is

absorbed into the sign of A. Following Refs.[[1, 15]], the Hall conductance of a state
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(M-, M.) can be written as
2
0wy = (M5~ M) &, 6.7)

where we took into account an additional factor of 2 due to the Berry phase 27 in
BLG [11]. The (4,0) and (3,1) states, which have M-, # M_, thus exhibit a quantized
Hall conductance at zero magnetic field—the hallmark of a QAH state. Because these
states have o,, # 0, they must spontaneously break time reversal symmetry. We will
henceforth focus on comparing the (4,0) and (2,2) states, since the (3,1) states are
intermediate between the two. We will refer to the (4,0) state as the QAH state, but
it should be remembered that the (3,1) states are also QAH states. In contrast, the
(2,2) states have o, = 0, and preserve time reversal symmetry, but instead exhibit
quantum flavor Hall effect. If we parameterize the flavor space by Pauli matrices 7;
and o; in transformed valley and spin space respectively, then the Q = o3 state is a
QSH state (Ref.[[16]]), while the @ = 73 state is a Quantum Valley Hall (QVH) state
(Ref.[[17]]).

These states are analogs of the ‘topological Mott insulators’ discussed in Refs.[[2,
3]], and as such host topologically protected edge states. The counter-propagating
valley modes for the QVH state were worked out in Ref.[[17]], the co-propagating
charge modes and the counter-propagating spin modes for the QAH and QSH states
follow similarly. The protection of edge modes is strongest for the (4,0) state due
to the unidirectional, chiral character of these modes. The counter-propagating spin
currents in the QSH state are protected in the absence of spin-flip scattering, while
the counter-propagating valley currents in the QVH state are protected in the absence

of intervalley scattering (e.g. by short range disorder).

We note that the above classification of states superficially resembles that arising
in an entirely different problem, namely the Quantum Hall Ferromagnet (QHF) in
graphene in quantizing magnetic field[18]. In the latter case, however, the integers
M., and M. are fixed by the electron density, i.e. by filling of the four-fold degener-

ate zeroth Landau level. In the QHF problem, spontaneous time-reversal symmetry
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Figure 6-1: Landau level spectrum of the QAH and QSH states. Note an anomalous
Landau level in the QAH state that has no particle-hole-symmetric counterpart. Oc-
cupation of this anomalous Landau level allows the QAH state (a) to lower its energy
relative to the states (b,c) at filling factor v = 4.

breaking cannot occur: the analog of the (4,0) QAH state is a fully filled zeroth
Landau level exhibiting quantized Hall conductance 2e%/h. Furthermore, in the QHF
problem there is no competition between states with different M. and M. values,

which is the main question of interest for us here.

6.4 Lifting accidental degeneracies using external

fields

The SU(4) symmetry of the Hamiltonian guarantees the degeneracy of all states
within a given manifold (M-, M.), even when the states involved have very differ-
ent physical properties. For example, the QVH state is a ferroelectric state which
polarizes the layers by charge, while the QSH state polarizes the layers by spin and
valley. Nonetheless, the two states are related by SU(4) transformations, and are
hence degenerate within the approximations leading to SU(4) symmetry.

In contrast, the degeneracy of the different manifolds (M-, M. ) is purely acciden-
tal, and may be lifted in the presence of a weak SU(4) invariant perturbation. As an
example, we consider application of a weak transverse magnetic field B. Incorporated
in the Hamiltonian (6.6) through the replacement p — p—eA, it preserves the SU(4)

symmetry, and causes the spectrum to split into Landau levels [19] with an energy

147



spacing of order hw,, where w, = eB/mc. The Zeeman energy 2upBos is not SU(4)
invariant, but may be neglected since fuww, > 2ugB. When A = 0 and Zeeman terms
are neglected, the Landau level spectrum is particle-hole symmetric and is fourfold

degenerate in flavors.

Crucially, the T" non-invariance of the mass term A7s means that the Landau level
spectrum for the (4,0) state is not invariant under B — —B and is not particle-hole
symmetric [15]. In particular, the zeroth Landau level, which has an additional two-
fold orbital degeneracy [19], forms at energy AsignB only, and has no counterpart at
—AsignB (see Fig.6-1a,b). This breaking of particle hole symmetry can be exploited

to induce the (4,0) state using magnetic fields.

We illsutrate this by comparing the energies of the (4,0) QAH state and the (2, 2)
QSH state in external magnetic field at filling factor v = 4. In a magnetic field, these
states are no longer degenerate, because of the anomalous Landau level. It is clear
from Fig.6-1 that the QAH state with the appropriate sign of A (such that BA < 0)
is favored over the QSH state:

Fyo—Fyo =

. <0, (6.8)

where ® is the flux quantum and Fs . is the free energy per unit area for a state
(M, M.). This mechanism for lifting the degeneracy between QAH and QSH states
in favor of the QAH state applies to all systems where there is such a degeneracy,
including the models studied in Refs.[[2, 3]]. Of course, at finite B, there is no time
reversal symmetry, so the state realized is not a true QAH state, but rather is a state
showing quantum Hall effect at anomalously low magnetic fields, which is smoothly

connected to a QAH state at B = 0.

The analysis above is valid only for sufficiently small B, when BLG at v = 4 is
not far from charge neutrality. This is because the excitonic instability that generates

the gap A (Refs.[[4, 5, 6]]) is suppressed by detuning away from charge neutrality.
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6.5 Saddle point analysis

We now investigate the energy splitting between the different manifolds at B = 0
by going beyond a mean field approximation, and including the effect of fluctuations.
We consider BLG in the presence of screened Coulomb interactions between electrons.
A static screening approximation, ignoring the effects of dynamical screening|[5], is
sufficient to understand the main features. In this approximation, the interaction is
short range, and we can write the partition function as a functional field integral in

Euclidean time,

2= [DyDyess (- [ aotiy’ <m>,¢<m)]) , (69)

where z = (t,r), dz = dtd®r, the 1 fields are fermionic fields, with the Lagrangian

L=w@+H)w+ Y Sululuns (6.10)

jk=1..8
Here j, k are combined sublattice and flavor indices, and Hj is the non-interacting
Hamiltonian (given by Eq.(6.6) at A = 0). The coupling constant A represents the
statically screened Coulomb interaction, which in the RPA model takes value [20]
A = 1/(4vg1n4), where vy = m/27 is the non-interacting single species density of

states.

We now decouple the four fermion interaction term via a Hubbard-Stratonovich
transformation in the exchange channel, to obtain Z = [ Dyt Dy Dhexp[— [ dzL(yf, 9, h)],
where

£ = [, + Ho + hJt + %’I&*[hh’f]. (6.11)

Here, h is an 8 x 8 hermitian matrix, which we write as h = M ® ), where M is a
2 x 2 hermitian matrix in sublattice space and @ is a 4 x 4 hermitian matrix in flavor

space. The gapped states (Ref.[[4, 5, 6]]) correspond to taking M = Ars. Integrating
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out the fermions yields Z = [ D(Q)D(A)exp(— [ dzL[A(z), Q(z)], where
L(A,Q)=-TrIn[0:+ Hy + A13Q] + é/\-2—’[&[@2]. (6.12)

The SU(4) flavor invariance manifests itself in an exact SU(4) flavor degeneracy of
the many body states. Upon minimizing the action (6.12) in a saddle point approxi-
mation, we find Q% = 1, and A = Aexp(—2/\vy), where A = 0.4¢V is the bandwidth
for the two band Hamiltonian. This gives the mean field Hamiltonian, Eq.(6.6).

