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F-Actin Networks with Compliant Linker Proteins
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Abstract. Cross-linked actin networks are important building blocks of the cytoskeleton. In
order to gain deeper insight into the interpretation of experimental data on actin networks, ade-
quate models are required. In this paper we introduce an affine constitutive network model for
cross-linked F-actin networks based on nonlinear continuum mechanics, and specialize it in or-
der to reproduce the experimental behavior of in vitro reconstituted model networks. The model
is based on the elastic properties of single filaments embedded in an isotropic matrix such that
the overall properties of the composite are described by a free-energy function. In particular,
we are able to obtain the experimentally determined shear and normal stress responses of cross-
linked actin networks typically observed in rheometer tests. In the present study an extensive
analysis is performed by applying the proposed model network to a simple shear deformation.
The single filament model is then extended by incorporating the compliance of cross-linker pro-
teins and further extended by including viscoelasticity. All that is needed for the finite element
implementation is the constitutive model for the filaments, the linkers and the matrix, and the

associated elasticity tensor in either the Lagrangian or Eulerian formulation. The model facili-
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tates parameter studies of experimental setups such as micropipette aspiration experiments and

we present such studies to illustrate the efficacy of this modeling approach.

Keywords: actin filaments; cross-linker proteins; actin networks; continuum mechanics; finite

element analysis

1 Introduction

The cytoskeleton is a network consisting mainly of actin, intermediate filaments and micro-
tubules, which give a cell its shape and its ability for motility and division. The protein actin,
in particular, builds a cross-linked isotropic structure underneath the lipid bilayer. In vitro re-
constituted actin gels, cross-linked with actin-binding proteins, serve as model systems that
are characterized by nonlinear stiffening and viscoelastic response [1] in rheological experi-
ments. Furthermore, in rheological torsion experiments they exhibit what is referred to in the
biophysics literature as ‘negative normal stress’[2], which is exceptional in the sense that the
normal stress is opposite to that occurring in polymeric networks of rubber-like materials.
Actin-binding proteins may attach to actin and link two filaments together. They are also
referred to as cross-linking proteins or linker proteins or just /inkers, which is the term we use
henceforth. Actin filaments with different linkers are known to form gels, and networks with
linkers such as filamin [1, 3, 4], scruin [5, 6] and heavy meromyosin (HMM) in the rigor state
[7, 8] are studied extensively. The type of linker strongly influences the mechanical response
of the network [4] by changing its morphology. In this sense, according to Tharmann et al.
[7], HMM is extraordinary because (i) it creates isotropic networks without any embedded

bundles over a large range of linker concentrations; (ii) in actin networks the compliance of



the individual filaments is dominated by their thermal fluctuations, and the compliance of the
linkers does not alter this picture; (iii) the mechanics of such networks can be described on the

basis of affine deformations.

Continuum mechanical models for cross-linked actin networks seek not only to explain the
mechanics of the in vitro model systems but also to interpret the results of more complicated
experiments in cell mechanics. Many of these models are based on the microstructure of the
network and adopt the idea of integrating the single filament response into a network [9]. For
example, an algorithmic treatment for affine and non-affine networks, the micro-sphere model,
was introduced by Miehe et al. [10] and the affine network model was adopted for modeling the
mechanics of collagen in arteries [11, 12]. Applications of the filament-to-network approach
to the elasticity of actin networks have also been proposed [13, 14]. In particular, Unterberger
et al. [14] use a non-affinity parameter that is not intuitive, while a recently introduced model
[15] facilitates the understanding of non-affinity but it turns out to be very expensive in terms

of computational cost and is therefore not very practical.

Based on a continuum mechanical framework, we show that an affine full network model
is capable of capturing not only the shear stress but also the normal stress behavior of semi-
flexible biopolymer networks. We use scaling arguments from the literature to relate material
parameters to protein concentrations of samples in bulk rheology. Furthermore, we include a
contribution from compliant linkers in the continuum model which has the effect of softening
actin gels. The model is also enhanced by including a viscoelastic contribution. The calibra-
tion of the proposed model is performed with data from rheological torsion experiments. The

model can be used to interpret experiments with more complicated geometries and boundary



conditions such as atomic force microscopy or micropipette aspiration, and can also be used for
parameter studies in virtual experiments.

We introduce a continuum mechanical framework and an incompressible elastic network
model in Section 2. It is then applied to simple shear deformation, showing in particular that
it predicts the correct normal stress response. The elastic model is next extended to include
the effects of compliant linkers. Since this is the first application of a continuum mechanics
based inclusion of compliant linkers we assume for simplicity that the linkers«are anchored
to the actin filaments and that there are no mechanical interactions between the filaments. In
Section 3 a compressible version of the model is formulated in order to facilitate a finite element
implementation. In particular, it is based on the multiplicative split of the deformation gradient
into volumetric and isochoric parts, and the stress and elasticity tensors are also provided. This
is also extended to include viscoelastic effects. Some aspects of the numerical treatment of
the proposed model in a finite element program and a representative numerical example that
includes cross-linking and viscoelastic effects are provided in Section 4. We finalize the study

with a summary and concluding remarks.

2 Analysis of Incompressible Elastic Filamentous Networks

Consider a soft elastic continuum which is deformed so that the deformation gradient is F and
the right Cauchy—Green tensor is C = F'F. Here we consider the continuum as incompressible
so that the volume ratio J = detF = 1. Suppose that a distribution of filaments is embedded in
this material, which we refer to as the matrix, and the filaments deform affinely with the matrix.

