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ABSTRACT

This thesis deals with the challenging task of developing frameworks for pricing
convertible bonds. The theoretical foundation of the work presented here is arbitrage
pricing because it allows relative pricing. Based on the principle of relative pricing,
parameters of the model employed can be calibrated to market prices. Following this
principle, the configurations developed in this thesis aim in ensuring the correct
employment of the market implied (calibrated) parameters like risk free rate curves,
volatility term structures, spot FX and share prices, etc. The numerical technique
employed is the trinomial tree. An approach is presented for establishing the step dates
which must include the event dates (call, put, coupon dates, etc). The first
implementation is a single-dimension configuration with the stochastic stock returns.
This implementation is extended in order to allow capturing the effect of conditional
calls and puts, and resets, features that introduce path dependency in the model. The
proposed approach for dealing with these features is the calculation of the conditional
probabilities on the tree. Evaluation of the implementation of the single-dimension is
carried out in the form of spectrum analysis and scenario analysis. Scenario analysis
involves Monte Carlo simulations of portfolios consisting of hedged convertible bond
positions and calculation of the re-hedging error on the maturity date. The last part of
the thesis work is devoted to the development of a two-dimensional configuration for
dual currency convertible bonds with the second additional dimension involving the
stochastic returns of the exchange rate. The derived configuration with non-zero
correlation is not implemented because it imposes restrictions on the use of the market
parameters (specifically the term structures) and the definition of the step dates; hence it
is not coherent with the approach followed in the preceding work. The respective
configuration which assumes zero correlation is implemented instead and results are
presented in the form of spectrum analysis.
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PART A

CHAPTER 1

INTRODUCTION

A Convertible Bond is a hybrid financial instrument combining attributes of both
fixed-income securities and equity. In its simplest form, the owner of such a security
has a position in a bond, but he is also allowed to trade the bond for a position in
equities. However, since the convertible bond market has become more sophisticated,
instruments with a rich variety of embedded options and triggering conditions have

been presented in this category of hybrid financial securities.

The hybrid nature of the instruments in the convertible bonds market has been the
most significant contributor to the continually expanding market. The convertible
bonds dual nature offers to the investors an intermediate risk/return profile between
fixed income (straight bonds) and equities. The considerable gap in the risk/return
profiles between these two markets has been covered by the convertible bonds.
Consequently, the convertible bond market has come to meet the needs of a vast class
of investors who wanted more returns than those provided by the fixed income market,
but without the high risks involved in the equity market. In addition, users of hybrid
securities come from several groups since investors in convertible bonds are able to

participate both in the fixed-income markets and the equity markets.

Due to the tremendous complexity and diversity of hybrid instruments like convertible
securities, adequate analysis tools are crucial. Quantitative tools are especially
important in this market since most issues are not very liquid and it may be difficult to
establish an accurate market price. The need of convertible bond analysis tools, as well
as the polymorphic spectrum of computational requirements which constitute these

tools challenging and complicate, is proved by the presence and popularity of
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Chapter 1 Introduction

specialised software packages for pricing and analysing convertible bonds.
Convertible bond modelling is as much as a mathematical challenge as it is an
implementation challenge. A lot of processes which each carries a lot of
approximations and assumptions are involved. Correct transformation of these
approximations and assumptions, as well as a good level of understanding of their
effects is required in order to maintain consistency among the various processes

involved and perform meaningful calculations.

The work of this thesis is concentrated on implementing pricing frameworks for
convertible securities. As an underlying principle, the approach to the development of
the pricing frameworks is not to limit the description and calculations on just the
actual convertible values estimation, but to deal with issues like the source of the input
information and their method of extraction. These issues and methods are additional
factors to account for in the model derivations and implementation methods. It will
also provide uniformity and consistency of the developed frameworks in this thesis

with existing market standard methodologies.

Approaches that fell under the category of arbitrage pricing will be employed. Models
of this category follow the main assumption that there are no arbitrage opportunities in
the market. The main benefit from this assumption is that there is no requirement of
establishing or adopting the risk preferences of the investor. This constitutes the
models more flexible and broadly useful. Furthermore, they encourage the adaptation

and absorption of market information.

Trinomial trees methodology has been the employed numerical technique in this thesis
for pricing the instrument. Monte Carlo, even though it is employed for the scenario
simulations in this thesis, has not been used in this work for pricing the convertible
bond because of its limitations in pricing instruments with American style
optionalities, like the embedded equity option in the CB. The Finite Difference
methods technique is also an alternative to the trinomial trees, and is a very popular
and robust approach for pricing convertible bonds. However, the tree-based
methodologies were preferred because the conditional tree probabilities introduced in
this thesis is an extension of the trinomial tree.
2/188
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Chapter 1 Introduction

Furthermore, when contrast to binomial trees, trinomial trees provide some additional
features that are fully exploited in this work. The trinomial trees allow the definition of
the time step independently of the space step. It is necessary in both cases, in binomial
and trinomial trees, to have a fixed space step in order to obtain a recombining tree. If
the configuration is not a recombining tree, then the process can involve very few
steps. Hence, the recombining feature is very important for the work presented here. A
fixed space step results in a fixed time step for binomial trees, while in the case of
trinomial trees, a varying time step is still allowed without distorting the recombining
nature of the tree. This means that in the case of trinomial trees there is the provision
of two very important features not encountered in binomial trees, the freedom of
defining the step dates based on contractual conditions in the CB (coupon, call, put
and reset schedules), and the allowance of employing term structures (for the rate, the

stock volatility, the credit spread and the continuous dividend yield).

In the one dimensional trinomial tree framework, the stock return is the underlying
stochastic process. The framework is extended to include a second underlying
stochastic process, the returns of the exchange rate. Calculation of the CB price and
some of the sensitivities is carried out for both frameworks. The quality of the

calculated values is evaluated through spectrum analysis and scenario simulations.

The objective of this thesis it to provide unified convertible bond pricing frameworks
that are consistent with market prices of other liquid securities. The applicability of
these pricing frameworks is also a significant factor, and for this reason, the
limitations of the introduced pricing frameworks are identified in the concluding

chapter.
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Chapter 1 Introduction

1.1. Thesis Overview

This thesis consists of four distinct parts. It was decided to segment the thesis into four
parts because it was recognised that in this way there is significant improvement in the
presentation of the various approaches, implementations and methodologies. However,
the four parts are totally linked, and can not be considered separately or in isolation. In
other words, there is dependency between the various parts and each part continues

building based on material presented in its preceding chapters.

Part A

This is the introductory part of the thesis. Chapter 2 is devoted to the introduction of
the instrument under consideration, the convertible bond, and is entirely based on
material found in identified references. Terminology and contract information are
presented in this chapter. The convertible market is discussed and the range of
convertible securities is also outlined. The various convertible securities are
distinguished based on contract conditions depicting the conversion rights of the
investor and based on level and timing of cash flows (coupons and notional) during the
life of the convertible bond. In the last part of chapter 2, identification of the risk

factors to the issuer and investor is performed.

Chapter 3 presents the fundamental concepts of arbitrage pricing and relative pricing.
A major part of this chapter is devoted to the determination and extraction of the
discount function based on information from liquid instruments from both, the
Treasury market and the Swaps market as described in the relevant references. It is
worth noting that the methodology that will be followed in parts B and C of this thesis
will assume that the discount function has been derived based on information from the
swaps market and that cubic splines interpolation was employed during the curve
construction or wherever it was necessary to perform interpolation in the derived
pricing frameworks in the rest of the chapters. This chapter closes with a short
discussion on the extraction of other implied parameters from liquid instruments, like

the implied volatilities of Equity derivatives. Then, in chapter 4, the inputs to a
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Chapter 1 Introduction

convertible bond relative pricing frameworks are listed and related notation is

introduced.

Part B

The first chapter in part B, chapter 5, is used for outlining the method for establishing
the required step dates and, consequently, the values of various parameters at each
step, like the forward rates and volatilities. Then, in chapter 6, the analysis of a
trinomial tree implementation is performed, where the stochastic process underlies the
behaviour of the stock, like in the case of American option pricing. The structure of
the trinomial tree framework is presented and studied, and then extended to include
additional features which will enable us to deal successfully with contractual features

of the CB like, call, put and reset schedules.

The first calculation of the convertible bond price and sensitivities is carried out in
chapter 7. Based on the underlying stock process introduced in chapter 6, methods are
presented for accounting for conditional calls and puts, and for resets. Then, the
convertible bond price is calculated at each node on the tree. The sensitivities are
calculated by accounting for the value of the convertible bond at the tree nodes at the
first step, instead of recalculating the whole tree with shifted stock prices, except for

the case of Vega, where a shifted volatility structure is used.

The one dimensional trinomial tree framework used for pricing the CB, is evaluated in
chapter 8. A spectrum analysis is carried out for the value of the CB price and the
sensitivities against the stock price. Then, the performance evaluation is continued
based on scenario analysis where two basic scenarios are considered. In both
scenarios, a portfolio financed from a cash account consists of a position in CBs held
to maturity and the hedge of short positions in stock and warrants. In one scenario, the
bank account can not be affected during re-balancing, while in the other scenario it can

be affected.
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Chapter 1 Introduction

Part C

In chapter 9, the two-dimensional approach is presented, consisting of two underlying
stochastic processes, one for the stock and the other for the exchange rate. As it is
discussed in this chapter, when including the correlation between the two processes,
there is the limitation that the time step has to be defined based on the relationship of
the space steps of the two underlying processes. Furthermore, accounting for the
correlation does not allow the use of the term structures. These significant limitations
constitute the correlated two-dimensional framework inappropriate for the work of this
thesis; hence we concentrate on the uncorrelated two-dimensional framework. Chapter
10 presents the Backward Induction process involved in the two-dimensional
framework and then it continues with the analysis of the performance of the model

introduced.

Part D

This last part of the thesis concludes based on the work presented in the preceding
chapters. An overview of the results is carried out and recommendations are made for
future work and extension of the work of this thesis. The thesis contribution in the area
of pricing convertible bonds is summarised in this last chapter and the limitations of

the proposed pricing frameworks are identified.
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CHAPTER 2

INTRODUCING THE INSTRUMENT

J.J. Hill, the railroad magnate, is associated with the first convertible bond issue in
1881. As mentioned in reference [9], Hill needed to rise a secure long term financing
but, even though he was shut out from the traditional debt market, he was unwilling to
sell stock until his planned expansion had reaped financial rewards. He solved his
problem by issuing a convertible bond. Issuing convertibles is still today one very

common way for companies whose stocks are volatile to access the debt market.

By 1929, convertible debt issues made up nearly 40% of publicly issued debt.
However, they were virtually absent from the market during the years of the World
War II. Their présence strengthened later to become to what is a today, a continuously
growing $350 billion worldwide market. There are controversial opinions on the
factors affecting the popularity of convertible bonds. As argued in [9], there is some
evidence that the popularity of convertibles appears to be linked to rising equity
markets and high interest rates. However, past and even recent observations have
driven other analysts to conclude that factors that could increase the popularity of
convertibles are market uncertainty, slower growth and fears for recession (because
some investors consider convertibles as suitable instruments for developing defensive

strategies).

In a very expected manner, due to the convertible bond market tremendous growth
over the years, convertible bonds have come to be an asset class of their own. Trading
and underwriting activities, as well as product innovation, increased and are
continuously expanding. A number of varieties of convertible instruments have been
structured and trademarked by various investment banks. The structure of each
convertible bond serves a purpose and aims in satisfying specific customer

requirements. The most sophisticated convertible securities market is the US market.
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Chapter 2 Introducing the Instrument

Nevertheless, convertible securities with un-common and complex features can be

encountered in other markets.

2.1. Terminology

Before moving to the presentation of the most popular types of existent convertible
securities, it is suitable to introduce some of the basic terminology used in the

convertible market.

The par value or the face value of a convertible bond is what the investor is paid on
redemption at maturity. This is typically $1000 (or Im Yen in the Japanese market) for
coupon bonds and $25 or $50 for Convertible Preferred shares. The par value is also
used as the basis for calculating coupon and dividend payments and yields. The
maturity date of a convertible bond is the stated date on which all outstanding bonds

of an issue are redeemed and the contract between the issuer and the investor expires.

The coupon rate is the stated percentage of the par value that is paid to the investors
on the days the coupon is due. Typically coupons are paid semi-annually (Convertible

Preferred Shares have a stated dividend instead of a coupon).

The issue price is the price at which a convertible bond is sold by the issuer to the
investors on the date of issue. This price is usually equal to the par value of the bond.
For zero coupon bonds the issue price is a function of the time to maturity, accretion

rate and the compounding frequency.

An investor in a convertible bond can exchange the bond for a stated number of
common shares of the issuing company. The predetermined number of common shares
a bond converts into is called the Conversion Ratio.

Issue Price
Stock Price (1+ Premium)

Conversion Ratio = (Eq.1.1.1)

When an investor converts a convertible bond into common stock, a certain number of

shares are received in lieu of the par amount on the bond. The price per share of this
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Chapter 2 Introducing the Instrument

number of shares that the investor effectively pays is termed the Conversion Price or
the Strike.

Conversion Price (or Strike) = Par Yalue - (Eq.1.1.2)
Conversion Ratio

The market value of the number of common shares obtained by the conversion of a
convertible bond is called the Parity Value of the bond. This is also known as the
Equity Parity of the bond.

Parity Value = Market Price of Stock x Conversion Ratio (Eq.1.1.3)

Because of certain advantages of the convertible bonds over common stock holdings,
the convertible bonds trade at a premium over the value of an equivalent number of
common stock, i.e. parity. This is called the Premium over Parity of a convertible

bond.

Bond Price

—11x100 Eqg.1.1.4
Parity ] (Eq )

Premium over Parity =[

If the bond were not convertible into common stock, a convertible bond would trade
similar to an equivalent corporate bond. As such, the equivalent value for the
convertible bond, with no regards to the conversion feature, is known as the
Investment Value. A convertible bond typically never trades below this value. Also
known as the Bond Floor, it defines the downside protection for the investor. The
difference between the price of a convertible bond and its investment value is termed

as the Premium over Investment Value.

Often convertible bonds have call features, which provide the issuer a way to force
conversion at a stipulated price or redemption of the bonds. When the conversion
value of a convertible bond is higher than the call price, the issuer can issue a call
notice. But for the investors it could be advantageous to convert to stock. An investor
can convert a bond into stock and sell the stock immediately in the market at the
market price to receive the parity value rather than let the issuer redeem the bonds at
the call price, which would be lower than the parity value. Thus conversion is

enforced.
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Chapter 2 Introducing the Instrument

Call features, if present, reduce the value of a convertible bond to the investor. In order
to make a callable convertible bond more attractive to the investors, convertible bonds
come often with what are termed Call Protection Features. Convertible bonds with
associated call schedules come with a condition that the bonds may not be called for a
certain number of years. This period is called the Call Protection period. Longer call
protection periods extend the life of the conversion feature and thus increases their

value,

When a convertible bond is conditioned to be non-callable for a certain number of
years it is known as a Hard Call Protection or Absolute Call Protection. When a
convertible bond is conditioned to be callable provided that the underlying stock trades
in the market at a certain level for a predetermined number of days, it is known as a
Provisional or Soft Call Protection. In addition, call schedules are set with a call
notice period. Typically once the call notice is given, the investors have 30 days in

which to convert before the issuer redeems the bonds at the call price.

An investor who owns a convertible bond, which has a put feature, can redeem the
bond with the issuer at the predetermined put price, which is usually at a premium to
the par value of the bond. The investor is thus guaranteed to earn the yield to put. Thus

a put feature also provides a downside protection to the bondholder.

Another important feature encountered in some convertible bonds is the possibility of
a refix of the conversion price. This is also referred to as the reset of the strike and
must not be confused with the reset of the coupon. In this thesis, the terms refix and
reset will be both used for denoting the refix of the strike, unless otherwise stated.
Convertible refix bonds have been around for well over a decade, but arguably gained
a lot of attention with the issuance of as many as ten jumbo Japanese bank bonds
between 1995 and 1998. Faced with a worsening operating environment in the mid-
1990s and deteriorating capital ratios, Japanese banks were obliged to recapitalise
themselves. For this reason they turned to the convertible bond market and they
include the reset feature to their issues to sweeten the investors. As a result,
convertible bonds with resettable conversion prices have become fairly common in the
10/188
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Chapter 2

Introducing the Instrument

domestic Japanese convertible market and have more recently found limited

application in the Asian convertible universe.

Rather than having a fixed conversion price, as is the case for conventional
convertibles, these structures allow for an adjustment to that price, depending on the
performance of the underlying stock. The refix, in some cases, is both downward and
upward, but most commonly downward only. The effect of the downward reset to the
conversion price is to boost the conversion ratio — the number of shares received per
bond upon conversion, compensating for possible falls of the share price. The upward
reset has the opposite effect. So, an upward reset benefits the issuer and a downward
reset benefits the holder. There is always a floor to which a conversion price can reset

(and a cap for the upward reset case).

2.2. Convertible Instruments

As already mentioned, a number of varieties of convertible instruments have been
structured and trademarked by various investment banks. Depending upon various

factors, a convertible bond behaves in different ways.

If a convertible has a small premium over equity and a low coupon yield, it will be
more sensitive to the fluctuations in the equity market and will resemble the
underlying stock more closely. Such a convertible is considered to be an Equity
Alternative. On the other hand, a convertible with a high coupon rate and a large

premium over equity value will be more sensitive to the fluctuations in the interest

Implementing Arbitrage-Free Models
for Pricing Convertible Bonds
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Chapter 2 Introducing the Instrument

rates and moves in the fixed-income markets. Such a convertible is considered to be a
Fixed-income Alternative. A convertible bond with a moderate coupon rate priced at a
moderate premium over equity value will be sensitive to both the equity market moves
and interest rate fluctuations. Such a convertible bond can be said to be a true hybrid

instrument.

Zero Coupon Convertible Bonds as the name suggests have no periodic coupon
payments. However, the bonds are issued at a discount and they result to a payment
equal to the par value at maturity. Unlike zero coupon bonds, Original Issue Discount
Convertible Bonds pay a determined coupon. However, they are issued at a discount,
like zero coupon bonds, and are redeemed at par at maturity. Regular Coupon Paying
Convertible Bonds or Debentures have the simplest structure. They most resemble a
Corporate Debt. They have a specified coupon rate and a coupon frequency. They
have Call Protection periods and call notice periods associated with their call
schedules. They may also have put features and sinking fund provisions. Step-up
Convertible Bonds lie between OID Convertible Bonds and regular Coupon Paying
Convertible Bonds. The difference is that after a certain pre-determined period of time
in the life of the Convertible Bond, the coupon rate is adjusted to a higher rate. In the

case of a Step-down Convertible Bond, the adjustment is a downward one.

Perpetual Convertible Preferred Stock has no maturity date. It has a pre-determined
dividend rate either stated as a percentage of par or as a dollar value. It behaves more
or less like coupon paying convertible bond. Preferred Equity Redemption Cumulative
Stock PERCS has mandatory conversion to common stock. PERCS are also known as
capped convertibles because there is a cap on the upside potential. They are priced at
the market closing price of common stock on the date of issue and they convert into
one share of the common stock upon conversion subject to stock splits and stock
dividends. Dividend Enhanced Convertible Stocks DECS are convertible preferred
shares that can be converted into common stock at any time at a premium, at the
option of the investor. They include mandatory conversion at maturity. DECS are also
set to give a coupon at a quarterly frequency typically on the same date when common
dividend is paid. The conversion of DECS is a function of the price of the common
stock on maturity date.
12/188
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Chapter 2 Introducing the Instrument

There are several other convertible structures in the market brought out by various
investment banks. They are all designed to meet advantage of tax and accounting

needs and strategies of issuers.

2.3. Example of a Vanilla Convertible Bond specifications

To better comprehend the instrument, an example of a convertible bond is presented.
In this example, a Japanese convertible bond will be issued at the beginning of the
second month in the following year (February of 2005). Assume that the Face Value
of the convertible bond is 1 million Yen; the maturity date is the 31¥ of January 2015
(31/01/2015) and the convertible bond is redeemed at 100% of its face value. This 10-
year convertible bond also gives a semi-annual coupon of 0.5% of its face value. The

issued price of the convertible bond is set equal to 95% of its face value.

There are no other embedded calls or puts than the optionality provided to the investor
to convert the bond to equity of the issuer company. Any further features like resets,
refixs, compulsory or conditional conversion, are not included in the instrument. The
case of an instrument with these specifications will be referred to in this thesis as the

“YVanilla” Convertible Bond case.

The conversion ratio is determined based on equation (1.1.1). If the share price of the
issuer company on the convertible bond issue day is equal to 4502 Yen and the
company decides to include a premium for the optionality to convert equal to 5.5%,
then the conversion ratio is found to be equal to 200 shares.

Issue Price _ 95%x1mYen
Stock Price (1+ Premium) 4502 (1+5.5%)

Conversion Ratio = =200 (Eq.l.1.5)

Since the conversion ratio has been determined, the conversion price (or strike) can
also be determined from equation (1.1.2) as follows.

Par Value __ImYen

Conversion Price (or Strike) = = 5000Yen (Eq.1.1.6)

Conversion Ratio 200
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Chapter 2 Introducing the Instrument

All these determined parameters of the convertible bond will remain fixed up to the
expiration of the convertible bond. The investor will receive a 0.5% semi-annual
coupon while he holds the convertible bond, and at the same time he will have the
right to convert each paper of this convertible bond issue with face value of 1m Yen to
200 shares of the issuer company. If he does convert at any point in time during the
life of the convertible bond, it will be as if he is buying shares of the issuer company at
the price of 5000 Yen, regardless of the actual price of the share of the issuer
company. In such a case, he will no longer hold the convertible bond and he will have

to forfeit the remaining coupon payments and the principal value.

At any point of time during the life of the convertible bond, the parity value of the
convertible bond is determined by equation (1.1.3) replicated here.

Parity Value = Market Price of Stock X Conversion Ratio (Eq.1.1.7)

The traded value of the convertible bond in the market will always be equal or greater
than its parity since in any other case there would be arbitrage profit opportunities. In
other words, in the case that the convertible bond is traded under its parity value, an
investor may buy the convertible bond and convert it. Selling the shares in the market
will provide him with a profit since their overall value will be greater than the amount

he gave for buying the convertible bond.

Based on the same principle of no arbitrage opportunities, the convertible bond price
can not be below its Bond Floor, also known as the Investment Value of the
convertible bond. The Bond Floor is simply the sum of the discounted coupons and the
discounted principal received upon redemption. If the convertible bond is traded below
this floor value, then an investor may consider that he can lock into a position which
guarantees future cash flows (coupons and principle) cheaper than the market
conditions do determine. Again, this would provide an arbitrage opportunity, in this

case, for a Fixed Income investor.
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2.4. Identification of the Market Risk Factors

Based on the presentation of the features of the convertible bond market in the
previous section, we are now in position to identify the risk factors associated with this
instrument. In other words, we are in a position to identify the exposures of an investor
(or an issuer) who has a position, long or short, in convertible bonds. These are listed

as follows.

Interest Rate Exposure

Fluctuations of the interest rates in the market will have a direct effect on the value of
the convertible bond due to the fixed-income nature of the instrument. The most direct
effects would be on the Bond Floor value of the convertible bond since this is based on
discounted cash flows. The convertible bond could also be viewed as an interest-rate
derivative since the investor has the optionality to exchange (or “swap”) the
instrument for equity. In addition, this optionality offers to the investor a limited

downside protection with respect to the interest-rate exposure.

Equity Exposure

The future stock price evolution will add or deduct value from the convertible bond.
Actually, the market conception for the future probability distribution of the returns of
the underlying stock will be one of the most significant driving factors of the returns
on the convertible bond position, alongside with the actual realisations of the stock
price. In other words, the stock price and the implied volatility, a market parameter
that summarises in a way what we have referred to as the probability distribution
characteristics of the returns of the stock price, are significant sources of risk and have

a determinant role in pricing and hedging of a convertible bond position.

The fact that the instrument is primarily a fixed-income security offers a downside
protection with respect to the stock price performance and implied volatility

fluctuations. So the convertible bond can also be viewed as an equity derivative.
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Credit Exposure

As in every corporate fixed-income security, the credit spread of the issuer has a
significant role in the valuation of the security. Movements in the credit spread of the

issuer have a direct effect on the Bond Floor value of the convertible bond.

Currency Exposure

Some convertible bonds convert into stock that is denominated into a different
currency than the currency of issuance of the convertible bond. In such cases, the

conversion value is subjected to currency fluctuations.

Modelling Exposure

Each of the previously identified exposures has to be taken into account when pricing
a convertible bond. In addition, special features like calls and puts, conditional
conversion, and reset provisions for the strike, when included in the instrument
specifications, need to be accounted for in the pricing model. All these modelling
requirements constitute the convertible bond a very complex instrument to price. As it
was mentioned in the previous chapter, the need for adequate pricing and hedging
convertible bond models has resulted in the development of specialised software

products.
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CHAPTER 3

RELATIVE PRICING FRAMEWORKS

3.1. Relative Pricing

The various approaches in the theory of asset pricing can be categorised under two
main categories. These are equilibrium pricing and arbitrage pricing. The work
presented in this report employs approaches that fell under the category of arbitrage
pricing. In this section, before proceeding in the methods for extracting implied
structures used in arbitrage pricing, the difference between equilibrium and arbitrage

pricing is briefly discussed (material is based on references [4] and [6]).

Equilibrium pricing is directly borrowed from economic theory and is an attempt to
provide absolute pricing. This approach is based on the effort to explain prices and
returns on the financial markets by applying optimisation rules on the agents in the
economy. In a model of a general equilibrium type, the demand and supply sides of
the equilibrium are explicitly characterised in terms of optimised production and
consumption decisions. However, this approach requires very strong assumptions
about the economy, in particular, a definition of the risk preferences of the agents
(investors). In other words, this approach is based on placing restrictions on the
assumptions underlying the pricing method and the more restrictive these assumptions

are, the more precise the pricing is.

On the other hand, arbitrage pricing makes the main assumption that there are no

arbitrage opportunities in the market. In other words, it assumes that all the agents in

the market are greedy and act in such a way as to optimise their profit. This further

leads into an assumption that there is an arbitrage free equilibrium status in the market
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and whenever arbitrage opportunities appear these are eliminated by the agents in the

market that take advantage of them in an efficient fashion.

Arbitrage pricing provides relative pricing. Since in the arbitrage pricing framework
there is the main assumption that all the existing securities in the market are traded in
an arbitrage-free world, then non-liquid or new securities can be directly priced in

terms of a portfolio of other liquid securities whose prices are known.

3.2. Determination of the Discount Function

In a relative pricing framework it is desired to have methods of determining the zero-
coupon yield curve based on the information supplied by the market. In this section,
some of the most common methods for extracting the market discount function are
discussed. Even though in the associated work to this thesis, the discount factor curve
employed is based on the swap market, methods for extracting the curve from the
Treasury market are also presented. The methods which are based on the Treasury
market are included simply for completeness and for comparison, as well as for

justification of the choice for a swap market based curve.

3.2.1. Treasury Market

In reference [6], a direct method is shown for defining the zero-coupon rate curve
from the coupon bond market prices. To define n distinct zero-coupon rates, a
collection of n coupon (or zero-coupon) bonds is required. The usual case is to use
default-free coupon bonds, like the US Treasury bonds, because they provide
information about the risk-free structure of interest rates. Next, the n-dimensional

vector P, of coupon bond prices at time ¢ (where T denotes transposition) and the

nxn matrix F of cash flows (coupons and principal) corresponding to the n assets are

defined.

p=(p.p’,...P,.. PV (Eq.3.2.1)
F=(FD) i=12..,n, j=12,..,n (Eq.3.2.2)
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If the zero-coupon bond prices at time ¢ are represented by vector B,, then equation
(3.2.4) can be assumed to hold.

B, =(B(t,1,), B(t.1,)...., B(t,tj ). B (Eq. 3.2.3)

P=FB (Eq. 3.2.4)

Provided that the matrix F'is invertible (implying that there is no linear dependence in

the pay-off of the bonds), then the vector B, can be estimated based on equation

(3.2.5). Having extracted the implied zero-coupon bond values, the interest rates

R(t,t,—1) can be extracted from these prices based on equation (3.2.6).

B =F"-P (Eq. 3.2.5)

R(t,t, —=t)=———In[B(t,¢,)] (Eq. 3.2.6)

t,—1t
The direct approach presented above, even though it is simple and not computationally
intensive, comes with some difficulties. It requires distinct linearly independent bonds
with the same coupon dates, which is something difficult to achieve. In addition, this
technique is not robust with respect to the changes in the set of bonds used for

extracting the implied zero-coupon rates.

Due to the drawbacks of the direct approach, indirect methods have been developed.
These involved fitting the data to a pre-specified form of the zero-coupon yield curve.
Like in the direct method, a choice is made of n default free bonds whose prices define

the vector of equation (3.2.1) and their cash flows the matrix of equation (3.2.2).

However, in the case of the indirect method, the cash flows matrix Fs(j ) is defined for

atime s where s 2>7¢.

In reference [6], the general approach followed in the indirect methods is summarised

as follows. A specific form of the discount function B(t,s)= f(s—t; 8,) of the zero-

coupon rates R(t,s—t)= g(s—1; 8,) needs to be postulated, where B, and S, are the

vectors of parameters. In the first case, the function fis usually defined under the form

of a polynomial or exponential spline functional. For the case of the function g, this is

usually defined in such a way that the parameters in £, are easily interpretable.
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Defining the theoretical prices of the securities based on equation (3.2.7) for the case

of the discount function approach and based or equation (3.2.8) for the case of the

zero-coupon rates approach, the set of parameters f° is estimated through the

optimisation program defined by equation (3.2.9) so that the estimated prices best

approximate the actual observed market prices of the chosen securities.

P/ =>FVf(s-1;) (Eq. 3.2.7)
Al .
P: = ZFS(’)exp[— (s—t)g(s—t; B, )] (Eq. 3.2.8)
A 'NOUAY
B =arg min Z{P,’ ~ P J (Eq. 3.2.9)
Jj=l

In both of references [4] and [6], it is stated that these models suffer from the risk of
possible misspecification of the set of parameters of the vector £ used in the
definition of the zero-coupon yield curve. Even though the described approaches are
mathematically simple, the practical implementation of them needs to be performed in
a very delicate manner. The success of any of these approaches depends largely on the
suitability of the basis function chosen to describe the behaviour of the discount

function.

3.2.2. Swap Market

The above-discussed approaches were based on data obtained from the Treasury bond
market. Of special interest to the work presented in this report is the derivation of the
discount function from the swap market. Apart from the fact that the zero-coupon
yield curve based on the swap market is the reference for credit analysis, the swap-
market-based curve plays a key role in the pricing and hedging of derivative products.
A stochastic model for the dynamics of the zero-coupon yield curve is required when

pricing and hedging interest-rate derivatives or floating rate bonds.

Information on parameters, like the volatilities and the correlation matrix of the

discounting rates, used in such stochastic models are already available in the market
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through liquid instruments like caps and swaptions, which are derivatives on LIBOR

and swap rates.

In reference [48], in addition to the recognition of the above reasons, the author
extends the basis of the increased importance of the swap market to other factors and
effects like decreasing liquidity and efficiency of the government debt markets,
improved uniformity across the swap markets of different countries with respect to the
government debt markets, swap market features like increasing liquidity, with narrow

bid-ask spreads and wide spectrum of maturities, etc.

The most popular approach for extracting the zero-coupon curve involves combining
and bootstrapping observed market interest rates. Commonly, the curve is divided into
three term buckets, even though in some cases a fourth bucket is also included. The
four possible buckets are the following:

e The short end of the term structure is derived using interbank deposit rates like
LIBOR rates. This usually employs the overnight (O/N), the tomorrow/next
(T/N), 1 week (1WK), Ilmonth (1M), 2 months (2M) and 3 months (3M) rates.

o The middle area of the term structure is derived from futures (interest rate
futures contracts) or FRAs (forward rate agreements). This bucket will usually
cover the period up to 2 years.

e The long end of the term structure is based on swap rates that are derived from
the swap market. This part of the term structure covers the period from 2 years
to 10 years.

e The very long end of the term structure. It is also very common to extend the
previous part of the curve to cover the period up to 30 years. Equivalently,
some practitioners prefer referring to the period covering the part of the curve
from 10 to 30 years (in some cases even longer) as the very long end of the

curve.

The following table, named “Table T.3.1 Market Data —Currency GBP”, presents a
structure of market data that includes the rates corresponding to the buckets listed
above. These will form the basis for the calculations presented later as an example of

the construction of the discount factor swap curve.
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TABLE T.3.1
Market Data - Currency GBP
Close of Business 18 February 2003
Rate Type Tenor Label Rate RateT ype | Tenor Label Rate

LIBOR O/N 0.0328000] SWAP 2yt 0.03700
LIBOR T/N 0.0338000] SWAP 3yr 0.03880
LIBOR 1WK 0.0353375] SWAP dyr 0.04040
LIBOR 1™ 0.0369094] SWAP Syr 0.04170
LIBOR 2M 0.0369500] SWAP 6yr 0.04275
LIBOR 3M 0.0369375] SWAP 7yr 0.04365
FUTURE | 19-Mar-03 96.325 SWAP 8yr 0.04440
FUTURE 18-Jun-03 96.515 SWAP 9yr 0.04500
FUTURE | 17-Sep-03 96.545 SWAP 10yr 0.04550
FUTURE | 17-Dec-03 96.485 SWAP 12yr 0.04625
FUTURE | 17-Mar-04 96.360 SWAP 15yr 0.04680
FUTURE 16-Jun-04 96.215 SWAP 20yr 0.04700
FUTURE | 15-Sep-04 96.070 SWAP 25yr 0.04680
SWAP 30yr 0.04655

SWAP A0yr 0.04585

The calculation of the continuously zero-coupon compounded rates r, (z‘) for each of

the parts of the curve has its own methodology and is based on the completion of the
calculations in the previous parts of the curve. The parameter 7 represents the time to

maturity corresponding to the rate 7, (’r) and can be quoted into number of days, in
which case we use the notation 7,, or into number of years, in which case we use the

notation T,.

The Short End

For the short end of the curve the calculations are restricted into transforming the

deposit (cash) rates r, into continuously compounded rates based on the day count

convention followed. The number of days in a year based on the conversion followed

is denoted by ¢, . It could be the case that the input cash rates are expressed under a

d,y

conversion with ¢ and we want to follow a different convention with #, ,. In

d,y,cash

this way, we have two different times to maturities as number of years, 7, .,

corresponding to the initial convention that the input cash rates are expressed to, and
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7, that corresponds to the final convention 7, , that we want to follow in our

calculations.