We note that instead of decoupling the interaction in the excitonic channel A =
73 ® ), we could have chosen the channel h = 71 2 ® . This choice would lead us to
the nematic state of Ref.[7], which is gapless, but breaks lattice rotation symmetry.
However, the nematic state is higher in energy than the gapped states at the saddle
point level, so we will concentrate on the gapped states, and specifically on the lifting

of the accidental degeneracies by thermal and zero-point fluctuations.

Our symmetry analysis, involving multiplets (M-, M) for different matrices @,
could also be applied to the nematic state [7]. However, the fluctuation analysis
cannot be perfomed because the 730QQ mode has negative rigidity, i.e. the nematic

mean field is unstable.

6.6 Lifting the degeneracy: zero-point fluctuations

We first analyze the case of zero temperature, when the degeneracy is lifted by zero
point fluctuations. The most important fluctuation modes are those that are soft-
ened under RG. In BLG, this means the ‘L’ modes 730Q, which describe fluctuations
longitudinal with respect to the order parameter in sublattice space, and also the
‘T’ modes 7120Q, which describe fluctuations transverse to the order parameter in

sublattice space. In that, §Q is an arbitrary 4 x 4 hermitian matrix.

We therefore expand the action in Eq.(6.12) to quadratic order in the fluctuation
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modes 7, ® 6Q%, a = 1,2, 3, to obtain

6°8 = Z Z 6QU qu:;zl w, Q)‘stl —w,—q’ (6.13)

ijklaf w,q

Here, Latin indices ¢,7,k = 1...N refer to fermion flavor, whereas Greek indices
a,B = 1,2,3 refer to the Pauli matrices 7, that parameterize the fluctuations in

sublattice space. The matrix K is defined by

. Sap | 1ra
Ku(w, k) = msjk( ¥+ I (w ,k)), (6.14)

where we have introduced the polarization operator

o d?*pde
7 (0,0) = [ Fos T (aCilps)76Gi0-))- (6.15)

It is convenient to choose a diagonal background state @ = (;0;;, where (; = %1, so

that the Greens function takes a form diagonal in the flavor space,

1
i(e £ iw) — Ho(p £ 1q) — GATs

Gi(ps) = (6.16)

The trace in Eq.(6.15) goes over sublattice indices, but not over flavors.

The matrix K is positive definite, so we may integrate out fluctuations to obtain

an expression for the fluctuation contribution to the free energy,

Fhiger = Z > InK(w (6.17)

aij wk

where we took into account that the only contribution comes from the diagonal terms,
a=p,i=1, j = k. We now subtract the fluctuation energy of the (4,0) QAH state
from that of the (2,2) state, to obtain

b n

, (6.18)
x + 122

3
0F = Fauet,4,0) — Fhuct,22) =4 Y _In
a=1
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where 1S and TI$% are defined by Eq.(6.15), with ((;,¢;) = (1,1) and (1,—1) re-

spectively:
o d?pde 1
32w, 9) = Gy 5 T (G (017G (0-) (6.19)
o d?*pde 1
{0 @)= G5l (G (pmG<p-)),  (620)
1
Gs(o)(e,p) =

ie — Ho(p) F A3’

where we used a shorthand notation p+ = (¢ & w, p + 1q). To analyze the effect of
competition of different modes in full detail, below we compare the fluctuation energy
for the states of different type (M-, M.).

To evaluate the difference of fluctuation energies, given by Eq.(6.18), it is conve-
nient to rewrite it as

3 1o — [[ee
OF =4 In _>> ><
; (1+ §+Hg°é )

Below we evaluate the differences of polarization functions I1$% —II¢%, and find that

(6.21)

different modes, L and T, yield contributions of opposite sign.

In particular, we find that II3%, —II33_ is positive, i.e. the L-modes favor the (2,2)
state. This effect of longitudinal modes is well known in the topological insulator
literature [2]. In contrast, the differences 1122 — I12% with o = 1, 2 are negative.
Thus, the T-modes, which are unique to BLG, favor the (4,0) state. We evaluate
Eq.(6.18), and find that the T-modes dominate the free energy, favoring the QAH

state.

To proceed with the analysis of the quantities II$% — II$%, it is convenient to

define e = € £ w/2, and 23 = |p % 3q|*/2m. In this compact notation, we have

Fao(€, P)
aa _ Troec 6.22
> 1 / (62 + 22 + A?)(e2 + 22 + A?)’ (6.22)
Faa(ea p) = AZTI'(TaT3TaTS) + ATY(TaTaTS)(i€+)
1
+ATr(roHo(p + EQ)TaTg),
where [ ... = %%.... Terms in Eq.(6.22) linear in A must vanish, since the fluc-
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tuation energy should be invariant under sign changing A — —A. Technically, the
vanishing of terms linear in A follows because Tr(7,7374) = 0, and Tr(7,Ho7,73) = 0.
As aresult, the first term in F,, (¢, p) (at order A?) is the only term that survives. We
can substitute the expression in Eq.(6.22) into Eq.(6.18) and expand the logarithm

in small A2, to obtain

A2TY(7473T4T3)
= 4
oF /EC; Doo(w, q)(e2 + 22 + A2)(e2 + 22 + A?)
1 1
_ 4 (- _ 6.23
./ ( Du(‘*’, CI) D22(W>Q) ( )

+ 1 ) 2A2
Di3(w,q) ) (€% + 22 + A?)(e2 + 22 + A2)’

(6.24)

where [...= [ éf—%‘j%lgﬁ‘l and Doqo(w,q) = 5 + I12%(w,q). The integral over ¢ may

be performed exactly by the method of residues, to give

SF = 4A? dwd?qd*p (_ 1 1
Dy

(2m)5 (w,q) " Doy (w,q)

1,1
41 ) et
Ds3(w,q) ) w?+ (& + &)

where &4 = /22 + A2. The integral over p may now be performed with logarithmic

accuracy. The dominant contributions come from &1 = 0, and may be evaluated as

dwd?q 1 1
0F = 8A? / (— -
& 2r)® \ Du(w,q) Diyp(w,q)

1 In(r/A)
JrDss(W, Q)) r?

: (6.25)

where we have used the pseudo-polar coordinates 72 = w? + (¢2/2m)? and have

assumed that r > A.