Suppose that a typical filament has orientation M in the reference configuration which maps to



m in the current configuration as

m = FM. (D)

The stretch A (> 0) in the direction M, i.e. along the mean end-to-end distance of the filament,
is defined by

M=M-CM=m-m. )

We emphasize that m is aligned with the corresponding mean end-to-end distance of the fila-
ment in the deformed configuration, as will be discussed in Section 2.4. Let p(M) be the relative

angular density of filaments so that

1
47TQ

p(M)dQ =1, 3)
where () is the unit sphere. The free energy of a single filament is w(\) so that by assuming

that all filaments have the same properties, i.e. the same form of w(\), the free energy over all

orientations 1s
| pMyw (e 4)
Q
where 7 is the numbers of filaments per unit reference volume. If there are different types of

filaments with energies w,(\), number of filaments n,, and densities p,(M), k = 1,2,3...,

then (4) is replaced by
> | ot ae 5)
and (3) by
; ﬁ /ka(M) dQ = 1. (6)

Now for simplicity we consider only one type of filament so that (4) serves as the basis for

the analysis. Suppose the volume fraction of filaments is ¢ and that of the isotropic matrix is



1 — . For the matrix and the filaments the free-energy function W per unit reference volume is

then

T(C,M) = n / p(M)w(NAQ + (1 — 9)T,.,(C). ™

where W, .. is the free energy of the matrix material per unit reference volume. The volume
fraction of the filaments is ¢ = nLS,, where L is the contour length of a single filament and
Sy 1s its reference cross-sectional area assuming all filaments have the same contour length
and cross-sectional area. The volume fraction ¢ for, for example, F-actin gel can be as low
as 0.001% [16]. Note that in general w depends on the material constants which themselves
depend on the concentration and compliance of linkers (which for F-actin are referred to as
actin-binding proteins), and these are included implicitly in the form of w. Factors which need
to be taken into consideration are the lengths of the filaments between the linkers, the concen-
tration of actin and the concentration of linkers. These will be made explicit in Sections 2.4 and
2.5. In terms of the length scale wesuggest to use the model within the micron-scale domain,
say 10 times the filament length. For example, [17] have used a simulation domain of 5 ym

only, which is perfectly aceeptable for a continuum mechanics approach.

From the free-energy function we calculate the mechanical stress in the material using the
standard continuum mechanical framework. In particular, the Cauchy stress tensor o is defined
by

oV
o= QFEFT — 7, (8)

where p is a Lagrange multiplier associated with the incompressibility constraint, and can be

identified as a hydrostatic pressure, and I is the second-order identity tensor. Hence, with the



free-energy function (7) we obtain

(9\11 mat T
F —pl 9

o= n/ p(M)A '’ (A)m @ mdQ + 2(1 — ¢)F

where the prime is used as a convenient shorthand notation, i.e. ()" = d(e)/d\. In the deriva-

tion of (9) we have used the property

)
—c =MoM (10)

obtained from (2) together with (1).

2.1 Application to Simple Shear

Experiments on networks using rheometers produce torsion, which is commonly approximated
as simple shear (see, for example, [18]). We study this mode of deformation because the be-
havior in shear has been highlighted as unusual in the literature [2] and it is the only mode for
which experimental results have been.xeported.

For simple shear, in the (X, .X5) plane, the matrix of F is given by

1 ~ 0
Fl=| 0 1 0o | (11)
0 0 1

where 7 is the amount of shear, which, without loss of generality, we take to be positive. In

terms of spherical polar angles © and ® the filament direction M has Cartesian components
[M] = [sin © cos @, sin © sin ®, cos O], (12)

where © € [0, 7] and ® € [—7, w]. Then the corresponding vector in the deformed configuration



has components

sin O(cos ¢ + v sin )

(m] = [F][M] = sin © sin ® : (13)
cos ©
and hence
N =m-m=1+sin’® O(ysin 2® + 7 sin” d). (14)

If the filaments are equally distributed in all directions then p = 1 and the material is

isotropic. Henceforth we restrict the attention to the case p = 1. Then, from (9) we obtain

ov
o= n/ A (A)m @ msin ©dOdd + o, e = 2(1 = ¢)F @gat F' —pL,  (15)
Q
where o, 1s the part of the stress due to the matrix.
By using (15); and (13) the components of stress are then given by
o1 = n/ A (V) (cos ® + 7y sin @)? sin® OdOdD + 00011, (16)
Q
O9g = n/ A/ (A) sin® @ sin® ©dOdP + 0, 20, (17)
Q
033 — n/ )\¥1w/(A) 0052 @Sln @d@d@ + 0mat337 (713 — 023 — O, (18)
Q
019 = n/ A7 (N) sin @(cos @ 4 v sin @) sin® OdOAD + 0,04 12 (19)
Q

We recall that for an isotropic material the universal relation [19, Eq. (4.4.15)]

Omat1l = Omat22 — VOmat12 — 0 (20)
holds. It can then be shown that this relation also holds for the total stress used here, i.€.

011 — O99 — YO19 = n/ A (M) (cos 2@ 4 vy sin ® cos @) sin® ©dOdP = 0. (21)
Q



This follows since, for fixed values of © and v, we obtain from (14),
AdA = v sin® ©(cos 2® + 7 sin ® cos )dP. (22)
If we change the variables ® to A in (21), then we obtain

n / sin © / W' (\)dAdO. (23)
v
© A

The relevant ranges of values of © and ¢ are 0 — 7 and 0 — P, respectively. But if we regard
A as a function of © and ¢ and write A\(O, @) then A\(©,0) = \(O, ®,) = 1 and the A-integral
in (23) vanishes. Thus, the universal relation (21) holds.

In general we take w’'(\) > 0 for A\ > 1, i.e. tension corresponds to extension. We also
assume that the filament does not support compression and hence set w'(\) = 0 for A < 1
and we therefore exclude any contribution of w'()\) from the integration for the angles for
which A < 1. The values of ® for which A = 1 are 0, ®; and ®, + 7, where @ is given
by tan ®; = —2/~. The value of \ is plotted in the color-coded Fig. 1 in the (X,X,)-plane.
We obtain values of A > 1 in the two regions of ® defined by [—7, @] U [0, Py + 7|. The
boundaries of the integration domain are indicated by black lines in the figure. For the angle O,
the integration domain is [0, 7]. Note that the orientation of the Lagrangian principal axes in the
(X1,X5)-plane (with © = 0) is given by tan2® = —2/~, [19, Eq. (2.2.59)]. With reference to

Fig. 1 it can be seen that the direction of maximum stretch is given by & = ® ., where

d
9, =" 24)
2
in the reference configuration. Hence, tan 2®, = tan &, = —2/~, and therefore the direction

of maximum stretch is a Lagrangian principal axis.