The terms dfd’y,m,,(i) and df, (i) are also introduced and represent the discount

factors corresponding to the rates under each convention. It is also required to

introduce the forward discount factors, fdf, , .., (i) and fdf,, (i), and the forward
rates, fry y cash (i) and Jray (i), corresponding to each of the conventions. The forward

rates and discount factors notation have been introduced because most of the cash rates

are expressed as forward rates.

Equations (3.2.10) to (3.2.12) summarise the calculations for obtaining the discount
factor corresponding to each of the cash rates under the original year convention of the
cash rates. The parameters SD(i) and ED(i) correspond to the starting and ending date
of each cash rate, and CD corresponds to the calculations date. The parameter

dfcpspy) corresponds to the discount factor for the period extending from the

calculations date to the starting date of the cash rate.

_ ED(i)-SD(i)

t$D.ED cash i) = ——+———— (Eq.3.2.10)
td,y,cash
S 4y casn ()= ! (Eq.3.2.11)
e I+ 1, (i)XtSD,ED,cash (i)
dfd,y,cash (l) = dfCD,SD(i) X fdfd,y,cash (l) (Eq32 1 2)

The results from the calculations carried out when applied the three above equations to

the cash rates of the example are included in table (T.3.2).

TABLE T.3.2

Rate| Rate | Tenor Forward Rate | Start Date | End Date [ Time
i | Type | Label Rate (Yes/No) SD ED Period fdf df
1 |LIBOR |[O/N 0.0328000 18/02/2003| 19/02/2003| 0.002740( 0.999910| 0.999910
2 |LIBOR|T/N 0.0338000 Forward 19/02/2003| 20/02/2003} 0.002740{ 0.999907| 0.999818
3 |LIBOR{1WK | 0.0353375 Forward 20/02/2003( 27/02/2003| 0.019178] 0.999323] 0.999140
4 |LIBOR 1M 0.0369094 Forward 20/02/2003| 22/03/2003| 0.082192| 0.996976| 0.996794
5 |LIBOR |2M 0.0369500 Forward 20/02/2003} 21/04/2003| 0.164384| 0.993983| 0.993781
6 |LIBOR |3M 0.0369375 Forward 20/02/2003 21/05/2003| 0.246575| 0.990974| 0.990794
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Next, the resultant discount factors must be transformed to continuous rates under the

desired final year conversion. These calculations are summarised in the following

equations.
dfd,y,cash(i):dfd,y(i) (Eq3213)
n EDli)-CD
tep.ppli)= L (Eq.3.2.14)
tay
df ,(i)= e Wtermli) (Eq.3.2.15)

The continuous rates for 7, =fcp gp ({) where ie[1,6], can be calculated based on

equation (3.2.16):

g

(r,)= f’c(i)=—M (Eq.3.2.16)

Icp.ED (1)

The final continuous annual rates of the example are included in table (3.3) and are
obtained by applying the resultant figures of table (3.2) into equations (3.2.13) to
(3.2.16). The assumption was made throughout the calculations corresponding to
tables (3.2) and (3.3), that both, the input cash rates and the required final conversion

to be followed, depict the use of the values ¢, .., =1, , =365.

TABLE T.3.3
‘Rate| Original Original Calculations| End Date | Time to Maturity Continuous
i Rate Type | Tenor Label Date CD ED (ED-CD)/tdy df Annualised Rate rc
1 LIBOR O/N 18/02/2003 | 19/02/2003 0.002740 0.999910 0.032799
2 LIBOR TN 18/02/2003 | 20/02/2003 0.005479 0.999818 0.033298
3 LIBOR 1WK 18/02/2003 | 27/02/2003 0.024658 0.999140 0.034875
4 LIBOR 1M 18/02/2003 | 22/03/2003 0.087671 0.996794 0.036631
5 LIBOR 2M 18/02/2003 | 21/04/2003 0.169863 0.993781 0.036724
6 LIBOR 3M 18/02/2003 | 21/05/2003 0.252055 0.990794 0.036695

At this point, the calculations of the continual annual rates based on the LIBOR
forward rates have been completed. However, in order to proceed to the calculation of
the rates of the middle area, another two rates need to be calculated, the rate for the
zero tenor and the rate that corresponds to the starting date of the first future. The zero-
tenor rate is needed so that we can define rates for the maturities between zero and 1
day by interpolating. The second rate is needed in order to calculate the discount factor

for the starting date of the first future.
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The preferred interpolation technique in the work associated with this thesis was the
piecewise cubic spline interpolation, which will be the default technique for
interpolating on any structure, especially the risk-free rates term structures. It is
desired to apply the same interpolation technique on the risk-free rate structure when
running a pricing model as the technique used when the term structure was actually
being developed. In this case, the term structure is developed by employing piecewise
cubic spline interpolation. If it is desired to maintain consistency, then the same
technique must be used later on in the pricing models when interpolation is required

on the input risk-free rates term structure.

The results from applying the cubic spline interpolation technique on a set of data with

n observation sets, is a group of (n—l) sets of the parameters (A,-,B,.,C,.,D,-). Each set
corresponds to an equation of the form shown in (3.2.17) below and represents the
cubic polynomial §; (Ty) connecting the points of the structure (z'_Y (i)r, (l)) and
(T). (i+1), r, (i +1)). If it is required to obtain the corresponding rate r. for a maturity
7,, and 7, lies in the interval (z'y (i),ry (i+1)), then equation (3.2.17) will return the
desired result (i.e. r. =, (Ty)). Appendix II offers more details on the piecewise cubic
spline interpolation technique.

S,(z,)= A +B.(r, -7,()}+C/lz, - 7,()} + D, (¢, -7, (i) (Eq.3.2.17)

After applying cubic spline interpolation on the resultant short end of the zero-coupon
risk-free rate term structure of table (3.3), the sets of parameters of the cubic

polynomials corresponding to this structure were obtained. These are included in table

(3.4).

Implementing Arbitrage-Free Models
Jor Pricing Convertible Bonds

TABLE T.3.4
Polynomial | Rate |
i to i+1 A B C D
1 1->2| 0.032799] 0.188714| 0.000000| -830.077594
2 2->3] 0.033298( 0.170022|-6.822556] 116.992286
3 3->4| 0.034875]| 0.037424}-0.091493| -0.953852
4 4 -> 51 0.036631| 0.014531]-0.271810 1.323024
5 5-> 6| 0.036724| -0.003337| 0.054415| -0.220684
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In order to demonstrate the use of these polynomials, interpolation was carried out by
employing the polynomials and the corresponding rates for 400 tenor values in the

range [0.002740, 0.251955] were calculated. The graph of these 400 tenor points and

the resultant rates are included in graph (3.1).

Figure (F.3.1) Zef;-Coupon rates for the Short End
Without the Zero-Tenor rate and based on 400 points
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Even though the polynomial equations corresponding to the parameters of table
(T.3.4) are supposed to be used only for interpolating, in the case of the zero tenor rate
we deviate from this rule and use the first polynomial for performing extrapolation.

Entering a tenor value 7, equal to zero into the polynomial equation with i =1, the

returned tenor value is 0.032299. The zero-tenor rate is included into the short-end

zero coupon rates as shown in table (3.5).

TABLE T.3.5
Rate| Original Original Calculations| End Date | Time to Maturity Continuous
i | Rate Type| Tenor Label Date CD ED (ED-CD)/tdy df Annualised Rate rc
0 DUMMY | Zero Tenor | 18/02/2003 |18/02/2003 0.000000 1.000000 0.032299
1 LIBOR O/IN 18/02/2003 | 19/02/2003 0.002740 0.999910 0.032799
2 LIBOR T/N 18/02/2003 | 20/02/20083 0.005479 0.999818 0.033298
3 LIBOR 1WK 18/02/2003 | 27/02/2003 0.024658 0.999140 0.034875
4 LIBOR M 18/02/2003 | 22/03/2003 0.087671 0.996794 0.036631
5 LIBOR 2M 18/02/2003 | 21/04/20083 0.169863 0.993781 0.036724
6 LIBOR 3M 18/02/2003 | 21/05/2003 0.252055 0.990794 0.036695

The same procedure is followed as before and a new set of polynomials is established

based on the tenor values and continuous rates of table (3.5). The new set of

polynomials is presented in table (3.6).

Implementing Arbitrage-Free Models
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TABLE T.3.6
Polynomial | Rate |
i to i+1 A B Cc D
0 0->1| 0.032299{ 0.180899] 0.000000| 211.012274
1 1->2] 0.032799( 0.185651| 1.734347]-1055.061371
2 2->3| 0.033298| 0.171396]-6.937390| 119.243966
3 3->4| 0.034875| 0.036878|-0.076778 -1.049864
4 4 ->5| 0.036631| 0.014696(-0.275246 1.340442
5 5-> 6| 0.036724|-0.003384| 0.055274 -0.224168

A set of rates corresponding to 400 tenor values in the range [0.0,0.251955] is
calculated based on these polynomials and are presented in graphical form in figure
(3.2). As it can be observed, the only difference with the graph of figure (3.1) is that
we have included rates in the tenor range [0.0, 0.002740]. In other words, with the
inclusion of the dummy zero-tenor zero-coupon rate, we are able to interpolate for and

calculate the continuous rates for the small additional tenor range [0.0 , 0.002740].

Figure (F.3.2) Zero-Coupon rates for the Short End
With the Zero-Tenor rate and based on 400 points
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The starting date of the first future which is shown in table (3.7), is the 19" of March,

2003. We will denote the time to maturity corresponding to this date as 7, g, and

is equal t0 T, ¢pnpms = 0.079452. This maturity period (tenor) is within the tenors

corresponding to the third and fourth rates obtained for the short end of the structure.

Hence, the corresponding rate to the tenor 7, =0.079452 can be calculated by
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employing the third polynomial. Employing equation (3.2.17) with i =3, the resultant
rate is rc(T_v = 0.079452):0.036493 and we denote this rate as 7, ., - From this
rate and tenor values, the discount factor for the tenor which covers the period up to
the starting date of the first future can be calculated and is found as shown in the

following equation.

deDﬁlmres = CXP(— rc,SDfurures x T_\‘,SDfurures ): exp(_ 0'079452 x 003 6493) = 09971 05

The equations governing the calculations of the continuous rates ie[7,13]
corresponding to the futures prices are presented next with the resultant values shown

in the last column of table (3.7). The futures prices are denoted as Vﬁ”(i) and

correspond to the prices included in the third column of table (3.1).

_ED(i)-5D(i)

tSD,ED,Future (l)_ (Eq32 18)
td,y,Future
N 1
fdfd,y,Furure (l) - 100— me (l) . (Eq3219)
1 + T x tSD,ED,Fumre (l)
d 3 i = d (tires x d y,ruture i i = 7
fd,_\,Future(.) fSDﬂ . ffd,',Fr ( ) ' . (Eq3220)
dfd,)'.Fumre (l) =dfep.sp (l - I)X fdfd,_\‘.Furure (l) le [&1 3]
dfd,y,Future (l): dfd,y(i) (Eq3221)
ED{)-CD
te 5 (z)=L (Eq.3.2.22)
td,y
df, (i) = e " teow®) (Eq.3.2.23)

The assumption regarding the conversion on the number of days per year to be 365 has

been made for the case of the futures. So, it holds that ¢, .. =, , =365. From the

next equation, we can calculate the continuous rates for 7, =t¢, wpli) where

ie[7,13]:
3o Inldra, ()
'"c(fy)=rc(l)=—$ (Eq.3.2.24)
tep,enli)
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TABLE T.3.7

Rate| Rate Tenor Future Starting Ending Time Time to maturity Continuous

i Type Lable | Price F(i) Date Date Period fdf df (ED - CD)Ady | Annualised Rate rc
7 |FUTURE]19-Mar-03| 96.325 | 19/03/2003| 18/06/2003]0.2493|0.990921]0.988052 0.328767 0.036561

8 |FUTURE{ 18-Jun-03| 96.515 | 18/06/2003| 17/09/2003]0.2493]0.991386}0.979541 0.578082 0.035758

9 |FUTURE] 17-Sep-03| 96.545 | 17/09/2003|17/12/2003]10.2493|0.991460|0.9711786 0.827397 0.035349

10 |FUTURE] 17-Dec-03| 96.485 | 17/12/2003] 17/03/2004{ 0.24930.991313( 0.962739 1.076712 0.035268

11 |FUTURE] 17-Mar-04| 96.360 | 17/03/2004] 16/06/2004]0.2493} 0.991007|0.954080 1.326027 0.035450

12 |FUTURE]| 16-Jun-04| 96.215 | 16/06/2004 | 15/09/2004|0.2493] 0.990652{ 0.945161 1.575342 0.035802

13 |FUTURE| 15-Sep-04| 96.070 | 15/09/2004] 15/12/2004 0.2493] 0.990297] 0.935990 1.824658 0.036253

It should be noted that in the above calculations an error has been introduced because
the convexity adjustment required when the forward rates are calculated based on the
futures rates, has not been accounted for. Interest rate futures have zero convexity
since their payoff is fixed per basis point change regardless of the level of the
underlying interest rates. However, the convexity nature of instruments like Forward
Rate Agreements (FRAs) and swaps means that a long position in FRAs and/or swaps
and a short position in futures has a net positive convexity. This positive bias in favour
of the short sellers of futures contracts has to be removed from the futures rates in
order to derive an unbiased estimator of the equivalent forward rates. The convexity
bias is of the magnitude of one to basis points for maturities around a year and
increases with term to maturity. For the purposes of this thesis, this error due to the
futures bias is allowed and no additional adjustments are made to the continuous rates

resulted from the futures prices.

The next step involves performing cubic spline interpolation on the sets of rates and
tenors that correspond to the medium area of the term structure - the two last columns
of table (3.7) - plus the last pair of values (tenor and continuous rate) of the short end.
The resultant polynomials parameters based on the cubic splines technique are

summarised in table (3.8).

TABLE T.38
Rateito
Polynomial i i+1 A B C D
6 6 ->7 | 0.036695|-0.001507| 0.000000[ -0.0405549
7 7->8 | 0.036561]-0.002223| -0.009333| 0.0214020
8 8->9 | 0.035758]-0.002886| 0.006674|-0.0067036
9 9->10 | 0.035349]-0.000808| 0.001660| 0.0010752
10 10 -> 11| 0.035268| 0.000220| 0.002465|-0.0016833
11 11 -> 12| 0.035450} 0.001135| 0.001206| -0.0004000
12 12 -> 13| 0.035802}| 0.001662| 0.000906|-0.0012120
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The long end and the very long end

Based on table (3.8), the continuous rate corresponding to 1 year from the calculation

date is rc(ry :1):0.035265, and is found by applying the 1 year tenor to the

polynomial with index number 9. This rate will correspond to the first coupon of the 2

year swap.

The next step would be to calculate the zero-coupon rates for the long end which
covers the period up to maturities of 10 years. These rates are calculated based on the
bootstrapping method which is described later on. However, because these
calculations are also performed for the very long end of the curve, we choose to
calculate together the zero-coupon rates for the two last parts of the curve. The only
difference in the calculations for the two last parts of the curve is the fact that
interpolation has to be carried out on the coupon rates of the very long end in order to

obtain the missing annual swap maturities.

The cubic splines technique is applied to the swap coupon-rates of table (T.3.1). The
results from the cubic spline process applied on the swap rates table is shown in table
(T.3.9) below. The swap rates obtained for the missing years based on the resultant
polynomials from the cubic splines application of table (T.3.9) are included in table
(T.3.10). The set of polynomials corresponding to the swap coupon-rates is a different

and independent set to the set of polynomials derived previously for the zero-rates.

TABLE T.3.9
Coupon-Rate| Rate | Tenor| Swap |Polynomial| Swap Rate
Index k Type | Label| Rate m k to k+1 A B C D
1 SWAP| 2yr |0.037000 1 1->2 |0.0387000] 0.001836| 0.000000( -0.000036
2 SWAP| 3yr |0.038800 2 2->3 |0.038800| 0.001728|-0.000109( -0.000019
3 SWAP| 4yr |0.040400 3 3->4 10.040400| 0.001454]-0.000165| 0.000011
4 SWAP| 5yr |0.041700 4 4->5 |[0.041700| 0.001158|-0.000131| 0.000024
5 SWAP| 6yr |0.042750 5 5->6 |0.042750| 0.000966|-0.000061 | -0.000005
6 SWAP| 7yr |0.043650 6 6->7 |[0.043650] 0.000829|-0.000077| -0.000002
7 SWAP| 8yr |0.044400 7 7->8 [0.044400| 0.000670(-0.000082| 0.000013
8 SWAP| 9yr |0.045000 8 8->9 |0.045000| 0.000543]-0.000044| 0.000001
9 SWAP | 10yr | 0.045500 9 9->10 ]0.045500{ 0.000458|-0.000040]|-0.000001
10 SWAP | 12yr | 0.046250 10 10-> 11 | 0.046250| 0.000289/-0.000045| 0.000003
11 SWAP| 15yr | 0.046800 11 11 ->12 }0.046800| 0.000107|-0.000016] 0.000001
12 SWAP| 20yr | 0.047000 12 12 -> 13 | 0.047000| -0.000014| -0.000008| 0.000001
13 SWAP | 25yr | 0.046800 13 13 -> 14 | 0.046800{ -0.000050] 0.000001| 0.000000
14 SWAP | 30yr | 0.046550 14 14 -> 15 | 0.046550( -0.000055( -0.000002| 0.000000
15 SWAP | 40yr | 0.045850
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TABLE T1.3.10

Tenor Swap Tenor Swap Tenor Swap
Label | Coupon Rate| Label | Coupon Rate| Label [ Coupon Rate
11yr 0.045917 22yr 0.046943 32yr 0.046431
13yr 0.046497 23yr 0.046900 33yr 0.046366
14yr 0.046674 24yr 0.046851 3dyr 0.046298
16yr 0.046891 26yr 0.046751 35yr 0.046227
17yr 0.046954 27yr 0.046703 36yr 0.046154
18yr 0.046991 28yr 0.046654 37yr 0.046080
19yr 0.047005 29yr 0.046603 38yr 0.046004
21yr 0.046978 31yr 0.046492 39yr 0.045927

The initial swap coupon-rates and the additional swap coupon-rates calculated based
on the last application of the cubic splines interpolation technique are presented
graphically as a complete set — covering all annual maturities from 2 years to 40 years

—in figure (3.3).

Figure (F.3.3) Swap coupon-rates
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For a coupon paying swap, the quoted swap rate corresponds to the annual coupon
value c. This is summarised by the following equation:

¢ = quoted swap rateX Notional (Eq.3.2.25)
The parameter m will be used for representing the annual coupon frequency, in other
words, the number of coupons per year. The total number of remaining coupon

payments is denoted by M and is given by M = I_TT,y ><mJ, where 7; , represents the
time to maturity of the swap in number of years and the operator |_0J represents the
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rounding down to the first integer value. The equation relating the swap information

presented here is as follows:

M-1
100 = { ZEXe_r"r’ ]+(N0tional + £] Xe T (Eq.3.2.26)

am m

Solving for the rate #, the equation will look as follows:

M—lc rr
100—| Y = xe
=t
fp =——>XIn

I (Notional + C]
m

(Eq.3.2.27)

Based on the last equation, the rate r. can be calculated if all the rates corresponding

to the coupon rates (apart the last one which coincides with the maturity) are known.
This leads to the employment of the bootstrapping technique. The current calculations
example can be used to demonstrate this technique. In this example, the swap rates
correspond to coupon swaps with a coupon frequency equal to one and a notional of
100. This results in simplifying equation (3.2.27) in the form of equation (3.2.28) for

the 2 year swap. The rate r,,,, was calculated by interpolating on data of the middle

area of the term structure, which was calculated based on the Futures input data.

Hence, the rate r.

-2y Can now be calculated from equation (3.2.28), where c,,,

corresponds to the coupon of the 2 year coupon swap.

rz‘, t yrrl ¥r

1 100—c,,, xe"
rc,Zyr =- xIn
75, (100+c,,,)

(Eq.3.2.28)

Having calculated the 7, ,,, rate, the rate r.;,, can now be calculated based on the

T and the r, ,,, rates, as shown by equation (3.2.29).

clyr 2y
ety Tiyr e 2y T2y
1 100—c;3,, Xe " —cy, Xe P
Foay =——XIn d il (Eq.3.2.29)
3yr (1 00+ C3yr )
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Having calculated the r.,,, rate, the rate r,,,, can now be calculated based on the

J3yr Ayr

and the r, 5, rates, as shown by equation (3.2.30).

rc,lyr ’ rc,2yr ,3yr

_ RUATIT “leoawbay ey iy
1 | 100—-c,,, Xe Cqyp X € Cqyy K€
I'C’4yr - X n

T4yr (100+c4yr)

(Eq.3.2.30)

The same process continues until all the continuous rates are obtained up to the rate
corresponding to the longest dated swap. This process is called bootstrapping. For the

outlined example, the resultant rates from bootstrapping are included in table (T.3.11).

TABLE T.3.11
Continuous Continuous Continuous Continuous
Tenor . Tenor . Tenor . Tenor .
annualised rate rc annualised rate rc annualised rate rc annualised rate rc

2yr 0.036352 12yr 0.045935 22yr 0.046434 32yr 0.045344
3yr 0.038148 13yr 0.046200 23yr 0.046336 33yr 0.045205
4yr 0.039766 14yr 0.046383 24yr 0.046230 34yr 0.045058
byr 0.041096 15yr 0.046504 25yr 0.046123 35yr 0.044904
Byr 0.042184 16yr 0.046585 26yr 0.046019 36yr 0.044744
7yr 0.043130 17yr 0.046631 27yr 0.045917 37yr 0.044578
8yr 0.043928 18yr 0.046645 28yr 0.045814 38yr 0.044406
Oyr 0.044572 19yr 0.046628 29yr 0.045708 39yr 0.044231
10yr 0.045114 20yr 0.046585 30yr 0.045595 40yr 0.044053
11yr 0.045571 21yr 0.046519 31yr 0.045474

Final Annualised Continuous Rates Curve

Graph in figure (F.3.4) presents the final annualised continuous rates term structure
which combines the short end, the middle area and the long and very-long end parts of

the curve obtained in the previous calculations.

Figure (F.3.4) The zero-coupon rates curve ‘
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The resultant structure of the curve does not seem to have the shape of any of the
common yield curve shapes like the following:

(1) For a normal yield curve the long-term rates are greater than short-term
rates, so the curve has a positive slope. In other words, for a normal yield curve, the
term spread, which is the difference between rates on the longer maturity and rates on
the shorter maturity, is positive.

(i1) For a flat yield curve the yield for all the maturities is essentially the same
and the term spread is roughly zero.

(ii1) For an inverted yield curve the long-term rates are smaller than short-term

rates, so the curve has a negative slope and a negative term spread.

Figure (F.3.5) The zero-coupon rates curve
Zoomed for tenors 0 to 3 years
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Figure (F.3.5) includes a zooming of the final curve into the lower than three years
tenors. As it can be observed from both figures (F.3.4) and (F.3.5), the final curve has
characteristics of two common yield curve types, the normal and the inverted types of
yield curves. For the maturities up to a bit more than one year, the curve seems to be
an inverted yield curve and then becomes a normal curve since it has a positive slope
for the maturities beyond one year up to around 18 years. Beyond the maturities of 18

years, the curve takes once more the shape of an inverted yield curve.
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A similar shape of yield curve as the final yield curve calculated in this section is
discussed in reference [50]. In that case, an inverted Treasury yield curve (negative
term spread) was observed for a given period while the Swaps based curve had a
positive overall term spread, presenting however features similar to the final curve
presented here (inverted in the lower and middle area of the curve and with longer
maturities preserving the positive term spread). The author explains that the failure of
the swap curve to totally invert following the inversion of the Treasury curve might be
explained by the fact that risky yield curves, like the swap curve, are more closely tied
to firm behaviour and invert less often. The author extends his explanation with the
argument that, in an inverted Treasury market, private firms will tend to issue more
longer-term debt in the place of shorter-term debt, and the resultant supply will result

in upward yield curve slope.

The Discount Factors Curve

The zero-coupon annualised continuous rates curve can equivalently be expressed as a
discount factor curve. The relationship between the discount factors and the rates has
already been presented previously in this section, like in equation (3.2.23). This is
repeated here in equation (3.2.31). Figure (F.3.6) includes the graph of the resultant

discount function for the calculations carried out in this section.

df, (i)= e (>0) (Eq.3.2.31)
) Figure (F.3.6) The Discount Factors Curve -
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Employing the Final Yield Curve in the following chapters

The graphical form of the final continuous rate curve is presented in figure (3.4) and
the graphical form of the discount factors curve is included in figure (3.6) above. In
table (3.12) below, the tenors and the respective annualised continuous rates (denoted
as “rc”) and discount factors (denoted as “df”), are set along side the indexing for the

tenor points.

TABLE T.3.12

Rate | Tenor Rate | Tenor Rate | Tenor Rate | Tenor

Index i (years) Raterc| df Index i] (years) Raterc|  df Index i} (years) Rate rc|  df Index i (years) Raterc|  df
0 0.0000 {0.0323|1.0000] 14 |} 1.5753 |0.0358)0.9452] 28 |[14.0000]0.0464| 0.5224| 42 [28.0000|0.0458]0.2773
1 0.0027 |0.0328]0.9999] 15 | 1.8247 |0.0363]|0.9360] 29 |15.0000)0.0465| 0.4978| 43 [29.0000|0.0457|0.2657
2 0.0055 |0.0333]0.9998] 16 | 2.0000 |0.0364]|0.9299] 30 |16.0000|0.0466| 0.4746| 44 [30.0000|0.0456(0.2547
3 0.0247 |0.0349/0.9991| 17 | 3.0000 |0.0381|0.8919} 31 [17.0000|0.0466)0.4526| 45 |31.0000|0.0455|0.2442
4 0.0795 | 0.0365|0.9971| 18 | 4.0000 |0.0398|0.85629] 32 |18.0000|0.0466| 0.4319| 46 |32.0000/0.0453)0.2343
5 0.0877 |0.0366]0.9968] 19 | 5.0000 }0.0411]0.8143] 33 |19.0000|0.0466] 0.4123] 47 [33.0000]0.0452} 0.2250
6 0.1699 |0.0367{0.9938] 20 | 6.0000 [|0.0422]0.7764] 34 |20.0000|0.0466| 0.3939| 48 |34.0000|0.0451|0.2161
7 0.2521 |0.036710.9908] 21 | 7.0000 |0.0431|0.7394] 35 |21.0000/0.0465]| 0.3765] 49 |35.0000]0.0449]0.2077
8 0.3288 |0.0366|0.9881| 22 | 8.0000 |0.0439{0.7037] 36 (22.0000|0.0464|0.3600] 50 |36.0000|0.0447|0.1997
9 0.5781 |0.0358|0.9795] 23 | 9.0000 |0.0446{0.6696] 37 |23.0000}0.0463| 0.3445] 51 |37.0000|0.0446]0.1922
10 | 0.8274 |0.0353|0.9712] 24 |10.0000/0.0451|0.6369] 38 |24.0000|0.0462]|0.3297} 52 |38.0000}0.0444]0.1850
11 | 1.0000 |0.0353|0.9653] 25 |11.0000/0.0456]|0.6058] 39 |25.0000/0.0461]0.3157] 53 |39.0000]/0.0442]|0.1782
12 | 1.0767 |0.0353|0.9627} 26 |12.0000]/0.0459]|0.5762] 40 |26.0000(0.0460] 0.3023| 54 [40.0000|0.0441|0.1717
13 | 1.3260 ]0.0354|0.9541] 27 |13.0000]0.0462]0.5485] 41 |27.0000] 0.0459] 0.2895

The final curve calculated in this section was used in the simulations of the convertible
bond pricing frameworks presented in the chapters to be followed. This curve is
referred to as the curve in the Bond currency curve or the Domestic currency and is

one of the market based inputs to the pricing models.

In the calculations of the following chapter, the required tenors do not coincide with
the tenor points of the final curve. Consequently, interpolation has to be carried out in
order to obtain the continuous rates corresponding to the tenors encountered in the
calculations. As previously discussed, in order to maintain consistency, the default
interpolation technique in the pricing models is the cubic splines, the same used here
for deriving the final curve. Since the same curve and the same interpolation technique
are employed throughout the thesis, the resultant polynomials for the Bond currency
curve used here are the polynomials used throughout the thesis for performing
interpolation for the interest rate in the Bond currency. Table (3.13) includes the
parameters of the resultant polynomials and the two tenor points defining the periods

that each polynomial covers.
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TABLE T7.3.13
Polyno| Rate i Polyno| Ratei Polyno| Rate i
mial i | toi+1 A B C D miali | toi+1 A B C D mial i | toi+1 A B C D
0 0-»1 10.0323| 0.1809| 0.0000) 211.0108] 18 |18->19]0.0398] 0.0014]5.5E-06]-0.0001] 36 [36->37|0.0464|-0.0001|-7E-06| 9E-07,
1 1->2 | 0.0328| 0.1857| 1.7343|-1055.0538] 19 |19-»20{0.0411| 0.0012] -0.0002| 4E-05] 37 |37->38}0.0463]-0.0001|-4E-06] 1E-08,
2 2->3 | 0.0333| 0.1714|-6.9373 119.2412] 20 |20->2110.0422| 0.0010| -4E-05| -1E-05| 38 |38-»39/0.0462]-0.0001]-9E-07| 1E-06
3 3->4 10.0349| 0.0369}-0.0769 -1.0475] 21 | 21->22]0.0431] 0.0009] -0.0001| -2E-08] 39 [39-»40]|0.0461]-0.0001| 2E-06|-4E-07
4 4->5 10.0365] 0.0190]-0.2491 -1.2082) 22 |22-»23]0.0438) 0.0007] -0.0001| 1E-05] 40 |40-»41|0.0460|-0.0001| 1E-06(-5E-07
5 5->6 |0.0366] 0.0147|-0.2789 1.3873] 23 |23->24]0.0446] 0.0006| -4E-05| 1E-06] 41 |41->42}0.0459]-0.0001|-3E-07|-5E-07
6 6->7 |0.0367|-0.0030| 0.0632 -0.3703| 24 |24-»25]0.0451| 0.0006| -4E-05| -2E-06] 42 |42->43|0.0458|-0.0001|-2E-06|-5E-07
7 7->8 10.0367]-0.0002| -0.0281 0.0976] 25 |25->26/0.0486| 0.0004| -5E-05| -2E-068] 43 ]43->44|0.0457{-0.0001] -3E-08|-5E-07|
8 8->9 | 0.0366| -0.0028| -0.0056 0.0151] 26 [26->27[0.0459] 0.0003] -0.0001| 3E-06] 44 |44->45|0.0456] -0.0001{ -5E-06] 8E-08
9 9->10 | 0.0358| -0.0027| 0.0057 -0.0049] 27 |27->28|0.0462| 0.0002} -4E-05| 4E-068] 45 |[45-»46|0.0455]-0.0001]-5E-06| 9E-08|
10 }10->11(0.0353|-0.0008( 0.0020 0.0002] 28 (28->29)0.0464] 0.0001| -3E-05| 4E-06] 46 |46->47|0.0453|-0.0001|-4E-06| 1E-07|
11 | 11->12]0.0353]-0.0001] 0.0021 0.0025] 29 |29--30|0.0465| 0.0001| -2E-05| 4E-07] 47 |47->48]|0.0452[-0.0001|-4E-06| 1E-07
12 |12->13]0.0353] 0.0002| 0.0026 -0.0025] 30 [30->31}0.0466| 0.0001| -2E-05} 4E-07} 48 |48--49{0.0451(-0.0002| -4E-06| 1E-07,
13 | 13->14]0.0354| 0.0011| 0.0008 0.0022] 31 |[31->32|0.0466| 3E-05| -2E-05| 6E-07| 49 |49--50|0.0449(-0.0002(-3E-06[ 1E-07|
14 |14->15]0.0358| 0.0019] 0.0024 -0.0107} 32 |32->33[0.0466| -2E-06 -1E-05] 6E-07] 50 [50->51|0.0447|-0.0002|-3E-06| 1E-07|
15 |15->16|0.0363| 0.0011{-0.0056 0.0150f 33 |33-»34|0.0466] -3E-05| -1E-05| 6E-07| 51 |51-»520.0446(-0.0002(-2E-06| 2E-07|
16 |16->17]0.0364| 0.0005| 0.0023 -0.0010] 34 }[34->35|0.0466(-0.0001| -1E-05| B8E-07] 52 |52->53)0.0444]-0.0002|-2E-06| 4E-08
17 _|17->18] 0.0381| 0.0021] -0.0007 0.0002] 35 |35->36]|0.0465| -0.0001| -9E-06f 9E-07] 53 |53->54|0.0442|-0.0002] -2E-06| 6E-07

To demonstrate the performance of the interpolation approach, the rates were obtained

for

1000 tenor values which were equally space in the tenor range [0.0 , 40] based on

the resultant polynomials included in the above table. Figure (3.7) includes the graph

of the resultant continuous rates and figure (3.8) includes the graph of the respective

discount factors. The polynomials were also used for calculating the rates for 1000

tenor values which were equally space in the tenor range [0.0 , 3] and the results are

presented in figure (3.9).

Figure (F.3.7) The zero-coupon rates curve (1000 points)
e
o
]
o
w
3
[+
3
£
=
O
(&
0.034 e —-
0.032 ‘ |
0 5 10 15 20 25 30 35 40
Tenor (Time to maturity in number of years)
Figure (F.3.8) The discount factors curve (1000 points)
. |
]
1]
]
[
‘E
]
-]
Q
a
(=]
0 5 10 15 20 25 30 35 40
Tenor (Time to maturity in number of years)
37/188
Implementing Arbitrage-Free Models COF, Imperial College

for Pricing Convertible Bonds Michalis Simillis, 2004



Chapter 3

Relative Pricing Frameworks

'ﬁgure (F.3.9) The ze ro-é@bn rates curve up to 3years (1000 points')A

0.038 1

A R

!

o 4 =4 4
Q Q Q =]
(%] (6] (9%

A [53] (=] ~

Continuous rate rc

0.033

v v! AAE LT T

4
0.032
0

0.5

i

15
Tenor (Time to maturity in number of years)

2

The tenor-points obtained based on the polynomials demonstrate that the cubic splines

interpolation technique performs well in the case of the utilised zero-coupon rates

curve and meets the requirements of the work of this thesis. As already mentioned, any

tenor points required for the needs of the simulations and calculations in the following

chapters are obtained based on the same polynomials.