We now have to calculate the various functions D,,. We will calculate these
quantities analytically with logarithmic accuracy. We begin with the definition D, =
1 + 1122, where the polarization functions are defined in Eqgs.(6.19),(6.20). We note

><

that the polarization functions I are logarithmically divergent at small w, small
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|a|?/2m and A = 0. The coeficient of the logarithm can be extracted by setting
w,q, A = 0 in the integral in Eqgs.(6.19),(6.20), and introducing an IR cutoff 7, where

r? = w? + (|q|?/2m)?, and we assume r > A. In this manner, we obtain

dEd2p € 2i0p
Dy, =D .2
1 2 2
Dy = A ded?p €2 + z (6.27)

X ) @@+

where we have introduced the notation 2z = 'pl

and |ple?? = p, + ip,. The inte-
grals may be straightforwardly performed by changing to the pseudopolar coordinates
(p,¥,0p), where € = pcosyp, z = psin g, and 6, was defined above. The integral goes
over 0 < 6, <27, 0 < ¢ <mandr < p<A. Integrating in turn over 6,, ¢ and p, we
find

vp, A 1 1y, A

— —=In— D33 =———In—. (628)

Du = Do = 4 "’ A2 7

>4I'--d

We now recall the relation A™' = 11,InA/A (the gap equation), and substitute it
into Eq.(6.25), to obtain

A dr 4 1 T
OF = 8A* /—- In —. .2
8A°vq AT ln +In% +ln£ nA (6.29)

This integral can be evaluated using the substitution z = In %, giving

In(A/2) In(A/A) —
6F = 8A? ———dz. .
8 1/0/0 ln(A/A)-l—zdx (6.30)
Evaluating the integral, we obtain a negative value
9 A 9 A
0F =8(—3+4In2)A°»yln N —1.82A%yyIn N (6.31)

which favors the QAH state.
It should be noted that the difference in energies between the (4,0) and (2,2) man-

ifolds is of the same order as the mean field energy, so the mean field plus fluctuations
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analysis is ill controlled. However, it provides us with an intuition about the splitting
between manifolds of different signatures, and we believe the qualitative details of the

fluctuation splitting are reproduced correctly by this analysis.

We note that our fluctuation analysis included only those modes that correspond
to weak coupling instability in BLG. We could also have included Stoner modes in
our fluctuation analysis. These would produce an additional contribution
5 dwd?q 1  In(r/A)

° ] (2n)® Doo(w,q) 72

1
D()() = X + H0>0<, (633)

0 F; Stoner — 8A2

(6.32)

where I1%_ is defined by Eq.(6.20) with & = 8 =0, i.e. with 7, = 753 = 1. Now, since
I1%_ is not log divergent, we can take Doy = 1‘/ A with logarithmic accuracy. We then
obtain a contribution §Fsioner = 4A%15In A/A, which is sufficiently large to change
the sign of the result Eq.(6.31). However, this calculation, which neglects correlation
effects, is likely to strongly overestimate the effect of Stoner modes, and therefore we

believe that Stoner modes should be left out of the fluctuation analysis.

6.7 Lifting the degeneracy: thermal fluctuations

Thermal fluctuations are dominated by gapless Goldstone modes, which are present
only in the states that break SU(4) symmetry. In a state (M-, M), there are
M. M. Goldstone modes. Thermal fluctuations due to Goldstone modes allow a
state to gain entropy, and since the (2,2) states have the most Goldstone modes, they
have the highest entropy. It may thus be expected that the (2,2) states dominate at
sufficiently high temperature.

Below we present an analysis showing that this expectation is correct. Since gap-
less fluctuation modes appear only in the L-mode channel §h o 736Q), it is sufficient
to restrict our attention to the L-modes. The general expression for the fluctuation

part of the free energy, taking into account L-modes only, is given by a sum over
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Matsubara frequencies,

Fauet = TZZln( + I (w n,k)) (6.34)

wny
where w, = 2anT.

We will perform a long wavelength expansion of II}?(w, k). At zeroth order, we

note that at w, k = 0 the values of II133_ and IT%3 are given by

d? pds
g2 422 ~ A2 d2pd€
(€2 + 22 + A2)2 (21)3
d2
His (w k= 0) / (2pc)t€tr (’T3G>T3G<)
g2+ 22+ A? d?pde
&+ 2+ A% (2n)3

(73G>7‘3G>)

where G5 (<) = 1/(ic — Ho(p) F Ars). To distinguish Goldstone modes from gapped

modes, it is convenient to recall the gap equation

1 1 d?pde
e / 1 21 A2 20 (6.35)

Hence, we have } + II33_(0) = 0, which corresponds to a Goldstone mode, whereas in

the case of IT3%, we have

1 a3 0 272 d’pde
p) + H>>(0) - / (82 + 2:2 + A2)2 (271_)37 (636)

which is manifestly positive. Thus, Goldstone modes exist only in states (M-, M.),

where M- # 0 and M. # 0.

The free energy, Eq.(6.34), evaluated at leading order in a long wavelength expan-

sion around w, k = 0, is given by a sum

Fpuer =T Y MM In(aw?, + bk?) (6.37)

wn,k
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1
+§(M§ + M%) In(a'w? + b'k* + ¢), (6.38)

where the first term is the contribution of the gapless modes (originating from II33_),
while the second term is the contribution of the gapped modes (originating from
I13%). The coefficients a, a’, b, V/ are obtained by Taylor expanding IT}} (w, k) in small
w and k, while ¢ is given by Eq.(6.36).

To simplify the sum over Matsubara frequencies, it is convenient to define the
quantity f(u) = T, ,In(w? +u?). We can evaluate f(u) by first taking the

derivative

df 1 u
— =T .c. = coth —
du Z;iwn—I—u_*_CC oo

Wn,.

and then integrating it over u to obtain
f(u) = 2T Insinh % =2TIn(1-eT) +u— (2 2)T.

Plugging this identity into the sum (6.37), we see that the contribution of the gapped
modes is exponentially small at low temperatures, T < +/c/a’ ~ A, while the sum

over gapless modes gives a negative contribution of a power law form,

Fhuet = Y _2M> M Tln (1 — e™l/T) (6.39)
k

where v = b/a ~ \/A/m. Evaluating the integral, we obtain an estimate
Fﬂuct ~ ‘—M>M<(V()/A)T3, (640)

which describes the free energy gain due to thermal fluctuations of Goldstone modes.

We see that the gapless Goldstone modes dominate the finite-temperature fluctua-
tion contribution to the free energy. These modes lower the free energy (by increasing
entropy). Since the number of gapless modes M, M. is maximal for the (2,2) states,

these states are entropically favored by thermal fluctuations.

What is the outcome of competition between the zero-point fluctuations and ther-
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mal fluctuations? In Sec.6.6 we found that at zero temperature the (0,4) QAH state is
energetically favored by zero point fluctuations of the modes “softened” under RG. At
the same time, the zero-point fluctuations of other modes, such as the Stoner modes,
may have an opposite effect, favoring the (2,2) state. In the event the zero-point fluc-
tuation energy is dominated by such non-soft modes, the (2,2) state will be realized
in the entire temperature interval where the system is unstable to gap formation.