2.2 Integration Limits for Arbitrary Deformations

We now take a closer look at the integration domain using the spectral decomposition of the
right Cauchy—Green tensor C = A>N, ® N, where a = 1,2, 3, ), are the principal stretches
(positive square roots of the eigenvalues of C) and the unit vectors N, are the principal referen-
tial directions (eigenvectors of C). The values of the principal stretches can be ordered so that
A1 > Ay > A3. Then, we choose the coordinate system so that the principal direction associated
with the first principal stretch A; is oriented with © = 7/2 and & = 0, the second principal
stretch A, corresponds to the principal direction for which © = /2 and ® = 7 /2, while A3 is

associated with © = 0. Then, for incompressible materials (A Ay A3 = 1)

A% = A sin® © cos® ® + \3sin® O sin & + )2 cos” ©. (25)
Figure 2 illustrates the topology of the squared stretch in the (©,®)-plane for the selected prin-
cipal stretches [\, Ay, A\3] = [1.50,1.026,0.65]. The integration domain contributing to the
Cauchy stress tensor (9) is the region where A? is above the plane defined by \* = 1.

We also distinguish several cases with different integration area shapes in terms of the prin-
cipal stretches, as illustrated in Fig. 3. Therein, the grey area indicates the relevant integration
area in the (®,0)-plane. The specific deformation of Fig. 2 is represented in Fig. 3(a) together
with three deformation modes (b)—(d), which correspond to equibiaxial extension or unconfined
compression, pure shear or simple shear in the (1, 3)-plane and uniaxial extension, respectively.
In each case the area is m-periodic in . This means that when the unit sphere of integration is
divided in two hemispheres, A\ possesses rotational symmetry between the hemispheres. This

important property may be exploited when applying a numerical scheme for evaluating the in-

tegral in (9) in the case of isotropy, as is done in Section 4.

10



2.3 Specialization of the Material Model

Consider now an isotropic matrix material for which the free energy W, . is a function of the
invariants /; and I, of the left Cauchy—Green tensor b = FF', where I, = trb and I, =

tr(bfl). By recalling (15),, the Cauchy stress tensor is then given by (see, e.g., [19, 20])

O mar = 2(1 — @)[tyb + ¥y (b — b?)] — pI, (26)

where ¢; = 0V, /0I;, 1 = 1,2. For simple shear

1+ 72 v 0
[b] = 5 1 0 |- (27)
0 0 1
and hence
Omat22 — Omat33 — _2¢272(1 - ‘P)' (28)

Without loss of generality we may take o33 = 0 because of the incompressibility constraint (p

is arbitrary). Then from (18)
Omataz = —10 / A’ (N) cos® © sin ©dOdd (29)
and (17) gives
O9g = n/Q A (N) (sin2 ®sin® © — cos® O sin @) dOdd — 2i,y*(1 — ). (30)

For material models such as the (incompressible isotropic) Mooney—Rivlin model below, 4 is

positive and thus the second term is negative. Similarly,

019 = n/ A ' (A) sin @(cos @ 4 v sin @) sin® OdOAD + 2(1 — ) (P + 1by)y,  (31)
Q

11



wherein the second term is positive since 2(1); + 1,) equals the shear modulus p of the matrix
when evaluated in the reference configuration, and is therefore assumed to be positive in the
deformed configuration.

For the Mooney—Rivlin model ¥ ., is given by
Ut = 1Ly = 3) + ¢o(L — 3), (32)
where ¢, ¢, are positive material constants. Then, from (28) and (29), we obtain

Omat 22 = _20272(1 - gp) - 77,/ )‘_lw/()\) COS2 Osin © dO dq)? Omat 12 = (1 . SD)ILLPY7 (33)
Q

with = 2(¢; + ¢,).
In the integrands of (16)—(19) we need the term A~ 'w’. When X is close to one (v is small)
the integrals can be formed explicitly because, when expanded to the second order in vy, we

obtain, with the help of (14),
1
A (\) ~ w”(1)[ysin® © sin & cos & + 572 sin® @ sin® @ — 4 sin” @ sin” ® cos” |

1
+§w"'(1)’y2 sin® @ sin” ® cos® @, (34)

which is correct to the second order in . By using standard trigonometric integrals with the
integration domain [—7 /2, 7/2] depicted in Fig. 3(c), then (30), in particular, yields

4 27 27
099 nw”(l) (BV + 572) + nwm(l)EVQ —20272(1 — ), (35)
NS ~" ﬁ

b

where the term b is > 0 under our assumptions, and the term § is < 0 with the Mooney—Rivlin
material parameter c, > 0.

For the neo-Hookean material ¢, = 0 and o4, is positive. In this case the network model
requires a positive normal stress to maintain the simple shear. Hence, the network model gen-

erates a positive normal stress (which is called a ‘negative normal stress’ in the biophysics

12



literature [2]). Note that not all forms of w would predict a positive normal stress. If the sample

height were not constrained then the material would become thinner in the X,-direction.

2.4 Application to a Specific Filament Free-Energy Function w(\)

First we consider an inextensible single filament with the contour length L, mean end-to-end
distance r in the unloaded state and r in the loaded state. Then we define the stretch A as r /7.
When the filament is embedded in the continuum, A is also given by (14), for a simple shear
deformation. The force f required to extend the filament can be written as f = dw /dr = w’/r,
where w(\) is the free energy of the filament. For the considered inextensible filament we also
make use of the bending stiffness B, which is given as kgT'L,,, where ky = 1.38 - 10" Nm/K
is the Boltzmann constant, 7" is the ambient temperature and L, is the persistence length. We

now take w to be of the form defined in [21] for whichw’()\) is [14, 21, 22]

a—1 4
(&_A) —1], (36)

where a = L/rqand 6 > 1 is a constant. Then from (30) and (31) with (36) we obtain the total

2
m TOBO

w,()‘) = 12

normal and shear stresses as

2 5
B -1
Oy = o b / A (a ) -1 (sin2 ®sin® © — cos® O sin @) dodd
Q

al a— A\
~26,7°(1 - o), (7
2 i § i
B -1
01y = nl 20 / A (L — 1| sin ®(cos ® 4 v sin @) sin® OAOAP
al Jq a— A\
+y (L= ). (38)

Finally, if required, the component o;; can be obtained from the universal relation (21). The

properties of the Mooney—Rivlin material are well known, and hence we are only interested in

13



evaluating the contribution to the stresses of the filaments. For this purpose we only need to
consider the integrals in (37) and (38).