The curve in the Equity (Foreign) currency

For the pricing of Dual currency convertibles, the zero-coupon rates curve in the

Equity (Foreign) currency is required as well. Table (3.14) includes the securities used

for determining the zero-coupon rates curve in the Foreign Currency.

Implementing Arbitrage-Free Models
Jor Pricing Convertible Bonds

TABLE T.3.14
Market Data - Equity (Foreign) Currency
Close of Business 18 February 2003
Rate 'T‘ype Tenor Label Rate RateType Tenor Label | Rate

XIBOR O/N 0.0340000] SWAP 2yr 0.04430
XIBOR T/N 0.0350000] SWAP 3yr 0.04510
XIBOR 1WK 0.0365375] SWAP 4yr 0.04580
XIBOR 1M 0.0381094] SWAP 5yr 0.04640
XIBOR 2M 0.0392500] SWAP Byr 0.04695
XIBOR 3M 0.0400000f] SWAP 7yr 0.04750
FUTURE | 19-Mar-03 95.885 SWAP Byr 0.04800
FUTURE 18-Jun-03 95.750 SWAP 9yr 0.04845
FUTURE | 17-Sep-03 95.670 SWAP 10yr 0.04880
FUTURE | 17-Dec-03 95.600 SWAP 12yr 0.04940
FUTURE | 17-Mar-04 95.580 SWAP 15yr 0.04990
FUTURE 16-Jun-04 95.525 SWAP 20yr 0.05040
FUTURE | 15-Sep-04 95.500 SWAP 25yr 0.05070
SWAP 30yr 0.05085

SWAP 40yr 0.05100
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The decision was made to introduce a dummy currency instead of using an actual one
in order to introduce some generalisation and abstractness in the framework. For the
case of the introduced currency, the cash rates are denoted as XIBOR so that the
parallelism to the LIBOR rates is more indicative. In exactly the same fashion as the
derivation of the continuous rates for the Bond (domestic) currency, the zero-coupon
continuous rates for the Equity currency were derived and are presented below in table

(3.15), as well as in the graph of figure (3.10).

TABLE T.3.15
Rate | Tenor Rate | Tenor Rate | Tenor Rate | Tenor
index | (years) |"&% | < ndex | (years) |Fate 1| df Index j| (years) Raterc| df Index || (vears) |F2tere| df

0.0000 | 0.0335|1.0000|] 14 | 1.5753 |0.0428|09348] 28 {14.0000|0.0492| 0.5025| 42 [28.0000|0.0504|0.2442
0.0027 | 0.0340|0.9999| 15 | 1.8247 |0.0431/0.9244] 29 |15.0000(0.0493| 047741 43 |29.0000]0.0504|0.2320
0.0055 |0.0345|0.9998| 16 | 2.0000 |0.0434|0.9169] 30 |16.0000/0.0494]0.4535| 44 [30.0000|0.0504(0.2204
0.0247 [0.0361]0.9991| 17 | 3.0000 |0.0442|0.8759] 31 |[17.0000/0.0495]| 0.4308| 45 |{31.0000|0.05040.2095
0.0795 | 0.0377|0.9970] 18 | 4.0000 |0.0449|0.8357| 32 |[18.0000(0.0497( 0.4091| 46 |32.0000|0.0504]0.1991
0.0877 (0.0378/0.9967f 19 | 5.0000 [0.0455/0.7966] 33 |19.0000}0.0498]|0.3884] 47 |33.0000]/0.0505/0.1892
0.1699 (0.0390|0.9934} 20 | 6.0000 |0.0461]0.7586] 34 |20.0000]0.0499| 0.3688] 48 |34.0000]0.0505]/0.1797
0.2521 (0.0397|0.9900] 21 7.0000 10.0466]0.7215 35 |21.0000]/0.0500| 0.3502) 49 |35.0000|0.0505]0.1708
0.3288 (0.040110.9869] 22 | 8.0000 {0.0472]0.6856] 36 |22.0000]|0.0500]0.3325] 50 [36.0000]/0.0505]0.1623
0.5781 ]10.0411]0.9765] 23 | 9.0000 |0.0477]06511] 37 |[23.0000|0.0501|0.3158| 51 |37.0000]0.0505]0.1542
10 10.8274 {0.041710.9661| 24 [10.0000]/0.0481|06184] 38 |24.0000]0.0502|0.2999] 52 |38.0000{0.0505|0.1466
1 1.0000 |0.0420{0.9589] 25 |[11.0000(0.0484]0.5871| 39 |25.0000/0.0502]0.2848| 53 |39.0000]0.0505(0.1393
12 | 1.0767 |0.0422]0.9556] 26 |12.0000]0.0487]05572] 40 |26.0000(0.0503| 0.2705| 54 |40.0000]0.0506]0.1323
13 ]1.326010.0425]0.9452] 27 |13.0000]0.0490{0.5290] 41 ]27.0000{0.0503] 0.2570

DONODOHRWN—=O

Figure (F.3.10) The zero-coupon continuous rates curve
in the Equity (Foreign) currency
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The resultant curve can be characterised as a normal curve, i.e. the tenor spread is

positive and the slope of the curve is positive as well. Like in the case of the Bond
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currency, cubic splines interpolation is performed on the resultant curve in order to
obtain the values of the rates at the tenor points required in the calculations and
simulations in the following chapters. The resultant polynomials when the cubic

splines technique is employed on the Equity currency rates curve are included in the

following table.
TABLE T.3.16
Polyno| Rate Polyno[ Rate | Polyno| Rate |
mial j | toj+1 A B C D mialj | toj+1 A B C D mial j | toj+1 A B C D
0 0->1 10.0323]| 0.1808| 0.0000] 211.0108] 18 [18->19]0.0398| 0.0014( 5.5E-06}-0.0001] 36 [36->37[ 0.0464[-0.0001[-7E-06] 9E-07
1 1->2 {0.0328| 0.1857] 1.7343|-1055.0538] 19 |19->20]/0.0411]| 0.0012| -0.0002| 4E-05] 37 |37->38|0.0463|-0.0001|-4E-06| 1E-06
2 2->3 |0.0333| 0.1714/-6.9373] 119.2412] 20 |20->21]0.0422| 0.0010{ -4E-05| -1E-05} 38 |38->39|0.0462}-0.0001]-9E-07] 1E-06
3 3->4 |0.0349] 0.0369|-0.0769 -1.0475] 21 |21->22]0.0431] 0.0008| -0.0001| -2E-06} 33 |39->40]0.0461|-0.0001| 2E-08]-4E-07
4 4->5 10.0365] 0.0190]-0.2491 -1.2082] 22 [22->23|0.0439) 0.0007| -0.0001| 1E-05] 40 |40->41|0.0460|-0.0001| 1E-06]-5€-07
5 5->6 |0.0366| 0.0147]-0.2789 1.3873] 23 |[23->24|0.0446] 0.0006| -4E-05| 1E-06] 41 |41->42]|0.0459|-0.0001|-3E-07|-5E-07|
8 6->7 {0.0367|-0.0030| 0.0632 -0.3703] 24 |24->25]0.0451| 0.0005] -4E-05{ -2E-08] 42 |42->43|0.0458]-0.0001|-2E-06]-5E-07
7 7->8 | 0.0367|-0.0002] -0.0281 0.0976] 25 |[25->26]0.0456] 0.0004| -5E-05| -2E-06] 43 |43->44|0.0457|-0.0001|-3E-06]-5E-07
8 8->9 |0.0366|-0.0028] -0.0056 0.0161F 26 |[26->27|0.0459] 0.0003| -0.0001} 3E-06] 44 [44->45|0.0456|-0.0001|-5E-06| 8E-08
9 g9->10 | 0.0358]-0.0027| 0.0057 -0.0049] 27 |27->28|0.0462| 0.0002| -4E-05| 4E-08] 45 |45-»46|0.0455|-0.0001|-5E-06| 9E-08
10 | 10->11]0.0353] -0.0008| 0.0020 0.0002] 28 |28->29|0.0464] 0.0001| -3E-05{ 4E-06] 46 |46-»47|0.0453|-0.0001|-4E-08| 1E-07
11 11->12[ 0.0353] -0.0001} 0.0021 0.0025] 29 |29->30)0.0465| 0.0001| -2E-05| 4E-07] 47 |47->48)0.0452}-0.0001]-4E-06] 1E-07
12 |12->13}0.0353| 0.0002] 0.0026 -0.0025] 30 |30-»31|0.0466| 0.0001] -2E-05| 4E-07] 48 |48->49]0.0451}-0.0002] -4E-08{ 1E-07
13 |13->14]0.0354| 0.0011| 0.0008 0.0022] 31 |[31->32|0.0466| 3E-05| -2E-05| S5E-07f 49 |49->50|0.0449|-0.0002|-3E-08| 1E-07
14 |14->15]0.0358] 0.0019| 0.0024 -0.0107}) 32 |32->33|0.0466] -2E-06] -1E-05| SE-07] 50 |50->51|0.0447(-0.0002|-3£-08| 1E-07,
15 |15->16]0.0363] 0.0011|-0.0056 0.0150] 33 |33->34/0.0466| -3E-05| -1E-05| 6E-07| 51 |51->52|0.0446(-0.0002|-2E-06] 2E-07|
16 |16->17|0.0364} 0.0005| 0.0023 -0.0010] 34 134->35/0.0466|-0.0001| -1E-05] 8E-07] 52 |52->53|0.0444|-0.0002|-2E-06| 4E-08
17 }17->18]0.0381] 0.0021{-0.0007 0.0002] 35 |35->36|0.0465}-0.0001| -9E-06] 9E-07] 53 |53->54]0.0442]-0.0002}-2E-06| 6E-07

Concluding Remarks for Yield Curves Construction

The construction of the discount factor term structure in this section, has demonstrated
in a detailed and practical manner the nature of the assumptions and approximations
that usually depict such procedures. There is a considerable number of different
versions for these procedures in the practitioners world, some more delicate and
sophisticated, some other more simplistic and with less assumptions. For example, in
reference [6], the derivation of a zero-coupon yield curve from swap prices is
summarised into three main steps: turning the raw data into equivalent zero-coupon
rates, writing zero-coupon rates in terms of B-spline functions, and fitting that function
through an Ordinary-Least-Squares (OLS) method. The last part of this approach is

considerably different from the overall approach followed in this section.

The aim of this section was not to present the best or the most popular approach to
curve construction. On the contrary, the objective was to demonstrate the importance
of having knowledge of the origins and the procedures involved in the extraction of
market quantities necessary for the pricing models, with all the assumptions and

approximations these procedures introduce. Nevertheless, a technique was chosen that
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returns smooth and well-fitted to market data (prices of securities used for deriving the
curves) zero-coupon continuous rates curves. In addition, the polynomials used for
interpolating on the Bond and Equity currency rates were also derived and their usage

was demonstrated.

3.3. Implied Volatilities in Equity Derivatives

Assuming that the underlying stock follows a geometric Brownian motion process in a
risk-neutral world as the process described by equation (3.4.1), then equations (3.4.2)
and (3.4.3) provide the closed form solution introduced by Black and Scholes for
pricing European call and put options. The options on the stock with a price § have a

strike K and maturity 7', and are priced for time 7 based on a risk free rate r,, and
volatility o, (the standard deviation of the logarithmic returns). The resultant prices

correspond to atenor 7 =7 —¢.

ds, =(r., —q)s,dt+5,0,,d, (Eq.3.4.1)
C(S,1)=Se ™ IN(d,)- Ke """ N (d,) (Eq.3.4.2)
P(S.1)= Ke"""IN(-d,)- Se""IN(-d,) (Eq.3.4.3)
1 X l 2
N(x)=—e [e 2’ Eq.3.4.4
— £ (Eq )
log( j+(r —-q+— O',T)(T—t)
d = (Eq.3.4.5)
l o-z,T vT -
o %+ a3, j(r—r)
d, = =d, -0, Tt (Eq.3.4.6)
o, NT —t

It has been observed that when the historical volatility is used in these formulas, the
obtained options prices, as a rule, do not reflect the actual option prices traded in the
market. This is even true for liquid options; hence there is a discrepancy between the
Black-Scholes framework and the actual market. To overcome this problem, the

market participants have adopted a different approach; they calculate the implied
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volatilities of the options based on respective traded prices. The volatility parameter in
the above equations becomes another way of expressing a traded quantity, the option

price, through a transformation depicted by the Black-Scholes equation.

In the options markets, the participants use the term “smile” as reference to the
dependency of the implied volatility from a Black-Scholes option model, to the strike
price of the option. The general form of a smile, which actually looks more like a
“smirk”, is presented in figure (3.11). It can be observed that the volatility used to
price a low strike option is significantly higher than that used to price a high-strike-
price option. In other words, the volatility decreases as the strike price increases. In
addition to a volatility smile, traders use a volatility term structure when pricing
options. This means that the volatility used in pricing depends on the maturity of the
option. Combining the smiles with the term structures, traders create a volatility matrix
for each security, which is based on the strike price and the time to maturity. In other
words, the one dimension of a volatility matrix is strike price and the other is time to

maturity, and the resultant graph in this case is the volatility surface.

Implied
Volatility

»
»

Strike price

Figure 3.11 Volatility smile implied by equity options

Summarising, it is obvious that the market has its own view on the volatilities for
pricing options. What is more important is that the market views on volatility are
different from the actual volatilities of the securities. On the contrary, market decision
on the volatilities values are more affected by factors like moneyness (how much out
of the money or how much in the money an option is) and time to maturity (time

horizon).
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3.4. Implied Volatilities in Currency Options

Consider the following:

r’ The risk free rate of the domestic currency.
rf The risk free rate of the foreign currency.
X, The exchange rate for translating units in the foreign currency into units in the

domestic currency.

o,

The standard deviation of the log-normal returns of the exchange rate X,.
Assuming that the exchange rate follows a geometric Brownian motion process similar
to that assumed for the stock in the previous section, then, in a risk-neutral world this

process is described by the following equation.

dX, = (r,D - r,F)X, dt+ X, o, dw, (Eq.3.5.1)

The call and put options priced based on equations (3.5.2) and (3.5.3) are options on
an exchange rate with a current value E and have a strike K and maturity 7. They

D
r

are priced for time ¢ based on a domestic risk free rate r, .,

. . F
a foreign risk free rate r,;
and volatility &, ,. The resultant prices correspond to a tenor 7 =7 —¢ . The function

N(e) has already been defined in equation (3.4.4).

C(x,t)=Xe """ IN(d, )= Ke " T IN(d,) (Eq.3.5.2)
P(X,1)=Ke """ IN(=d,)- Xe T TIN(-q) (Eq.3.5.3)
1og(.’lgj N (rg e lon ](T ~1)
d = (Eq.3.5.4)
o, NT —t

log(}z] + (rg — rfT - %O‘,Z,T )(T -~ t)

d, = =d -0, NT 1 (Eq.3.5.5)
o, NI —1 ‘
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If the forward exchange rate is introduced and defined as shown in equation (3.5.6),
then, equations (3.5.2) to (3.5.3) can be re-written as shown in equations (3.5.7) to

(3.5.10).

E,T - Xe("r?l"’rfl‘ )"(T—f) (Eq356)
c(x.t)=e" " F  x N(d,) - KxN(d,)] (Eq.3.5.7)
P(X,1)=e " KxN(~d,)~ F,; x N(~d,)] (Eq.3.5.8)

F
log[——"r ) + l0',2T (T 1)
d = K 2
! o, NT —t

F,
i log( kT)—O'fT(T— t)

d,= =d, —0, T -1 (Eq.3.5.10)

(Eq.3.5.9)

Like in the case of stock options, the market convention depicts the construction and
employment of volatility smiles. However, the smile in the case of currency options
looks more like a “smile” as shown in the following figure, in contrast to the “smirk”
more-like type of volatility structure of the stock options. Combining the smiles with
volatility term structures like in the case of stock options, traders can create a volatility

matrix for each exchange rate, which is based on the strike price and the time to

maturity.
4
Implied
Volatility
Strike price
Figure 3.12 Volatility smile implied by currency options
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CHAPTER 4

INPUTS TO THE CB PRICING FRAMEWORKS

In the following chapters there will be presented two mainly CB pricing frameworks,
the one-dimensional and the two-dimensional configurations. However, for both cases,
the required inputs are the same to some extent. So, in this chapter, we take the
opportunity to define these inputs and set the respective notation that will be followed
throughout the thesis. The inputs to the CB pricing framework are identified into two
sources, the inputs based on the convertible bond contract description and the inputs
based on market information. The two sections of this chapter are each devoted to the

presentation of one source of input information.

Dates and Time parameters

Before proceeding to defining the input parameters, some general comments are
included on the conversions followed in the notation of the dates and time parameters.
Subscripts will always be used for indexing purposes, while superscript will always be

used for adding information to the parameter, unless it is stated otherwise.

In the simulations, all actual dates are represented and input as a number of days since

the end of the 19" century (Microsoft Excel format) and parameters of the form ¢ are
reserved for actual dates of this format. The choice was made to follow the Microsoft
Excel format for representing dates, which is a number of type double, because all

simulations were performed in DLLs called in a VBA code in Microsoft Excel (inputs
and outputs were in Microsoft Excel spreadsheets). So, a value of the form ¢“ =1

corresponds to the 1% of January, 1900, while a parameter of the form % =37622
corresponds to the 1% of January, 2003.
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The parameter ¢ with no superscript always represents time in number of years, while

the parameter r? always represents time in number of days, both fand ? with
reference to a specified date. For the purposes of this thesis, the default referenced date

is the calculations date which means that both, =0 and t9=0 , correspond to the

a,CD

Calculations Date, which is denoted as ¢ . The parameter 7 is reserved for

representing time to maturity in number of years, while 79  represents time to

maturity in number of days.

4.1. Inputs based on the CB Contract Description

Like every instrument, a convertible bond has some fixed contract information. The
terminology around the convertible bond was presented in chapter 2. Here, the
standard notation followed in this thesis for the contract information is presented,

alongside with its interpretation.

a,lD

The life duration of the instrument is depicted by its Issue Date t and its Expiring

date 1P

, also referred to as the Maturity Date. The Calculations Date must satisfy
the following condition. In other words, we can only carry out the calculations for

dates lying between the issue date and the expiration date of the instrument.

1P <P < tEP (Eq.4.1.1)

The Redemption Value, denoted as PR and the Face Value, also referred to as the
Notional and denoted as P, are not necessarily equal, which is true for some

instruments. Equation (4.1.2) must always hold, where R denotes the Conversion

Ratio, and K denotes the Strike.
PF =R®xK (Eq.4.1.2)
The no conversion period which is represented by the variable "¢ s g
parameter expressed as a number of days. This is the period prior the maturity of the
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convertible bond, during which no conversion to equity can take place. This is a very

common and standard contract feature of convertible bonds and the following equation

gives us the last date “*'“°"” that conversion can take place.
ta,LastConv — ta,ED _ td,NoConv (Eq413)
td,N()C(mv
a,ID ta,CD ta,LastConv a,ED

Figure (4.1)
No Conversion Period

Coupons Schedule

The coupons are always expressed in terms of an annual coupon rate, denoted as
r" . and a coupon frequency, denoted as g“”". The coupon frequency defines the

number of coupon payments per year, while the coupon annual rate defines the total
coupon cash flow per year as a percentage of the Notional (Face Value). In addition,
the coupon dates will either be established with reference to the maturity date and with

the last coupon date coinciding with the maturity date, or with respect to the first

a,FirstCpn

coupon date, which is denoted as ¢ . Based on this information, the coupons

structure can be established. The coupons structure with ng,, distinct coupon dates is

represented by the matrix C" e R which is made of two fields, the date’s field

a,Cpn {‘a,Cpn } Cpn _ {qCP” } i
t = ViZo2..n0p -1 and the cash values ¢ = 20,02,y ! to be received as

coupons on the respective dates.

Cpn Cpn Cpn Cpn Cpn Cpn
qO ql EEEEEIEEN q[ q[-{»—l L LR L] q”(‘p -2 an -1
" V2
| I I
a,Cpn a,Cpn a,Cpn a,Cpn a,Cpn a,Cpn
) f L Lify b2 L
a,lD ta,CD ta,ED
Figure (4.2)
The Coupon Schedule
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For the purposes of the work presented in this thesis, it was decided to define the

coupon dates and cash flows based on the first coupon date. So, the first coupon date

1" is set equal to the respective contract based input parameter if this input

parameter satisfies the condition that it is equal or greater than the issue date of the

convertible bond. Then, the rest of the coupon dates, starting with the second coupon
date #“"", are calculated by adding to the previous date the time interval between the

coupon dates (this is equal to the number of days in one year divided by the coupon
frequency). This action is repeated until we have reached the expiration date of the
convertible bond, since no coupon date can be greater than the expiration date. The
coupon cash flows are then calculated based on the face amount. The calculations are

summarized in the following three equations. Division by 100 in equation (4.1.6) is

n

required only in the case that the coupon rate " is quoted as a percentage.

tg,Cpn — ta,Firsthn 2 ta‘ID (Eq.4.1.4)
o g NumDastferYear ,1<i<ng,
g (Eq.4.1.5)
t.g,Cpn Sta,ED
c rern F
ton  __ ~ <i
& T 100x g xPT, 1si<ng, (Eq.4.1.6)

For each coupon date greater than the calculations date, the time parameters are

calculated based on equations (4.1.7) to (4.1.10).

{0 P 0<i<n,, (Eq.4.1.7)
td,Cpn
£ = i 2P 0<i<ny, (Eq.4.1.8)
NumDaysPerYear
T = D g e > P 0<i<n,, (Eq.4.1.9)
Td,C[m
T = i 2P 0<i<ng, (Eq.4.1.10)
NumDaysPerYear
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Call Schedule

A call schedule with n. distinct call periods is represented by the matrix
C e R*" which is made of six fields (columns):
(1) The call values field v™ =<5, , |},

(2) The starting dates field ¢ ={2¢s 1

i=0,1,2,....nps—1

(3) The ending dates field ("5 = {065 }

i=0,1,2,...,np5-1

(4) The triggers (conditions) field ¢ = {Cli%,l,l,...,nm—l}'

(5) The grace periods (in number of days) field w"® = {Wfl:’ocf,z,___,,,m -1}-

(6) The field with the additional flags for the conditions XCS = {ycs ”nm_,}.

i=0,1,2,..

For the purposes of this thesis, the default type of calls is the American type since
European type of calls are a more simplistic case and can be easily dealt within a

framework already supporting American type of calls. An American type of call with a

call value v,-CS is consider to be active (valid) during the period starting from the date

123 to the date 1P

i

, which in most cases is just the day before the next call date

a,C§ cs

;" . In other words, a call value v;” is consider to be active for the period

FI,CS,SD S ta < th,CS,SD

a,ED
tl

4" Usually, the last call is active for the period t:(ff;s‘) <<t

and, in this way, its active period ends just before the maturity of the instrument, i.e.

a,CS,ED _ ,a,ED _
f nes—1 t 1.
cs cs cs cs Cs cs
Co G ¢ Citi nes =2 nes =1
CS CcS cs cS CS [\
Yo Vi Vi Visl nes —2 Vs -1
[ 3 aman > - [TEE D > »
[ I | | ! |
[ I | | [ |
ta,CS,SD ttl,CS,SD tu,CS,SD ta,CS,SD a,CS,85D a,CS,5D
0 1 i i+l nes—2 neg—1
,CD s
a,lD ta ta ED
Figure (4.3)
The Conditional Call Schedule
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The following relationships hold.

.CS.SD o, goulD l‘:(’,SCEiED < (ED (Eq.4.1.11)
(rED aCSED gy (Eq.4.1.12)
S0 s g E << (Eq.4.1.13)

For each starting and ending call date greater than the calculations date, i.e.

,CS,ED > ta,CD

a,CS,SD a,CD
15D > ¢

and respectively, the time parameters are calculated

based on the following equations.

5,50 t,d,CS,SD ta,CS,SD _ ta,CD
£C5-SD i =i Eq4.1.14
' NumDaysPerYear ~NumDaysPerYear (Eq )
d,CS,8D a,ED a,CS,8D
Cs,sD T, =
7.7 = . = . Eq.4.1.15
' NumDaysPerYear ~ NumDaysPerYear (Eq )
5. ED td,CS,ED t,a,CS,ED _ ta,CD
£ = . =—4 Eq.4.1.16
' NumDaysPerYear NumDaysPerYear (Eq )
d,CS,ED a,ED a,CS.ED
7S 17E0 — g
75 = ' ' (Eq.4.1.17)

NumDaysPerYear - NumDaysPerYear

A call event can either take place conditionally or unconditionally. In the case of an
unconditional call, the issuer will have the right to accelerate the redemption of the
bond within the specified call period and at the specific call value. However, in the
case of a conditional call, the issuer’s right for early redemption exist only if a
condition is satisfied. For the case of convertible bonds, a condition on a call would be
that the price of the underlying share exceeds a level for a number of consequent days;

this number of days is commonly referred to as the grace period.

The share price level which is used in the condition for determining whether the issuer
can call the bond is defined as a percentage of the strike. Consider the example where

there is a call value v\* equal to 102, a condition value ¢ equal to 115 and a grace

: d,CS
period w;

equal to 20. For this example, the convertible bond can be called at the
price of 102% of its face value, given that the underlying share price has exceeded the

level of 115% of the strike for 20 consequent days.
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The last column of the call schedule contains a flag which is useful for the cases of
convertible bonds with a reset schedule. Because in these cases the strike can change
during the life of the convertible bond, it needs to be specified whether the level for
determining the level of the trigger must be applied on the prevailing strike or on the

initial strike (as it was defined on the issue date of the convertible bond).
Put Schedule

The Put Schedule has been defined in the same fashion as the call schedule. A put
schedule with n,, distinct put periods is represented by the matrix C™ € R®"» which
is made of six fields (columns):

(1) The put values field v = {v,.iso,mwnm_, }

(2) The starting dates field "™ = {t{;gi’; S et }

(3) The ending dates field “*" = {t,.“z’(iﬁ el 3
(4) The triggers (conditions) field ¢™ = {C,-iso,l,z,,..,n,,s 4 }
d,PS

(5) The grace periods (in number of days) field w*"™ = {Wi=0,l,2,u.,np5—1}'

(6) The field with the additional flags for the conditions XPS = {yfiS(),l,z,...,n,,S _,}.

PS PS PS PS PS PS

N I TG S T S
| d g [ | ” 'I
[ | [ I | I
a,PS,SD a,PS,SD a,PS,5D a,PS,SD a,PS,SD a,PS,5D
tO tl ti ti+l tn,,s—2 tnps_l
a,lD ta.CD ta,ED
Figure (4.4)
The Put Schedule

The periods for the puts have been defined in exactly the same fashion as for the call

schedule, and these are calculated based on equations (14.1.18) to (14.1.24).

,PS.SD D ,PS.ED ED
t > e T <t (Eq.4.1.18)
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(PSSD qaPSED <oy (Eq.4.1.19)

(PSSP e PSED giop (Eq.4.1.20)

t

The following equations hold for each starting and ending put date greater than the

a.PS,5D
i

calculations date, i.c. ¢ > P and "R > 1P respectively.

d,PS,SD a,CD

T p— __w (Eq.4.1.21)
i NumDaysPerYear ~ NumDaysPerYear 4
d,PS.SD a,ED a,PS,8D
PS,SD 7 L
T — t = ! E 4122
‘ NumDaysPerYear ~NumDaysPerYear (Eq )
PS.ED t_d,PS,ED t,a,PS,ED _ ta,CD
1o = : =—1 Eq.4.1.23
‘ NumDaysPerYear ~ NumDaysPerYear (Eq )
d,PS,ED a,ED _ ,a,PS.ED
Tl il (Eq.4.1.24)

NumDaysPerYear - NumDaysPerYear

Even though the conditionality feature encountered in call schedules, no conditionality
is encountered in put schedules. However, we have included, or actually introduced, a
form of conditionality in the put schedule used in this thesis. This conditionality
almost mimics the conditionality included in the call schedule. The only difference is
in the triggering condition which has been reversed. A condition on a put depicts that
the price of the underlying share is lower (instead of higher like in the case of a
conditional call) than a level for the grace period. So, both conditional and

unconditional puts are allowed in the put schedule.

Resets Schedule

Another structure that could be included in the contract information of a convertible

bond is the Reset Schedule. A reset schedule with n, distinct reset dates is
represented by the matrix C* € %™ which is made of five fields.
(1) The reset dates field 1** = {t,.‘gﬁlwm_l}.

. A . lower ,RS s
(2) The lower reset limits field vy = {v,ﬁ‘[f{ - s _1}.

.. . RS
(3) The upper reset limits field y”*""™ = {vi"jgjf ffnm_l}.
52/188
Implementing Arbitrage-Free Models CQF, Imperial College

Jor Pricing Convertible Bonds Michalis Simillis, 2004



Chapter 4 Inputs to the CB Pricing Frameworks

(4) The number of days for averaging field w*" = {Wf]:’(if,z,,,,.nm_l }

(5) The field with the additional flags for the conditions y™ ={y®$ , . _}.

upper,RS upper,RS upper,RS upper,RS upper,RS upper,RS

Yo Vi Vi Vitl Vi —2 Mgs 1
lower RS lower, RS lower, RS lower,RS lower,RS lower,RS

Vo Vi Vi i+1 Npg—2 s —1

| I I
a,RS a,RS§ a, RS a,RS a,RS a,RS
fy 4 f; Lidl Ly, 2 L1
a,ID ta,CD ta,ED
Figure (4.5)
The Reset Schedule

The following equations include the relationships that must hold in order to include a

reset schedule in the calculations.

LRS.SD a,iD RS a,ED
ty >t T <t (Eq.4.1.25)
D A £ 237 (Eq.4.1.26)
yirrenRS o plower RS 0 <i < ngg (Eq.4.1.27)

The following time parameters are calculated for each reset date greater than the

calculations date, i.e. "% >¢?,
t.d'RS .a,RS _ ta,CD
R _ ' = (Eq.4.1.28)
NumDaysPerYear ~ NumDaysPerYear
d,RS a,ED a,RS
7o toEP
S : /i (Eq.4.1.29)

B NumDaysPerYear B NumDaysPerYear

a,RS _ lower RS _ upper,RS
i oV Vi

A reset with the set of parameters {t B yE } can take place only

the date ti“’RS. The flag y determines whether the initial strike (defined on the
issued date) or the prevailing strike will be used as reference for determining the new

strike on the date ¢**°. Whichever is the case, we refer to the chosen strike as K .
The strike resets to a new value K based on the average share price over the last
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w?* number of days and this average is denoted as S ++ . The rules for defining the

new strike K are summarised by the following equations.

., _ v.lower .RS , _ vflpper, RS i
K =8 —~—XK <S8y <A ——xK
100 100
. vflp/’”’ RS i _ f4pper,RS ,
K=Y xK Sews > K (Eq.4.1.30)
100 100
lower RS ' _ lower RS i
=Y xk Sers <Y x K
100 100

4.2. Inputs based on Market Information

The rest of the inputs to the pricing framework of a convertible bond are market based

information. The share price on the calculations date which is denoted as S° and

Y

the continuous dividend yield which is denoted as ¢”" and expressed as an annual
percentage of the stock price, are both two standard inputs to the convertible bond
pricing framework. As an alternative, we also allow for a continuous dividend yield
term structure to be input in the framework. A continuous dividend yield term

structure with n.,, distinct sets of parameters is represented by the matrix

C™ e R¥"s which is made of two fields, the dates field t“° = {t"’CD b } and

i=0,1,2,....n0p5 =1

the continuous dividend yield values field ¢ = {qi%izwn(_wl}.

DS DS DS DS DS DS
9o q, q; qi+1 Dreps -2 D5 -1
I ‘l P sumum I :I » IIII\I :i »
| [ | | | |
ta,CDS ta,CDS ta,CDS ta,CDS a,CDS a,CDS
0 1 i i+1 Reps =2 eps —1
ta,CD _ ta,CDS ta,ED
-0

Figure (4.6) The Continuous Dividend Yield Term Structure

CcDS

I a,CDS ta,cos)' ie.

A continuous dividend yield ¢;~° corresponds to the time period [t,. N

a,CDS
i

a,CDS
i+1

from the date and including the date ¢ up to the date and excluding the date ¢
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In the case of the last continuous dividend yield g;._, in the term structure, this yield

is valid indefinitely from the date and including the date r““” . In addition, the

neps=1°
relationships shown in equations (4.2.1) and (4.2.2) must hold and the respective time

parameters are calculated for the corresponding dates based on equation (4.2.3).

18005 = ¢ CP (Eq.4.2.1)
1P S << gy, (Eq.4.2.2)
d,CDS a,CDS _ a,CD
€05 d ot (Eq.4.2.3)

- NumDaysPerYear - NumDaysPerYear

However, in some cases, instead of the continuous dividend yield, a discrete dividends

structure is used. The discrete dividends structure with n,,; distinct dividend dates is

represented by the matrix C°” e R which is made of two fields, the dates field

a.bDS _ [ a,DDs DDS { DDS } .
t = Iti=o,l,2,‘.‘,n,,,,s~lI and the cash values ¢~ =}, , [ to be received as
dividends on the respective dates.
DDS DDS DDS DDS pDS DDS
qO QI aEmEmEmE q[ qi+1 saEmmm anDS—Z "DDS_1
I I I | I I
ta,DDS 14 DDS ta,DDS ta,DDS a,DDS a,DDS
0 1 i i+1 Mpps —2 npps =1
£4:CD (@ ED

Figure (4.7)
The Discrete Dividends Schedule (Term Structure)

In the case of a dual currency convertible bond, the exchange rate between the bond

currency and the equity currency on the calculations date is an additional and required

input and is denoted as X t”:/fc,, . In general, the exchange rate for translating units from
the bond currency to the equity currency is denoted as X ,I’ ‘e while the exchange rate

for translating units from the equity currency to the bond currency is denoted as X/ e

For any point in time, the following equation holds.

xVexxet =1 (Eq.4.2.4)
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Volatility Term Structure

The volatility of the underlying stock, which will be used for referring to the standard

deviation of the logarithmic returns of the underlying stock, will be denoted as o .
This is a significant input parameter to the pricing framework since, as it was pointed
out in the previous section, it summarises the view of the market on the future
probability distribution of the returns of the underlying stock. Instead of a single

volatility parameter, a volatility term structure can also be used. A volatility term

structure with n,, distinct sets of parameters is represented by the matrix C" € R¥"s

a,Vs _ {ta,VS

which is made of two fields, the dates field "~ = 1.20,1,2’_._,"”_1} and the volatility

values field " ={0'.VS

,:0‘1'2,"”””_1}. The volatilities are expressed as percentages. An

input volatility value equal to 40 corresponds to 40%.