A more interesting situation may arise if the zero-point fluctuation energy is dom-
inated by the RG-softened modes, favoring the QAH state at zero temperature. In
this case, given the opposite effect of zero-point and thermal fluctuations, we have
to consider the competition between the QAH and (2,2) states. Since the thermal
fluctuation energy (6.40) vanishes at T = 0, we expect that zero point fluctuations
will dominate below a certain temperature 7, above which thermal fluctuations will
dominate. If T, < T, where T, = A(T = 0) is the critical temperature for gap
opening, then a QAH state will be realized at low temperatures 0 < T < T,, whereas
a (2,2) gapped state will be realized in the interval T, < T < T.. In contrast, if
T. > T, then the QAH state will transition directly to an ungapped state at T =T,
via a second order phase transition, and the (2,2) state will not be realized.

A rough estimate of the temperature T, can be obtained by comparing the free

energies (6.40) and (6.31),

3

T A
6Fﬂuct,(2,2) ~ —4V0K, 5Fﬁuct,(0,4) ~ —1.821/0A2 In -‘A—, (641)

indicating that the scale for T, is comparable to the temperature T, at which the
gapped state forms. A more detailed analysis of temperature-driven transition be-

tween the QAH state and (2,2) state is beyond the scope of this work.

6.8 Experimental signatures of the QAH state

We now discuss experimental tests of the QAH state. The clearest experimental

signature would be detection of the quantum Hall effect at zero external magnetic
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field. However, detection of this effect requires four probe measurements performed
on a sample of BLG that is sufficiently clean and at sufficiently low temperatures
as to exhibit spontaneous gap opening [5]. Such measurements have not yet been
performed. Moreover, detection of this effect could be complicated by the formation
of domains with opposite signs of A. Different domains will have opposite o4y, so the
Hall conductance of a macroscopic sample will average to a value near zero. However,

if there is percolation of edges, there will be a non-vanishing two-terminal conductance

of order €2/h.

Alternative experimental tests of the QAH state may be performed by examining
the electronic compressibility in weak magnetic fields. When the chemical potential
sits near the missing Landau level in Fig.(6-1), there should be a gap that extrapolates
to a non-zero value as B — 0. This effect will be seen at either v = 4 or v = —4 if
there is only one domain, and at ¥ = 14 if there are multiple domains.

The gap at v = 4 will be strengthened by the mechanism outlined around Eq.(6.8),
however, a signal at v = —4 will be seen only if the QAH state is intrinsic, rather
than field induced. An incompressible region at ¥ = —4 combined with a gapped
state at B = 0 can thus be taken as a diagnostic for a QAH state at B = 0. The
filling factors ¥ = +4 are not equivalent because the QAH state breaks particle-hole
symmetry in magnetic field.

Another experimental signature is a phase transition at filling factor » = 0 and
finite B from a QAH state to the Quantum Hall Ferromagnet (QHF) states that are
expected to form at large magnetic fields [13]. Such a phase transition would not be
seen if the dominant state at small B was of (2,2) type, since the (2,2) states are
smoothly connected to the QHF state.

An incompressible region at v = £4 that occurs at anomalously low magnetic
fields, such that the features in compressibility at other integer v values are washed
out, was found in recent experiments that employed a capacitance scanning probe to
study suspended BLG samples [9]. In transport measurements [10] performed on the
same system, a state with finite two-terminal conductance of order e?/h was found

at zero field, which at a finite B field undergoes a transition to an insulating state.
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These measurements are all compatible with the QAH state, however, since there is
as yet no four-terminal measurement, it is not possible to say for certain whether a
QAH state has been observed.

In summary, our symmetry classification of the various gapped states proposed
for BLG singlés out the QAH state as the only gapped state not breaking any contin-
uous symmetry. We have investigated the fluctuation-induced splitting of the gapped
states, and concluded that at zero temperature and zero field, the leading instabil-
ity is to the QAH state. We have discussed the phenomenology and experimental
signatures of this state, and have shown that it can be stabilized by weak external

magnetic field.
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Chapter 7

Electron interactions in bilayer
graphene: phase diagram from ¢

expansion

We analyze the competition between various broken symmetry states in bilayer graphene
(BLG) within a renormalization group formalism. This allows us to determine the
leading instability, assuming that interactions are sufficiently weak. We take into ac-
count long range dynamically screened Coulomb interactions as well as short range
lattice scale interactions. We restrict ourselves to a mazimally symmetric set of in-
teractions, in particular one that respects SU(4) spin-valley symmetry. The leading
divergences arising from the dynamically screened long range interaction are In? diver-
gences, but these higher divergences cancel, leaving a residual flow of the interactions
that is only logarithmic with RG scale. We extract the subleading logarithmic renor-
malizations by means of an € expansion, and analyse the RG flow. There are two
possible fized points, which correspond to a gapped quantum anomalous Hall state
and a gapless nematic state respectively. We determine the separatriz in parameter
space which separates regions that flow to a QAH state from the regions that flow to
a gapless nematic state. We conclude that for realistic parameter values, and without
taking into account phonon mediated interactions, the system is likely to be in the

basin of attraction of the nematic state.
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The unusual electronic properties of bilayer graphene (BLG) have excited consid-
erable experimental and theoretical interest. As a two dimensional gapless semicon-
ductor with quadratic dispersion, BLG is a rich playground for realization of strongly
correlated states. Theoretical work has proposed numerous gapped [2, 1, 3, 4, 5] and
gapless [6, 9, 8] broken symmetry states. Intriguingly, these states are expected to
arise even for weak interactions, owing to the presence of log divergences in perturba-
tion theory. We presented a classification of the various possible states in (7], where

we also surveyed methods of distinguishing between the various states experimentally.

Meanwhile, numerous experiments have confirmed that the ground state of sus-
pended, double gated BLG is very different to what one would expect in the absence
of interactions. The early experiments [11, 13, 12] appeared to be compatible with
only two of the proposed strongly correlated states: either the gapped QAH state,
which breaks time reversal symmetry, or the gapless nematic state, which breaks
lattice rotation symmetry. However, the picture has grown more confusing as more
experimental data has emerged. The experiments [15, 14] appear to argue definitively
for a gapped state, whereas the experiments [16] appear to argue equally strongly for
a gapless nematic state. We therefore turn our attention to the theoretical question

of just how delicate is the balance between gapped and gapless states?

In this work, we address the nature of the weak coupling instability in BLG within
the (unbiased) formalism of the perturbative renormalisation group (RG). In a pre-
vious work [10], we calculated the RG flow of BLG in the presence of dynamically
screened long range interactions, and found that although long range interactions pro-
duced a log? divergence in individual Feynman diagrams, the divergences all cancelled
at leading order, so that BLG behaved as a marginal Fermi liquid with log® accuracy.
At next to leading order, however, there could still be (logarithmic) instabilities to

strongly correlated states.

Meanwhile, in a recent work [8], Vafek examined the (logarithmic) RG flow of
BLG in the presence of all possible symmetry allowed short range interactions for
spinless and spinful fermions on the BLG lattice, neglecting long range interactions.