Since the filament model is inextensible, the filament locks (f — oo) when » — L. Then
locking of the bulk material appears when A — a for the filaments in the direction of the

maximum principal stretch at the critical amount of shear ;. This situation is reached when
1 4 Yerie 5i0 28, 4 725 sin’® &, = o (39)
holds, where we have used (14) with © = 7 /2. Relation (39) can also be written as
tan®, = a, Verit = @ — a (40)

where (24) has been used. As an example, for a = 1.2 we obtain ®, = 50.2° and ~,,;;, = 0.36.
The material parameters r, and n can be related to experimental inputs. In bulk rheology

samples are prepared with a defined concentration ¢ of actin monomers and a concentration

actin
capp of actin-binding proteins (ABPs). Based on considerations of MacKintosh et al. [23]
the scaling of the distance between two linkers, which we now denote by r,, was derived for

rigor HMM/actin networks by Tharmann et al. [7]. In particular, with ¢ =95uM (M =

actin

1mol/l) and a constant L, they fitted data to arrive at (see the inset of Fig. 3(b) in [7])
ro = 1.6 cpdls, (41)

where 7 is in ym and c,pp is given in pM.
The relationship between n and c,;, with a given contour length L. was derived earlier [14]
(see also [13]) to be
CactinVa M,

ctin
n = —ectin’TA Factin (42)
Lpactin

14



Table 1: Material parameters derived for three linker concentrations from (41), L = 1.2r, and

(42).

capp (M) 7o (pm) L (pm) n (um°)

0.95 1.63 1.96 7.66
0.475 2.15 2.58 0.82
0.238 2.83 3.40 4.42

where N, = 6.022 - 10** mol ™" is the Avogadro constant, M,.;, = 42kDa is the molecular
mass of each actin monomer and p,.;, = 16 MDa/pm is the actin density.

Plots of 045 and o5 versus v without a matrix (¢; = ¢y = 0) are shown in Fig. 4(a) and
(b), respectively. In addition, in Fig. 4(c) is plotted the shear modulus do,/0v, which is a
widely used measure of the network stiffness in the biophysics literature. In each case three

different values of c,pp are used with an actin concentration of ¢ = 9.5 uM and an ambient

actin
temperature 7' = 294 K, a persistence length of L, = 16 um [24] and § = 2. We assume that
the contour length of the filament is 20% longer than its end-to-end distance, i.e. a = L/rq =
1.2. The material parameters r,, L and n are derived from (41), the definition of a and (42),
respectively. In Table 1 we summarize the values of the three concentrations used cppp = 0.95,
0.475 and 0.238 uM, i.e. 1/10, 1/20, 1/40, of the actin concentration.

The curves in Fig. 4 reproduce the overall behavior of actin gels cross-linked with HMM
very well [7, 14] except for values of v very close to the asymptote defined by (40). The

appearance of the asymptote is associated with the assumption of inextensibility used here.

A particular characteristic is the soft initial response followed by the pronounced nonlinear

15



stiffening for both stress components. The shear and normal stresses are of the same order of
magnitude, as reported previously [2, 14]. The shear modulus do 1, /07 is relatively constant for
small v and approaches infinity when as the asymptote is approached. As already mentioned
the asymptote arises because of the choice of the inextensible filament model, and this leads to
unphysical behavior of the model for strains v > 0.25. The equation (9), however, allows one
to use any extensible filament model instead; see, e.g., Appendix A and the references therein.
This would eliminate the infinite stiffness at the critical amount of shear ~,;; and would lead to

a shear modulus at high values of v comparable to that in [7].

2.5 A Model Incorporating Compliant Linkers

Now consider a compound filament, as depicted in Fig. 5(a), and its inclusion within a micro-
sphere in Fig. 5(b), which is utilized for the finite element implementation of the model that
will be introduced in Section 3. It consists of an actin filament and a flexible linker protein. We
assume that the linker can only carry loads in its axial direction. In the reference configuration
no force is applied and the actin filament and linker have end-to-end distances 7(¢ and 7,
respectively, so that the total end-to-end distance is rq = ro¢ + ro.. Upon deformation the
filament and linker end-to-end distances change to r; and r. and the total end-to-end distance to
r="T+ 7. (43)
We also define the ratios of the end-to-end distances as
Af = 7”f/7"0,fa A = TC/TO,C (44)
and we recall that » = Ary. Combining these definitions we obtain

ATg = Ao+ AcTo - (45)

16



The free energy in a compound filament is w(\) = wy(A;) + we(A\.), where w; and w, are
the free energies of the filament and the linker, respectively. This is related to the force acting

on the filament compound. Based on the formula (36) we now define the force f; acting on the

a—1\°
S

where we now consider only ), as defined in (44),. Because knowledge of the compliance of

filaments by
B,

L2

ff(/\f> =

linkers is limited we consider nonlinear linkers which have a stiffness related to that of the actin
filaments. Note, however, that the force f, acting on the linker must be equal to that acting on
the filament, i.e. f;, and we therefore drop the subscript and write f = f. = f;; see the free
body diagram in Fig. 5(a). We decompose the elongation of the compound Ar = r — r( into
the elongation of the filament Ar; = r¢ — r( ¢ and the elongation of the linker Ar, = r, — g
so that Ar = Ar; + Ar.. Assume now that the equal forces in the linker and the filament result

in the relationship

Are = nAr, 47)

where 7 € (0,1] is a material parameter, which could be a function of Ar, that modulates
the linker stiffness. Henceforth we refer to n as a relative linker stiffness. One endpoint of
the interval corresponds to the case of a rigid linker with = 1. The absence of the linker
corresponds to the case = 0 for which in (47) we consider nAr, as tending to a finite limit as

7 tends to zero. Using (44), and r = \r, we obtain
"o
A =n—MA—=1)+1, (48)

Tof

and )\, may be obtained from (45).

17



We now use the above considerations in the network setting. The force f = f; is calculated
from (46) as a function of A by using (48) and is also given by the derivative of the free energy
with respect to ), i.e. w'(\) = fr,, which can then be used in (9) to determine the Cauchy

stress tensor.