A volatility value ¢ corresponds to the implied volatility of an option on the

]
underlying stock expiring on the date t,-‘”VS. In addition, the relationships shown in

equations (4.2.5) and (4.2.6) must hold and the respective time parameters are

calculated for the corresponding dates based on equation (4.2.7).

ta,VS :ta.CD (Eq425)
t;z,VS > f,-‘flvs , 1<i<n, (Eq.4.2.6)
d,Vs a, Vs _ ,a,CD
£ = f i (Eq.4.2.7)

NumDaysPerYear - NumDaysPerYear

Vs
fyg —1
Vs
Oini
« o’
O_IVS AEEEEEENENEEEEEEEEN
O'(‘)/S SEESSEEEEEEEES
a,V§ aVs a Vs a,Vs a, Vs
ta'CD tO tl ti ta'ED ti+1 tnvs—l
Figure (4.8) : The Volatility Term Structure
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Discount Factors Curves (General)

It was preferred to input the discount factors instead of inputting the corresponding
interest rates because, in this way, it was avoided the need for defining which market
convention for discounting has been used in the derivation of the rates. The approach
here is to input the discount factors and calculate the corresponding annual continuous

rates.

Three discount factors curves were employed in the calculations:

(i) The Risk-Free Discount Factors curve in the Bond (Domestic) currency
which is denoted as C*™ € R>"*» . This is actually the discount factors

curve that was calculated in the previous chapter based on the swap
market prices of the GBP currency. We will refer to this curve as the
risk-free curve in the domestic currency, even though there is
embedded risk in the swap market.

(i)  The Risk-Free Discount Factors curve in the Equity (Foreign) currency
which is denoted as C* e R . This discount factors curve was

calculated based on the derived zero-coupon rates curve of the dummy
currency introduced in the previous chapter as the Equity (Foreign)
currency.

(iii)  The Risky Discount Factors curve in the Bond (Domestic) currency

RiskyDF c g’tzxnkim_vDF

which is denoted as C . This is an abstract curve

introduced as the discount factors curve used for discounting cash flows
of the corporate that issued the abstract convertible bond employed in
the calculations presented in the following chapters. The corporate
curve is considered more risky than the swap market based curve,
hence we denote the corporate curve as the Risky Discount Factors

curve.

Before proceeding in defining each of the required discount factors curves, some
definitions and conditions which are accountable for all the employed discount factors

curves, are outlined in order to avoid repetition.
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Let us consider a general discount factor curve that is similar in structure to the three

discount factors curves used in the calculations. This curve has n,, distinct sets of

parameters and is represented by the matrix C PF e ®¥mr which is made of two

fields, the dates field (*%* ={tl,“=’gf 2’___’,1”_1} and the discount factors field

dPF = {dizg,ll,.u,n,,p—l}‘ A discount factor d”" is used for discounting cash flows from

a,CD

the date " to the calculations date "

i

a,DF tu,DF ta,DF ta,DF
a,CD i ta,ED i+l |

Figure (4.9): The Risk Free Discount Factors Curve

The following relationships must hold for a given discount factors curve:

(1) The first date is greater than the calculations date. This means that the
zero-tenor rates and discount factors introduced in the previous chapter for the two
calculated curves, which are the Bond and Equity curves, are not included in the

structures of the two curves as presented here.
1&OF 5y CP (Eq.4.2.7)

(i1) The first discount factor is a positive quantity that is equal to or smaller

than 1 and the last included discount factor is greater than zero.

dyr <1 (Eq.4.2.8)
dy >0 (Eq.4.2.9)
(iii) All the dates must be in ascending order.
1P S0P 1<i<ny, (Eq.4.2.10)
(iv) All the discount factors must be in descending order.
dPf <dPt, 1<i<ny, (Eq.4.2.11)
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The following quantities are also calculated based on an input discount factor curve:

tfl,DF t.a,DF _ta.DF
;= : = (Eq.4.2.11)
NumDaysPerYear NumDaysPerYear
Inld”"
pPF =1 ‘[’;F ) , 0<i<ng, (Eq.4.2.12)

t!

t

At this point, we can introduce the notation specifically to each of the discount factors
curve and the correspondence of the specific parameters of each curve to the general

case presented above.

Risk-Free Discount Factors Curve for the Bond (Domestic) Currency

A risk-free discount factors curve of the Bond Currency with ng,, distinct sets of

RFp

parameters is represented by the matrix C*'~ € R*"*» which is made of two fields, the

,RFb . RIb
dates field (""" = {t[‘ﬁgsz . _1} and the discount factors field d* = {dﬁg”l . _1}.
- =01,2,....088 - Ty LacsLREY
) d.RFb _ [ d.RFb } RFb _ { RFb }
The two sets of time parameters ¢ = {ti=0,1,2,...,nk,-,, afand 177 =01, L, [ are

calculated based on equation (4.2.11) and the set of the rate parameters

phREG _ {nﬁgﬁ,z,...,nk,,,,—n} is calculated based on equation (4.2.12).

Risk-Free Discount Factors Curve for the Equity (Foreign) Currency

A risk-free discount factors curve of the Equity Currency with n,,, distinct sets of

RFe

parameters is represented by the matrix C* ¢ € R*"«* which is made of two fields, the

JRF¢ . RF. »
dates field """ = {t,-‘ﬁgf"z . __]} and the discount factors field d" ° = {d,ff,‘l - _1}.
- SO LGk, - T heLra iR Fe
) d.RFe _ [ d RFe } RFe _ { RFe }
The two sets of time parameters ¢ —{ti=o,1,2,...,nk,,-,,-l and " = lizo,1,2,.. g 1] A€

calculated based on equation (4.2.11) and the set of the rate parameters

RE, RF
r e—{r ¢

— Ui=0,1,2,...,npp,~1

} is calculated based on equation (4.2.12).

Risky Discount Factors Curve for the Bond (Domestic) Currency

A risky discount factors curve of the Bond Currency with n,,, ,, distinct sets of

RiskyDF c 9{ 2%0 igvnr

parameters is represented by the matrix C which is made of two
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fields, the dates field “**°* ={t"’R"‘k“'DF } and the discount factors field

i=0,l,2,...,nmmD,,» -1

RiskyDF isky - d, RiskyDF isky
"t = {a’ R DF } The two sets of time parameters """ = {t,.":'(f‘f_?_? . W__l}

1=0,l,2,....nmwa -1

and £Risk_w-DF _ {tRisk"DF } are calculated based on equation (4.2.11) and the set of

i=0.l,2,...,nR[5k_‘.,,,,~ -1

RiskyDF isky,
the rate parameters r' = {rRtslq\DF

i=0,1,2,...npipepr =1

} 1s calculated based on equation (4.2.12).

RiskyDF ,Interp __ { RiskyDF, Interp

The set of risky rates r I‘I-ZOYI’ZY"_Y"R”_I} corresponding to the dates

a,RFb __ } a,RFb
r = {ti=o,1,2,...,nm,—1

} of the risk-free discount factors curve can be established by

interpolating on the risky rates r*™"*”" = {'753’?12) F .’,,R_MF_]} which correspond to the dates
¢ RkyDF _ 3y RiskaDF /(. The default interpolation technique is the cubic splines
4 i=0.1,2,0 g pr =1 Ip q P

. RiskyDF .1 iskyDF
method. Based on the last set of risky rates r* - "7 = {r,’j;;,hg” e 1} and the set of

: RFb RiskyDF sk
risk-free rates r~ = {n’jgﬁyz,_“,nm . }, the set of spreads s~ = = {SR”’C—‘DF } can be

i 20,12, 1 =1
calculated as shown by the following equation. This set of spreads is the spread
structure of the corporate that have issued the convertible bond used in the calculations
and 1s over the zero-coupon rates of GBP swap market which was calculated in the

previous section.

RiskyDF __ __ RiskyDF ,Interp RFb
s =L -

i=0,1,2,.... 1 — 1 (Eq.4.2.13)

Imported Credit Spread Structure

Information regarding the credit standards of the issuer is required for pricing
purposes. The credit of the issuer will affect the discounting process of the cash flows
and instrument values. There are three ways that this information can be input in the
pricing frameworks presented in this thesis. Based on the first way, the credit spread

can be simply considered as a constant spread over the risk-free rate and represented

by the variable s°. The second way which has already presented above when the
discount factors curves were defined, involves employing the risky discount factors

curve and calculating the corresponding risky rates. Then, based on the risky rates and
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the risk-free rates, the credit spread structure can be calculated based on equation

(4.2.13).

Finally, based on the third way, a function for the credit spread in the form of a curve
structure can be imported directly and used to calculate the risky rates. A credit spread

structure with n distinct sets of parameters is represented by the matrix
¥ & R¥" which is made of two fields, the dates field %7/ = {tg(s)ﬂ”‘;‘,’f‘i"n_,} and

the credit spread values field s7"** :{5226?21,‘..,"—1 } The credit spread values are

expressed as percentages. An input credit spread value equal to 1.2 corresponds to

1.2%. A credit spread value s77“ is used in discounting cash flows from the date
i
. CD
tPread 1o the calculations date 1.
< spread
< spread [
< spread i+1
spread i
Spre(ld Sl SEENNENGNNNENESERNES
SO e NNEEDEDDN
ta,RFb ta,RFb ta,spread ta,spread ta,spread
14D 0 1 i (-ED i+l yprong =1

Figure (B.11) : The Credit Spread Structure

The default method for defining the credit spread structure in the following chapters
will be based on the risky discount factors curve and the corresponding risky rates, as

shown in equation (4.2.13).
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CHAPTER S

STEP DATES

The choice of the dates corresponding to the steps of the trees used in the pricing
frameworks of this thesis was of significant importance for the methodology
developed. First of all, the chosen step dates are a determining factor for the sampling
quality of the trees. In addition, the presence of many “events” in the pricing of the
convertible bonds pre-determines a number of dates that need to be included in the
tree. “Events” is a term used in this thesis for referring to coupon dates, call dates, etc

and is further defined later on in this chapter.

Even though the number of steps to be used in the calculations is an input parameter

and is denoted as N,

this is only an initial estimate of the number of steps to be
used, or, stated more correct, this is just the origin in the process for determining the
final number of steps N and the respective final step dates. In this chapter, it is

demonstrated how this number N

impue 18 Tedefined and the processes it goes through in

order to get to its final value N .
The remaining part of this chapter is devoted to the presentation of the calculations for
obtaining the values of various parameters at the tree nodes, like the forward rates,

forward volatilities, the bond floor, etc.

Overview of the process for defining N

The first two sections of this chapter are devoted to this process. In the first section,

using the input parameter N,,,,, as an origin, an initial estimate of the number of steps

denoted as N

equiry 18 defined through a process that aims in improving the sampling

quality resulting from the chosen step dates. In the second section, an additional
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number of dates are included in order to account for the event dates. At the end of the
process in the second section, there is an additional short procedure for adding some
more steps which we will refer to as the intermediate steps. This short procedure aims

in improving the sampling quality when the initial number of steps N,,,, exceeded

the number of days to expiration. The result of the overall process of the two sections

is the final number of steps N .

5.1. Basic Step Dates

First of all, the number of days n,,.r,gp to the expiration date is established.

a,ED _

PyaystoED =1 1P (Eq.5.1.1)

*

cquiry TEPTESENLS an initial estimate of the final number of steps

The number of steps

N 4 quiry Of this section — not the final number of steps N - and is calculated as follows:
Nl*:'quily = 2 4 Nin]mr S 1
NEqm'ly = Ninpur 4 1 < Ninpur S ndaysTnED (Eqs' 1 '2)

*

N,

N Equity = nduysToED ’ n’a’aysToED < input

Then the time step Ar*“™® between two steps on the tree is calculated. The result
At of equation (5.1.3) can only be an integer number of days since the floor

value of the division is used. In addition, the value A9 can not be smaller than

*

one because in equation (5.1.2) the value N, equity

equiry Was set equal to ny,, o pp 1f N

was smaller than 7 . The value At®F#™* is set as shown in equation (5.1.4).
daysToED q

last
This value is actually the reminder of the division in equation (5.1.3) and is used to
determine the date of the last step in such a way as to coincide with the expiration

date. The floor function rounds down to the closest integer value.

| Ryt
Ar"E = floor| —TED (Eq.5.1.3)
Equity
d,Equity * __ * d, Equity
Atlast - nda)‘sTuED - NEquiry X At (Eqs 14)
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The actual new estimate of the steps on the tree as determined up to this point is

denoted as N. . and is defined based on the following equations.

equity
o — N d,Equity,* __
NEquity - NEquit_v 4 Atlasl =0 (E 5.1 5)
N, =N, +1, Alfre"s( 4=
Equity — *V Equity k4 last

However, for many cases, the process up to this point results in step dates that are very
unevenly distributed over the time line starting from the calculation date and ending
with the expiration date. Let us consider an example where the number of days to

expiration 7, .., is equal to 705 and the original number of steps N, is equal to

300. Based on equation (5.1.2), the value N,

equity

will also be equal to 300. The

d,equity

calculated time step At is found to be equal to 2 based on equation (5.1.3) and

d, Equity *
last

the time step At is found to be equal to 105 based on equation (5.1.4). This

means that the first 300 steps will be evenly spaced over the first 600 days of the life
of the security and for the last 105 days of the life of the security their will not be
included any steps in the calculations apart from the last step corresponding to the

maturity.

To overcome this problem, the procedures corresponding to the following equations

d, Equity d, Equity
, At

have been introduced. We are also introducing the new time steps At o

and N

equiry.2nd - 1 NETE are

and Ar?E™  the factor M and the number of steps N

last equity,lst
two possible paths in the calculations at this point, distinguished into cases A and B.
For the cases where the last time step is greater than the rest of the time steps by more
than two times, the calculations are carried based on case B, otherwise the calculations

are carried out based on case A.

Case A: Ar&F0n” <9 s Apdreauity

last

Atd, Equity — Atd,equiry
1st

Atd,Equiry =0
2nd
| . (Eq.5.1.6)
d,Equity __ d,Equity *
Atlast - Atlust
Nequit_v,lsr = NEquiry
Nequir_v,an = 0
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The ceil function rounds up to the closest integer value.

Case B:  Ard:Eio™ 5 0 s¢ Apeanit

lust
M =1+ Arhe®

At[zi,{Equily — Atd.equiry

d,Equity __ d.Equity

AtLED = M A (Eq.5.1.7)
* d, Equity )

N _ il (NEquiry X Athd - ndaysToED

equity Ist — cel d equity

(M —1)x Ardem
*

Nequil)‘,an = NEquir_v - Nequir_v,l.st

d,Equity __ _ [( d, Equity ) ( d, Equity )]
Atlast - ndaysToED Nequity,lst X Atlst + Nequiry,an X At2nd

The total number of steps N (including the maturity) up to this point — this means

equity

without the dates that will be added in the next section - is calculated as follows.

_ d, Equity d . Equity ) d,Equity __
Nequit_v - (Nequity,l.w X Atl.vt )+ (Nequiry,an X At2nd 4 Atlast =0 (Eq 51 8)
_ d, Equity ) ( d, Equity ) d, Equity e
Nequir_\' - (Nequir_\',lst X Atlst + Nequily,2nd X Athd + ]‘ ’ Atlast > 0

For the example with the number of days to expiration n,, -, equal to 705 and the

original number of steps N, . equal to 300, the case B would be applicable. The

input

resultant number of steps and time steps would be as follows: AflF™ =2,

Ary "™ =6, At ™ =1, N

2nd last equity,1st

=274 and N

equiny,2ng = 20 . This means that for 26
steps, the time step between them has been increased from 2 days to 6 days and as a
result the last time step has been decreased from 105 days to 1 day. This example has

demonstrated the benefit of including the procedures corresponding to case B above.

Depending on whether the parameter N, ,,, is equal to zero or not, the respective

a,EquitySteps %a,EquiryStepx

step dates ¢ } are calculated based on one of cases A and B.

i=0,1,2,. ., N iy

Case A N piry.20a =0

tg,EqmtyStepS — ta,CD (Eq.s. 1 .9)
a, EquitySteps __ a, EquitySteps d,Equity .
f = +A , 1<i< Ny, ~1 (Eq.5.1.10)
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tu,Equir_\'Sleps — ta,EquirySleps + Atd.Equir_\' , l‘f Atd,Equir_\' =O

N Equity N Equin—1 Lst last (E 51.1 1)
a,EquitySteps __ L a,EquitySteps d,Equity . d, Equity
tN Equits - ZN Equiry-1 + Atlasl ’ lf Atlast > O
Case B: Nequiry,an > O
,EquirySt ,CD
g AR = (Eq.5.1.12)
a,EquitySteps __ ya,EquinSteps d,Equity .
5 =t + At y ISIS N i1 (Eq.5.1.13)
a,EquitySteps __ _a, EquirySteps d,Equity . _
£ = g + ALLEMY 1 <i< Ny =1 (Eq.5.1.14)
a,EquitySteps __ ,a,EquitySteps d,Equity . d,Equiry __
tNEq.r) " _ZN.q4 +At2nd ’l‘f Atlu_\'lq =0
ity Equiry-1 (Eq 5 1 15)

a, EquitySteps a,EquitySteps d,Equity : [d Equity
e = e ! e >
ZN,;q,“,_‘, [NEq"“",_l + At[ust ’ qf A last O

The above calculations, in both cases A and B, take into account the case where the

last time step is not equal to the time step used in the rest of the steps, but it is equal

to At-E4" S0, care has been taken for ensuring that the procedures up to this point

will result in a last step date that is equal to the expiration date (¢&"#4%" =52 The

Equity

a,EquitySteps %a,EquitySteps

002N } is also shown diagrammatically in the

equity dates vector ¢

Equiry

following figure in the case that N, , 1s equal to zero. If it is not equal to zero, it

quity,2n
means that some of the time steps are not equal to Af:5 " but are equal to Ar5™
instead.
a,Equity
Atlast
or AtF®
a,Equity a,Equity a, Equity a,Equity
Atlst Atlst Atlsl Atlst
> = msssssEssssEmRIRINS > ------- NemmsssRmERS < :

a,EquitySteps a, EquitySteps a, EquitySteps a,EquitySteps a, EquitySteps a, EquitySteps
tl t2 [l tl+1 tNﬁqum -2 t Equity -1

ta,EquityStepS _ Z‘a’CD ta.EquitySteps — ta.ED
0 - NEqm'lv
Figure (5.1) : The Equity Steps Dates
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5.2. Additional Step Dates

At this point, a number of steps dates have been specified based on the input required
number of steps. This forms the minimum number of steps to include in the tree.
However, there is still the possibility that some event dates have not been included in
the steps of the tree. It is desirable to have steps on the event dates since most of the
types of events, like discrete dividends and coupons, introduce discontinuities in the
pricing process. Since one of the reasons that the trinomial tree implementation was
chosen over the binomial tree implementation was the benefit of having a variable
time step, it is reasonable to introduce additional steps to include any event dates that

are not already included in the equity steps.

The following dates qualify as event dates:

(H Coupon Dates.

(2) Discrete Dividends Dates.

3) Call Dates (Starting and Ending Dates).

4) Dates of which the stock price is included in the grace period for
conditional calls.

(5) Put Dates (Starting and Ending Dates).

(6) Dates of which the stock price is included in the grace period for
conditional puts.

(7 Reset Dates.

(8) Dates of which the stock price is included in the averaging process for
the resets.
9 The last conversion date ¢/

The algorithm goes through all the event dates and adds a step date for each event date

not already included in the steps dates. The final number of steps dates is denoted as

N" and the final steps dates are denoted as*>*"" = {t:;g’f”; v }

In figure (5.2), there is a diagrammatically description of an example where there are

N gy Steps defined based on the input required number of steps N, and by
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following the procedures of section (5.1). However, there is a number of event dates,

hence more steps dates have been included in the final steps dates as depicted by the

procedures presented in this section. The first line of the figure includes the initial step

dates as resulted for this example based on the procedures of section (5.1), the second

line includes the events dates and the third includes the final step dates.

For the event dates that were coinciding with any of the initial steps dates

t

the final steps (“% S:{t

ta,Equ[tySteps _ %

because of the event dates, like, for example, step date 13

cases of the event dates 1

a,EquitySteps
5

a, EquitySteps
Lo

a,EquitySteps _ %

=t

a,CD

a,EquitySteps
i=0,1,2,...,.N

a, EquitySteps
i=0,1,2,...N

the event date 1>

Equiry

Equity

D

a,Cpn

a,Steps
i=0,2,6,8,10,12,14,15

a,RS

, 1" and

}. The final dates 1“*'* ={t

a,DDS
I

included in the initial steps dates. For example, &""

a,Steps

a,Steps

, so there is no need to add another step date.

i=1,3,5,7,8,1 1,13

}, there was no need to include extra steps. In more detail,

} correspond to the initial step dates

} where included

was added because of

N

ta ,EquitySteps

Equity —

8 =1

which is a staring call date. No extra dates were required for the
since corresponding dates are already

is equal to the initial step date

a,ED

(& EquitySteps ta ,EquitySteps & EquitySteps
2 4 6
ta, EquitySteps 1 EquitySteps & EquitySteps ta, EquitySteps
i 3 5 7
a,Equiry a, Equity a, Equity a,Equity a, Equity a,Equity a,Equiry
Atl st Atlsr Atlsr Atlsr Atlst Atl st Atlst
-t ¢ » L P Lt »id it P
a,DDS },a,CS.SD  ,a,Cpn a,CS,EDi ,a,DDS 4IRS C a,Ps bD ,
alch tO . tO Y4 tO tl tO tla, pti tO tg, S ta,LastCom [“ ED
a,Steps ,Steps a,Steps a,Step a,Steps a,Steps a,§teps a,steps \Steps
0 I Iy I Ig I Uiz 14 r
a,Steps a,Steps a,Steps  ,a,Steps a,Steps a,Steps a,Steps
f 13 ts L tg I i3

Figure (5.2) : Establishing the final steps dates
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Intermediate Steps

Up to this point, steps have been included by permitting time steps with size only an
integer number of days greater than or equal to zero. In other words, no allowance was

made for time steps smaller than one day length. In this thesis, the term intermediate

a,CD a,CD

steps will be used for the additional steps added between the dates ¢ and %" +1.

These additional steps are included only in two cases as described next and the time

step between them is smaller than one.

In the first case, intermediate steps are added because the final number of steps N~ is

not smaller than the initially required number of steps N, This would most

input *

probably be the case where n,, ;.0 <N In this case, the temporary number of

input *

additional steps is referred to as N/ and is simply calculated as follows.

15t

Nﬁ:term = O , N* > Nmpm
. (Eq.5.1.16)
Nll.:ltterm = Ninput -N ’ N < Ninput

One of the inputs to the pricing frameworks is the minimum number of steps

N

minrrsigven OETOTE the first event date. For example, if there is an event date just 2 days
after the calculations date, then in the best case scenario, only two steps have added up
to that point. This means that there will be only 5 nodes at the first event date,

meaning that the sampling at that node will be poor. If a number of intermediate nodes

is added between the dates t*” and t““” +1, then the sampling for the first event
date will be improved.
So, in the case that N, .. . = >Ng p... where Np . isthe number of steps to the

first event date, the number of additional steps to be included is equal to

N, N g zvens - If this number is positive, then, before calculating the required

inFirstEvent —
number of intermediate steps, a check is made if there are any dates between the
calculations date and the first event date that have not been included in the step dates.
If there are any available dates, then these are included in the steps dates. The number
of the added step dates because of the required number of steps to the first event date
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is denoted as N, rimeven - 100, if it is the case that the number of step dates to the
first event is still smaller to the required number of dates (to the first event), then the

number of intermediate numbers to be added N,™“™ is calculated as follows.

Interm __
N2nd - O ° NAddTaFirs{Evenr + NFirervenr 2 NMinFirervenr (Eq 5 1 17)

Interm __ _( ) ,
N2nd - NMinFir.levem NAddToFir.s‘{Evenr + NFirxtEvem * otherwzse

The final number of intermediate steps to be included is denoted as N™" and is

calculated based on Nlnrerm and Nzlrrlltjrm )

Lst

Interm __ Interm Interm Interm
N - let ’ lel 2 N2nd

Interm __ Interm Interm Interm
N - N2nd ’ ler < N2nd

(Eq.5.1.18)

The Final Step Dates

The final set of step dates is denoted as > ={t,"=g'f”2‘N} and includes the

intermediate step dates as well. The number of the final step dates is denoted as N

and is calculated as follows.

N = N* + N’”"—”’" + NAddToFir.ervenr (Eq51 19)

Having specified the final steps dates, the following parameters can also be calculated.

Atg,Steps =0

Eq.5.1.20
Atid,Steps — tia,Steps _ticﬁiS’teps 1<i<N ( q 5 )
At‘d,Sreps
AP = ' 1Si<N (Eq.5.1.21)
NumDaysPerYear
R R I ES LY Y (Eq.5.1.22)
tfi,Steps
£ers = i 0<i<N (Eq.5.1.23)
NumDaysPerYear
g Sters =y ED _gaoSters 0 << N (Eq.5.1.24)
Td Steps
T = ' 0<i<N (Eq.5.1.25)
NumDaysPerYear
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5.3. Forward Values

Having established the number of steps and the respective dates, we continue with the

calculations of the remaining information at the steps.

Risk-free and Risky rates

Initially, the polynomials presented in chapter 3 as the result of the cubic splines
technique applied on the risk free rates curve in the bond currency, are used for

interpolating and obtaining the values of this quantity at the step dates. The resultant

1 RFb,step;
bond currency risk free rates are denoted as r~ —{ RED, Sers

=Vico12.. } Based on these

RFb,steps { d RFb steps

rates, the discount factors d =012, }, the forward discount factors

RFb,steps __ RFb, Mqu} RFb, steps _{ RFh,,g;gps}
fd {fd, -is.nf and the forward rates fr =\ri. N f can also be

calculated.
diRFb.StepS _ e__riRrb‘.\lfpSXt‘;Ylepx _ exp(_ riRFb,steps X tSteps) 0<i<N (Eq53 1)
RFb,ste[)g 3 dRFh ,Steps )
14 dRF” o 1<i<N (Eq.5.3.2)
ln (fdiRFb,sreps )

1<i<N (Eq.5.3.3)

erFb,sreps —
i - A Steps
ti

In the previous chapter, three possible ways were presented for obtaining the credit
spread structure based on the inputs to the pricing framework. At this point, cubic
splines interpolation is applied on the resultant credit spread structure in order to

obtain the credit spread value at the each step and the resultant spread values are

denoted as 5" = {s,‘fé’fz N}. Based on the risk free rate in the bond currency and the

Risky,steps { Risky,steps }
=Vizo15 'wf can now be

credit spread value at each step, the risky rates r
calculated, and based on these the risky discount factors d ™% = {le‘gkf " } and the

risky forward discount factors fd Risky.seps { fd e }

nRisky,steps — nRFb,sreps + s:vteps 0<i<N (Eq534)

] 3 1
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. | _ . Riskv,steps , , Steps 3
diRtsk),steps = xt; " exp( Risky,steps XtSteps) 0<i<N (Eq.5.3.5)

d Risky,steps

Risky,steps __ .

Dual Currency Convertible Bonds

If the convertible bond is a dual currency one, then the same procedures need to be

carried out for obtaining the risk free rates in the equity currency at the steps,

RFe,step: , . . RFe.ste
plresters :{rl’:gelge’”N}, and the respective discount factors d" " —{d,Rgg,S;"’” } and

forward discount factors fd™*"*" = {fdlkf"z”"”‘} The risk free rates are obtained by

interpolating on the input equity currency risk free curve while the discount factors are
obtained based on equations (5.3.7) and (5.3.8). In addition, for dual currency
convertible bonds, the forward exchange rates are also required at the steps, and these

are calculated based on equations (5.3.9) to (5.3.11). The exchange rate for translating
units from the bond currency to the equity currency at step i is denoted as X,-b/e,
while the exchange rate for translating units from the equity currency to the bond
currency is denoted as Xf”’ . The calculations of the exchange rates are initialized by
setting the exchange rate for translating from the bond currency to the equity currency

at step 0 equal to the input parameter X ‘e , as shown in equation (5.3.9).

RFe,steps . Steps

diRFe,steps — e—r,- Xt; _ exp( RFe steps X tStepx) 0<i<N (Eq537)

d RFe,steps

RFe,steps _ .
fd; _dm o 1SiSN (Eq.5.3.8)
XM =x"5 (Eq.5.3.9)
eriRFb‘wpx thf“"” . e_ riRFe.slrp\ X’Swps
ble _ vy ble /e
X" =Xo" —mmamme = X0 g
e' e ¢ .
i<
T e 1<i<N  (Eq.5.3.10)
X; ¢ =X, e
RFbD,steps
di
1 .
X' ex X" =12 X" =——  0<i<N (Eq.5.3.11)
i
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Continuous Dividend Yield

We allow for a different continuous dividend yield to be defined at each step and the

respective vector is denoted as g = {qi:l,l,Z,.,‘, N}. If the continuous dividend yield is not

employed, then the data of the vector g = {q,'=1,1,2,.‘.,N} are set equal to either the input

v

value ¢g”" or to zero if the case is that no continuous dividend yield will be employed.

However, if it is the case that the continuous dividend yield term structure ¢ will

be employed, then the data of the vector g = {qi:l,l,Z,..., N} are obtained by interpolating

on the term structure. For the continuous dividend yields the interpolation is

performed based on the step function method as described by the following equations.

G=a I L k=012, =2
_ CDS a.CDS & La, Steps = { (Eq.5.3.12)
QI _qk tk _ti _nCDS —

Volatility

By performing cubic splines interpolation on the input volatility structure

C” e R¥™ | the volatility is obtained at each step. The new values are denoted as

o = {af:'e(fizw N}. Because the calculation of Vega sensitivity is based on shifting

the volatility term structure by 1%, the new set of volatilities g = {a.sf(ffl_", N} is

!

shifted by 1% and the shifted volatilities are denoted as g**'* = {O'S'e”"'% }

i=0,1,2,...N

o[ % =1.01x0*  0<i<N (Eq.5.3.13)

]

[ steps steps steps, 1% __ eps, 1%
The set of forward volatilities fo —{fa,-’z‘{,’gy___,,\,} and fo —{f O'is:f;,,u,N} are

established for each set of volatilities based on the following equations.

step: : steps Yo , Steps
. O_.rrepv t:S‘te[)v _ O_'vtepv £ I )

fo-,‘mm — \/( f )2 i 5;5,; i—1 ) i-1 1<i<N (Eq5314)

At

S s 2 steps.\% Y, Steps
. O..vteps,l‘7 t:S‘!eps _ O..v eps, t I )

fo.l:sreps,lV — \/( i ) i A S[ggx i—l ) i-1 1<i<N (Eq5315)

ti
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5.4. The Bond Floor

The Bond Floor V" = {Vb’irz"[f’{"z N} and the Accrued Interest Al ={Al_q,, x}

are calculated at each step. The Bond Floor is simply the value of the straight bond,
the convertible bond without the optionality to convert to Equity. Since the coupon
dates are accounted for as event dates, it is the case that the coupon dates are included

in the step dates.

Cpn,steps __ { Cpn,steps

The coupon cash flows g Gitora . N} are established at each step. For the steps

that correspond to a date in the coupons schedule C%" € R>" | the value is non-zero

as shown in equation (5.3.19), while for the rest of the steps the coupon cash flows are

simply equal to zero.

Cpn,steps __ _Cpn : a,Steps __ ,a,Cpn
' =q; if 1, =l

g

g7 =0 otherwise

} 0<i<N, 0<k<ng, (Eq54.1)

DiscCpn,steps __ { DiscCpn, steps

The set of discounted coupons ¢ Ticorn N } is calculated by discounting

the coupon cash flows back to the calculations date as shown in equation (5.3.20).

q.DiscCpn,sleps — dﬁRiskj',sreps % q.Cpn,sreps 0 < l < N (Eq542)

t I

Finally, the sums of the discounted coupon cash flows § """ ={ li‘g’ff’”,\,} at each

step are calculated based on equation (5.4.3). For each step, the sum of all the
discounted coupon cash flows with greater or equal step index is compounded in order
to obtain the value of the sum of the coupon cash flows on the step date.

1 X
Cpn,steps __ DiscCpn,steps .
S = R > v 0<iSN (Eq.5.4.3)
i k=i

The Bond Floor value at each step is calculated by adding the discounted notional and

the sum of the discounted coupon cash flows.

) d f Risky . steps
Yuight = SNy pRdy gOmsters 0 <i< N (Eq.5.4.4)
b.i d f Risky,steps !
i

74/188
Implementing Arbitrage-Free Models CQF, Imperial College
Jor Pricing Convertible Bonds Michalis Simillis, 2004



Chapter 5 Step Dates

The Accrued Interest is the part of the next coupon payment that has accrued. This is
calculated at each step by multiplying the next coupon payment by the proportion of

time between the next and the previous coupon date that has elapsed.

Al_,=0 if tl.‘gg’“" =¢@/P
AI —_ t(‘)'vCP" - tiﬂ,Sff’PS X Cpn . tu,ID ta,Sle‘[)S < ta,Cpn O <i< N
(= e 9" if <7<ty <i<
Al = t]‘:GCn _t;uSwps % g if (3P ¢ paSeps < g0l < Lo
i tz,Cpn _ t:fpn 4y k-1 i =4, 1= Cpn

(Eq.5.4.5)

5.5. Sum of Discounted Discrete Dividends

In the case that a Discrete Dividends structure is employed, we need to establish the
sum of the discounted discrete dividends at each step on the tree. These values are

Divs,steps _{ Divs, steps

denoted as S 2012, N } The sum of discounted discrete dividends at each

step is established in exactly the same way as the Bond Floor value. The main
difference is that the risk-free discount factors are used instead of the risky discount

factors.

Since the discrete dividends dates are accounted for as event dates, it is the case that
the discrete dividend dates are included in the step dates. The first action involves

Divs, steps _{ Divs,steps

establishing the dividend cash flows v Vitouo... N} at each step. For the steps

that correspond to a date in the input discrete dividends structure C°P° € R>%ns | the

value is non-zero as shown in equation (5.5.1), while for the rest of the steps the

dividend cash flows are equal to zero.