For spinful fermions, it was found that the weak coupling RG led to either a nematic
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state [6], which breaks rotational symmetry, or to a QAH state [4], that breaks time
reversal symmetry, depending on the value of the microscopic couplings. For specific
values of the initial couplings, the weak coupling RG can also flow to a non-interacting

fixed point.

In this work, we combine the analysis of Ref.[8] for short range interactions with
our earlier methodology for treating long range interactions [10] to obtain a complete
description of the low energy physics of BLG. We find that the fixed point struc-
ture including long range interactions is the same as the fixed point structure in the
presence of only short range interactions, except that the non-interacting fixed point
disappears. It thus follows that when long range interactions are taken into account,
then BLG must display an instability to a strongly correlated state at low energies.
The strong correlation states accessible through weak coupling RG are the gapped
QAH and gapless nematic states, which can both be realized, depending on the values

of the microscopic interactions.

We calculate the surface in phase space which separates the basins of attraction
of the gapped and gapless states. We find that the phase structure is controlled
by whether, in the microscopic Hamiltonian, inter-sublattice repulsion is stronger or
weaker than intra-sublattice repulsion (i.e. do two electrons on different sublattices
repel more strongly or weakly than two electrons on the same sublattice?). If inter-
sublattice repulsion dominates, then a gapped state results, whereas if intra-sublattice
repulsion dominates, then a gapless state arises. It is not known to us which scenario
is realized in practice. However, it seems plausible that inter-sublattice and intra-
sublattce repulsions are of roughly equal strength, so that BLG is close to criticality.
In this case, it is possible that different methods of sample preparation or suspension
might slightly favor inter or intra sublattice repulsion,which might tip the balance
towards either a gapped or a gapless state. This may explain the seemingly contra-

dictory results obtained in different experiments.
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7.1 Setting up the RG

We begin by writing the non-interacting Hamiltonian for BLG. We recall that elec-
tronic states in BLG at low energy are described by wave-functions on the A and B
sublattices of the upper and lower layers [18], and are fourfold degenerate in spin and
valley. To analyze the structure of the Hamiltonian, it will be convenient to combine
the spin and valley components in a single eight-component wavefunction ¥, s (%),
where « is the sublattice (layer) index. We shall use the Pauli matrices in sublattice,
spin and valley space, denoted below by 7;, o; and 7;, respectively. The low energy

non-interacting Hamiltonian may then be written as

Hy = Petipym)’ | (Pe — ipys)”

2m 2m T+ (7.1)

where 7 = 7 £ im5. Here m = 0.05m, is the effective mass. To bring it to an SU(4)

invariant form, we perform a unitary transformation on all operators

6=vout, u="1 ;”3 41 “2’7371. (7.2)

This transformation mixes the layer and valley indices of the wavefunction %4 s, (x)
by interchanging layers in one of the valleys. Defining p, = p, £ip,, the transformed

non-interacting Hamiltonian takes the compact form

2 2
by . P .
Ho=2t5 Pz .
0 2m’T + 2m7’+ (7 3)

Here 7, and 7_ are obtained by transforming 7. = 7 =+ i» according to Eq.(7.2).
This single particle Hamiltonian is manifestly invariant under SU(4) rotations in
the transformed spin/valley flavor space, generated by 7, ® &, where . = 0,1,2,3,
o = 1 = &g, and 71,23 and 7323 are the Pauli matrices in the transformed valley and

spin space respectively.

To calculate the RG flow of the Hamiltonian, Eq.(7.1), in the weak coupling

regime, we begin by writing the zero-temperature partition function ® as an imaginary-
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time functional field integral. We have

P = / D! Dy exp (=Solw, 9] — Sult, 4], (7.4)
dwd? —1 H?
So = Z (27T)3p¢l,w,p( d +Z 2 (p)>¢°”w’P’ (7'5)
1 dwd?
Sl = 'é'/ (zw)szU(w, q)nw,qn_w,_q + SQ. (76)

Here the 9 fields are Grassman valued (fermionic) fields with flavour (spin-valley)
index o, while w is a fermionic Matsubara frequency, I" is a vertex renormalisation
parameter, Z is the quasiparticle residue, and n, q is the Fourier transform of the
electron density, summed over spins, valleys and sublattices. The effective interac-

tion U(w, q) is the dynamically screened long range Coulomb interaction, given by

Eq.(7.7).

The term S, represents the short range (lattice scale) interactions in BLG. In
principle, S, should contain all possible interactions that are allowed by the symme-
tries of the lattice. There are 18 such interactions. [8]. We simplify by imposing on
S, not only the symmetries of the lattice, but also the symmetries of the low energy
non-interacting Hamiltonian, which strongly constrains the possible terms S;. The
relevant symmetries are particle-hole symmetry, time reversal symmetry, SU(4) flavor
symmetry, and the symmetry of the Hamiltonian under the transformation e®7 R(6),

where R(f) generates spatial rotations, R(0)p+ = e*¥p,.

The dynamically screened interaction may be calculated by summing over the RPA
series of bubble diagrams, to obtain a screened interaction. The screened interaction

in Fourier space takes the form

2mwe?

kq — 2me?ll(w, q)

U(w7 q) = (7'7)

Here 11, , is the non-interacting polarisation function. The non-interacting polarisa-

tion function II, , was calculated analytically in [2]. It was shown that II depends on
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a single parameter x = 2mw/q?, and is well described by the approximate form

m, - _Nm In4 (7.8)

N e

where u = (21n4/7)% and N = 4 is the number of fermion species. This approximate

form reproduces II, exactly in the limits x — 0 and x — oo, and interpolates
accurately between limits. Note that II,, vanishes when ¢ — 0, and so the dressed
propagator Eq.7.7 retains some long range character. This will lead to unusually
strong (lnz) divergences in Feynman diagrams. Nevertheless, the screened interaction
Eq.7.7 is only marginal at tree level (in the RG sense) and therefore, it becomes

possible to perform RG by working perturbatively in weak interactions.

The theory is defined with the initial UV cutoff Ay. Since the two band model,
Eq.7.1, is only justified on energy scales less than the gap W = 0.4eV to the higher

bands in BLG, we conservatively identify Ag = W. Our main results will be indepen-

dent of Ag.

We will employ an RG scheme which treats frequency w on the same footing as
p?/2m, in order to preserve the form of the free action Eq.(7.5) under RG. Thus, we

integrate out the shell of highest energy fermion modes

A< \/w2 + (p?/2m)® < A. (7.9)

and subsequently rescale w — w(A/A’), p — p(A/N')Y?, where z is the dynamical
critical exponent [17], which takes value z = 2 at tree level. Because the value z = 2 is
not protected by any symmetry, it may acquire renormalization corrections. However,
at one-loop level in the RG, we do not find any corrections to z. We therefore use z = 2
for the rest of the paper, which corresponds to scaling dimensions [w] = 1 and [p?] = 1.
Under such an RG transformation, the Lagrangian density in momentum space has
scaling dimension [£] = 2, and we have tree level scaling dimensions [¢)] = 1/2 and

[[] = [Z] = 0 respectively.
Given these tree level scaling dimension values, it can be seen that all potentially
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relevant terms arising as part of S; must involve four fermion fields. Indeed, any
term involving more than four 1 fields will be irrelevant at tree level under RG,
and may be neglected. The terms with odd numbers of v fields are forbidden by
charge conservation, while the quadratic terms Aijzl)f 1; cannot be generated under
perturbative RG, since they break the symmetries of the Hamiltonian listed above!.