We use the parameter set for cygp = 0.95 uM from Table 1 and we note that the end-to-end
distance r, therein is replaced by r ¢ in this section. Normal stress o9,, shear stress oy, and shear
modulus do, /0 are plotted in Fig. 6 for n = 1, 2/3 and 1/3. Note that the dash-dotted curves
for n = 1, coincide with the corresponding curves in Fig. 4. The characteristics of the curves
are similar for all . The less stiff the linker is compared to the filament, i.e. the smaller 7 is, the
softer is the overall response of the bulk material. The asymptote of the curves shifts to higher
amounts of shear as 7 is decreased. The asymptote can be determined by substituting (48) into
(46) and then noting that the resulting denominator vanishes for A\* = [roc(a—1)/(nre) + 1%,
which is then used to replace a” in (39) in order to calculate ... With the numbers used we

obtain 7,5 = 0.53 and 0.98 for n = 2/3 and 1/3, respectively.

It is interesting to compare the results from the model with experimental data, specifically
for cross-linked actin networks with different types of linkers but equal concentrations c,;, =
9.5 uM and cpgp = 0.95 uM. The values in the curves for the linker with n = 1 in Fig. 6 are
of the same order as the data presented for actin networks cross-linked with HMM in its rigor
form [14]. On the other hand the shear modulus data with filamin as the linker [25] are well
reflected by the curve in Fig. 6(c) for n = 1/3. Neglecting other arguments, e.g., interaction
of filaments, rotational stiffness of linkers etc., these observations suggest that the stiffness of

linkers is a key property of cross-linked actin networks.
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A very recent paper [26] models the cross-links as worm-like chain springs and each fila-
ment with 100 equal-sized Timoshenko beam elements with the assumption of linear elasticity
and without considering the properties of a matrix. The model predicts that flexible cross-links
give rise to positive normal stress during small strains but as the shear strains increase the nor-

mal stress becomes negative (here we are using the biophysics terminology).

3 Towards Finite Element Implementation

In order to use the model developed in Section 2 in the analysis of realistic boundary-value
problems associated with experimental tests it is appropriate to implement it in a finite element
program. We therefore introduce here a compressible formulation of the model with a penalty
term that is used to accommodate the incompressibility condition numerically. Hence, we base
the formulation on a multiplicative split of the deformation gradient and derive the stress and
the related elasticity tensors that are required in a finite element environment.

We make use of the volume ratio J = detF > 0 to define the volume preserving (isochoric)
part of F as F and its volumetric part as .J 1731, where detF = 1. We also define the isochoric

right Cauchy—Green tensor C = F ' F so that
F=J"F, C=JC. (49)
With reference to (1) and use of (49), we define m as
m=FM=J"m, (50)
and the modified stretch A = J~/3) by

M=M-CM=m-m. (51)
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The free energy of a single filament is here denoted by w;,, (), which replaces w(A) in (7). The
free-energy function (for the matrix and the filaments) W, per unit reference volume, which is

the counterpart of (7), is then

Viso (C, M) = n/Qp(M)wiso(/_\) dQ+ (1 - )T (C), (52)

where W' is the isochoric free energy of the matrix material per unit reference volume. In
addition to (52) there is a given scalar-valued function ¥, of J, describing the volumetric
(dilatational) elastic response of the material, which contributes to the total free energy W,

which is then U = U _;(J) + ¥, (C,M). For numerical purposes we use here
1
V() =4G,  G=(J"—1=2InJ), (53)

where « is a (positive) penalty parameter and G serves only as a penalty function introduced to
accommodate incompressibility. The penalty method for incompressibility is the basis for the
numerical approach; see also Section 8.3 in [27].

However, transient behavior is always present in biopolymer networks, and we shall con-
sider this phenomenon by means of an additive extension of the elasticity model using viscous
terms. A method for doing this within the framework of nonlinear continuum mechanics at
finite strains was introduced by Simo [28] (see also Holzapfel [20, 29]), and it was recently
used for modeling cross-linked actin networks [30]. We shall display only the key equations
and refer for further details of this to the relevant papers above.

While the modified right Cauchy—Green tensor C characterizes the isochoric part of the
elastic deformation, we keep track of the viscous contributions using m strain-like internal

variables T',, v = 1, ..., m, akin to C. The non-equilibrium response is then described by the
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configurational free energies T, and the free-energy function W is split additively, in the form

m

U=V, (J) + ¥, (C,M) + Y " T,(C.T,). (54)

v=1

3.1 Second Piola—Kirchhoff Stress Tensor

The split in (54) results in an analogous split of the total second Piola—Kirchhoff stress tensor
S =20V/0C, i.e.

m

S = Svol(']) + Siso(éa M) + Z QU(67 Fv)> (55)

v=1

where S consists of a purely volumetric elastic contribution S, a purely isochoric elastic
contribution S;,, and additional internal tensor variables Q,, v = 1,..., m, which may be
interpreted as non-equilibrium stresses in the sense of non-equilibrium thermodynamics that
arerelatedto I',, v = 1,...,m, [27].

The volumetric stress contribution is defined as

d\Ijvol (‘])

Svor = JP*C_1, p* = T (56)

By means of the fourth-order Lagrangian projection tensor P = I — (C~' ® C)/3, where I is
the symmetric part of the fourth-order identity tensor, we define the deviatoric (isochoric) part

of the second Piola—Kirchhoff stress tensor as [27]
S, = J PP S, (57)

where S = 20W,,,/0C is referred to as the fictitious second Piola—Kirchhoff stress tensor.

Hence, with (52) and a similar property to that in (10), a straightforward calculation gives

~ _ _ e
S = n/ p(M)A "l (MM @ MdQ + 2(1 — @)83076(0), (58)
Q
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where the second term is the contribution of the isotropic matrix material. Here, and subse-

quently in this section, a prime indicates a derivative with respect to .

The transient behavior is introduced through Q,, in (55), which is assumed to satisfy the
evolution equations with the relaxation times 7, and the free-energy parameters ,, as material
parameters, 1.€.