ViDivs,steps — q]f)DS lf tia,Steps — t’?,DDS .
" 0<i<N, 0<k<np, (Eq5.5.1)
v = otherwise
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Chapter 5 Step Dates

DiscDivs,steps { DiscDivs, steps

Then, the set of discounted discrete dividends v Viso2. N } is calculated

by discounting the discrete dividend cash flows back to the calculations date as shown
in equation (5.5.2).
V'DiscDivs,steps — df; RFb, steps XV.I.):'v.&srep.y O < l <N (Eq 5 52)

i ]

Finally, the sums of the discounted discrete dividends at each step are calculated based
on equation (5.5.3). For each step, the sum of all the discounted discrete dividends
with greater or equal step index is compounded. The resultant value is the sum of the

discrete dividends as it would be on the date corresponding to the step.

i 1 N DiscDivs )
SiD“S‘Spr — e VI?N'DWL\'SIEPS OS i < N (Eq5-5-3)
df; pr
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CHAPTER 6

TRINOMIAL TREE FOR THE STOCK PROCESS

The most volatile factor involved in the pricing of a convertible bond is the price of
the underlying equity. Interest rate fluctuations and spread fluctuations play a
significant role as well, but their magnitude and their effect on the convertible bond
price is not of the same level as the equity. Only in the case of very out of the money
convertible bonds can be stated that the effect of the interest rates and spreads is
greater since the convertible bonds are traded as straight bonds. Another significant
factor for dual currency convertible bond prices is the exchange rate, which is

accounted for in a two-dimensional tree approach in the next part of the thesis.

The stochastic process for the underlying equity was implemented in the form of a
recombining trinomial tree. The important benefits arising from implementing a
trinomial tree like variable time step and employment of term structures for interest
rates, spreads, volatilities and continuous dividend yields, have already been

discussed.

A trinomial tree implementation involves two basic processes, the forward induction
and the backward induction. During the forward induction, the transition probabilities
from one node to the nodes of the next step are calculated, as well as the realisations of
the parameter of the stochastic process, in our case this would be the equity stock
price. The pricing of the instrument, in our case this would be the convertible bond, is
performed during the second process, the backward induction. In this chapter, we

present the various calculations involved in the forward induction part.

In the first section, the general approach to trinomial trees implementation is
presented. Then, in section (6.2), the equations involved in the calculation of the

transition probabilities and the stock prices are outlined. Section (6.3) is devoted in
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establishing the conditions under which the calculations result in valid probabilities,
because the structure of trinomial trees does not guarantee valid probabilities, in

contrast to the binomial trees and the implicit finite difference methods.

In section (6.4) we are introducing the conditional probabilities. The conditional
probabilities were introduced through the work of this thesis in order to enable
accounting for the conditional calls and puts, as well as the resets. The calculations
during the forward induction which involved the conditional probabilities are

presented in the last section of this chapter.

6.1. The General Approach

The general methodology followed in the implementation of the trinomial tree Equity
model here is based on the description of a basic implementation of the same model
included in chapter 3 of reference [8], where the authors also recognise the advantages
of variable time step and employing term structures for the interest rate and the
volatility, offered by this configuration. The first extension to their model as it was
presented in the reference is fitting the model to structured data, while a more

significant extension is the introduction of the conditional probabilities.

The stochastic differential equation for the risk-neutral geometric Brownian motion
(GBM) model of an asset price paying a continuous dividend yield & is given by
equation (6.1.1). This is the Black-Scholes based stochastic differential equation,

which ensures arbitrage-free conditions for the implementation.

dS =(r,—6,)Sdt+0,5dz (Eq.6.1.1)
By setting:

x=1n(S) (Eq.6.1.2)

the stochastic differential equation is changed as follows:
dx=pudt+0o,dz (Eq.6.1.3)

0.2
M, =’}‘5r—7' (Eq.6.1.4)
78/188

Implementing Arbitrage-Free Models CQF, Imperial College

for Pricing Convertible Bonds Michalis Simillis, 2004
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Up to this point, the equations governing the behaviour of the stochastic process have
been in continuous form. Replacing the continuous form time step dt with the discrete
form time step At and the space step will result in changing the equations form into
discrete form.

At+ 0, Az (Eq.6.1.5)

u=r—0—-—+ (Eq.6.1.6)

In figure (6.1) a representative branching configuration of a node in a trinomial tree
with the evolution of x as defined by equation (6.1.5), is presented. We have allowed
for a variable time step configuration and the employment of structured data. The
relationship between the parameters of the processes depicted by equations (6.1.5) and
(6.1.6), and the parameters of the trinomial process as defined in figure (6.1) is
obtained by equating the mean and the variance over the time interval Ar and
requiring that the three probabilities on the tree sum to one. These are summarized by

equations (6.1.7) to (6.1.9).

N
v

Figure (6.1) Representative Node
Configuration (General Case)

E[Ax] = Puiz (Ax)+ pm,i—](o)+ pd,i—l(_ Ax) =v,Ar, (Eq.6.1.7)
E[AXZ]= Pui-1 (Ax2)+ pm,i—l(o)+ Pa.i-1 (sz)= GIZAti + :UizAtiz (Eq.6.1.8)

Puict T Puic T Paio =1 (Eq.6.1.9)

The equations above will result in the probabilities given by equations (6.1.10) to

(6.1.12).
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Lo AL+ > A A,
= e et Eq.6.1.10
pu,t—l 2[ sz AX ( q )
o} At + i’ At
Poia =1- A (Eq.6.1.11)
—_ l 0-1'2 Ati +lui2 Atr‘2 _ luiAti (E 6 1 12)
pd,i—[ 2 sz Ax q i

As a final comment, in reference [8] it is proposed that the space step Ax is set

according to equation (6.1.13).

Ax=03At (Eq.6.1.13)

6.2. Forward Induction

Having presented the general framework, we continue with the specifics of the
implementations of this thesis. First of all, we need to specify a referencing system for
the nodes of the tree. It was desired to create and maintain a nodes reference system of
the form (i, j) where the letter i is used for the indexing of the steps and the letter i is
used for the indexing of the nodes at each step. The step index i can take the values
1= {O,l,...,N }, while at the i step, the nodes index j can take the values
j= {— i,—i+l,...,—1,0,l,...,i—l,i}. This is also demonstrated in figure (6.2) included in

the next page.

At each step there is a set of parameters involved in the calculations. Calculation of
most of these parameters has already been presented in the previous chapters. The

remaining parameters to calculate are the drift 4 and the probabilities p, ., p, .
and p, ., . These are calculated based on the following equations which are based on

the general equations presented above but adjusted to notation of this thesis.

2
steps O-:m)ps

U= e g _—_(f '2 ) (Eq.6.2.1)

2 2 -

1 O_:sreps At.sleps + 2 At:weps |~ A tfrepa
pu,i—l =7 (f l ) l ) lu’ ( ‘ ) + ﬂl : (Eq622)

2 Ax Ax
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fore ] e+ g2 (ager ¥

= (Eq.6.2.3)

pm,i—l = 1

1 .sreps 2 A steps 2 A 'steps 2 . A :ﬂeps
Pai- :5 (fO', ) ki Ax;-'ul( i ) _/,l,Ali; (Eq.6.2.4)

If it is the case that the convertible bond is a dual currency one, then equation (6.2.1) is

replaced by equation (6.2.5).

steps
ﬂi = f’}RFe,steps _ 5‘ _ (fo-(z ) (Eq625)

( 1 ? M ,,)"'/‘“; "--.“---.._,_ (is 1 ) (Ns 1 )

A
©0) (1,0 2.0) 30) - (i,0) (N,0)
4 2><w ™ (i-1) (N,-1) :
\><:\ /
2,-2) (3,}2).,/« --«.v\.\:; (i,-2) (N,-2)
(N,-N+2)
(N,-N+1)
i
- s_N)
Figure (6.2) Indexing On The TrinomialTree
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In figure (6.3) there is a diagrammatical presentation of the calculations involved in

the transition from a node (i -1, j) to the three possible nodes in the next step.

steps
At

A

Puici

pm,i—l

Si—l,j ,(i—l,j)
Py

Step(i—1) 4 . Step (i)
( f I}I_?fb,steps , f O.IT_telps , 5[ » ) N / ( f’;RFb,steps , fo.isteps’ 5[ )

/
o4

Figure (6.3) Representative Node Configuration

In the above figure, a multiplication factor # has been used for calculating the stock

price S, ;4; at node (i+1,j+1) and a multiplication factor 4 has been used for
calculating the stock price S, ;_; at node (i-1,5 —1). These multiplication factors are

fixed across the tree since they are calculated based on the fixed space step, as

illustrated by the following equations.

u=e" =exp(Ax) (Eq.6.2.6)
d = e™ =exp(—Ax) (Eq.6.2.7)
uxd =1 (Eq.6.2.8)

Taking advantage of the recombining structure of the trinomial tree, there is no need
for establishing the stock values at all the time steps. A vector Se RUCNH) g

initialized for containing the values of the stock at the respective nodes at the time step

N of the tree. For the rest of the time steps 0 — (N —1), any stock values can be
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mapped to respective stock values of the last time step because the following
relationship holds.

So=81,;=8y;==8;==8y;=Sy,; .Vje[-N,N] (Eq.629)

J L)

Of course, for each § i there is the limitation that the nodes index reference j for the

time step i is limited between —i to +i. References outside this range are not

permitted in the implementation, and the mapping of S, on the vector Se RxN+)

limited in the permitted range of j at the specific step. This is also illustrated by the

following equation where the stock price §; is an element of the vector Se RIx2N+)

and the stock price S, ; is an element of the vector §; € R,

S .=8, Vjel-ii] (Eq.6.2.10)

LJ J

2N+1)

The elements of vector S e R are calculated based on the following equation.

S, =8’ Vjel-N,N] (Eq.6.2.11)

dx

Employing the constants u =d™' =¢* and u™' =d =™, the above equation can be

simplified as follows:

S;= So(em)i

, Vie [-N,N] (Eq.6.2.12)
S; =8’

Alternatively, this can be rewritten as follows.

S;=ux8,, Vje[-N,N] (Eq.6.2.13)

The respective equations utilizing the down multiplication factor are as follows:

S_; =38, (e_A( )i

_ Vje[-N,N] (Eq.6.2.14)
S, =S,d’
S_;=dxS_;,  Vjel-N,N] (Eq.6.2.15)
83/188
Implementing Arbitrage-Free Models CQF, Imperial College

Sor Pricing Convertible Bonds Michalis Simillis, 2004
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In the actual computations, the stock value S, is set equal to the current share price
(with the exclusion of the sum of the discounted discrete dividends on that date), and
then, recursively, the rest of the stock prices are established in vector S € R*V*)| as

demonstrated by the following equations. The parameter S“”"P¥* denotes the actual

share price on the calculations date after the discrete dividends have been subtracted.

So — SCD,NaDivs — SCD _ SODivs.srep.s (Eq6216)
S;=uxS,, j=1->N (Eq.6.2.17)
S;=dxS;,, j=-1--N (Eq.6.2.18)

6.3. Valid Tree Probabilities

We are introducing the derivation of the conditions that must be satisfied in order to
have transition probabilities that are strictly positive and smaller than one. One
drawback, perhaps the only significant one, of the trinomial tree configuration is that it
does not guarantee by construction greater than zero (strictly positive) and smaller
than one transition probabilities. Negative and greater than one transition probabilities
arise in a trinomial tree for certain combinations of market based input data like rates
and volatilities. It has been proved that these combinations of data actually arise when
there are arbitrage conditions in the market, or at least during of the derivation of the

input data, arbitrage-free conditions were not maintained.

The transition probabilities at any node on the tree are given by the following three

equations.
1{ o7 At + p? At AL,
= A Eq.6.3.1
pll,l—l 2 ( sz Ax ( q )
2 2 2
o7 At + 17 At
Pria =1- A (Eq.6.3.2)
__1_ 0.i2 Ati +1ui2 Atiz _ ﬂiAti (E 6 3 3)
Pyiz 5 Art Ax q.6.3.
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The parameter y; is given by equation (6.3.4).

fo=r—8 "L (Eq.6.3.4)

The space step Ax must of course satisfy the basic requirement depicted by the
following relationship.

Ax>0 (Eq.6.3.5)

Starting with p

m,—1?

a-i2 At + luiz Ati2

A <1

pm,l._l<l =1-

OF AL+ 1F AP
! >

0 (Eq.6.3.6),

All the parameters in equation (6.3.6) are squared, so they are definitely positive. The

time step At, is by definition positive. So, the condition depicted by equation (6.3.6) is

always satisfied.

Based on the condition that the probability p, . must be strictly positive:

o} At + 1’ At} >0 ol At + 17 At

e Ax? <1

pm,,._1>0 = 1

Ax>\[G? At, + 12 AL (Bq.6.3.7)

t ¢

Next, we consider the conditions for the probability p, . ;. In the case that 4 =0, the

probability p, ., is simplified as below.

2
o, At
o=t Eq.6.3.8
pu,l—l 2. 2 ( q )

The requirement p, ;_, <1 results in the following.

ol At
Poia <l > ——<1
’ 2Ax
2
o; Ay,
Ax> |2 (Eq.6.3.9)
2
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In the case that y; # 0, for the condition that p,,  <1:

2 2 2
po <l = 1{ o; Ati+,2u,. At +,ul.At,. <1
’ 2 Ax Ax
208 - At Ax — (07 Aty + 2 Ar2)> 0 (Eq.6.3.10)

The roots of the equation are given by:

A 12N+ 4x2x (07 Aty + 12 AF2)

Ax , = 4
At £./912 A + 802 At
Ax,, = £ J ”14 i 700, Al (Eq.6.3.11)
So the resultant ranges are given by:

At — 9P A1F + 807 At

Ax < Ax, = 42 ‘/”'4 i 700, & (Eq.6.3.12)
At + /917 AP + 802 A,

Ax > Ax, = Hi2i VAL +807 (Eq.6.3.13)

4

Now, we consider the condition that the probability p,; , must be strictly positive. In
the case that 4 =0, this requirement results in the following.

ol A,

L 5>0 (Eq.6.3.14)

It is obvious that the requirement p, ., >0 is always satisfied if 4, =0.

In the case that £, # 0, the requirement p, ,; >0 results in the following.

2 2 2
O-i Atz +lul Atl +lu1Atl >

5 0
Ax Ax

pu,i—l > O =

oF Aty + 1t A - JIAY
Ax? Ax

(Eq.6.3.15)

In the case that 4 >0, the requirement depicted by the relationship in equation

(6.3.15) is always true since the right-hand side is always negative and the left-hand

side is positive.
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In the case that z; <0, the resultant relationship is derived as following.

ol At + 47 A Ay

5 >0
Ax Ax

OF A+ 44} ArY |l
Ax* " A

o7 At + u? At?

Ax <
A,

(Eq.6.3.16)

Next, we consider the conditions for the probability p, . In the case that g =0, the
probability p, ., is as shown by equation (6.3.17). This is the same with equation

(6.3.9) for p,, . If we consider g being the actual drift after the application of the

branching process, then it should be expected that p, ., =p,., when g, =
2
o; At
i == Eq.6.3.17
pd,l—l 2Ax2 ( q )
In the case that g, # 0, the requirement p, ., <1 results in the following.
2 2 2
Py <l = 1{ o4y +,2u,. A pArL <1
’ 2 Ax Ax
AP + At Ax — (67 Aty + 12 A2)> 0 (Eq.6.3.18)
The roots of the equation are given by:
AL+ \/,uzAt +4x2x(0? At + 422 A2)
Axy 4 = 1
AL 9 ALY + 807 A,
Axy 4= \/ ﬂ (Eq.6.3.19)
So the resultant ranges are given by:
— At — U A + 807 At
Ax< Ax, = 442 J #:1 i 190 & (Eq.6.3.20)
AL+ 9ul At +807 AL,
Ax> Ax, = J ”4 l (Eq.6.3.21)
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In the case that z; # 0, the requirement p,; , >0 results in the following.

o} At + i Af} _ AL S

> 0
Ax Ax

Paio > 0 =

2 2,2
o; A +u; At > AL

= -~ (Eq.6.3.22)

In the case that g <0, the requirement depicted by the relationship in equation

(6.3.22) is always true since the right-hand side is always negative and the left-hand

side is positive.

In the case that g >0, the resultant relationship is derived as following.

2 2 2

5 0
Ax Ax
o A+ ARl
Ax? Ax
2 24,2
A< ZLAL T A AL (Eq.6.3.23)
A,
Summarizing, the required conditions are as follows:
Ax>0 (Eq.6.3.5)
Ax > O At + 1? A2 (Eq.6.3.7)
o} At
Ax > ﬁ, if 4, =0 (Eq.6.3.9)
2 24,2
Ax< AL AL e g (Eq.6.3.16)
A,
At — |9 AsT + 807 At
A.x<Ax1 — lLll [ J ltll4 [ ] [
A \/9 TR if 4, #0 (Eq.6.3.12)/ (Eq.6.3.13)
At + “AtE +807 At
0rAx>Ax2:'u‘ : A L !
4
— 1AL, — 9l At? + 807 At
A_x<AX3 — ILII i \/ lLll 4 ] i
4 if 4 #0 (Eq.6.3.20)/ (Eq.6.3.21)
\/ — > H; q
— WAL+ AL +807 At,
or Ax > Ax, = A Aok S
4
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The effort is now concentrated on excluding conditions from the above list. If it is

proved that all the roots Axj ,,,, are smaller than \/ o7 At;+ u? At} , then because of

condition in equation (6.3.7), the conditions of the two sets of equations,
(6.3.12)/(6.3.13) and (6.3.20)/(6.3.21), can be removed from the required conditions.
In other words, if the smallest permissible value by the condition of equation (6.3.7)
satisfies the conditions of the two sets of equations (6.3.12)/(6.3.13) and

(6.3.20)/(6.3.21), then we can remove the two sets of equations from the conditions.

To prove that all the roots Axg,,, are smaller than \/0',-2 At,~+,ui2 Az‘i2 , we need to

prove the following:

|4 |AL, ++JoP AR + 867 A,
4

VO AL+ 12 A2 > . if 4 #0 (Bq.6.3.24)

By squaring both sides of the equation (both sides are positive):

2

|4 |A, + oA + 807 A,
4

JO2 At + 12 A >

(af At + it Ar? )x 16> g7 At} +2.x || At, x 807 At, +9 yA? +8G7 At, +9 12 Ar?

807 AL, +6 47 At > 2 it At X [8GE At, +9 47 Ar?

We can further square both sides as follows:

(8 OF At +6 1t Atf)z > (2><|y,.[At,. xJS o7 At +9 1t Ar? )2
6407 A2 +9602 A, > Ar2 +36 11 At > 4 A2 (802 Ar, +9 12 Ar2)
640, AiF +9607 1> A +36 1} At} > 3207 A +36 u Ar?
640, At} + 6407 1P At} >0

6402 A2 (02 + A8, )>0 (Eq.6.3.25)

Proving that relationship of equation (6.3.24) is valid comes down to proving that
(6.3.25) holds. And (6.3.25) holds because the right-hand side will always be a

positive non-zero value.
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2
For =0, equation (6.3.7) becomes Ax>+/o; At; which is greater than W ,

the minimum value depicted by equation (6.3.9) for g =0. So, the condition of

equation (6.3.9) is covered by equation (6.3.7). Putting together equations (6.3.7) and
(6.3.16):

2 2 2
S AL+ WAL
O-l I Iut tl, if,U,-;EO

VO AL+ 12 AP < Ax<
|:ui|Ati (Eq.6.3.26)

Ax>+o? AL, if 4,=0

The conditions of equation (6.3.26) also cover the requirement that Ax >0, since both

of the bounds of the conditions in equation (6.3.26) are positive numbers.

It must also be pointed out that if the conditions of equation (6.3.26) reverse, then we

will not have a viable model. In other words, if quantity A; could become greater than
quantity B, , as defined in equations (6.3.27) and (6.3.28), then the system collapses. If

condition shown in equation (6.3.29) holds, then there is no such case.

A =02 At + 112 AP (Eq.6.3.27)
2 2 2
o7 At + 117 AL .
" |;1.|A!tl-[ Lo 20 (Eq.6.3.28)
A <B, if it #0 (Eq.6.3.29)

or,

of At + 4 At

oF At + 1t AP <
\/ l ~ |:ui’Ati

. if i #0 (Eq.6.3.29)

From equation (6.3.29) we have the following:

< \/ o7 Aty + 17 AL}
| A,
WA <P AL+ UE AT = AL >0

1 = |wlA, <o? At + 12 AP

(Eq.6.3.30)

Since it has been set from the beginning that the time step is positive non-zero

quantity, this means that equation (6.3.29) always holds. However, this is proved only
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to hold between the quantities A, and B, of a specific step. Due to the fixed value of

the space step Ax across all the steps, we redefine equations (6.3.26) and (6.3.29) as
follows.

Amax < Ax < Bmin (Eq.6.3.31)
Apax < Brin (Eq.6.3.32)

If the last equation does not hold, then there is no way that a space step Ax value can

be calculated that will satisfy the conditions for valid probabilities.

6.4. The Conditional Tree Probabilities

In this section, the conditional tree probabilities are introduced as a concept and
defined. For this task, the following notation is introduced and employed:

» The probability 7, ; is defined as the probability of being at a tree node (i, ] )
given that we have started from the origin which is node (0,0).

o The probability ¥, is defined as the probability of getting to the tree node
@i, j) by first getting to node (i -1,j- 1) and then branching upwards.

¢ The probability ¥;"; is defined as the probability of getting to the tree node
(i, j) by first getting to node (i—1, j ) and then branching to the middle.

e The probability l//,.‘fj is defined as the probability of getting to the tree node
(i, j) by first getting to node (i—1,j+1) and then branching downwards.

e The probability A is defined as the probability of branching upwards from
the tree node (i —1, j — 1) to the tree node (i, j), given the fact that we are at the
tree node (i—1,7— 1).

e The probability A7, is defined as the probability of branching to the middle
from the tree node (i -1, j) to the tree node (i, j), given the fact that we are at

the tree node (i —1, j).
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e The probability 4 . is defined as the probability of branching downwards from
p (M)

the tree node (i — 1, j+1) to the tree node (i, j), given the fact that we are at the

tree node (i—1,j+1).

We will refer to the probabilities A

(R

A", and Zj’, ; as the conditional probabilities. In

order to introduce the conditional probabilities, we consider the more general case
than the case of the trinomial tree presented here with respect to the defined transition
probabilities. The transition probabilities p,;, p,; and p,;, are the same for all the
nodes je[- i,i] at step ¢ for the purposes of the work of this thesis. Since we want to
account for the more general case, we assume that the transition probabilities are

: : u m d
different for each node at each step, bence, we follow the notation p;;, p;”; and p;;,

for introducing the conditional probabilities.

We consider that the transition probabilities are available and known quantities,
calculated based on the previous material presented in this thesis. The following

equations determine the values of the introduced conditional probabilities.

Vi =Pl T (Eq.6.4.1)
Wi =iy T (Eq.6.4.2)
Wi‘,lj = pid—l,j+l Ty (Eq.6.4.3)
7= Wi!,'j + mej + W;,Ij (Eq.6.4.4)
A= Ll (Eq.6.4.5)

7
A= ) (Eq.6.4.6)

T,

w'
K=t (Eq.6.4.7)

.

i,j

The probability 7, of the origin node is equal to one.
oo =1 (Eq.6.4.8)
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It is important to specify that any conditional probabilities with node reference (i, )

not in the permissible range, are equal to zero. This is also true for the probabilities

T

0Lj"
;=0 if ielo,N] or jel-ii (Eq.6.4.9)
A,=0 if ig[o,N] or jel-ii] (Eq.6.4.10)
K =0 if ig[o,N]or jel-ii] (Eq.6.4.11)
T, =0 if ie[0,N] or jel-i,i] (Eq.6.4.12)

The sum of the conditional probabilities for a given node (i, j) is equal to one by

construction, as shown next.

u m d u m d
“ m d. Cawt vwt o
B+ A+ 4= Vii (Vi ( Vos Vi ™V, Ve iy (Bq.6.4.13)
g Ty T oy i
At..vleps
1

N

(i-1,j+1)

(i-1.J)

(i-1,j-1)

Figure (6.4) Representative Node Configurations for the
transition probabilities and the conditional probabilities
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6.5. Accounting for Schedules in Forward Induction

Having established the conditional probabilities, we are now in position for developing
a methodology for dealing with challenging features encountered in convertible bonds.
To be more specific, in this section, we present the part of the introduced methodology
for dealing with conditional calls, conditional puts and resets, that takes place during

the forward induction process.

Conditional Calls

For a conditional call, we need to specify whether the call will be active at each of the
nodes of the tree falling in the time period of the call (between the starting and ending
dates of the call). Because of the inclusion of the trigger, this becomes a path-

dependent issue which we overcome by proposing a probability-weighted approach.

Let us consider a conditional call with the set of parameters

d,CS

{vkcs,t“'SD N e 1 ykcs} in the call schedule. This set means that this call

k

. EDCS . , .
covers the period from #*> to t/"*>“ | it has a grace period w’"“ and a trigger ¢

which is applicable on the prevailing strike X, ; at each node if the flag y is equal

to 1 or on the original contract-defined strike K if the flag y.° is equal to 0. We are

assuming that all the call period extended to include the grace period is within the

period used for pricing. In other words, we are assuming that, for this example,

(tu,SD,CS d,CS a,cD

; — W 41)> 1 where 1 is the calculations date.

The first action would be to define the flag &7**““" for each node in the tree that lies

in the period (t,‘c"SD St +1) to #;'*”“ . The flag is set equal to one if the stock

price at the node plus the sum of the discounted discrete dividends at that step is

greater than the trigger times the appropriate strike (either the prevailing or the

original). The strike used is denoted as X .
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®

— : cs _
Ki,j—Ki,j if y. =

. , (Eq.6.5.1)
K, =K if )’kc Y=
an;,gcr Call =1 lf‘ S + SDIV\ SSteps s, fk :‘jj
00 (Eq.6.5.2)
Trigger,Call 0 . S + S piv.s,steps Ck K
v AR 100

The next action would be to define the probability 7z"*"“" for each node in the tree

a,$D,CS a,ED,CS

that lies in the period ¢ to t; . The following process is repeated for each

node in the defined range. Let us consider the node (m,n) which lies in this range. To

define the value of 7z, “" of this node we need to include the flags &7 " of all

the nodes in the time period (£ — wi® +1) to """, The next figure includes all

Trlgger Call d CcS

the nodes involved in defining 7 if the grace period w;~" was equal to 3.

(m—2,n+2)
(m—2,n+1)-———-—-—-> (m—l,n+1)
(m—2,n) (m—l,n) —_— (m,n)

(m-2,n-1) (m—Ln—U’////,
,////'

(m—2,n-2)

Figure (6.5) Nodes Included in calculating 7z %"

For the specific case, first we calculate the parameter 7;7**"“"" for each of the nodes
(m—l,n—l), (m—l,n) and (m— 1,n+1).
Trigger,Call,* __ gTrigger,Call [( éTrzgger Call) ( m fTrlgger Call) ( u Trigger Call )J
ﬂ'-m—l,n—l — om-l,n-1 m -1,n-1 m—2,n-2 ‘m—1,n~1 m—2,n—1 ‘m—1,n— -1° m—2,n
(Eq.6.5.3)
Trigger,Call * Trigger,Call [( d . Trigger,Call) ( m Trigger,Call) ( u Trigger,Call )J
ﬂ'm—l,n fm L,n ﬂm—l,u fm—Z,n—l m—1,n m—2.n m—1,n fm 2.n+1
(Eq.6.5.4)
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Trigger,Call ¥ __ gTrigger,Call [( ) . Trigger,Cal[) ( m , ETrigger,Call ) ( i . ETrigger,Call )]
Em—l,n+l — Sm-1,n+1 X ﬂ'm—l,n+| m-2,n + m—1,n+1 m=2.n+l1 + m—1,n+1 m—-2,n+2
(Eq.6.5.5)

The probability 77%*"“" can now be calculated as follows.

ﬂ,Triggcr,Call — Trigger,Call % [(/1;1" . ﬂ.Trigger,Cal[,*)_*_ (Am . ﬂ.Trigger,Call,*)_l_ (/’i;;, = ”Trigger‘Cal[,* )]

m.n m,n m—1,n-1 m,n m—l,n m—1,n+1

(Eq.6.5.6)

Trigger,Call

As already pointed out, the probability 7’ is calculated for each node in the

a,ED,CS

a,5D,CS
: to £

tree that lies in the period ¢ . Calculating these probabilities means that

the process for accounting for this conditional call during the forward induction has

completed. For any additional conditional calls, the same procedure is repeated.

Conditional Puts

The same actions are involved for accounting for conditional puts during forward

induction. The only difference is in the calculation of the flag &/

Let us consider a conditional put with the set of parameters

d,PS

{v,fs,t“'SD’PS,t,f‘ED’PS,c,fS,wk ,yfs} in the put schedule. This set means that this put

k

covers the period from #*”" to #"*>" | it has a grace period w;"™ and a trigger ¢,*

which is applicable on the prevailing strike K, ; at each node if the flag ¥° is equal

to 1 or on the original contract-defined strike K if the flag y;* is equal to 0. We are
assuming that all the put period extended to include the grace period is within the
period used for pricing. In other words, we are assuming that, for this example,

(k25275 — WS +1)> 17 where < is the calculations date.

The first action would be to define the flag &77**"™" for each node in the tree that lies

in the period (£”7 —w™ +1) to ** . The flag is set equal to one if the stock

price at the node plus the sum of the discounted discrete dividends at that step is
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greater than the trigger times the appropriate strike (either the prevailing or the

original). The strike used is denoted as K; Iz

* .. PS _
Ki,j_Ki,j if yo =1

: _ (Bq.6.5.7)
K,;=K if »°=0
PS
‘Tr.igger,Put =1 lf S + S.Divs,srem < ﬂ'_x x
ij ij i 100 i,j
o (Eq.6.5.8)
Trigger,Put __ . Divs, steps Cy *
Lt =0 S+ 87T >EXK’V

The next action would be to define the probability 7]/*"™" for each node in the tree

that lies in the period #{"*""" to #{"*”"" . Let us consider the node (m,n) which lies in

this range. To define the value of 7™

m,n

of this node we need to include the flags

Tisger P of all the nodes in the time period (£9%%° —w®™ +1) to %% The

i,j m
configuration of figure (6.5) includes all the nodes involved in defining 7z, "™ if
the grace period w{""® was equal to 3.

For the specific case, first we calculate the parameter for each of the nodes

Trigger,Put *
z js&

(m—1,n—-1), (m—1,n) and (m—1,n+1).

Tri, L Put ¥ Tri JPut d Trigger,Put Tri, JPut Tri JPut
T rigger,Put ¥ __ rigger,Pu X [( é: rigger,Pu )+ (Am rigger, Pu )+( I A rigger,Pu )l

m-1,n—1 — Ym-1,n-1 m-l,n—-l‘ m-2.n-2 m—l,n—l- m=2,n-1 m—1,n—-1 m-2.n
(Eq.6.5.9)
= -G e - s ) (- )
(Eq.6.5.10)
gl o gigger Put o [(gd g (g g )y (e gTrgser )|

(Eq.6.5.11)

The probability 7.*"*" can now be calculated as follows.

Trigger,Put Trigger, Put d Trigger, Put * m Trigger,Put * ¢ Trigger, Put *
T, 8 = & “x[(/l -7, )+(/1 -, )+(l‘ T, )]

m,n m,n e, n m—1,n—1 m,n m-1.n m,n m—1,n+1
(Eq.6.5.12)
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Resets

Whenever there is even a single reset in the convertible bond contract information, the
pricing framework of this thesis includes the parameter K, which is the prevailing
strike at each node (i, j). The prevailing strike was already included above in the
calculations for accounting for conditional calls and puts. The strike K, is set equal

to the original — contract — strike, or, in the case that there has been a reset date before
the calculations date, the strike K, is set equal to the prevailing strike on the
calculations date, which is a parameter that has to be included in the inputs of the

pricing framework in this case. For the rest of the steps, the prevailing strike is defined

as shown in the next equation, with the exception of the reset dates.

d m u
K J = (ﬂ’m,n ’ Ki—l,j—l) ( m,n z ],j)+ ( m,n Ki—],j+]) (Eq65]‘3)
Let us consider a reset with the set of parameters {£°%5,y["n 8 yuwrer S 8 yRSL i

the call schedule. This set means that this reset will take place on the #"®, it has an

d RS lower ,RS up[)er RS

averaging period w and a lower and upper reset levels of v, and v

which are applicable on the prevailing strike K, ; at each node if the flag v is equal

to 1 or on the original contract-defined strike K if the flag y=*° is equal to 0. We are

a,Rs _ zl RS

also assuming that, for this example, (tk’ +1)>t" b

a,CD

, where ¢ is the

calculations date.

The first action would be to calculate the average stock price S, A”""“"e for each node in

the step m where 25 = %5

, 1.e. the reset k takes place at step m. Let us consider the
node (m,n) which is one of the nodes at step m. To define the value SA””‘j’g? of this

node we need to include the stock price of all the nodes in the time period

(t;’s’g”“ wi® + 1) to t>5* that are part of the paths passing through node (m,7). The

next figure includes all the nodes involved in defining S,A”,fl"j’ge if the averaging period
w'® was equal to 3.
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(m-2,n+2)

(m—-2,n+1) -—E‘: (m—1,n+1) \

(m—2,n) (m—],n) -———b(m,n)
(m—2,n—l) (m—1,n-1) /
(m-2,n-2)

Average
m,n

Figure (6.6) Nodes Included in calculating S

For the specific case, first, we define the values of the parameter Sif‘;e’“ge’* for each of

the nodes (m—2,n-2), (m-2,n-1), (m-2,n), (m-2,n+1) and (m—2,n+2).

Sy = S g F Sy T (Eq.6.5.14)
S::iezr,ang—ei* =Spomt T S,?i‘;'&epx (Eq.6.5.15)
Syl =8, g+ Sy (Eq.6.5.16)
S =8y e+ Shy S (Eq.6.5.17)
S =8 pmen F Sy (Eq.6.5.18)

Then, we calculate the parameter Sif‘;"’"’g“’* for each of the nodes (m—],n—l),

(m—1,n) and (m—1,n+1).