Thus, the only potentially relevant terms that could arise under perturbative RG

take the form of a four point interaction which may be written as

1

522

[ 2 Y] (s @bl W) (7.10)
where z = (r,t), = (r/,t'), Here T is an effective four particle vertex, which
is marginal at tree level, the indices 0,0’ refer to the flavour (spin-valley) of the
interacting particles, and i, 7, k, ! are sublattice indices.

The symmetries of the Hamiltonian, Eq.(7.1), place strong constraints on the spin-
valley-sublattice structure of the four point vertex Y. Since the Coulomb interaction
does not change fermion flavour (spin or valley), and the electron Green function is
diagonal in flavour space, the vertex Y cannot change fermion flavour. Moreover,
the SU(4) flavour symmetry of the Hamiltonian implies that T does not depend on
the flavour index of the interacting particles, and we may therefore drop the indices
0,0’ in Eq.(7.10). Finally, the bare Hamiltonian (7.1) is invariant under combined
pseudospin/spatial rotations through € R(). This symmetry further restricts the
form of four point vertices in Eq.(7.10) to have sublattice structure Yi;;; or Yijj
only 2. That is, the allowed scattering processes are restricted to (AA) — (AA),
(AB) — (AB) and (AB) — (BA). We note that the processes (AB) — (AB) and
(AB) — (BA) are distinct, since the particles have flavour.

In this manner, we find that when we impose on the action all the symmetries of
the non-interacting Hamiltonian (which are also respected by the Coulomb interac-
tion), then there are only three symmetry allowed short range interactions, and we

can write

2In that, we ignore vertices of the form Y 4445062, Yaapa0%, and other similar terms, which
are allowed by symmetries, but are irrelevant in the RG sense.
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Sy = g1(P')? + go(V17p) (WIF_9) + g3 (9T F39)? (7.11)

These are the same three short range interactions that were considered in Ref.[6]
if we make the identifications g; (us) = g;(Vafek + Yang), go(us) = 2g3(Vafek + Yang)
and g;3(us) = g2(Vafek + Yang).

Under RG starting with the above three interactions, no other short range in-
teractions are generated, thus it is sufficient to consider the above simplified set of
interactions to calculate the RG flow. This maximally symmetric action will be suf-

ficient to capture the competition between gapped and gapless phases.

7.1.1 Obtaining the beta functions

We obtain the RG flow for bilayer graphene, working in the manner of Ref.[[17]]. We
consider the partition function, Eq.(7.4), where the interaction is given by Eq.(7.7).
Starting from this action, supplied with ultraviolet (UV) cutoff Ay, we systematically
integrate out the shell of highest energy fermion modes, Eq.(7.9). We perform the
integrals perturbatively in the interactions, Eq.(7.7). This corresponds to a pertur-
bation theory in small I'?Z2/N and small gy, g2, g3. We carry our calculations to one
loop order, and examine the renormalisation of the various interactions T (Sec.4.6).
At one loop order, all diagrams involve two interaction lines. However, they may
involve two short range interactions, two long range interactions, or one short range
interaction line and one long range interaction line.

The diagrams involving only short range interactions are log divergent in the
infrared, and can be handled in the usual manner [17], where one performs RG up
until some final infrared cutoff scale. The contributions to the beta functions from
these diagrams were calculated in [6]. We agree with the beta functions presented in
[6] for short range interactions only. However, we wish to supplement the calculations
in [6] with the effects of long range interactions. Long range interactions contribute
additional terms to the beta functions for the short range interactions, through the

processes represented by the diagrams in Fig.7-1.
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Figure 7-1: The long range interaction contributes to the beta functions of the short
range interactions through the diagrams shown above. The wavy line represents the
dynamically screened long range Coulomb interaction, the dashed lines represent short
range interactions, and the solid lines with arrows represent fermion propagators.
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We will now show how to calculate the contributions to the beta functions for the
short range interactions arising from the diagrams in Fig.7-1. The calculation requires
care, since the diagrams in Fig.7-1 all exhibit divergences that are more severe than
logarithmic [10], and cannot be straightforwardly handled within the framework of the
RG. However, when the diagrams are added together in pairs by row (in Fig.7-1), the
leading order divergences all cancel out, such that the subleading un-cancelled pieces,

which are log divergent, provide the desired contributions to the beta functions.

We begin by considering the final two diagrams, which involve two long range
interaction lines. These diagrams involve particular care, as the usual RG procedure
of setting all external momenta to zero cannot be performed. This is because when all
external momenta are set to zero, the integrals exhibit power law singularities which
arise inside the shell of energies and momenta that is being integrated out [10]. The
problem arises because of the long range nature of the long range interaction, which
forces us to perform the calculations keeping the external momenta finite. However,
it was shown in [10] that when the two diagrams involving two long range interactions
are added together, and are evaluated in the (AA4) — (AA) or (AB) — (AB) channels,
they cancel out at leading order, leaving an uncancelled piece which is constant (not
even log divergent). Therefore, the diagrams with two long range interactions, when
put together, make no contribution to the beta functions for the g, and g3 interactions.
In contrast, when the diagrams above are evaluated in the (AB) — (BA) channel (g,
channel), they are individually only log divergent, and can be handled by standard

techniques.

Next, we consider the diagrams in Fig.7-1 involving one short range interaction
line and one long range interaction line. Again, the diagrams are individually log
square divergent. However, it was shown in [10] that when the diagrams are grouped
together by row as shown above, the leading order divergences cancel, such that the
leading uncancelled divergence is only logarithmic, and may be handled by standard
means. We illustrate the calculation by calculating the contribution to the beta
function for the g3 interaction arising from the first two diagrams in Fig.7-1 i.e. from

the Green function renormalisation and the vertex correction respectively.
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It is convenient to regularise the above diagrams by working in 2 + ¢ dimensions,
where ¢ is an infinitesimal positive number. Once the RG equations are obtained,
we will take € — 0. In 2 + ¢ dimensions, diagrams in the first row of Fig.7-1 are
infrared convergent even when external momenta are taken to zero, hence we can
safely set all external momenta to zero, greatly simplifying the calculations. The

residue renormalisation, from [10], is given by

+-€ 2 _ .2 .
6Z:/dwd2 P2 % yiwp) (7.12)

(27)3  (w? + 22)?
where z = p?/2m and V(w,p) is the dynamically screened long range interaction
Eq.7.7. This expression is log square divergent in the infrared at € = 0, as shown in

[10], but is convergent at finite €.