Q.+ % — 0,5, (59)
where the dot denotes the material time derivative. The initial conditions at time ¢ = 0" are
assumed to be Q,|,_,+ = 0. The present approach is characterized by two features which make
it easy to apply to any existing hyperelastic constitutive model. First, the additive split of the
free-energy function (54) allows one to evaluate both the elastic and the viscous contributions.
Second, the algorithmic treatment of the transient equations discussed in [29, 30] results in a
procedure to evaluate the time integrals which arise from (59). As far as the time scale for
which the proposed model is applicable is concerned, it should be small enough so that linker
binding/unbinding dynamies play a subordinate role and large enough so that viscous effects

are small.

It should be mentioned here that a very different approach for examining the viscoelastic
properties of cross-linked actin networks based on Brownian dynamics has been presented in
[17]. It uses linear elasticity and viscoelasticity concepts with shear strains up to 0.55 without
modeling the matrix in which the actin network is embedded. This approach is inappropriate
for large deformations and finite element implementation. In contrast the continuum approach

is fully nonlinear and easily implemented within a finite element framework.

22



3.2 Cauchy Stress Tensor

The Cauchy stress tensor o is obtained by the push-forward o = J 'FSF" of (55). Hence, we

obtain the additive decomposition

O = Oy + Oiso + Z q., (60)
v=1
where o, = p*(J)I is the purely volumetric stress contribution, with p* defined in (56)s.

The fourth-order Eulerian projection tensor P = I — (I ® I)/3 is used to obtain the isochoric

(deviatoric) part o, of the Cauchy stress tensor, i.e.
O, =P: 0O, (61)

where & = J 'FSF' is the fictitious Cauchy stress tensor. With m defined by (50) this can

then be evaluated as

_ B B - \I/mat_
G =nJ / p(M)A Ml (Mm@ mdQ + 2(1 — @J‘T%%O F . (62)
Q

The spatial form of Q,,, as used in (60), is simply given by q, = J *1FQUFT.

3.3 Elasticity Tensor

The linearization of the weak form of the equilibrium equations in finite element programs
requires an appropriate elasticity tensor, and here we use the Eulerian elasticity tensor, denoted
¢, and the related Cauchy stress tensor o. The structure of the free-energy function ¥ in terms
of the additive decomposition carries over to the so-called algorithmic elasticity tensor. Hence,

at a certain time the Eulerian form of the elasticity tensor may be written in the form

C = Cya + Ciso + Z Cyisv- (63)

v=1
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In this relation ¢, = pl ® I — 2p*[, with p = p* + Jdp*/dJ, is the purely volumetric contri-
bution. The purely isochoric contribution is [31]

~ 2 2
Ciso =P:C:P+ gtr(a)P - g(aiso RI+1® aiso)a (64)

with the definition of the fourth-order fictitious elasticity tensor C in the spatial description,
which, in index notation, is given by (C) ypeq = 4J  FuuFpEocFap [0° Vi (C)/OCIC] 4 pep,
where F,; are components of the isochoric deformation gradient (see [14, Appendix] for de-

tails). With the help of (58) it is straightforward to obtain

0°V,.,(C) e <1
g2 T — M)\ T = AT, AOAMOM M @ MdS)
o = [ DAL () A e UM E M e M e
9w (C)
(1—) SCHC (65)

where the shorthand notation (e)” = d(e)’/d\ has been used. Finally, with the use of (50) we

obtain the fictitious elasticity tensor
c=nJ" / pM)[wl,(N) = X 'wl ,(MA 7" mememe@mdQ + ', (66)
Q

where the index notation of the tensor Cjo. " is given by (Cr ) ped = 4 (1—=@)F s FysF oo Fap
[0° W2 (C) /OCIC] g gep. For the explicit expression of the algorithmic tensor ., the vis-

cous contribution in the Eulerian description, the reader is referred to [20, 32].

It is worth emphasizing that different filament models are easily incorporated into a nonlin-
ear finite element scheme by simply changing the function w,,,, and therefore wi,, and wi., in

(58) and (66).
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4 Numerical Treatment and Representative Example

In the considerations in Section 2, we employed an inextensible filament model. The asymptotes
arising from this formulation, however, may cause unfavorable conditions within a numerical
solution procedure such as the finite element method. In order to increase the reliability of the
Newton—Raphson algorithm, we subsequently use the extensible version of the filament model
introduced in Appendix A. The extensibility of the filament is modulated by the additional
material parameter i, the stretch modulus. This version of the model has proved to be suitable
for fitting data from stretching experiments conducted on single actin filaments in the high as
well as in the low stretch regime [14].

The integrals over the unit sphere such as those in (58), (62), (66) or (9) are evaluated
using standard numerical procedures, e.g., the adaptive Simpson quadrature, as implemented in
MATLAB (MathWorks, Inc., Natick, MA, USA). However, this method is very costly in terms
of computation and is only viable for basic analyses, such as those described in the previous
sections. For solving more complex problems we need a more efficient scheme. An excellent

method for the evaluation of integrals over a sphere was suggested by Bazant and Oh [33] with

m = 42 distinct direction vectors M’, i = 1,2, ... m. The integrals transform then according
to
/ A(M)dQ ~ 47> " AM)q, (67)
& i=1

where A is a tensor-valued function and ¢' are the integration weights. A table with the direction
vectors and the associated integration weights can be found in [33, Table 1]. The symmetry of
the method together with the symmetry discussed in Section 2.2 allows us to use only half of

the directions and double the integration weights.

25



We have implemented the proposed model according to the formulation in Section 3 in the
open source finite element analysis program FEAP [34]. In order to avoid volumetric locking,

we use a finite element which is based on a three-field variational principle.

4.1 Application to Micropipette Aspiration

The proposed model should be calibrated with data obtained from rheometer experiments be-
fore it is used to interpret the outcome of experiments with more complicated geometry and
boundary conditions. Indentation by atomic force microscopy and micropipette aspiration are
two examples of techniques that are used to determine the mechanical properties of cell con-
stituents and of whole cells. In the following, we concentrate on the latter and consider the

impact of different linkers and viscosities.