Average * __ Divs, Steps ( d . Average‘*)
Sm—l,n—l - Sm—l,n—l + Sm—l + A’m—l,n—l Sm—Z,n—Z
| (Eq.6.5.19)
+( m R SAverage,*)_i_( 1 . SAverage,*)
m-1,n—-1 m~-2,n-1 m—-I,n-1 m-2,n
Average * __ Divs, Steps ( d . Avemge,*)
Sm—~l,n - Sm—l,n + Sm«l + /?’m—l,n Sm—Z,n—l
e o (Eq.6.5.20)
m . verage, u . verage,
+(/1m—l,n Sm—Z,n )+( m—-1,n Sm—Z,n+l )
Average * __ Divs,Steps ( d . Avemge,*)
Sm—l,n+1 - Sm—l,n+l + Sm~1 + A’m—],n+l Sm—Q,n
noe o (Eq.6.5.21)
m . verage, 1 . verage,
+ (A'm—l.n+l Sm—2,n+l )+ (/q'm—],rwl Sm—2,n+2 )
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The parameter S;""“*" for node (m,n) can now be calculated.

Average* __ Divs, Steps ( d Avemge,*)
S - Sm,n + Sm + m,n Sm—l,n—l

m.n

Finally, the average stock price

n Average * 1 Av & (Eq6522)
eruge, 4 erage,®

+ (im,n ’ Sm~l,n )+ (/lm,n ) Sm—l,n+l )

Sere is calculated as follows.

SAvemge,*

Average _ “m,n

Spn = W E (Eq.6.5.23)
k

Once the averaging process has been completed and all the average stock prices

S Average
m, j=[-mm

] have been calculated at the reset date, we are in position for resetting the

strike at each of these nodes. The strike is set based on the lower and upper levels

which are found by multiplying the values v, and v,

strike (either the prevailing or the original). The strike used is denoted as K.

lower RS upper,RS

by the appropriate

[

Ki*'=Ki‘ ifyifs=1
ST (Eq.6.5.24)
Ki,j =K if yo =0
lower,RS upper RS
K' = SAve'*ruge vk % K* < SAve.'ruge < vk—x K*
i m, f 100 iLj— mj - 100 i,j
v :pper, RS . 4 Il,:[)[)er, RS
* verage *
K(-‘j :WXK‘J Sm,j 8 >WX Kl,j (Eq.6.5.25)
lower ,RS lower,RS
1% * v *
K = k <K Avefrage Yk K
I 100 " " 100 o
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CHAPTER 7

CALCULATING THE CB PRICE AND THE
SENSITIVITIES

The Backward Induction process and the calculation of the sensitivities are the
subjects of this chapter. In the previous chapter, the Forward Induction process was
presented, while, in its proceeding chapters the input data structures were listed. The
outcomes of the Forward Induction process are the stock prices on the trinomial tree
with their associated probabilities. For the case of conditional calls and puts there is
the additional outcome which is the probability of triggering the conditional call/put at
each node, while for the case of resets the additional outcome is the average
probability-weighted stock price at the nodes of the step on the reset date. So, at this
point, we are in position to price the convertible bond and calculate it sensitivities by

carrying out Backward Induction.

7.1. Backward Induction

The first action involved in the Backward Induction process is establishing the
convertible bond price at the nodes of the tree on the expiration date (last step on the
tree). Then, by working backwards on the tree, the price of the convertible bond is
calculated at the nodes of the remaining steps until the convertible bond price for the

calculations date (step with index zero) has been established.

First, some notation is introduced. The indexing of all the parameters introduced here

follows that of the equity trinomial tree, as shown in figure (6.2). The convertible bond

price at a node on a tree is denoted as V,-f’-, while the holding value of the convertible

bond is denoted as V,"j and the converting value of the convertible bond is denoted as
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V7™ The holding value V,"] at a node represents the value of the convertible bond to

the investor at node (i, j) which is one of the possible realisations at time 2" if the

investor does not convert at node (i,j), holds the convertible bond, and either
converts later on in time or holds the convertible bond to maturity. The converting

value V9%

.,; at anode represents the value of the convertible bond to the investor at

node (i, j) which is one of the possible realisations at time t*5”* if the investor does

convert at node (i, j). The final value of the convertible bond at node (i, j) is the value

Vif’j , which is the optimal value to the investor between the holding value V,-Z and the

converting value V7"

In the cases where the convertible bond is callable, then the call value at any node

c

(i, j) is denoted as ..;» While in the cases that the convertible bond is puttable, then

the put value at any node (i, j) is denoted as lej . In this implementation, a convertible

bond is allowed to be callable and puttable at the same time and at the same node.
However, no calls or puts can be active on the expiration date since the value of the

convertible is defined by its redemption value. The put value at any node (i, ;) is
calculated based on the following equation.

p .., PS a,PS,SD a,steps a,PS ED
V2 =y £0PSSD < posters L pa B ED (0 <k < (g —1)

Vie[o,N -1]Vje [-ii]
V=0 otherwise (no put is activated)

(Eq.7.1.1)

In the case of the call price V;;, the accrued interest has to be taken into account as
denoted in the following equation.

VEi=vE AL O < <SP 0<k < (ngg — 1)
5 o Vielo,N-1]Vje[-i,i]
Vi =0 otherwise (no call is activated)

(Eq.7.1.2)

If it is the case that there is a call and put active at the same time, then, usually, in

these cases the call value is higher than the put value, locking in this way the price of a
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straight bond (without optionality to convert) into the range between the two values,
the put and the call value. However, in the case of the convertible bonds, the range is
violated on the upward side because the conversion value comes into play since there

is the optionality to convert to Equity.

The exchange rate parameter X; 't will appear in the following equations without

making any distinguish between dual currency and single currency convertible bonds.
To simplify the calculations and description here, the exchange rates are set equal to

one across all the steps in the case of a single currency convertible bond. In the case of
a dual currency convertible bond, the parameter X f/ b represents the forward exchange

rate as was described in a previous chapter.

Another important note to make regards the distinguish between “pure” stock values

S; ; and “actual” stock values S ,* ;- The pure stock values are the stock values that are

included on the equity trinomial tree. As you can recall, those stock prices are the
diffused stock prices based on an initial stock price that did not include the sum of the
discounted discrete dividends (the sum of the discounted discrete dividends was
subtracted from the initial stock price used in the diffusion). Adding the sum of the
discounted discrete dividends at any step to the pure stock prices will result in the

actual stock prices.

;=8 +8Pr Vielo,N]Vjel-ii] (Eq.7.1.3)

ConvAllowed

At all the nodes of all the steps, the conversion flag & is simply defined based

on the following equation. Conversion is not allowed during the no-conversion period
at the end of the convertible bond life which includes at least the maturity date.
Conversion is also not allowed at the intermediate steps, the steps added between the
calculations date and the calculations date plus one. As a reminder, these steps were
added for improving the sampling performance of the tree and they have time step

sizes smaller than one day.

ConvAllowed __

b vie[o,N]Vje|-i,i] (Eq7.1.4)

ConvAllowed __
ij - O

Conversion Allowed at i ;

Conversion Not Allowed at i
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Probability Weighted Discounting

For the cash-flows discounting, we follow the probability weighted discounting
approach, which is an important notion already followed in the industry when there are
risk-free and risky cash flows involved in a pricing framework. In the case of the
convertible bond, the risky cash flows are a result of the bond-like features of the
convertible bond, which are the coupon cash flows and the redemption (maturity) cash
flow. The risk-free cash flows are a result of the equity-like features of the convertible

bond, which is the conversion value — the stock price and the dividends.

At each node, based on which is more optimal, the convertible bond price can either
reflect the conversion value of the convertible bond or the holding value of the
convertible bond. If the convertible bond value reflects the conversion value, then the
forward risk-free rate — the forward risk-free discount factor actually - should be used
for discounting it. In the case that the convertible bond reflects the holding value,
things become more complicated because the holding value reflects all the possible
future outcomes and these include cases where the conversion takes place at some
point in the future and cases where no conversion takes place and the convertible bond
is held to maturity. So, it is not clear which discounting factor to use, the risk-free or

the risky one.

To overcome this challenging situation, we are introducing another two parameters for

and the probability ﬂ.Converred

each node on the tree, the flag & i . During the

Converted
¥

backward induction, it is decided at each node whether to convert or not. If at a node it
is decided to convert, then the flag é?}"‘""’"" is set equal to one, otherwise is set equal

Converted

to zero. Then the probability of conversion 7, is set as shown in the following

equations. The initialisation of this process starts with setting both the flag and the
probability for all the nodes at the maturity step equal to zero, since no conversion is

allowed ever on the maturity date.

Converted —
lz:ilyvjerred _ VJG [_ N’ N] (Eq715)
i=N,j -
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f‘;}nw~erted =0 lf decided to hold

} Vie|lo,N-1]Vje[-i,i] (Eq.7.1.6)

gomemd =1 if decided to convert
Converted __ gConverted Converted Converted Converted
”i,j =5 x[(pi,u ’”i+1,j+1 )+ (pi,m '”i+1,j )+ (pi,d '”i+1,j—1 )] (Eq 71 7
Vie [0,N -1]Vje[-i,i]
The probabilities frf;.’"””’ed are employed in the discounting process, and this is

demonstrated in the descriptions to follow for the rest of the calculations.

Calculations at Maturity: (i = N)

Backward Induction begins with the calculation of the convertible bond price at the
last step, which is the step that corresponds to the maturity date. The holding value of
the convertible bond is calculated as the sum of the redemption value and any possible

coupon cash flows on that day.

V~h- — PRd +q‘CPn,st€Ps j= N,Vje [_ N,N] (E 718)
ij i q

The final convertible bond value is simply calculated based on the following equation:

vh=v"  i=N\¥je[-N,N] (Eq.7.1.9)
L f l,]

Calculations at the rest of the steps: (i = (N —1) — 0)

Starting from step i=N -1 and working backwards on the tree until step i=0

(inclusively), the following calculations are repeated at each step.

First, the conversion value is calculated as depicted by equation (7.1.4) above and re

ConvAllowed __ 1

conv __ pCR elb *
Vil =RTXX[TXS, i

Vie[-i,i] (Eq.7.1.10)
Vi =0 } el ’

ConvAllowed __
i =0

The holding value is calculated as the probability weighted sum of the connected

nodes in the following in time step, plus any coupon values. Three intermediate values
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Ve, VA" and V%, are calculated before the final value V' is established. The

probability of converting is also taken into account.

Vi = (et x fa e ) ((1 - i) fd i x p, <2 L Ve [ii]
(Eq.7.1.11)

Vi =St x fa i ) (1w I g oo x p,,, xVi, Viel-ii]
(Eq.7.1.12)

v =l o s e g Yy <V i i)
(Eq.7.1.13)
LA e A AR A A /=) SR (Eq.7.1.14)

Then, according to the presence of calls and puts, the final convertible bond value at
each node is calculated based on equation (Eq.7.1.15). The convertible bond is initially
set equal to the minimum of the holding value and the call value (if the convertible
bond is callable at that step). Then, the result is compared to the converting value and
the put value (if the convertible bond is puttable at that node), and the maximum of the

three values is used as the final convertible bond value at that node. In the absence of
any calls at a node (i, ), then the parameter Vi, is simply not included in the
equation. In the same manner, in the absence of any puts at a node (i, j), then the

parameter V/; is simply not included in the equation. Finally, in the cases where no
conversion is allowed at a node (i, j), then the parameter V™ is simply not included

in the equation. Actually, V™ is equal to zero in the cases where no conversion is
allowed, so the result of the following equation is not affected anyway.

Ve = max(veer v min(vh Ve ) Vielid] (Eq.7.1.15)
Once the above calculations have been performed at all the steps, the value of the
convertible bond on the calculation date, V°, is set equal to the value Voifo which is
the value of the convertible bond at the zero step of the tree.

Ve =y, (Eq.7.1.16)
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Dual Currency Convertible Bonds

As it has already been pointed out, for the case of dual currency convertible bonds the
forward exchange rate X{’* at each node is not equal to one like in the case of single

currency convertible bonds. The calculation of the forward exchange rates for dual

currency convertible bonds has already been presented in the previous chapter.

Another difference in the approach for the pricing of the dual currency convertible
bonds is in the discounting process. The risk-free cash flows for dual currency
convertible bonds are discounted based on the equity (foreign) currency. The risky
cash flows are still being discounted based on the risky discount factors which
correspond to the bond (domestic) currency. Equations (7.1.11) to (7.1.13) are

replaced by the following three equations when pricing dual currency CBs.

Vi =l st (- e o Y <V Ve i
(Eq.7.1.17)

v =l gl e (-l sl bep,, xvi, - Vie il
(Eq.7.1.18)

vt = et e o (1= mny bl Y py <V Vie i)
(Eq.7.1.19)

7.2. Backward Induction for Resets and Conditional Calls/Puts

Conditional Calls

When conditional calls are present, then there are some modifications in the

calculations. In the previous chapter, it was described how the conditional calls are

. . . . e Trigger,Call
accounted for. Essentially, the probability of triggering a conditional call 7]

was calculated for all the nodes (i, j) that fell within the period of a conditional call.

To complete the calculations for accounting for a conditional call, we need, for each

node in the conditional call period, to calculate the value of the convertible bond in the
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case that the call is activated — triggered — and in the case that is not activated. Then,

the final convertible bond price at that node will be the probability weighted sum of

the two values, based on the probabilities 7777 and (1 — g at )

In more detail, let us consider the general case of a node (i, j) which falls within the
conditional call period. Let us also denote the convertible bond price at that node with

V.b : CallTriggered

the call activated as and the price without the call activated as

yceltorisserd. Then, equation (7.1.15) is used as described in the calculations above,

once with a call value V°; which is calculated by adding the conditional call’s call

value and the accrued interest, and once without the call value. This is also shown by
the following equations. Like before, the conversion value is included in the equations

if conversion is allowed and the put value is included in the calculations if a put is

activated.
Vh CallTriggered __ maX(VCU“V ‘/[I"l ,mln(V,hj,V( )) (Eq7.2 1)
‘/iijCclllNz)ITriggered max(V(um ‘/lpj ,Vh ) (Eq722)

The final value of the convertible bond at a node within the period covered by a

conditional call is calculated as follows.

‘/lbj — ”[T;igger,Call . ‘/ibj,CallTriggered (1 ﬂ.Trtggcr Call) ‘/lbjCallNutTn;,g,ered (Eq723)

Conditional Puts

During the Backward Induction process, the treatment of the conditional puts is in
exactly the same fashion as that for the conditional calls. To complete the calculations
for accounting for a conditional put, we need, for each node (i, j) in the conditional

put period, to calculate the value of the convertible bond in the case that the put is
triggered and in the case that is not. Then, the final convertible bond price at that node

will be the probability weighted sum of the two values, based on the probabilities

”Z”;igger,Put and (1 n.Trrgger Put )
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Let us consider the general case of a node (i, j) which falls within the conditional call
period. The convertible bond price at that node with the put activated is denoted as
v utmsered and the price without the put activated is denoted as V,;™"™*¢ | Then,
equation (7.1.15) is used as described in the calculations above, once with a put value
V.”. and once without the put value. This is also shown by the following equations.

Like before, the conversion value is included in the equations if conversion is allowed

and the call value is included in the calculations if a call is activated.

V:j,_PmTriggered _ maX(V,-,c;nv,V,-f}’ min(V,»,hj,Vi,Cj )) (Eq.7.2.4)
s e il ) E725

The final value of the convertible bond at a node within the period covered by a

conditional put is calculated as follows.

b _ Trigger,Put  yyb, PutTriggered ( _ Trigger,Pur). b, PutNosTriggered
Vi =7 Vi +Hl-7; 4 (Eq.7.2.6)

Combining Conditional Puts and Calls

To cover the extreme, but plausible, case where the period of a conditional call and the
period of a conditional put overlap, we consider a general node (i, /) which falls in
this overlapping period. We calculate four possible values: The convertible bond price

ycatbutrissered gt that node with the conditional put and the conditional call both

Calllriggered ot that node with the call activated

. . . h,
triggered, the convertible bond price V;”;
and the put deactivated, the convertible bond price V,’;""™*"** at that node with the

put activated and the call deactivated, and, the convertible bond price V;’;Nmﬂﬂggewd at

that node with both the put and the call deactivated.

Vi = max{y v min Vi) (Bq.7.2.7)

Vs il ) 4725

Vi < masly vV (£q7.29)

Wajzvonerriggered — maX(Vi,CJU."V,Whj ) (Eq.7.2.10)
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The final value of the convertible bond at a node within the period covered by both a

conditional call and a conditional put is calculated as shown next.
‘/,-h' — (”Tr'igger,CaIl . ﬂ.:Tr.igger,Put X V‘h,‘CaI[PutTriggered)
»J Ly Uy Ly
i Trigger, P b, ;
+ (”Zr}{gger,Call X (1 _ ﬂ.i’;‘zgg,er ut ) ‘/i‘jCallTnggered)
+ ((1 _ ”I;zgger.Call ) ”Zr;gger,Put B ‘/, glaj,leTriggered )

+ ((1 _ ”Z“;igger,Call ) (1 _ ﬂ.iT;igger,Pur ) ‘/ihj,_NrmeTriggered )

(Eq.7.2.11)

Resets

Resets have been fully accounted for in the Forward Induction process. The only
comment to make for the calculations during the Backward Induction process
regarding the resets, is on the use of a different conversion ratio at each node instead
of a fixed strike like in equation (7.1.10). It was shown in the previous chapter how the

strike K ; is calculated for each node (i,7) on the tree when reset dates are present.
This means, that for each node (i, j), a conversion ratio R,.,Cf must be calculated based

on equation (7.2.12), where P’ is the Notional (Face Value). Finally, equation

(7.1.10) is changed into the form of equation (7.2.13) when resets are present.

_ P’
ox_ L (Eq.7.2.12)
J K[’j
‘/i(:;mv — R[Cf % Xie/b % Si":j iCj(.liIowed :1
’ ’ ‘ Vjel-ii] (Eq.7.2.13)

conv _ ConvAllowed __
‘/i,j - O ij = O

7.3. Sensitivities

At the end of the previous section, a convertible bond price was established based on
the current input information from the contract and the market. Even though the
contract information are fixed and do not vary for an instrument, market information
are subjected to changes and variations. It is of the greatest importance to investors,
issuers and analysts to be able to quantify these variations, or the sensitivity of the

instrument to the various market quantities that affect the instrument’s price, and, as
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an extension, to use these sensitivities for creating positions for hedging most of the

factors that the price of the instrument is exposed to.

This section can be considered as a step further to the calculation of the convertible
bond price. The sensitivities of the convertible bond to the share price and the
volatility of the share price are studied, as well as the sensitivity to the decaying of the

time to maturity.

Delta and Gamma

The delta is defined as the sensitivity of the convertible bond price to fluctuations in
the underlying share price. The gamma is defined as the rate of change of the delta
with respect to share price fluctuations. The delta and gamma sensitivities are

calculated in this pricing framework based on two methods.

Numerical Differentiation

We use the term numerical differentiation to refer to the calculation of the sensitivities
when the pricing framework is run more than one times, with the additional runs

carried out with shifted parameters. In the case of delta, after the convertible bond

price V° has been established based on the current market information, it is
recalculated again twice based on the same information but with a shifted share price.
We are considering a shift of 0.1% applied to the pure share price on the calculations
date as shown in equation (7.3.1). The total shift in the equity value of the convertible
bond is shown in equation (7.3.2), and this is simply the share price shift multiplied by
the conversion ratio. The convertible bond price is recalculated based on the two

shifted share prices and the two new calculated convertible bond prices are denoted as

VP and V29" The delta is calculated as demonstrated in equation (7.3.5).
AS =0.001x §€P-NoDivs (Eq.7.3.1)
ASy . = RFxAS (Eq.7.3.2)
S = gEDNoDIS 4 Ag (Eq.7.3.3)
SCD,down — SCD,N()Divs —AS (Eq734)
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VCD,up _ VCD.clawn

A, = Eq.7.3.5
" 2XAST(Jm[ ( q )

The gamma equation is derived by starting from the definition of equation (7.3.8)
where gamma is expressed as the rate of change of the delta with respect to share price
fluctuations. The definitions of equations (7.3.6) and (7.3.7) are pre-requested for the

process. The parameters are also presented diagrammatically in figure (7.1).

. VCD,u[J _ VCD
A" (Eq.7.3.6)
ASToml
y VCD _ VCD,duwn
A = (Eq.7.3.7)
ASTm‘al
Aup _ Adown
[=2wm O (Eq.7.3.8)
ASToml
VCD,up _VCD _ VCD _VCD,down
dowi
F — AI%D - A[?IDn — ASTutal ASTaml
ASTuml AST()Ial
Yo _y e _ (VCD YD, down ) YD _ 0 sy €Dy CD-dowm
= 2 = 2
(AST()ml ) (ASToml )
o VCD,up _ 2XVCD + VCD,dnwn (Eq 73 9)
= 3 0.
(AS Total )
V”A
VCD,up
VCD o
yCDdownd ‘
A
— = 4 — —>
AS -~ AS - SCD,NODI\’S
S CD,NoDivs
SCD,dawn SCD’up
Figure (7.1) Delta and Gamma Sensitivities
g
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Tree Embedded Sensitivities

Based on this approach, instead of re-calculating the convertible bond price by re-
running the whole pricing framework for shifted share prices, we use the calculated
convertible bond prices at the first step after the calculation date. Following this

method, the delta sensitivity is calculated based on the following equation.

A= V= (Eq.7.3.10)
(RﬁRXXlelbel*’l)_( = 1.0,

As it can be observed, the conversion value has been used in the above equation. This

is the general case of the equation and covers the cases of both single currency CBs

where the exchange rate is simply X{'” =1 and dual currency CBs where the forward

exchange rate X{'” is calculated based on the interest rate differentials of the two

currencies. In addition, it covers the case where there are resets and the conversion
ratio could be different across the nodes, as well as the cases where there are discrete
dividends, since it uses the actual stock prices which include the sum of the discounted

discrete dividends in their value.

Since we have identified that the conversion value of the convertible is used in the

calculation of the delta, equation (7.3.10) is re-written as follows.

_ M he (Eq.7.3.11)
Vit =visy
For the gamma calculation, the necessary equations are derived as follows.
I, ‘/]bl - ‘/lb()
AV = V}onv (Eq.7.3.12)
Vl,l Yo
Vb _ Vh
down __ 1,0 1,1
- chnv _ Vconv (Eq73 13)
1,0 1,-1
Aup _ Adawn Au[) _ Adown
I'= Yoy conv Yoy _yeon = ycony _y conv (Eq73 14)
yeon 4 L e | o _ L0 M-l AR
1,0 1,0
2 2 2
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b b b b
Vl,l _Vl.o _ Vl,o _Vl,—l
up down conv __ygeony cony __yyeony
A* - A _Va Ve Ve VS

cony cony - cony cony
Vl,l Y14 Vl,] _Vl,—l
2 2

The tree embedded sensitivities is preferred over the numerical differentiation method

= (Eq.7.3.15)

because of the following two main reasons (also outlined in reference [35]):

e Numerical differentiation involves running the trinomial tree for an additional
time in order to obtain the delta sensitivity and for an additional extra time, two
additional times in total, in order to calculate the gamma sensitivity. This
means that the numerical differentiation approach is significantly more
computationally demanding than the tree embedded sensitivities approach.
Actually, for the latter, the additional computations involved are neglible
compare to the overall computations of the tree.

¢ In the case of the numerical differentiation, the resultant delta sensitivity is a
ladder-like function of the underlying value, in our case, the conversion value.
This means that the delta function of the conversion value is not differentiable

at the kinks of the ladder; hence we can not actually calculate a gamma value.

Both drawbacks of the numerical differentiation are significant. For these reasons it
was decided that the default calculation of the sensitivities was based on the tree
embedded sensitivities approach. Finally, it should be pointed out that because the
convertible bond prices and the conversion values used in the calculations of the delta

and gamma sensitivities are located at the first step after the calculations date step, this
means that the calculated sensitivities correspond to that point of time which is £~

and not to the calculations date. In other words, an approximation is involved when
following the preferred approach, since we are approximating the sensitivities on the

calculation date by using the sensitivities of another point in time. The smaller the first

Steps

time step Af;Z” is, the smaller the approximation error becomes.
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Theta

The rate of change of the convertible bond price with respect to the passage of time is
referred to as the theta sensitivity, sometimes also referred to as the time decay of the
convertible bond price. By construction, the theta sensitivity is calculated based on the

tree embedded sensitivity approach. The time shifted value of the convertible bond

V), is there ready to be used.

@ — ‘/1%0 B VOITO

! (Eq.7.3.16)
AP

Vega

Vega is defined as the sensitivity of the convertible bond price to changes in the
volatility of the underlying stock price. In the implementation of the pricing
framework of this thesis, Vega is calculated as the change in the value of the

convertible bond for a parallel upward shift to the volatility structure of 1%. A new

convertible price VP4% ig calculated after the actual volatility structure ™7 is

replaced by its shifted version ™”*'* and the pricing framework is run for one more
time.
Vega =V Prvesal® _y D (Eq.7.3.17)
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CHAPTER 8

EVALUATING THE PRFORMANCE OF THE MODEL

Having established the pricing framework of the convertible bond in the previous
chapter, we are now in position to evaluate the resultant model and study various
aspects of the convertible bond. For this task, we follow two approaches, the spectrum
analysis and the scenario analysis and simulation, each approach offering different

insights to the developed model’s assumptions and output parameters.

The characteristics of a dummy convertible security were defined and used throughout
the simulations. This security is a GBP (British bound) denominated 5-year
convertible bond with a face value and redemption value both equal to 1000. The issue
date of the security is the 16/01/2003 and the expiration date is the 30/01/2008. The
initial conversion ratio is equal to 20 resulting in an initial strike equal to 50, and the
no conversion period is equal to 5 days. The valuation date is the 18/02/2003, and the
share price of the underlying of the CB on that date is assumed to be equal to 40.2,
meaning that the CB is slightly out of the money. The volatility term structure and the

continuous term structure of the underlying security are included in the next table.

TABLE T.8.1
Share Price Volatility Continuous Dividend Yield
Structure Structure
. Continuous
Date Volatility (%) Date Dividend Yield (%)
19/02/2003 20 19/02/2003 1
12/03/2003 21 12/03/2003 1.1
10/03/2004 22 10/03/2004 1.2
14/01/2005 23 14/01/2005 1.3
16/04/2006 23.5 16/04/2006 1.35
19/04/2007 24 19/04/2007 1.4
17/10/2008 24.5 17/10/2008 1.45
18/05/2009 24.75 18/05/2009 1.475
20/03/2010 25 20/03/2010 1.5
19/07/2011 25.15 19/07/2011 1.515
20/01/2031 25.25 20/01/2031 1.525
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chapters. The following graph presents the exchange rate evolution with time when the
initial exchange rate is equal to 0.5 and the interest rate differentials are defined based

on the two interest rate curves presented in chapter 3.

Figure (F.8.2) Exchange Rate for translating Equity currency units to
Bond currency units
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Discrete dividends schedule can be included in the implemented pricing framework.
Nevertheless, the default security does not include a discrete dividends schedule and
the discrete dividends schedule presented in the next table, table (T.8.2), is only
included in the pricing only in the cases that is specified so. The evolution of the sum

of the discounted discrete dividends is presented in figure (F.8.3).

TABLE (T.8.2)
Discrete Dividends Structure
Date Dividends (Value)
30/03/2003 0.1
26/03/2004 0.18
28/01/2005 0.45
28/04/2006 0.65
29/04/2007 0.75
25/10/2008 0.92
24/05/2009 0.98
24/03/2010 1.04
21/07/2011 1.11
20/01/2012 1.2
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Figure (F.8.3) The evolution of the Sum of Discounted Discrete

Dividends
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The default security is not callable, puttable or resetable. However, in the cases that it

is stated otherwise, the call schedule, the put schedules and the reset schedule included

in the following tables, are employed. In the schedules, calls and puts without a trigger

are hard calls, while in the case of resets there may or may not be an averaging period.

Implementing Arbitrage-Free Models
for Pricing Convertible Bonds

TABLE T.8.3
Call Schedule - Hard Calls & Soft (Conditional) Calls
Starting . . o Grace Period | Prevailing Strike (1)
Call Value Date Ending Date Trigger (%) (days) or Initial Strike (0)
1040  [16/01/2004 15/01/2005 115 12 1
1030 | 16/01/2005 16/01/2006
1020 | 17/01/2006 17/01/2007
1020 | 18/01/2007 18/01/2008
TABLE T.8.4
Put Schedule - Hard Puts & Soft (Conditional) Puts
Starting . . o Grace Period | Prevailing Strike (1)
PutValue "o Ending Date Trigger (%) (days) or Initial Strike (0)
980 19/07/2005 19/07/2006 90 10 1
990 ]| 20/07/2006 20/07/2007
1000 |21/07/2007 17/01/2008
TABLE T.8.5
Reset Schedule
Date Lower Limit Reset | Upper Limit Reset | Number of Days | Prevailing Strike (1)
Range (%) Range (%) for Averaging | or Initial Strike (0)
15/04/2005 75 100 25 1
12/10/2006 85 115
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8.1. Spectrum Analysis

In this thesis, spectrum analysis for a quantity is performed by calculating the value of
the quantity for a given range of share price values. Each of these share price values is
input to the developed pricing framework as the share price on the calculation date and
the returned value or output is one of the realisations of the quantity which can be the

convertible bond price or any of the sensitivities.

Three inputs are requested in order to specify which stock prices we need to calculate

the respective realisations of the quantity for. The starting stock price of the spectrum

is denoted as SP° and the ending stock price of the spectrum is denoted as

SPESF | while the number of samples is denoted as M . It worths reminding that the

superscript “CD” denotes that the value corresponds to the calculation date defined in

the pricing framework. The floor (minimum) value for the starting stock price is

denoted as §**™ =0.0001 and the final starting stock price $“?*F employed is
defined based on equation (8.1.1). However, in the cases where a discrete dividends
schedule is included, this minimum value is offset by the sum of the discounted

discrete dividends.

S*,CD,SSP = SCD,SSP lf SCD,SSP > SCD,SSP,min

(Eq.8.1.1)

*.CD,SSP D,SSP,mi .
§ne = §¢P.S5P.min otherwise

In order to carry out the spectrum calculations successfully, it must holds that the

ending stock price is greater than the starting stock price and that the number of

samples is greater than 1. These conditions are represented by the following two
equations.

SEOEE > grep.SE (Eq.8.1.2)

M >1 (Eq.8.1.3)

spectrum

Based on these three input values, the spectrum space step AS and,

consequently the stock prices employed in the spectrum are established. These stock

. CD,spectrum _{ CD,spectrum }
prices are denoted as § =\8=0.12...M 1]
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D.ESP o
GCD.ESP _ ¢*,CD.SSP

= Eq.8.1.4
1 (Eq.8.1.4)

AS spectrum

SCD,A\'pectrum . S*,CD,SSP
0 =

(Eq.8.1.5)
S ,SD,.vpecrrum — S’g?],spe‘cfﬂlm + AS.vpemrum me [1, M _ 1] q

The starting stock price of the spectrum and the ending stock price of the spectrum
were set equal to 0.01 and 100.01 respectively, while the number of samples was set
equal to 100. The resultant spectrums of the convertible bond price, the option only
value, the delta, the gamma and the theta, for the zero-coupon convertible coupon (the
default case) are presented in figures (F.8.4) to (F.8.8). The respective spectrums for
the coupon-paying convertible bond, the convertible bond with a discrete dividends
term structure, and the dual currency convertible bond are included in these figures as

well.

Coupon Schedule

The main effect of the inclusion of a coupon schedule in the features of a convertible
bond is on the level on the bond floor, as it was also pointed out earlier. It also results
in reducing the absolute level of the sensitivities delta, gamma and theta, of the

convertible bond.

Discrete Dividends term structure

Based on the resultant spectrums, it can be concluded that the inclusion of a discrete
dividends affects the valuation of the convertible bond. This was expected since the
inclusion of discrete dividends results in jumps in the share price at the nodes

corresponding to the discrete dividends dates.

Dual currency

Since for the single currency convertible bond the conversion ratio was 20, setting the
exchange rate equal to 0.5 and the conversion ratio for the dual currency convertible
bond equal to 40, the parity value of the convertible bond when translated to the bond
currency remains unchanged. However, this is true only for the calculation date since
for the future dates the exchange rate does not remain fixed at 0.5 until maturity of the

convertible bond. Actually, the exchange rate moves based on the interest rate
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Producing the CB price spectrum based on delta and gamma

Theoretically, the CB price spectrum can also be produced based on the delta and
gamma sensitivities. So, instead of producing the CB price spectrum by running the
pricing framework for each stock price in the spectrum as we did when producing the
numbers for the previous figures, we employ the delta A and gamma T sensitivities,

b,CD
Vv

as well as the convertible bond price corresponding to the current share price

§P. We simply calculate the convertible bond price corresponding to the stock prices

co. . . e e
§ P spectnim _ 4§ Chpectem. & of the spectrum by using the sensitivities to calculate the
o m=0,1,2,....M -1

change in the CB price when the current share price $° change to each stock price
in the spectrum. We denote the actual convertible bond price spectrum (CB prices

calculated by running the pricing framework for each stock price) as
Y Prpectrem: — {V”’l’jg‘;f;f e }, the convertible bond price spectrum produced based on the

delta sensitivity as V"™ ={V,f;‘ff,’]’f’2’__,M_]}, and the convertible bond price spectrum

b,gamma _ Vb,gamma

produced based on the delta and gamma sensitivities as V. 02 M1 }

If the parameter R“® denotes the prevailing conversion ratio on the calculations date,

cony

then the conversion values V" ={ n1:0,1,2,,‘.,M~l} corresponding to each of the stock

prices of the spectrum can be calculated.

Ve = RRx g m=0,1,2,...,M —1 (Eq.8.1.6)

cony

The change in the conversion value JV ={W,;Z'Bv,1,z,._.,M-1} with reference to the

current share price can then be calculated as shown in the next equation.

an(mv — Vf;(mv _ (RCR XSCD) m= 0,],2,_,_,M —1 (Eq817)

Based on the change in the conversion value for each point on the spectrum, the

spectrum can now be produced based on the delta and gamma sensitivities.

an:,delm — Vb,CD + (AXWC(”W) m = 0,1,2,,,,,M — l (Eq8.18)

m

ylie — yhel 4 (Ax éV,j“"”)+(%>< | )QJ m=0,12,..M -1 (Eq.8.1.9)
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Chapter 8 Evaluating the Performance of the Model

8.2. Scenario Analysis and Simulation

The resultant pricing framework was developed based on methods assuming
continuous time parameters and conditions. A very strong and significant assumption
was that the investing decisions, as well as the arbitrage-free conditions employed in
the stochastic process of the stock, are part of a continuous time world. To be more
precise, the initial derived equations governing the behaviour of the developed model
are consisting of continuous time parameters, and then these equations and parameters
are transformed to discrete form in order to carry out the numerical method — trinomial
tree — for the pricing of the convertible method. This discretisation process mainly
consists of the assumption that the continuous time parameter d¢ can be replaced by a
very small time step Ar, and as At approaches zero, the calculations become more

precise since the discrete form approaches better the continuous form of the model.