Similarly, the vertex correction is given by

/dwd2+5p 22+ w?
(Sg3 =

2m)3 (w2 + zz)zv(w7p) (7.13)

Since the expressions for the vertex correction and residue renormalisation are all
convergent at finite ¢, the integrands may be added together before doing the integral.
In this manner, we find that the combination of the vertex correction and the residue

renormalisation make a contribution to the beta function

3Blo =2 [ LT V) (7.14)

This residual expression is only log divergent in the infrared when € — 0, and may
be calculated in standard ways, by changing to the co-ordinates 7> = w? + 22 and

¢ = arctanw/z, and integrating in turn over —7/2 < ¢ < 7w/2and A —dA <r <A.

All the other diagrams involving only one interaction line may be calculated in the
same way,. First, we change to 2 + ¢ spatial dimensions (thus rendering the integrals
convergent). Then, we add the integrands together pairwise (add the two diagrams
in the top row of Fig.7-1 together, add the two diagrams in the second row together).

This generates something that is only log divergent in the infrared when we take

173



e — 0. Thus, take ¢ — 0 at this stage, and calculate the 8 function by standard
means. In this way, we obtain the full beta functions for the short range interactions,

taking into account the effect of long range interactions.

We define vy = m/2m, the single species density of states. We introduce g =
1/(Nvyln4), corresponding to the long range interaction (where N = 4 for spinful
BLG). Hence, we obtain the RG equations

dgo

T

d 4

Fgll = —eg1— g2(n + %)VO

d 1 4

—d%g = —€gs+ 3 (—29% — (N +2)g5 — 293 + 29192 + 29293 + (292 — 491)‘% - 493) 20
d 1 16

'(—flé = —Eg+3 (g% + 49195 — 69293 — 4(N — 1)g3 + f:go) Vo (7.15)

These equations reduce to the § functions from Ref.[6] if we take the limit ¢ — 0
and go — 0, and make the identifications g; — g1, go — 293 and g3 — g¢>. However,
the mass (and hence the density of states) itself flows under RG, as a result of the
renormalisation of the spectrum by the long range interactions. The flow of the

density of states is given by [10]

d
% = 0.56g012() (7.16)

If we set € = 0, and define the dimensionless couplings §; = gvg, and straightaway

drop the tildes, we obtain the modified RG equations

a9

(7.17)

— 2
- = +0.56g;
d 4
Egll = —ga(g1 + %) + 0.569091
d 1 s
_C%% = +3 (—ZQf — (N +2)g2 — 297 + 29192 + 29295 + (292 — 491)_;79 - 493) + 0.569095
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Figure 7-2: Phase diagram of BLG, evaluated a) with go = 0 and b) with go =
1/(4In4). Blue region flows to QAH fixed point, red region flows to nematic fixed
point

.56 7.18
dl 5 + 0.9690g3 (7.18)

. (93 + 49193 — 69295 — 4(N — 1)g3 + &f:gg)

The phase diagram may be obtained from this system of equations. Note that
there are no stable fixed points at finite coupling, so the system must necessarily
flow to strong coupling. When the couplings g1, g2, g3 become strong, the screened
long range interaction go can be neglected, and the system of equations become ho-
mogenous. This homogenous system of equations was solved in [8], and was found
to consist of only two stable fixed points - one corresponding to nematic order, and
another to QAH order. Since the system of equations above asymtotes to that studied
in [8] for long RG times, the fixed point structure must be the same. However, the
position of the separatrix will be modified by the presence of go. The effect of go
on the separatrix will be particularly strong when the couplings gy, g2, g3 are weak,
which is likely the case for BLG.

We calculate the phase diagram in the 3 dimensional gy, g2, g3 space numerically.
We consider a grid of starting points. For each point, we integrate the RG equations,
as we track whether it diverges along the nematic trajectory, or along the QAH
trajectory. We perform this numerical evaluation for both go = 0 (corresponding
to the case of purely short range interactions studied in [8]) and for go = 1/4In4,

corresponding to short range interactions plus RPA screened long range interactions.

The resulting phase diagrams are plotted in Fig.7-2.
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7.2 Discussion

We note from Fig.7-2 that the key determinant of whether we flow to the nematic or
QAH phase is whether the initial value of g3 is positive or negative. If we start with
a sufficiently negative g3, then we end up in the QAH phase, whereas otherwise we
end up in the nematic phase. This general picture holds true also in the presence of
long range interactions, although the long range interactions do shift the separatrix
slightly.

What does it mean for gs to be positive or negative? We take it for granted that
electrons repel. A positive g3 means that the repulsion between two particles on the
same sublattice is stronger than the repulsion between particles on different sublat-
tices (i.e. dominant intra-sublattice repulsion). In contrast, a negative g; means that
the repulsion between two particles on the same sublattice is weaker than the repulsion
between particles on different sublattices (i.e. dominant inter-sublattice repulsion).
Whether we end up in a gapped QAH phase or a gapless nematic phase is there-
fore controlled by whether intra sublattice repulsion is stronger, or inter sublattice
repulsion.

We expect that the inter and intra sublattice repulsions are likely to be roughly
similar in strength. However, the ‘interlayer capacitance’ effect (V_ in Chapter 1)
should make the intra sublattice repulsion stronger than the inter sublattice repulsion.
In this case, a nematic state would represent the leading instability for BLG. However,
it remains possible that phonon mediated interactions could drive g3 negative, in
which case a QAH state could result.

We note also that the only gapped state arising within our analysis is the QAH
gapped state. Other gapped states, exhibiting quantum spin hall effect, or Neel order,
are also conceivable, but do not arise under RG starting with a maximally symmetric
interaction. However, if we relax the symmetry constraints on the action, and allow
all nine independent couplings allowed by the lattice symmetry, then additional fixed
points may well become available, and other gapped states may result. The analysis

of the 9+1 dimensional RG flow is beyond the scope of the present work.
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Chapter 8

Spontaneously ordered states in
bilayer graphene: experimental
signatures, experiments, and the

way forward

A very large number of different broken symmetry states compete to be the ground
state of bilayer graphene. This chapter is devoted to classifying the various competing
states, identifying their experimental signatures, reviewing the experimental evidence,

and proposing a way forward for the field.

We begin by discussing the various interaction driven states that can arise in
bilayer graphene mear charge neutrality. Possible states are classified in terms of
discrete and continuous symmetries. Differences in symmetry lead to differences in

physical properties, which can be diagnostic of the state seen in experiments.

The unique sensitivity of optical response to different types of symmetry breaking
can be used to detect and identify spontaneously ordered many-body states in bilayer
graphene. We predict a strong response at optical frequencies, sensitive to electronic
phenomena at low energies, which arises because of nonzero inter-band matriz ele-

ments of the electric current operator. In particular, the polar Kerr rotation and
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reflection anisotropy provide fingerprints of the quantum anomalous Hall state and
the nematic state, characterized by spontaneously broken time reversal symmetry and
lattice rotation symmetry, respectively. These optical signatures, which undergo a
resonant enhancement in the near-infrared regime, lie well within reach of existing
experimental techniques.