The setup of the virtual experimentis similar to that described in [30] and inspired by in
vitro experiments on cells (see, e.g., [35, 36]). As considered in [37] the droplet consisting of
a cross-linked actin envelope and a very soft inside is aspirated into a micropipette, as depicted
in Fig. 7(a), which shows half of the axisymmetric structure. The inside of the droplet is only
required to achieve numerical stability during the calculations and its contribution to the overall
mechanical response is negligible because it is assumed to be much less stiff than the envelope
material. The droplet has a radius of ry = 7 um and the actin envelope is 1 pm thick; the bold
blue semicircle in Fig. 7(a) denotes the interface. The micropipette has a radius r, = 5 pum
and its end is rounded with a radius of r,, = 0.75 um. The pressure difference between the
environment and the micropipette is achieved by applying a suction pressure p; (i.e. a tensile

follower load) on those nodes of the axisymmetric setup which lie inside the micropipette.
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Between the rigid micropipette and the surface of the droplet, we employ a frictionless contact

condition.

The constitutive relation for the actin envelope is taken to be the model considered in Ap-
pendix A, i.e. an isotropic cross-linked network of extensible filaments with the compliant
linkers discussed in Section 2.5. The viscoelasticity of the material is considered by taking one
internal variable in (54) into account. We use the material parameters from the Sections 2.4 and
2.5, specifically the end-to-end distance r s = 1.63 pm at zero force of the filament, the contour
length L = 1.96 pum, the persistence length L, = 16 pym, the filament density n = 7.66 pm 2,
the temperature 7' = 294K and 6 = 2. We choose a very small end-to-end distance 7y,
which, for definiteness, we set at 7, . = 14 nm [38, p. 1007], since we have found that different
choices in the nanometer range do not effect the results significantly. The extensibility of the
filaments is characterized by the stretch modulus p, = 38.6 nN [14]. The parameter values
for the viscous part, the free-energy parameter # = 0.835 and the relaxation time 7 = 2, are
adopted from [14]. The penalty method used to achieve incompressibility requires the penalty
parameter «; see (53);. In preliminary studies we used values for x which were large enough
to ensure incompressibility (the results of the computations converged as x was increased) and
small enough to allow stable computations, specifically in the range of 1-10 kPa. The soft inside

material is taken to be a compressible neo-Hookean model of the form
2 7
U= (Kr—=-u Q(J)+§(Il—21nj—3), (68)

where the function G is given in (53),. The parameter x, which is now the bulk modulus in

the reference configuration, and the shear modulus p relate to the Young’s modulus £ and the
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Poisson’s ratio v according to

E E

e )

(69)

For the simulation the Young’s modulus F was taken to be 10 Pa, which is 1/10 of that of the
envelope material, while ~ was taken to be 0.4.

In a first simulation the micropipette fully aspirates the droplet very slowly, i.e. in a quasi-
static manner, for relative linker stiffnesses n = 1, 2/3, 1/3. In Fig. 7(b), the aspiration length
L, is plotted as a function of the pressure difference Ap between the environment (here with
pressure zero) and the inside of the micropipette (p;), i.e. Ap = p;. Note that for a droplet,
L, is larger than zero in the reference configuration because of its curvature. In our example,
the value of L, at the start of the experiment is 2 um. The numerical results shown in Fig. 7(b)
are characterized by a linear part at low pressure differences, as was observed experimentally
[35, 36]. The linear part is followed by a rapidly increasing slope for which a small increase
in pressure causes a large increase in aspiration length and when the droplet is almost fully
aspirated the tangent to the curves becomes vertical, indicating a possible instability. This has
implications for the numerical solution because the deformation in one time step becomes large
and eventually the Newton—Raphson algorithm fails. This happens at decreasing pressures for
decreasing values of 7. This means that the lower the stiffness of the droplet the smaller is
the pressure difference required to fully aspirate it. Higher aspiration lengths are produced at a
specified pressure difference for network materials with lower stiffnesses.

The second simulation shows the influence of the viscosity of the material on the aspiration
response. The droplet is aspirated only partly and then allowed to creep further inside the

micropipette. The pressure difference is increased to 4 Pa within 2 s and then held constant for
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another 38 s, beyond which there were no significant changes and the simulation was stopped.
Figure 7(c) shows the aspiration length L, versus time ¢. The linker stiffness is fixed at n = 2/3,
while three different values of 7 are used (4, 2 and 1 s). The paths of the curves for all relaxation
times resemble typical creep behavior in aspiration tests on cells [35, 36]. At the time ¢ = 2s
after which the pressure is constant the aspiration length is about L, = 4.2 um in each case.
Thereafter, the droplets creep further inside the micropipette at different rates, depending on the
relaxation time 7. Specifically, for a shorter relaxation time the droplet creeps faster. For each

relaxation time the aspiration length approaches a steady state value of about 4.7 pm.

5 Summary and Concluding Remarks

In the present work we have proposed a general incompressible affine network model for which
filaments are distributed arbitrarily within an isotropic matrix. We have derived the associated
Cauchy stress tensor and applied it to a simple shear deformation. The contributions of the
filaments correctly reproduce the normal stress response of isotropically cross-linked actin net-
works obtained from rheological experiments [2]. By using scaling arguments to estimate the
material parameters we have obtained a stress—strain behavior comparable to that determined
from experimental results from actin-HMM networks. By using the same actin protein con-
centrations as for actin—HMM networks, stiffnesses can be lowered by using compliant linkers,
thus reflecting the softer response of actin—filamin networks. Within a finite element framework
incompressibility is enforced by using a penalty function in a compressible formulation of the
model and an expression for the elasticity tensor is provided. Viscoelastic effects are also in-

cluded in an additive way. Finite element calculations simulating micropipette aspiration have
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produced results similar to those obtained from cell experiments.

Continuum mechanics provides a very powerful framework within which to analyze the
multi-scale features of networks. It forms a basis for the solution of complex boundary-value
problems, based on finite element implementation, which are highly relevant to biomechanical
applications, in particular for solving problems of biomedical interest. We have provided both
the analytical and finite element regimes for applications of the model. The model can include
various levels of refinement such as the basic inclusion of cross-linking that we‘have discussed
here, or more sophisticated versions of the cross-linking contribution which will form the basis
of future work. A new feature is that we have illustrated the mechanical influence of the linker
stiffness on the overall mechanical behavior, and the model has also being able for the first
time analytically to predict the negative normal stress.effect in simple shear. The finite element
implementation of the new model has produced a new elasticity tensor which is an important
input for computational biomechanics. Itis.also straightforward to include viscoelastic effects,

which are crucial for the analysis.of F-actin networks.