As a result of the continuous form of the model, the stochastic process of the
underlying stock is based, among other assumptions, on the assumption that the
replicating portfolio employed for calculating the transition probabilities is
continuously re-balanced as a re-action to changes in the share price. This assumption
is of course extended to the discrete form of the model, where it is assumed that the
replicating portfolio employed for the stock process is re-balanced at each step. The
purpose of the scenario analysis carried out in this section is to study the effect of this
assumption in the cases where actual re-balancing is taken less frequently than
assumed, which is also the case in the real-world. The effect of this assumption is
quantified by calculating the “re-hedging” error at maturity when performing Monte

Carlo simulation with discrete re-hedging at each step of the Monte Carlo paths.

The Monte Carlo employed in the calculations corresponding to both of the following
sub-sections, involves simulating the stock price evolution from the calculation date to
the expiration date of the convertible bond. In order to enhance the performance of the
simulations, the Monte Carlo module was implemented based on the antithetic

technique approach.
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Theoretically — meaning based on the assumptions of the theoretical replicating
portfolio governing the behaviour of the stock process - re-hedging takes place without
affecting the bank account. This is the approach followed in the first series of
simulations and presented in sub-section (8.2.1), while in sub-section (8.2.2) we
consider the case where bank account can be altered in order to carry out perfect re-
hedging at each re-hedging point, assuming that in this way the re-hedging error will

be reduced.

We consider four different versions of the theoretical portfolio and denote these
versions as TP1, TP2, TP3 and TP4, and four versions of the active trading approach
and denote these as AT1, AT2, AT3 and AT4. Each version is explained as follows:

o TPI1/AT]1: For these versions we assume that the convertible bonds position is
hedged with a position in stocks (underlying of the convertible bond) and that
convertible bonds are held to maturity.

o TP2/AT2: For these versions we assume that the convertible bonds position is
hedged with a position in stocks and that convertible bonds may be converted
at any of the re-hedging points if that is considered profitable. This will result
in unwinding the portfolio and all positions are translated to cash.

e TP3/AT3: For these versions we assume that the convertible bonds position is
hedged with a position in stocks and an options position (same underlying),
and that convertible bonds are held to maturity.

e TP4/AT4: For these versions we assume that the convertible bonds position is
hedged with a position in stocks and an options position (same underlying),
and that convertible bonds may be converted at any of the re-hedging points if
that is considered profitable. This will result in unwinding the portfolio and all

positions are translated to cash.

For all the versions, it is assumed that the position in convertible bonds on the
calculation date includes a number of convertible securities equal to s, >0. First,

b,CD b,CD
1% ¢

the price of the convertible bond , and the delta A”®’ and gamma
sensitivities corresponding to the current share price S° are calculated based on the

pricing framework at hand. The price of the option V*”, and the delta A*? and

135/188
Implementing Arbitrage-Free Models CQF, Imperial College
Jor Pricing Convertible Bonds Michalis Simillis, 2004



Chapter 8 Evaluating the Performance of the Model

gamma I'™” sensitivities corresponding to the current share price S° are also
calculated based on the same framework. It is assumed that the option is on a single

share, hence the conversion ratio of the option in equal to one.

For versions TP1, TP2, AT1 and AT2, the number of shares n for hedging the

shares

convertible bond positions on the calculations date is defined based on the delta

V cash,CD

sensitivity of the convertible bond. Then, the cash account on the calculations

date is defined as the sum of the values of the convertible bond position and the equity
position.

Rgres = NP XRE X1y, (Eq.8.2.1)

shares

ycahCD _ (nCBS va.co)+ (n xSCD) (Eq.8.2.2)

shares

For versions TP3, TP4, AT3 and AT4, the number of options n for gamma

options
hedging the convertible bond positions on the calculations date is defined based on the
gamma sensitivity of the convertible bond and the option. Then, the number of shares

n for hedging the convertible bond positions and the options positions on the

shares

calculations date is defined based on the delta sensitivity of the convertible bond and

V cash,CD

the option. Then, the cash account on the calculations date is defined as the

sum of the values of the convertible bond position, the options position and the equity

position,
Fb,CD XRCR %
B options = — w.CD Bens (Eq82.3)
r
Pares = ("L X R® Xy )= (AP X ) (Eq.8.2.4)
chh,CD = (nCBs XVb,CD )+ (nOPffO"S x VW,CD )+ (n.vharex X S CD) (Eq‘825)

If the number of re-hedging points is denoted as N then the dates and

Hedging >

a,Hedging {tu,Hedging }
- 1'20,1,2,---;Nﬂmgmg

corresponding times of the re-hedging points are denoted as ¢

Hedging __ {tHedging
- ’.=0’1*2’"~’Nlledg£ng

and ¢ }‘ respectively. All parameters related to the re-hedging

points with index equal to zero, i =0, correspond to the calculations date parameters.

In other words, #7*%"¢ =t“? The re-hedging points are set in such a way that the
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time distances dt"™*" = {dti'jf)‘fﬁg’f",dem} between the re-hedging points are roughly

equal.
 Hedging _ ¢/ ~Hedging AP s
' NumDaysPerYear PR BT Hedyging 0.2,
dt Medsing.  yHedsing_ (€D _ () enn
dtilledging — tiHedging _ tiiiridgmg i=1, 2,---,NHedg,-,,g q.8.2.

If the number of simulation paths is equal to M , then for each simulation path, the

Hedging {S Hedging

share prices S, o5 4o = m,izo’,ﬁszMM} is established for each re-hedging point

based on the diffusion process. Of course, it holds that S5, . =S The

diffusion process employs the forward volatilities (established based on the volatility

term structure), as well as the forward rates, which are denoted as

Hedgi i .
S = {frifg"f;"g Ny } Based on the later, the forward discount factors
— 2Ry Sy edging

Hedgi 1 .
i Medsing :{fdf.fg"ff;'y‘fmmm }, as well as the forward compounding factors

f

Hedgi 1
fC f edging _ {fC :ngg;ng Ny }, are calculated.
2L Loer Y fodoing
Hedging _ - rxdif*'n | =
fdfl =é 1= 03132,-"’ Nlledging (Eq828)
Hedei xdliedeing .
fc‘f; eaging — el‘ 1= 09192""’ Nlledging (Eq‘8.2‘9)

Hedging _ { Hedging

For each realisation of the share price S, ;15 ., = =1, 2. N pgng }, the following

corresponding quantities are obtained by employing the convertible bond pricing

framework: The CB prices KZ:O,I,Z,“.,M—I = J[Vh,i:],z YYYYY Niteting }, the convertible bond delta

m

b

e e ey b . f e e s
sensitivities A, 2y = {A,,,y,.zl,szMW }, the convertible bond gamma sensitivities

b _ b . . w kv
Dotz iy = =12, N fting }’ the option prices V, o, 4. _{Vm,izl,2 ..... Niteteing }’ the

w

option delta sensitivities A, _;,, . :{A }, and the option gamma

m,i=l,2,-~vNHmI§iﬂg

w w

sensitivities I, o1, 4 = {Fm,fel,z,...,N,,m.»ng}'
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Based on the above values, re-hedging takes place at each re-hedging point of each

path and the resultant quantities are the following: The number of shares

hares 2 CBs \
noo = {n"h"’” }, the number of CBS n, y,, . = {nCB‘ }, the

% m=0,1,2,...M -1 M6=1,2,00N gging n M0=1,2,00 N pregging

options
m =020 N pedging

number of options n Y, L ={n } and the cash account

cash _ cush }
—m=0,1,2,..,M -1 m,i=b 2, Nytgoimg J°

Details on the re-hedging methods for each version are further presented in the
proceeding sub-sections. However, for versions TP2, AT2, TP4 and AT4, conversion
is allowed at the re-hedging points of the simulation paths and the approach is the
same in the cases where unwind takes place. If the pricing framework returns a flag
which denotes that is optimal to convert at a re-hedging point, then, the positions are
unwind and everything is translated to cash as shown in the following equation. This
means that at the proceeding points only simple cash compounding will be carried out.
For versions TP2 and AT2 the number of options is always equal to zero.

Vgt = (ff, e sy e Y (n8, V22 )+ (mitires .S Hedeind ) (evions sey» ) (Eq.8.2.10)

m,i—1 m,i—1 m,i-1 m,i-1

On maturity date, all the positions are translated to cash. The share prices on maturity

date are denoted as §*° = {S,ffoyu,_'_!M_,}, the respective options prices are denoted as

vrEP ={ v 21“1,M_,}, and the redemption value of the convertible bond is denoted as

cash,ED cash,ED
={v

P™ . The final cash account values V m=0,l,2,...,M—l} on the maturity date are

calculated as follows:

h,ED f’wa(‘m"z'vM‘”i"g ) B cB Rd
5 {tedgi £
VC(ISI - e edging cha’f, + (n 5 x P )
m 1N g4 d0ing N Hedging
m=1{0,1,2,..,.M -1}

+ (noprions X Vw,ED )+ (nshares xS ED )
m

m *Nlle{igmg m YNllmigirug m

(Eq.8.2.11)

The above equation holds in this exact form for the versions TP3 and AT3. In the case
of the versions TP1, AT1, TP2 and AT2 no positions in options are included, hence

the parameter n?%* is zero. In addition, for versions TP2, AT2, TP4 and AT4, for

¥ Hedging

138/188
Implementing Arbitrage-Free Models CQF, Imperial College
for Pricing Convertible Bonds Michalis Simillis, 2004



Chapter 8 Evaluating the Performance of the Model

some paths conversion may have taken place earlier at any of the re-hedging points,

hence, on maturity, only simple compounding of the cash positions is involved.

8.2.1. Theoretical Portfolio Approach

For version TP1, re-hedging involves calculating the change in the value of the
convertible bond position and then investing this amount in the shares position. In
other words, the convertible bond position value is kept constant and unchanged and
the number of CBs is re-calculated. Then, any profit (loss) is invested in (withdraw
from) the shares position. For the cash account, simple compounding takes place. As a
reminder, parameters with reference i =0 correspond to the calculations date and are

the same across all the simulations paths m =0,1,2,...,M —1. The same equations hold

for version TP2, with the difference that unwinding can take place at the re-hedging

points if it is optimal to do so.

CBs b
n”c:is _ nm,i:(;/iYm,hO m=1{01,2,...M —1},i = {1’2""’NHedging} (Eq.8.2.12)
shares Hedging CBs _ Cbt.v b<
n;h,?res = (nm’i_l Xsm,i ;:J}::;' n’""_l )X Vm,l] m= {0’1’2""’M _1}’i = {1’2""’ NHedging}
(Eq.8.2.13)
Vet = fof Pelins syt = {0,1,2,0 M =1} = {2, Ny, | (Eq.8.2.14)

In the case of version TP3, the first step at the re-hedging points involves calculating
the number of CBs based on the new convertible bond price and keeping constant the
convertible bond position value. Then, the number of options required to delta hedge
the convertible bond is calculated. Finally, the combined change in value of the
convertible bond position and the warrant position is invested in (withdraw from) the
shares position. For the cash account, simple compounding takes place. The same
equations hold for version TP4, with the difference that unwinding can take place at

the re-hedging points if it is optimal to do so.

CBs b
n, o XV, . .
pC = T Ty 01,2, M =14 = {12, N i, § (Eq.8.2.15)
Vm,i
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CHAPTER 9

TWO-DIMENSIONAL TREES

For dual currency convertible bonds, the exchange rate is another significant factor
which has a future uncertainty to the same level like the stock price. This fact and the
existence of liquid exchange rate derivatives are the main reasons that the dual
currency convertible bonds participants are using two-factor models for pricing their

CB positions, one factor for the underlying stock and one factor for the exchange rate.

Effort was made to employ a two-dimensional configuration that employs a
correlation between the two stochastic processes. However, limitations are introduced
when including the correlation and the employment of term structures and variable
time steps as determined in chapter 5 is excluded. In order to maintain the framework
structure as presented in the previous chapters, the decision was made to resort to a
configuration with a zero correlation between the two stochastic processes. Both, the

correlated and the uncorrelated structures are introduced in this chapter.

9.1. Correlated Stock and Exchange Rate Processes

Initially, the notation and indexing of the parameters is in continuous time form, and
then changes into discrete form, following the notation used in the previous chapters.
The following parameters are defined:
E, The exchange rate for translating units in the foreign currency into units in the
domestic currency, the bond currency.

o/  The standard deviation of the log-normal returns of the exchange rate E,.

S The asset price with dividend &, denominated in the foreign (equity) currency.

rF The risk free rate of the foreign currency.
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0.  The standard deviation of the log-normal returns of the stock S in the foreign

13
currency.
p>  The correlation of the exchange rate E, and the stock S” .

D

r The risk free rate of the bond (domestic) currency.

SP  The asset price in the domestic currency.

Replacing the asset price S and the exchange rate E, with their respective natural

logarithms as shown in equations (9.1.5) and (9.1.6), equations (9.1.7) and (9.1.8) are

obtained.
x5 =In(s") (Eq.9.1.5)
xF =In(E)) (Eq.9.1.6)
dx,s = (r}F -4, _prES O-;S rE _%(Gf )2j dt+o-rs dWrS (Eq9 17)
dx,E = (CD - ”;F _%(o-tE )2) dt + o-tE der (Eq.9.1.8)

Up to this point, the equations are in continuous form. The respective equations in

discrete form are obtained by replacing dr with Ar, dx’ with Ax®, and dx® with

Ax" . For the rest of the parameters, the subscript ¢ is replaced by the subscript i
which will be used for the discrete form of the equations to denote the index of the

step on the trinomial trees that will be employed here.

As in the previous chapters, the risk free curves in the equity (foreign) and bond
(domestic) currencies are available, as well as the term structures of the volatility and
the continuous dividend rate. In addition to these structures, we assume that the term
structure of the volatility of the exchange rate and the term structure of the correlation
of the stock and the exchange rate are also available. The only change in the notation
from the previous chapters is in the notation for the stock volatility. In order to

differentiate the stock volatility from the exchange rate volatility, the stock volatility is

E,steps

denoted as 07" and the exchange rate volatility is denoted as o

i
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Two trinomial trees, one for the stock and the other for the exchange rate are
employed. Representative node configurations of each tree are presented in the

following two figures.

steps
< Ati > F s F
.. Si,j+1 =u X Si—l,j
(1,] + 1)
S s 5 s
pu,i—l xi.j_H =X_, j + Ax
F
sf=8F, .
F . . L s ij i-1,j
Si—l,j’(l_l’.]) '(l’J) s s
Xij = X
S/ =d’ xS~
.o \J i-1,j
(l’J _1) s s N
X =X~ Ax
£s (fO.S,Steps )2
S _ RFe,steps S, steps E, steps {
o= frT =6 = p fo T fort =
Step(i-1) [ "\1 Step (i)
RFe,steps S, steps ‘) ~~~~~ S RFe step: S, st
(fri—l S o (fz o fo wpsaé‘i)

Figure (9.1) Representative Node Configuration of the Equity Tree

steps
. At R .
(, k+1) Ei,k+| =u ><E'i—l,k
b Eoo=xE 4 A
Xikt = Xisix

Ei,/c = EH,k

E .. (i-1,k) 5 5
E Xk = Xis1k

_ JE
E‘,k—l =d XEi—],k

4

E _ E _ AE
Xt =X —Ax

(i,k -1

E,steps 2
£ _ RFb, steps RFe,steps (f o; )
pE = frfever — prireses O L

Step(i—1) 5’/ Step (i)
b, /

RFb. steps E.steps) ., ( RFb,steps E,steps)
( Fia Jfo - <\ . fo;

A
- &

Figure (9.2) Representative Node Configuration of the Exchange Rate Tree
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The next figure presents a representative node configuration of the two-dimensional

tree resulted from the combination of two trinomial trees when there is a non-zero

correlation between the two processes.

.. s s s .
Node (i, j+1,k —1) X =Xy ;A Node (i, j
Sijethct Bijupr xE_ = xE | — A S jtet s
pud,i—l
.. s s
. N X, =X .
N0d€ (l _l,J,k —’Jﬁm’,l_—’l_'_'JXOde (l, J,k) 1,7 l—l,j
. S . .E. . E _ _E
Sict it ja Lik> gk X =Xy
s E
Xit, s XicLk
Pauizt
Paait
.. gy s ..
Node (l,] -1k —l) X i =X -Ax Node (l,]
. o E \
LSl,j—l.k—l * Er,j—l,k—l 'xfk—l ‘xi—l,k - A)CE bivj_l’kﬂ N

s s s
+1,k+1) X a1 = Xy ;T AX
. E E E
Eijaren Xijar = X HAX
S _ S _A.S
—],k+]) Xij1 = Xy Ax
. E E E
Ei jrpe Xigot =Xy TAX

Figure (9.3) Representative Node Configuration

The equations determining the values of the transition probabilities must be

established by accounting for the conditions that must hold for the expected values, the

variances and the covariance of the changes of the natural logarithms of the stock price

and the exchange rate.
Elax’|= i1} o,
Elaras|=(fo! ] ar+(uff ar?
Elact|= g a,
Elax*ac®|= (oY At + (it Y Ar?

E[AXSA)CEJZ piES fo—is foE At

In addition, the sum of the probabilities must be equal to one.

puu,i—l + pud,i—l + pmm,i—l + pdu,r'—l + pdd,i*l = ]
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(Eq.9.1.10)

(Eq.9.1.11)

(Eq.9.1.12)

(Eq.9.1.13)

(Eq.9.1.14)
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In order to simplify the notation, we also introduce the following parameters:

S
0 = ﬂfAﬁf’- (Eq.9.1.15)
s\ SY 4,2
o)) A+l ) Ar
E
OF = ﬂ,-Aﬁt,- (Eq.9.1.17)
2
o) At +uf ) A
ye = o ) s f (Eq.9.1.18)
ES S E
v = Pi JZ.-SAJ;‘? Ar, (Eq.9.1.18)
WS=v’S+Q° (Eq.9.1.19)
w'=v’-0’ (Eq.9.1.20)
VViE :ViE + QI_E (Eq.9.1.21)
Wi=vi-0F (Eq.9.1.22)

Based on equation (9.1.9):
(pmu._1 + Putit )(+ Axs)+ Domit - 0+ (pd"!,._! + Pua i )(— Axs)=yis At,
Purict F Pudict = Pavict — Pagim = Q7 (Eq.9.1.23)
Based on equation (9.1.10):
(Pris + pud’i_l)(AxS )+ Pomit -0+ (Pais + Par i N F = (fo5 ¥ At + (&) A
Puvict + Patit + Pawi + Pagin =V (Eq.9.1.24)
Based on equation (9.1.11):
(Pawis + Pavi Jor AxE)+ Prmict "0+ (Dug iy + pdd’i_])(— Ax* )= At,
Puiot T Paviot = Paticr = Pagi = QF (Eq.9.1.25)
Based on equation (9.1.12):
(Puwin + pd“’,._l)(AxEY + Domit O+ Pty + Pua i )(Ax’f)2 =(for J At + (" )2 A
Puciot T Pawios + Patio + Pagin = Vi (Eq.9.1.26)
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Based on equation (9.1.13):
(puu,i—l e )(AXSAXE)+ Pomio "0+ (pdu,i—l + p.«d,i—l)(AxSAxE)z piES fo-is fo-iE At

Puviet ¥ Paaict = Pawict = Pugicr = ViES (Eq.9.1.27)

Equations (9.1.24) and (9.1.26) have the same left hand sides and this imposes a

relationship as shown in the next equation:
vi=v* (Eq.9.1.28)

This last equation can further be elaborated as:

(ol ] an+(uf a2 _ (fof ) an+(ue) s}
(ac*y (axef
) (107 ar+(u’ ) ag
(actf (roff an+(uff o

ES _ Ax? — (fo-is)z Ar, +(’uis)2 At} Eq.9.1.29
o Ax® \/(fO'iE)z At, +(/”iE)2 At} (Fa2-129)

The ratio O which has been introduced in the last equation imposes a relationship

between the space steps of the two trees. As it will be further discussed later, this
relationship imposes limitations on the implementation of correlated processes in the

frameworks employed in this thesis.

Combining equations (9.1.23) to (9.1.26) and employing equations (9.1.19) to
(9.1.22), results in the new set of equations (9.1.30) to (9.1.33).

Eq(9.1.23)
=2 (pml,i—l + pua’,i—l ) = Qts + ‘/iS W'S
+ Eq(g. 124) = puu,i—l + pml,i—l = —2"—
Eq(9.1.19)
wS
pml,i—l + pud,i—l = TI (Eq9130)
_ Eq(9123) du,i—1 dd ,i-1 i i — P(,,,‘,-_, + pdd’,‘_] — _21_‘
Eq(9.1.20)
/s
Pawint ¥ Putiz1 = _21‘ (Eq.9.1.31)
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Eq(9.1.25) o
2-(p Ve OE 4V
+ Eq(g 1 26)} = (puu,z—l + pdu,z-l) Q, + ;
Eq(9.1.21)
WE
puu,i—l + pdu,i—l ZT
Eq(9.1.26) o
2-(p.  +p, . )=VE_Q
— EC](9125)} = (pud,l—l pdd',_l) i Q’
Eq(9.1.22)
o
Putict ¥ Pugin = —2"

= puu.i—] + pdu,i—l =

Two-Dimensional Trees

E
i

2

(Eq.9.1.32)

E

= Puict t Pugio =

2

(Eq.9.1.33)

Next step involves combining the last four derived equations and obtaining two new

equations.
Eq.(9.1.30) ' )
+ Eq.(9] 33) pllll,l—l plld,l—l pdd,:—l 2
WS +W;E
Pusion t Pagia + 2Pud,i—1 =
Eq(9.1.31) /
=2p, . + L+ =i
+ Eq.(gl 32)} pdu,z—l pdd,z—l puu,l—l 2
u;is WE
Puciot ¥ Pagin T2P454 = T
Equation (9.1.27) can be re-written as follows:
Puict * Pagict = Pawiar T Puaim ViES
Replacing equation (9.1.27) into equation (9.1.34):
WS +WE
pdu,i—] + pud,i—] + ‘/IES + 2pzld,i_] = #
Paia T 3 Puin =
2
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WS+ WE

wi+wk

(Eq.9.1.34)

(Eq.9.1.35)

(Eq.9.1.36)
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Replacing equation (9.1.27) into equation (9.1.35):

WS+ wE
Pavi-1 t Pugia +ViES 2Py = —12—1
WS+ WE—2. V5
3 Pavict T Pugict =— ’ l (Eq.9.1.37)

2

Based on the last two derived equations, equations (9.1.36) and (9.1.37), we can solve

for the probabilities p,, .., and p,, .

3x Eq.(9.1.36) 3w +3WE 6V," —W-wr +2vH
— Eq(9.1.37) Put i 2

3V +30° +3V -30f -av® -V + Q' -VF-0QF
2
8Putint = =V +Vf+20] -20/ -2V,

4

8pud,i—1 =

Vi+VE-2.VE Q0 -0f
Puion == ’8 +& 4Q' (Eq.9.1.38)

3x Eq.(9.1.37) CAWSHIWE —6VE WS —WE 2V
—Eq(0.1.36) Punia = 2

3‘/13 _SQiS +3‘/IE +3QiE _4‘/iES _‘/[S _Q"S _‘/iE +Q1E

8 Puia = 2
8 Pict =V +vF 20} +2Qf -2vF
Vi +Vri-2.v" S _Qf
pdu,i—l ‘ . QI Ql (qu 139)
8 4
The equations determining the probabilities p,, ., and p, ., can be obtained by

repeating the steps involved in equations (9.1.34) to (9.1.39) which resulted in the

equations for the probabilities p,,,, and p,, ;. The first step involves combining the

equations (9.1.30) to (9.1.33) in order to obtain two new equations.

Eq.(9.1.30) ) .\ N WS W
= nu,i— P = p -l = +—
+ Eq(9132) pm,t 1 ud ,i~1 du,i-1 2 2
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Chapter 9
we+wE
2puu,i—-l + pud,i—l + pdu,i—l = 1—2_1 (Eq9 140)
Eq(9.131) WS WE
=>2p it Py TP, =t
" Eq.(9.1.33)} Pudist T Pugict T Puizi ) >
WS+ WE
2Py i ¥ Pt T Pawica =# (Eq.9.1.41)

Equation (9.1.27) can be re-written as follows:
ES
Paist t Putinn = Puniist + Pagis =V,

Replacing equation (9.1.27) into equation (9.1.40):

S E
s WS +W,
puu,i—~l + pdd,i—l _‘/1 + 2puu,i—l = : :
2

WS+WE42.v5
3 Punict ¥ Pagis =— : 5 : (Eq.9.1.42)

Replacing equation (9.1.27) into equation (9.1.41):
WS+ WE
puu,i—-l + pdd,i—-l - ‘/,-ES + Zpdd’i_l = —‘2—‘

WS+ WE+2. V5
Puvint T3 Py im =— '2 ' (Eq.9.1.43)

Based on the last two derived equations, equations (9.1.42) and (9.1.43), we can solve

for the probabilities p,,,, and p,, ;.

3% Eq.(9.1.42) S8y = 3WS° +3WF +6V.E WS -wE-2vE
— Eq.(9.1.43) it 2
8p = 3V +30° +3VE+30F +4VE -V + Q° —-VE+ QF
[
* 2

8 Print =V7° +V,5+20; +20F +2vF

s E ES s E
SV +LV C o+ O
Puyic1 = VoY, 3 2V + g 2 g (Eq.9.1.44)
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3% Eq.9.1.43) 3WS+3WE+6VE WS —WE -2y
=0Py i =
— Eq.(9.1.42) 2

3Vis — 3QiS + 3ViE — 3QiE + 4ViES - Vis - Qis — VlL - Qz’E
2

8pdd,i—l =
8pdd,i—l = st + ViE - 2Qis - 2QiE + 2V.'ES

‘/is+‘/iE+2_‘/iES_QiS+QiE
8 4

(Eq.9.1.45)

Paaia1 =

The only equation that has not been employed up to this point is equation (9.1.14).

This equation can be re-written as follows:

Pomint = 1= Prit = Pudit = Pt — Pugia

Substituting for the probabilities on the right hand side as these are defined by
equations (9.1.38), (9.1.39), (9.1.44), and (9.1.45), we can obtain an equation for the
probability of the middle branch.

‘/is+‘/iE+2.‘/iES _QiS+QiE_‘/iS+‘/iE_2"/iES_Q-S_QiE

o=1- i
pmm,t—l 8 4 8 4
_‘/iS +‘/iE_2.‘/iES +Q,S _Q,'E _‘/iS+‘/iE+2“/iES N QiS +Q[E
8 4 8 4
4V +avt
Pomio1 = 1__8_
S+vE
pmm,i—l =1—‘/IT' (Eq91.46)

As it was demonstrated and summarised in equation (9.1.28), V° and V* must be

equal, hence, equation (9.1.46) can be re-written as follows:

Pomit =1=V =1=V* (Eq.9.1.47)

In figures (9.1) and (9.2), the two trees that constitute the two-dimensional
configuration are presented diagrammatically, while their combination is presented in
figure (9.3). The relationships between the probabilities presented in the three figures

are summarised by the following equations.
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s wS
pu,i—l = puu,i—l + pud,i—] = TI (Eq9148)

7S
pj,i—l = Panict ¥ Paginr = —21_ (Eq.9.1.49)

E
puE,i-—] = Punyict ¥ Payian = 7’ (Eq.9.1.50)

; /E
Piit = Puainr t Paaic :T' (Eq.9.1.51)
Prict = Py = Pomi =1=V° =1-VE (Eq.9.1.52)

It is worth stating the number of nodes N, involved at each step i in this

configuration. This is determined according to the following equation.

Ni:1+4-2’:m
m=]
Ni :]+4l(l_+l).
2
N, =1+2-i-(i+1) (Eq.9.1.53)

It was shown that a relationship is imposed between the space steps of the two trees
constituting the two-dimensional configuration. This relationship was summarised in

equation (9.1.29) which is re-produced here as well.

0" A |(fof) an+ () ar?
"o (ot F an e (T o

This equation means that in order to maintain the re-combining nature of the two trees
and account for the correlation between the two processes, then only the following two
approaches are plausible within this framework:

(1) We must not include any time-varying parameters and all parameters
involved, like the wvolatilities, the risk-free rates, the continuous
dividend yield and the correlation must be constant values throughout
the two-dimensional configuration. In addition, the time step has to be

constant and the same for all the steps in the tree.
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(i) We can include term structures in the configuration which could result
in time varying volatilities, rates, dividend yield and correlation, but the

time step Af, will be defined at each step based on equation (9.1.29).

This will also mean that the last step, the maturity step most probably
will have to be non-recombining since it is very unlike that the time
steps resulting from this process will be such that the maturity is

matched on one of the tree steps.

Both of the solutions for implementing the correlated two-dimensional model just
discussed, deviate from the configuration developed in the previous chapters of this
thesis. The implementations in the previous chapters were based on time varying
parameters and some of the time steps were defined based on event dates. For this
reason, the implementation of the two-dimensional configuration presented in this

section was not implemented.

9.2. Uncorrelated Stock and Exchange Rate Processes

The two-dimensional configuration presented next assumes that the correlation
between the two processes is equal to zero. In other words, it is assumed that the two
processes are independent. As in the previous section, we consider two dimensional
trees as presented in figures (9.1) and (9.2), included in the previous section. Since the
two processes are totally independent, the equations determining the values of the
transition probabilities of each tree can be derived separately. Then, the nine transition
probabilities of the combined configuration can be calculated based on the transition

probabilities of each tree.

Stock Tree

Basically, there are no changes in the equity (stock) tree configuration and it is the
same as in the one-dimensional implementation for the dual currency convertible
bonds presented in the previous chapters. This is due to the fact that the term in the

drift equation of the stock which includes the correlation is eliminated since the
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correlation is assumed to be equal to zero. The equations governing the values of the

parameters on the trinomial tree of the stock are outlined next.

S, steps 2

#,’S — fr;RFe,stepx _ é‘, _(fiz—) (Eq921)

s 1 (fO.'S,sreps )2 Atimps + (/I-SAt:mps )2 #.SAt'steps
== . . Lt — Eq.9.2.2
pu,l—l 2( (Axs )2 + AXS ( q )

S, steps 2 steps S A Steps 2
Pria=1- Lol ] e+t ) (Eq.9.2.3)
| (axf

s B 1 ( f O_{S,steps )2 Atisteps + ( #,'S Atisreps )2 ,U,S At;rem
Painr = 5( (Axs )2 A (Eq.9.2.4)
u=e" =exp(As®) (Eq.9.2.5)
d=e =exp(-Ax®) (Eq.9.2.6)
SF=Ske™  Vie[,N]Vje[-i,i] (Eq.9.2.7)

Exchange Rate Tree

The equations governing the values of the parameters on the trinomial tree of the

exchange rate are outlined next.

E, steps 2
ﬂiE — f'}RFb,steps . f';RFe,Alepx _ (fo-, 2 (Eq,9,28)
‘ 1 ( f 0_[E Jsteps )2 At’:vlepy + (/u,'E Atisteps )2 ﬂ,’E Atl:stepx
Puict =73 > + £ (Eq929)
2 (Ax®) Ax
E,steps 2 steps E A ,steps 2
O; At +i" At
an1,i—1 =1- (f l ) : P (ﬂl . ) (Eq.9.2.10)
(axf)
5 1 ( f O_[E,sleps)z Atisteps + ( ﬂ,’E Atisteps)z ,u,'E At;wm
Plin == : Sy Redt (Eq.9.2.11)
2 (ax*) Ax
u=e"" =exp(Acf) (Eq.9.2.12)
d=e*" =exp(-AxF) (Eq.9.2.13)
E =E_ ™  Vie[,N]Vje[-ii] (Eq.9.2.14)
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Two-Dimensional Trees

Combination of the Stock and the Exchange Rate Trees

In order to combine the two trees we need to account for every possible combination

of events, and this results in a 9-nomial configuration as presented in figure (9.4).

Node (i -1, j,k)

‘Si—l,j,k ’bi—l,j,k

X

N
i~ j*

E
XiLk

Node (i, j +1,k—1) Node (i, j +1,k) Node (i, j +1,k +1)
S,’}j+1yk_1 s E{yj_‘_lyk_l ‘Si,j+l,k ’Ei,j+l,k LSi,j+1,k+l ’ b‘i,j+l,k+l
s _ .S S s _ .5 N s _ .S N
Xijo = Xy +Ax Xijor =Xl T AX X =X A
E _ E E E _ E E _ E E
X =X, —Ax Xk = X1k Xieol =X T AX
Puai-1
ode (§ Nbde (i, j,k +1)
S[,j,k—l ‘Si,j,k+1 ’ Ei,j,k+l
s s
X =X
pmd,i pmm”._ pmu,i—] ; L] i -1,j .
/ Xt = Xy T AX
Paa i Pait
Node (i, j—1,k —1) Node (i, j—1,k) Node (i, j—1,k +1)
Si,j—l,k—l ’Ei,j—l,k—l S joiw B jon Si,j—l,k+| ’Ei,j—l,k+l
s _ .S s R S _ .S _A.S
X1 =Xy —Ax X it = Xy Ax X=X Ax
E _ E E E _ _E E _ _E E
X =X, —Ax ik = X1k X =Xy, A

Figure (9.4) Representative Node Configuration

The node (i, j,k) on the combined configuration corresponds to the combination of

node (f, j) on the Equity tree with node (i,k) on the exchange rate tree. The node

(i, j) is the j™ node at the i

h step of the equity tree, and this holds for

Vie [0,N]Vje [-i,i]. The node (i,k) is the k™ node at the i step of the exchange
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rate tree, and this holds for ‘v’ie[O,N],‘v’ke[—i,i]. The set of parameters

(Sf B j.k’Sil.)j,k) is defined for each node on the combination tree as shown in the
next equations.

St.=8L Vielo,N)Vjel-iil Vke [-i,i] (Eq.9.2.15)

E ,.=E, Vie|o,N]Vjel[-ii]Vke[-ii] (Eq.9.2.16)

S =SLuXE, . VieloNlVje[-iilVkel[-ii]  (Eq.9.2.17)

The new nine transition probabilities are defined based on the following equations.