We conclude by discussing ezisting experiments on BLG, and what ground state
they appear to observe. As we will see, experiments are inconclusive (and not entirely
consistent), and an unambiguous identification of the gapped state is not yet possible.
We discuss the remaining challenges for both theory and experiment that must be
addressed to advance the field.

Work reported in this chapter was published in [5, 66], and also in the review paper

[47].
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8.1 Broken symmetry states: a summary

We now list all the possible broken symmetry states that may arise, including gapless
as well as gapped states, and review their properties. The simplest possibility is that
interactions may cause a gap to open up between the conduction and valence bands.
These states are referred to in the literature as ‘pseudospin ferromagnets’ [2, 6, 4],
or as ‘excitonic states’ [3, 5], however, irrespective of the choice of nomenclature, the
states being referred to are the same. The effective low energy Hamiltonian for these
states may be written as

H= HO + ATgQ, (81)

where H, is the non-interacting Hamiltonian, and @ is a 4 x 4 unitary and hermitian
matrix in spin-valley space. The gap A is real, and arises from interactions.

The gapped states where A takes the sign +1 in the K valley and —1 in the K’
valley have nonzero Hall conductivity, and are commonly referred to as ‘quantum
anomalous Hall’ (QAH) states. In fact, there is a more general set of states that
display QAH effect, since any gapped state with Tr(@Qns) # 0 exhibits a non vanishing
DC Hall conductivity. For example, the state where A takes sign +1 for three of the
four spin/valley species, and takes sign —1 in the fourth species, also has o, # 0,
and should thus also be considered a QAH state.

Non-QAH gapped states have Tr(Qns) # 0, and must necessarily break the ap-
proximate SU(4) spin-valley symmetry. The may (or may not) break time reversal
symmetry and parity. The simplest possibility @) = 1 corresponds to a ‘ferroelectric’
or charge density wave state, which imbalances the two layers by charge [3]. Mean-
while, the possibility Q@ = o;73 corresponds to a Quantum Spin Hall (QSH) state,
while Q = o; corresponds to an ‘antiferromagnet’ state. The ferroelectric and QSH
states break mirror reflection symmetry, and the ferroelectric state also breaks parity
symmetry, but they both preserve time reversal symmetry, which the antiferromagnet
state breaks.

The non-QAH gapped states all have edge states, but not all edge states are
equal. The edge states of the QSH state are protected in the absence of spin flip
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scattering, and should thus be robust, whereas the edge states of the other non-QAH
gapped states are unprotected, and in realistic samples with disorder will most likely

be gapped out, to yield a fully gapped state.

While spontaneous gap formation is one possibility in BLG, a second possibility
is that interactions may cause the quadratic band crossing to split into two Dirac
points. This corresponds to the nematic states of [9, 8, 7]. The Hamiltonian for the

nematic state for one species (e.g. valley K and spin up) takes the form

2

H(p,A) = (% +A)’r++ (5—7; +A*)T_

where the nematic order parameter A can be complex.

What possible spin and valley structures can arise in the nematic state? The
existing literature [7, 8, 9] on nematic states has focused only on the case when the

full Hamiltonian H = diag(Hxk1, Hk,), Hx' 1, Hi',)) takes the form

[ H(p,A) 0 0 o |
S| 0 He2 0 0 .
0 0 (H(-p,A)) 0
0 0 0 (H(~p,8))"

Such a state breaks both the approximate U(1) rotation symmetry, and also the exact
Cs lattice rotation symmetry. However, it preserves the symmetries of time reversal

and parity inversion.

We point out that one can also construct more general states, which to our knowl-
edge have not yet been discussed in the literature. These states would have a mean

field Hamiltonian of the form Eq.8.2, where the order parameter A has a spin-valley
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structure different to Eq.8.3. A simple example is a state with mean field Hamiltonian

[ H(p,A) 0 0 0
e 0 H(p,A) 0 0 (8.4)
0 0  (H(-p,A%)) 0
0 0 0 H(-p,A%))" |

This state breaks C; symmetry just like the standard nematic state, but in addition
also breaks T, P and M symmetries, since under time reversal, parity inversion, or
mirror reflection, H(A) — H(A*). The SU(4) symmetry is also broken by such a
state. However, this state has a low energy bandstructure which consists of eight
Fermi points with linear dispersion, just like the standard nematic state, so it repre-
sents a ‘generalised nematic state.’

A larger class of generalized nematic states can also be constructed, where the
mean field Hamiltonian for a single species takes the form Eq.8.2, but the full Hamil-
tonian has some more complicated spin valley structure. These states will all break
the C3 symmetry, and will in general also break additional symmetries, like T', P, M
and SU(4). We note that whereas the spin-valley structure of the gapped states is
characterized by four signs (the 1 eigenvalues of the matrix @ in Eq.8.1), the spin-
valley structure of the generalised nematic states is characterized by four phases (the
phases of the nematic order parameters for the four species).

Although we are not aware of any theoretical mechanism that leads to the gen-
eralised nematic states, these states are legitimate mean fields for BLG. Thus, it is
possible that some hitherto unanticipated mechanism could drive BLG into one of
these generalised nematic states. Fortunately, the fact that such states break C5 and
T symmetries means that the ‘generalised nematic scenario’ for BLG can be directly
tested experimentally. In particular, since the generalised nematic states break time
reversal symmetry, they can and should display a Hall conductance at zero field.
However, in a gapless state the Hall conductance will not be quantised. The non-
quantised Hall effect that can arise in such states can be thought of as an analog of

the anomalous Hall effect that arises in a ferromagnet.
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Table 8.1: Low energy bandstructure in various states: number of Fermi points and
low energy dispersion.

State Fermi points | Dispersion
Non-interacting 4 Quadratic
Gapped, Eq.(8.1) 0 Gapped
Nematic, Eq.(8.2) 8 Linear
Trigonal Warping, Eq.(7.1) | 16 Linear

8.2 Experimental tests of the zero field ordered

state

The three categories of possible state all have a different number of Fermi points, listed
in Tab.8.1.. The BLG can open a spontaneous gap, the quadratic band crossing
can split into two Dirac points, or the quadratic band crossing can split into four
Dirac points. We now discuss how the number of Fermi points may be determined

experimentally, using transport measurements.

8.2.1 Landau level degeneracy at weak fields

The number of Fermi points is linked with the Landau level degeneracy at weak
magnetic field. Each Fermi point contributes one Landau level, except that for the
zero energy Landau level only, each quadratic band crossing contributes two Landau
levels [10]. In consequence, the low energy bandstructure can be inferred from the
Landau level degeneracy. Landau level occupancy is labelled so that charge neutrality
corresponds to filling factor v = 0.

In the absence of any gap, nematic splitting, or trigonal warping, the BLG Lan-
dau levels are fourfold degenerate, except for a zeroth Landau level that is eightfold
degenerate, so that integer quantum Hall effect (IQHE) 