Within the present study we have employed a number of assumptions that may lead to limi-
tations of the model. We now briefly review these assumptions and discuss their justifications.
The incompressible network model introduced in Section 2 and its extension in Section 3 is
based on five basic simplifications concerning the filaments: (i) they deform in an affine man-
ner; (i1) they have equal lengths between linker proteins (ii1) they have equal material properties;
(iv) they can only support tensile loads and are ineffective under compression; (v) there is no

mechanical coupling between any filaments connected through a linker.

The first assumption is justified for densely cross-linked networks [5], i.e. relatively high
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actin and linker concentrations, which is the focus of our analysis. The second and third as-
sumptions are acceptable if the number of filaments involved in an experiment is large enough
so that we may use their average behavior (homogenization). We are confident that these three
assumptions are legitimate because of the sizes of the volumes of the samples used in bulk
rheology. Since actin filaments are very thin compared with their lengths, compressive forces
will be barely noticeable, and thus the fourth assumption is justified. The last assumption has
been adopted because little is known about the interaction between two individual filaments

connected by a linker.

In Sections 2 and 3 we have used the additional simplification of isotropy although the
proposed model does not require this in general. Reconstituted actin networks have been shown
to possess isotropy [7]. Cells, however, are not in general isotropic. Future work should include
the determination of the anisotropic structure of living cells in terms of, for example, the angular
density p(M). The inextensible filament model limits the analysis to moderate levels of shear
strain, but the associated locking of the model may be overcome by using an extensible model,
as in the numerical example in Section 4. The analytical considerations in Section 2 have been
conducted for purely elastic materials including the effect of linkers that support axial loads.
However, cross-linked actin networks clearly exhibit viscous properties and these can be taken

into account by including viscous contributions such as those described in Section 3.

In conclusion, we are easily able to perform numerical studies in which only one param-
eter at a time is varied. In particular, different filament models are easily incorporated into a
nonlinear finite element program by changing the filament free-energy function w;,,. Hence,

the influence of phenomena known in cell mechanics may be studied in more detail using this
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model, and therefore may indicate the type of experimental data that would be useful for inter-

preting the results theoretically.

Appendix A

The inextensible filament model (36) is given in dimensionless form as

N L? a—1\°
f(A)nggBO=:(a_A) -1 (70)

We now extend it to the extensible case by following the references [14, 21, 22]. We introduce
the stretch modulus 1, and define the shorthand notation o = 7° By, /(49L*). Then the required

relationship is given in inverse and dimensionless form as

(1+2af )1+ af)/°

A=a(l+af) - (a—1). (71)
(1 + f* + Oéf*2>1/6
Defining the dimensionless free energy as
12
wi(A) = m—w(}) (72)
m°ro By

we obtain the first and second derivatives of w”(\) with respect to A as

w” = f*, (73)
w = ! (74)
aa5+< (1+2af*)? _a1+20¢f*_2a6) (1_,_—04]6*)1/5@_1)'
]-+f*+af*2 1+Oéf* 1+f*+05f*2

Both the first and second derivatives are required in a finite element implementation. By

taking o — (O we obtain, for the inextensible case,

o+1
1 )
S+ )

a—1 (75)
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In [21], where the notation S + 1 was used instead of ¢, and it was shown for the inextensible

case that for ) = 1 and § = 2 the following expressions hold

To L To L
I ﬂ_ng ) L 7T3/2Lp ) ( )

respectively, where L, is the persistence length. For a general 4 this can be generalized to

=1—-— 5 (77)
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Figure 1: The value of the stretch A given by (14) plotted in the (X,X5)-plane for v = 0.3,
where X, = sin© cos ®, X, = sin © sin . The horizontal black line corresponds to ® = 0
and A\ = 1, while the sloping line also corresponds to A = 1 but with ® = &, or & = &, + 7.

The plot is qualitatively the same for all values of © except for © = 0, in which case A = 1.
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Figure 2: Squared stretch A\? plotted as a function of the spherical angles © and ®, where
A1 > Ay > 1 and )\ are the principal stretches. The relevant integration domain lies above the

plane defined by \* = 1.
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Figure 3: The grey shaded areas are the integration domains for different deformation types:
(a) Ay > Ay > 1 with the particular values from Fig. 2; (b) equibiaxial extension or unconfined
compression (A\; = Ay > 1); (c) pure shear or simple shear in the (1,3)-plane (A, > 1 = \y);

(d) uniaxial extension (A\; > 1 with Ay = A3).
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Figure 4: Predictions of the model for simple shear with varying concentrations of actin-binding
proteins, cagp = 0.95, 0.475 and 0.238 pM: (a) normal stress 0,,; (b) shear stress o15; (¢) shear

modulus Jo, /0 versus amount of shear ~.
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Figure 5: Filament with linker: (a) filament compound consisting of a filament (blue, wavy
curve) and a linker (bold, green line) with end-to-end distances at zero force r( ¢ and r ., re-
spectively, and their total 77y. The deformed end-to-end distances are r; and r, with their total
r. The elongation is divided into filament elongation Ar; and linker elongation Ar.. The free
body diagram illustrates the equilibrium state f; = f.. (b) Filament compound in the reference

configuration oriented in space within a micro-sphere in the direction M.
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Figure 6: Predictions of the model for simple shear with constant concentrations of actin-

binding proteins and relative linker stiffnesses n = 1, 2/3, 1/3: (a) normal stress o4,; (b)

shear stress o,,; (¢) shear modulus do, /07y versus amount of shear .
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Figure 7: Micropipette aspiration of a droplet consisting of a cross-linked actin envelope and a
very soft inside: (a) geometry and boundary conditions of half the axisymmetric structure; (b)
aspiration length L, versus pressure difference Ap for relative linker stiffnesses, n = 1, 2/3,

1/3; (c) aspiration length L, versus time ¢ for relaxation times, 7 = 4, 2, 1s, for n = 2/3.
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