Puwict = Pit X Pty (Eq.9.2.18)
Pumict =PS X PE (Eq.9.2.19)
Pudic = Piait X P i (Eq.9.2.20)
Pruict = Py X Pricy (Eq.9.2.21)
Prmict = Payic X PliLy (Eq.9.2.22)
Podict = Povicy X Pt is (Eq.9.2.23)
Pawict = Py ia X PE (Eq.9.2.24)
Pamio =Py X PE L (Eq.9.2.25)
Pagict = Paia XPEi (Eq.9.2.26)

One of the basic relationships in both trees is that, for each tree independently, the

transition probabilities at any node sum to one.
Paicr+ Puia + Py =1 (Eq.9.2.27)
Pl P+ P =1 (Eq.9.2.28)

Based on equations (9.2.18) to (9.2.28), the nine defined transition probabilities sum to

one and this is demonstrated as follows.

Putit T Pumict ¥ Pugint ¥ Prin ¥ Pomict V Praict ¥ Pawist ¥ Pamict + Paa iz

= (ptii—l X pfi«l )+ (pus,i—l x pfl,i»l )+ (pf,i—l X pii—l )+ (pri,i—l X pf,i—l)
+ (pfn,i—l X prf,i—l )+ (pzi,i—l X pj,i-l )"' (pj,i—l X Pf,i—l )+ (pj,i—l X prii—l )"' (pj,i—l X P(i’—l )
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The last equation evolves as shown next.

puu,ifl + pum,i-l + pud,i—l + pmu,i—l + pmm,i—l + pmd,i—l + pzlu,i—l + pdm,i—l + pdd,i~l
_ s E E E s E E E
- pu,i—l X (pu,i—l + pm,i—l + pd,i—l)+ pu,i—l X (pu,i—l + pm,i*l + pd,i—l)
N E E E
TPy X (pu,i—l tPuiat pd,i—l)

= (Pf,m + pf,i—l + pj,i—l)x (pf,i—l + P::,i—l + p([E,i—l): IxX1=1

So, the final result is equation (9.2.29).

Pusjct F Pumimt ¥ Pudin ¥ Poscjt T Pomin ¥ Pradtjn  Paiod F Pamict T Pagia =1 (Eq.9.2.29)

Parameters and Notation

It should be pointed out that all the parameters presented in the previous chapters for
the one-dimensional trinomial tree, are still valid and exist in the stock trinomial tree
of the two-dimensional configuration with the same notation exactly. For example, for

the case of resetable convertible bonds, a parameter K i was introduced and defined
as the prevailing strike (i, ). The same parameter K, is calculated in the same
manner in the two-dimensional configuration and it holds that K, ; is the prevailing
strike for all the nodes (i, j,k = [- i,i]). The same conditions would apply for example
in the case of the flag &7**"“’ when a conditional call is included in the features of

the CB. In general, all the defined parameters in chapter 6 for the one-dimensional

configuration are applicable for the two-dimensional configuration as well.
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CHAPTER 10

EVALUATING THE TWO-DIMENSIONAL MODEL

In the previous chapter, two configurations for implementing a two-dimensional tree
framework were presented. It was decided to follow the configuration with the
uncorrelated processes because the configuration with the correlated processes could
not be adjusted to the overall pricing framework presented in this thesis. In this
chapter, the processes involved in the backward induction for pricing the convertible
bond based on the two-dimensional configuration, are outlined. The calculation of the
additional sensitivities, as well as the spectrum analysis for this pricing framework, is

also presented.

10.1. Calculating the CB price and the Sensitivities

Forward Induction is carried out for each tree independently. The additional
computations presented in section (6.5) are still available in the stock tree and
employed if conditional calls/puts and/or resets are included in the features of the dual
currency convertible bonds. In other words, nothing has changed from the previous
chapters as far as the behaviour and the capabilities of the equity tree during the

forward induction process are concerned.

However, the description of the Backward Induction has to be done in detail because
this is the point where the two trees are combined. Next, the notation followed for the
parameters included in this chapter is outlined:

e Node (i, ) is a node on the stock trinomial tree.
e Node (i,k) is a node on the exchange rate trinomial tree.
e Node (i, j,k) is a node on the combined configuration of the two trinomial

trees.
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ConvAllowed

At all the nodes of all the steps, the conversion flag ¢, 7"} is simply defined based

on the following equation.

Conversion Allowed at i : ic}”}cm”(m'ed =1 v [ N] v [ ] Yk [ ]
s ie|O,N|Vje|-i,i|Vke|-ii
Conversion Not Allowed at i - ilC;r;(»A[low'ed ={)

(Eq.10.1.1)

Probability Weighted Discounting

For the cash-flows discounting, we follow the probability weighted discounting

approach like in the previous chapters. Two parameters for each node on the tree, the

Converted

and the probability z;;,"™" are defined. During the backward induction,

Converted
ijk

flag

it is decided at each node whether to convert or not. If at a node it is decided to

Converted

convert, then the flag &) is set equal to one, otherwise is set equal to zero. Then

Converted

the probability of conversion 7z, is set as shown in the following equations. The

initialisation of this process starts with setting both the flag and the probability for all

the nodes at the maturity step equal to zero, since no conversion is allowed ever on the

Converted

maturity date. The probabilities z; ;™ are employed in the discounting process, and

this is demonstrated in the descriptions to follow for the rest of the calculations.

Converted —
. Vie[-N.N]Vke[-N.N] (Eq.10.1.2)
=N jk —

Converted : .
iy =0 if decided to hold
e Vie[o,N-1]Vje[-ii] Vke[-i,i]
comerted =1 if decided to convert

i,j.k
(Eq.10.1.3)
Converted Converted Converted
(pi,uu '7Z'f+1,j+1,k+1)+ (pi,um ST Lk )"' (pi,ud : 7[;+Lj+1,k—1)
Converted __ gConverted Converted Converted Converted
7T ik =6k X|T (pi,mu T ke )+ (pi,mm ik )+ (pi,md Tkl )
Converted Converted Converted
+ (pi,du Tt o1 k4 )+ (Pi,dm T, Lk )"' (pi.dd '7[(+l,j—l,k—1)
Vie [o,N -1]Vje [-i,i]
(Eq.10.1.4)
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Calculations at Maturity: (i = N)

Backward Induction begins with the calculation of the convertible bond price at the
last step, which is the step that corresponds to the maturity date. The holding value of
the convertible bond is calculated as the sum of the redemption value and any possible

coupon cash flows on that day.

Vi =P g =N Vje[-N,N]Vkel[-N,N] (Eq.10.1.5)

i,j.k

The final convertible bond value is simply calculated based on the following equation:

Vi,=V', i=NN¥je[-N,N]Vke[-N,N] (Eq.10.1.6)

I, j.k

Calculations at the rest of the steps: (i =(N —1) = 0)

Starting from step =N —1 and working backwards on the tree until step i=0

(inclusively), the following calculations are repeated at each step.

First, the conversion value is calculated as depicted by equation (7.1.4) which is

reproduced here as equation (10.1.7).

‘/icqnv — RCR X E,‘ XSl* ' ’ComAllawed — 1
cfznkv ! ! CzintAllawed V‘] € [_ i’ l]’ Vke [_ i’ l] (Eq 10.1 7)
V. gk T =0 ik =0

The holding value is calculated as the probability weighted sum of the connected

nodes in the following in time step, plus any coupon values. Nine intermediate values

huu h,um hud h.mu h,mm h,md h,du h,dm h,dd
Viguw» Vigu > Vi Vi s Vi Vg » Vije» Vi and V57, are calculated before

the final value VI."’M is established. The probability of converting is also taken into

account,

Vi = |(Comened s gafteser 4 (1-mGomered I famoe s o o, XVl ey (BQ.10.1.8)

Vi = (mSomered s gafees Y (1— mComerit )x fa oo o p, XV, (Bq.10.1.9)

Vi = |(glomend s fa oo o (1 - mSomered, Y a8k e oy X VY (BQ10.1.10)

Vi = [(omered x e )+ (1 - mlimerd )x g o p,,,,,,xv,il,kﬂ (Eq.10.1.11)
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homm __ Converted RFe steps ) (( C(mwrled ) Risky.steps )J

‘/ljk _[(7[[+ljk X dH—l + H—ljk ><fdi+| Xpmmlx‘/H‘ljk (qu()llz)
h.md Converted RFe,stepy ) (( Com erted Risky,steps )J b

‘/ljk _l(yq+ljk I X dl+[ + 1 l+1jk -1 d1+l Xpmdlx‘/ﬁljk 1 (Eq10113)

‘/ihi,ziu — l(ﬁC{)nverred % dRFe ,steps )+ ((1 ﬂ_Camerled

i+, j~1,k+1 1+1 i+, j- lk+l)

% fd Risky,steps

i+l

Xpdlllx‘/l+lj

en (EQ.10.1.14)

Vh dm — l(”.C'()nyerled lRFe steps )+ ((1 ”Cumerred

Risky steps
i,jk i+, j-1.k 1+1 i+, j-1k de

i+

b
Xpdmtx‘/ﬁ] J-1k

(Eq.10.1.15)

Vh dd [( Converted X dRFe stcps) (( Canverred
iLjk T 1+]]lkl i+l H—]jl/(l

——

% fd Risky,steps

i+l

X P}V 1 (BQ.10.1.16)

Vh qlen JSteps ‘/,h l;(ll + ‘h',ukm Vh ukd
J L L, . .. ..
Vje[-ii]Vke [-i,i]

hmu h,mm h,md hdu h,dm h,dd
+‘/ljk +V +‘/lj/( +‘/ljk +‘/ljk +‘/Ijk

(Eq.10.1.17)

Then, according to the presence of calls and puts, the final convertible bond value at
each node is calculated according to equation (Eq.10.1.18). Based on this equation, the
convertible bond is initially set equal to the minimum of the holding value and the call
value (if the convertible bond is callable at that step). Then, the result is compared to
the converting value and the put value (if the convertible bond is puttable at that node),
and the maximum of the three values is used as the final convertible bond value at that

node. In the absence of any calls at a node (i, j), and consequently node (i, j.k), then

the parameter V', is simply not included in the equation. In the same manner, in the
absence of any puts at a node (i, j), then the parameter V." is simply not included in
the equation. Finally, in the cases where no conversion is allowed at a node (i, j,k),
then the parameter V) is simply not included.

ij.k

max(Ver ve,min(v) Ve ) Viel-iilvke[Fii]  (Eq.10.1.18)

i jk2Vijo

b

‘/i,j,k

Once the above calculations have been performed at all the steps, the value of the
convertible bond on the calculation date, y P , is set equal to the value Vo’fop which is

the value of the convertible bond at the zero step of the tree.

Ve =V, (Eq.10.1.19)
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Conditional Calls

When conditional calls are present, then there are some modifications in the

calculations. In the previous chapter, it was described how the conditional calls are

: 18 . : st Trigger,Call
accounted for. Essentially, the probability of triggering a conditional call 7z; ;

was calculated for all the nodes (i, j,k) that fell within the period of a conditional call.
To complete the calculations for accounting for a conditional call, we need, for each
node in the conditional call period, to calculate the value of the convertible bond in the

case that the call is activated — triggered — and in the case that is not activated.

b,CallTriggered __ ( conv P : ( h c ))
V.o =max\V;7,, V), minlV, , V5, (Eq.10.1.20)
b.CaliNotTriggered __ ( conv p h )
Viix =max\{V,7, V.l V., (Eq.10.1.21)

The final value of the convertible bond at a node within the period covered by a

conditional call is calculated as follows.

b _ STrigger,Call . b.CallTriggered (_ Trigger,Call)_ b,CallNotTriggered
Viiw =7 Vi +1-7] v (Eq.10.1.22)

Conditional Puts

During the Backward Induction process, the treatment of the conditional puts is in
exactly the same fashion as that for the conditional calls. To complete the calculations
for accounting for a conditional put, we need, for each node (i, j,k) in the conditional
put period, to calculate the value of the convertible bond in the case that the put is

triggered and in the case that is not.

‘/if;;'fl’(zltTriggered = max(‘/;fj’r;(v , V;fj , min(‘/i,hj,k , V;,C] )) (Eq. 10. 1. 23)
vt = max(viy, min(v7,,, Vi) (Eq.10.1.24)

The final value of the convertible bond at a node within the period covered by a

conditional put is calculated as follows.

b — o lrigger,Put yrb,PutTriggered (_ Trigger,Pur). b, PutNotTrig gered
VP, = glsser Py +(1- 7 ALK (Eq.10.1.25)
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Combining Conditional Puts and Calls

To cover the rare, but plausible, case where the period of a conditional call and the
period of a conditional put overlap, we consider a general node (i, j,k) which falls in
this overlapping period. We calculate four possible values: The convertible bond price

voGitutissered at that node with the conditional put and the conditional call both

triggered, the convertible bond price V¢ at that node with the call activated

]

and the put deactivated, the convertible bond price V"3 at that node with the

put activated and the call deactivated, and, the convertible bond price V',.f’]t’Nk"”””'gg"ed at
that node with both the put and the call deactivated.

v = max(ver Vi min(V: Ve, ) (Eq.10.1.26)

ypeamisered - max(veer min(V V) (Eq.10.1.27)

Vst = max(Vew v v ) (Eq.10.1.28)

ymeligsered = max (Ve Vi) (Eq.10.1.29)

The final value of the convertible bond at a node within the period covered by both a

conditional call and a conditional put is calculated as shown next.

b _( Trigger,Call . Trigger. Put b,CaIlPurTriggererl)
Vi,j,k - ﬂ'i,j ﬂ'i,j Vi,j,k

+ (ﬂ.Trigger,CaIl . (1 _ ﬂ.Trigger,Put ) . Vh,CallTriggered )

iJ i,j ij.k
Trigger,Call \. - Trigger,Put 17 b,PutTriggered (Eq.10.1.30)
r r.La rigger, LPutTrigger:
+((1—7[i e ).ﬂ-, ixger. Put 7 b.PuTriggere )
+J 2¥) L7,
+ ((1 — Ef';SXEr,Call ) (1 _ ﬂ.l?";igger,Puz ) ‘/ib}ﬁ,ioneTriggered )

Resets

With very few changes in notation, the approach for Resets is the same as before.

PF
e (Eq.10.1.31)
Ki.j
Vcr?nv — RCR X E X S* ) 'Cz')nvAlluwed =1
ij.k i,j ik [ ijk . .. ..
o Vje[-i,i],Vke[-i,i] (Eq.10.1.32)
Vi,j,k =0 ik =0
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Sensitivities

The same sensitivities are calculated as before, with the additional sensitivities to the
exchange rate and the volatility of the exchange rate. Only the sensitivities based on
the method of the tree embedded sensitivities are calculated for this two-dimensional

framework.
Delta And Gamma

The delta sensitivity to the stock price is defined as A .

b b b
_ aV _ V],l,o _Vl,—l,O

§
A aS - VCUn\’ _ Vconv
11,0 1,-1,0

(Eq.10.1.33)

The gamma sensitivity to the stock price is defined as T° and is calculated in equation

(10.1.36).

VIJ _ Vh
ASwr — ———'C{:n‘i "c(:;’?v (Eq.10.1.34)
VI,I,O _VI.O,O
R A
ASdomm — ————'C’g;g lc"glnf) (Eq.10.1.35)
V],o,o _Vl,—l,o
Vlﬁ,o _Vl{)O,O _ V]f)o,o _VlfJ—l,O
s OVI_ Ao Vil “Vih Ve VI g 10.1.36)
os Viro =il Viso —ViZio
2 2
The delta sensitivity to the exchange rate is defined as A".
g
b Vb _ Vh
Af =V Yo =Vioo (Eq.10.1.37)

- = y7conv conv
oE V],o,l _Vl,o,-l

The gamma sensitivity to the exchange rate is defined as T"* and is calculated in

equation (10.1.40).

Vi, =V,
AP = 01 190 (Eq.10.1.38)
V ony _ VCUHV
1,0,1 1,0,0
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AT A
AR = 188 101 (Eq.10.1.39)
Vl,(],(] _Vl,o,—]
Vlf)(],l _Vl{)0,0 _ Vlf’O,O _‘/If)o,—]
pe OVO Ao A VT VES VET-VEL g 0,140

OE* (Vi -V, Viow = Vil
2 2

If the correlation of the stock price and the exchange rate was included in the pricing

framework, then the sensitivity I'** could be calculated based on the second
derivative as shown in the next equations.
b b b b
Vl,l,l _Vl,l,—l _ Vl,—l,l _V],—l,—l
2v7b conv conv cony cony
— vV — V1,1,1 _V],l,—l Vl,—l,l _Vl,—l,—l
aS aE Vconv _Vconv Vconv . Vconv
‘/lclori\;+ 1,1 I1,—-1 _ ‘/l(i);zv_l_'_ I-11 I,-1,-1
” 2 o 2

S.E
r

V]ﬁ,l _Vl{)l,—l _ Vlfj—l,] _Vl,b—l,—l
pse Vo~V Vidn - ViR
Vit + Vi Vi Vi

2 2

(Eq.10.1.41)

Theta

The rate of change of the convertible bond price with respect to the passage of time is

referred to as the theta sensitivity.

Vlf)O,O B Volfo,o
0= W (Eq 10142)

Vega

Vega is defined as the sensitivity of the convertible bond price to changes in the

volatility of the underlying stock price. The value V%5 of the convertible bond
is obtained when we re-calculate the price after we have shifted the term structure of
the volatility of the stock price by 1% upwards.
Vega® =y Presd®s _yep (Eq.10.1.43)
165/188

Implementing Arbitrage-Free Models CQF, Imperial College
Jor Pricing Convertible Bonds Michalis Simillis, 2004
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realisations are greater than the forward exchange rate. These additional profits are
translated into an additional option value. Hence, dual currency convertible bonds

inherit some FX derivatives characteristics.

Exchange Rate Spectrums

The resultant spectrums of the convertible bond price, the option only value, the delta
sensitivity to the exchange rate and the gamma sensitivity to the exchange rate are

presented in figures (F.10.6) to (F.10.9).

Figure (F.10.6) Convertible Bond price spectrum
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Figure (F.10.7) Option Only Value spectrum
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Figure (F.10.8) Delta (to the exchange rate) spectrum
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Figure (F.10.9) Gamma (to the exchange rate) spectrum
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These graphs demonstrate in a more direct way the effect of the exchange rate on the
price of the convertible bond. The levels of the sensitivity of the convertible bond
price to the exchange rate are shown to the last two graphs. Based on these results, it
can be stated that a dual currency convertible bond has a significant sensitivity to the
movements of the exchange rate and a position in a dual currency convertible bond
should be related to a hedging FX position, in addition to the hedging of the equity

exposure which is required for all the types of convertible bonds.
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CHAPTER 11

CONCLUSION

The material presented in the previous chapters is summarised in this concluding
chapter of the thesis. Then, an effort is made to evaluate the contribution of the work
of this thesis and to identify the limitations of the proposed pricing frameworks. The

main conclusions are also discussed and recommendations for future work are made.

11.1. Thesis Summary

The convertible bond instrument and the respective market were presented in the
introductory chapters. The various convertible structures were listed and categorised
based on their attributes. Convertible bond specifications were outlined and an
example demonstrated the structure of a standard convertible bond. Chapter 2 finished
with the identification of the market sources of risk inherited in a convertible bond

structure.

The theoretical foundations of the work presented in this thesis are based on arbitrage
pricing. This allows employing market information based on a relative pricing
approach. For the purposes of this thesis, market information was required for the risk-
free curves, the risky curves, the Equity and FX implied volatilities, and other market
based parameters. In chapter 3, it was demonstrated in detail the derivation of the risk
free curve for the Bond currency based on market data on the GBP currency. The aim
of this chapter was not to present the best or the most popular approach to curve
construction. On the contrary, the objective was to demonstrate the importance of
having knowledge of the origins and the procedures involved in the extraction of
market quantities necessary for the pricing models, and all the assumptions and
approximations these procedures introduce. Nevertheless, a technique was chosen that

returns smooth zero-coupon continuous rates curves which are well-fitted to market
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data. In addition, the polynomials used throughout the thesis for interpolating on the

Bond and Equity currency rates were derived and presented in this chapter.

Part A of the thesis finished with chapter 4 where the inputs to the CB pricing
framework were recognised and the notation of the thesis for the input parameters was
defined. The input parameters were also categorised into input parameters based on

contractual terms and input parameters based on market parameters.

In the first chapter of Part B, chapter 5, the methodology for defining the number of
steps and the respective dates was presented. This methodology aimed in improving
the sampling quality of the tree. Having determined the step dates, the calculations for
the realisations at the tree steps of all the deterministic parameters that are non-

dependent to the stock price realisations, were formulated.

The most volatile factor involved in the pricing of a convertible bond is the price of
the underlying equity. The stochastic process for the underlying equity was
implemented in the form of a recombining trinomial tree. A trinomial tree
implementation involves two basic processes, the forward induction and the backward
induction. Chapter 6 was devoted to the forward induction of the trinomial tree process
developed and implemented for the purposes of this thesis. The conditions under
which the calculations result in valid probabilities were established, because the
structure of trinomial trees does not guarantee valid probabilities. Finally, the
conditional probabilities were introduced in order to enable accounting for the

conditional calls and puts, as well as the resets.

In Chapter 7, the introduction of the one-dimensional pricing framework was
completed by presenting the procedures involved in the Backward Induction on the
tree and the methods for the calculation of the sensitivities of the instrument. Then, in
Chapter 8, the evaluation of the one-dimensional model developed in this thesis was

evaluated based on spectrum analysis and scenario analysis.

Two possible configurations for implementing a two dimensional-tree framework
were presented in chapter 9. It was decided to follow the configuration with the
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uncorrelated processes for the stock price and the exchange rate because the
configuration with the same correlated processes could not be adjusted to the overall
pricing framework presented in this thesis. In chapter 10, the calculations involved in
the backward induction for pricing the convertible bond based on the two-dimensional
configuration, were outlined. The calculation of the additional sensitivities, as well as

the spectrum analysis for this pricing framework, was also presented.

11.2. Contribution

The contributions of this thesis in the area of pricing and analysis of convertible bonds
are as follows:

e The traditional trinomial tree configuration which is consistent with the Black-
Scholes equation for the stochastic process of a stock price was employed. As
part of the contribution of this thesis, this trinomial-tree configuration (which
allows for a variable time step and use of term structures of the market
parameters) was employed in a unified framework for pricing convertible
bonds.

e Methods for establishing the number of steps and the step dates were
introduced in this thesis. These methods aim in improving the sampling quality
of the pricing numerical technique, with emphasis to the inclusion of the event
dates.

¢ The traditional trinomial tree configuration employed was extended by
introducing the conditional tree probabilities in order to deal with path
dependency in cases where resets and conditional calls and puts are part of the
contract specifications of the instrument.

* Methods for analysing the performance of the model and for studying the
behaviour of the convertible bond were introduced in the form of spectrum
analysis and scenario analysis. Graphical results were obtained from the
implementation of the one dimension model.

e The two-dimensional tree configuration for two correlated processes as
described in relevant literature (reference [35]) was considered. As part of this

thesis contribution, the equations determining the calculation of the transition
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probabilities were re-derived based on the approach followed in the literature
for the one-dimensional approach (the traditional trinomial-tree configuration).
Most importantly, as part of this thesis, the relationship between the space
steps of the two combined trinomial trees and the time step, as well as with the
market parameters, was derived as presented in equation (9.1.29). This
relationship does not allow variation in the time step or use of term structures
of market parameters.

e A two-dimensional structure of two uncorrelated processes was employed. As
part of the contribution of this thesis, this configuration which allows for a
variable time step and use of term structures of the market parameters was
employed in a unified framework for pricing convertible bonds.

o Like in the case of the one-dimensional configuration and as part of this thesis
contribution, the two-dimensional tree configuration employed was extended
by introducing the conditional tree probabilities in order to deal with path
dependency in cases where resets and conditional calls and puts are part of the
contract specifications of the instrument.

e Graphical results were obtained from the implementation of the two-

dimensional model.

11.3. Conclusions

Based on the results of the spectrum analysis of the one-dimensional configuration
many observations were made on the behaviour of the convertible bond and these are
discussed next. The inclusion of a coupon schedule affects the valuation of the
convertible bond since it introduces discontinuities in the Bond Floor time line to
maturity. Discontinuities are also introduced when a discrete dividends schedule is
employed, this time on the stock price tree. The resultant spectrums demonstrated that
the coupon and discrete schedules must be accounted for if they are part of a

convertible bond security.

Calls have a negative effect for the investor’s value since they reduce the investor’s
optionality, while puts have a positive effect for the investor’s value since they

increase the investor’s optionality. These results were anticipated and verified from the
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respective spectrum analysis. In the case of out of the money convertibles, it was able
to specify the negative option value introduced due to the inclusion of the call
schedule, while in the case of puts, a positive option value was introduced. If
conditionality was present in the schedules, then this reduced the effect of each
schedule - less negative option value from the call schedule, less positive option value

from the put schedule.

Resets schedules have positive value for the investor if they are resetting the strike
downwards and negative value if they are resetting the strike upwards. This was also
observed in the results of the spectrum analysis. Introducing a downwards resetting
date added value to the investor. However, introducing another reset date which resets

upwards and downwards reduced the positive effect of the first reset date.

The resultant spectrums for the extreme cases where all the features were activated
demonstrated the limitations of the implementation. The obtained spectrums were not
smooth as those resulted from the previous calculations. Increase in the number of
steps in order to increase the precision could be considered. However, in all
numerical-techniques based pricing frameworks there is always a point where we have

to trade-off between precision and speed.

The scenario analysis had two objectives. The first objective was to demonstrate the
error introduced because of the fact that the discrete-form implemented configuration
was based on conditions derived from continuous-form assumptions and equations.
This was demonstrated through the simulations of the theoretical portfolio approach
and the result was the probability distribution of the re-hedging error on the maturity.
The observed shape of the distribution, which has a significant portion of noise
because the number of paths of the Monte Carlo was restricted to 1000 due to very
heavy computationally simulations, showed that there is a bias in favour to the
investor of the convertible bond. The second objective was to demonstrate the fact that
when allowing perfect re-hedging at the re-hedging points, the bias in favour of the

investor slightly increases and the probability distribution is less dispersed.
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The derivation of the two-dimensional configurations, the correlated and the un-
correlated, demonstrated the restrictions introduced when the correlation between the
two processes is non-zero. The resultant graphs from the spectrum analysis performed
based on the implemented two-dimensional configuration, demonstrated how
significant is the effect of exchange rate in the valuation of dual currency convertible

bonds.

Finally, it was recognised through this work that instruments like convertible bonds
involve complicated processes with the employment of various numerical techniques
within the same framework. Consequently, convertible bonds model risk is not
negligible and CB market participants should ensure that they comprehend the

assumptions and the limitations of the models employed.

11.4. Limitations

Precision of the calculated parameters in numerical techniques is usually a trade off

with computational efficiency.

In the case of the one-dimensional configuration, no significant limitations are
identified with respect to computational efficiency. Even in the case of embedded
conditionality where there are additional computations requirements, the pricing
configuration can provide results efficiently and enables the repetitively use of the
pricing function in spectrum analysis and scenarios simulation, or in a portfolio with a

number of convertible bonds positions.

In the case of the two-dimensional configuration, the computational burden is greater
than in the case of the one-dimensional. In the case of embedded conditionality where
there are additional computations requirements, this becomes even more evident. Even
though it was possible to use the two-dimensional pricing configuration in spectrum
analysis efficiently and without sacrificing on precision, it was found that the same
pricing function could not be used successfully in scenario simulation because

computationally it was very demanding.
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11.5. Future Work

Extensions of this work and in general on the existing market approaches for pricing
convertible bonds, can be performed. Some of the possible extensions are identified as
follows:

e The sampling quality of the tree can always be improved. Methods that are
already employed in pricing frameworks of other instruments for defining the
optimum number of steps could be employed for maximising the sampling
quality of the pricing configurations introduced in this thesis for pricing
convertible bonds.

e Robustness of the trinomial tree is reduced by the possibility that negative
probabilities could be calculated and employed for some sets of input
parameters. This is an issue that all practitioners are faced with when
employing trinomial trees and there is on-going research for overcoming this
limitation of trinomial trees.

e A solution to overcome the restrictions in the two-dimensional configurations
with correlated processes where the employment of variable time step or term
structures of market parameters is not allowed.

o Interest rate risk and credit spread risk (or simply credit risk) in convertible
bonds were issues not dealt with in this work. There is available research in
these areas of convertible bonds. Other techniques could also be considered,
like Monte Carlo approaches where the computational requirements increase

linearly with the addition of more processes.

In general, a spectrum of techniques and approaches are being considered and studied
in the industry for pricing convertible bonds. However, it has to be recognised that the
magnitude of the published research and overall literature on this subject is not
representative of the volume of the trading activity, and what’s more important, the
complexity of this instrument. The main reason for this situation could be the fact that
valuation of this instrument involves a combination of a number of numerical

techniques, constituting this area of quantitative research a challenging subject.
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APPENDIX 1

Cubic Splines Implementation

The material presented in this Appendix is extension of the respective material

included in references [24], [31] and [32].

A spline function provides a solution to situations where continuity of derivatives is a
concern when interpolating. A polynomial between each pair of table points and
whose coefficients are not determined strictly locally is a spline. The non-locality is
not complete but it provides smoothness in the interpolated function up to some order
of derivative. Splines have less possibility of wild oscillation between the tabulated
points than other polynomial interpolation methods, hence they are considered more
stable. Here, we are concerned with the most popular and most implemented spline
methods, the cubic splines. The interpolated function for a cubic spline is smooth in
the first derivative and continuous through the second derivative.

Natural Cubic Spline

Given the known values of equation (Eq.L.1), we want to construct the set of functions
shown in equation (Eq.L.2).

X Xos X5 Xp s Xgsee s Xy Xy
y Yoo Y15 Y25 Y3+ 05 YN_25 YNl (Eq.L.1)
or
(xo, Yo ), (xl, Y ), (xza BY) ),. . a(xzv-z s YN-2 )’ (xN—l’ yN—l)
So(x) Xg S X=X
s(=fil) wsrsn (Eq12)

Sn-a (x) Xn_g SXS Xy

In equation (Eq.1.2), §; (x) denotes the cubic polynomial that will be used on the

subinterval lx Xl J
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Appendix I Cubic Splines Implementation

The conditions are summarised as follows:
a. S(x) is a cubic polynomial, denoted as § j(x) on the subinterval

lxj,xj+1J foreach j=0,12,...,.N-2.

b.  S(x;)=y, foreach j=0,12,.,N 1.

c. Sj( ,+1) ,+1( J+1)f0r each j=0,1,2,...,N -3.
d 8 (r)=S4(x)) foreach j=012,....N-3.
e. S;(xm) Sj+1(xj+1)foreach j=012,...,N-3.
f. S (xy)=5"(x_ 1)=0 (free or natural boundary).

We define the numbers z;_q,, y_; as follows.

7;=5"(x;)  j=0L2..,N-1 (Eq.L3)

Based on condition (f) above, the following holds:
Z0=3INg = 0 (EqI4)

We also define the numbers #;_q;, y.o-

hy=x;,-x,  j=012..,N-2 (Eq.L5)

On the interval [x X4 J, S" is a linear polynomial taking the values z; and z;,, at
the endpoints. Hence,

S;(x)=

},:1 (x_xj)"'%(xjﬂ ‘x) [xj’xj+l (Eq.L6)

J 7
Equation (Eq.L7) is obtained by integrating twice (Eq.L6).

Sj(x)z ZGJ; (x—xj)3+—z—’—

_ 65 (= 2P rexrd,  [xox,]  Eql7)
J J

Another form of the last equation is the following ( E jand F; are two constants):

Sj( H]( )3"’ ( j+1_x)3+Ej(x_xj)+ Fj(xj+1 —x) [xj’xjH] (Eq.L8)

The conditions that §; (x j)= y; and § j(x i +1): ¥4+ are applied to obtain the values of

the constants E; and F;. The result is shown in equation (Eq.19).

S-(x)=zj+l x—x'3+i(x. —x)q+(lji—’—j“]x—x. +(—’— ! ’]x' —x
g 6hj( i) 6h; " h 6 =) h, 6 (e =)

J J J

[xj’ X+ ]
(Eq.1.9)
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Appendix I Cubic Splines Implementation

The last condition to be imposed is that of the continuity in the first derivative.
Differentiating equation (Eq.L9), we obtain equation (Eq.1.10).

(=0 (e - 2P +m_m_[ﬁ_mJ ]

6h; h; 6

J J J

(Eq.L.10)

Introducing the parameter b; as shown in equation (Eq.L11), then equation (Eq.L.10)

can be also be written in the form shown in equation (Eq.1.12).

1
b; =;(y,-+1 ~y;) (Eq.L11)
j
. h.z. hz,
Sjl )= ==L lwby ] (Eq.L12)
In the same fashion we can obtain S;._I (x) for the interval lx 15X jJ.
' h-_1Z~ h'_]Z i
S; () =- ’6 Lt 3’ b o) (Eq.L13)

Setting the first derivatives of equations (Eq.I.12) and (Eq.1.13) equal to each other,
then equation (Eq.I.14) is obtained (after re-arranging). This equation holds for all
J=12,...,N —2 since we want continuity in the first derivative across all the ranges.

hiazy+ 20+ b+ iz, =6, —b,)  x,x] (Eq.L14)

For obtaining further simplification of the last equation, we introduce another two sets

of numbers, u; and v; for j=1,2,..., N—2. The new form is shown in (Eq.L.17).

u;=2{n,_ +h;) (Eq.L.15)
v; =6lb; +b,,) (Eq.L.16)
Wz +uz +hiz=v;  lx]j=12,..,N=2 (Eq.117)

All the previous steps and equations result in a tridiagonal system of equations that
must be solved simultaneously. The system of equations is shown in (Eq.1.18) where
the simplicity of the first and last equations of this system is a result of condition (f).

e =0

hozo +uyz + Iz = v
Mz ‘uyzy +hyzy =v,

(Eq.L18)
hjazjtue+hizg, =v,
hN_3ZN__3 +L£N_2ZN_2 + hN—ZZN—l = VN-—2
Zy =0
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Appendix I Cubic Splines Implementation

The system of equations can also be written in the matrix and vector form of equation
(Eq.1.19).

—1 0 . 0 i FZO ] _O ]
ho Lll hl O o O z] vl
O h w, h, 0 - 0 2 2
0 -0 hy u; h; 0 --- 0 z; =V (Eq.I.19)
0 e 0 hy, uyy by, O IN-3 Vn-3
0o .- 0 hysuy, hy,||2vs| |V

_0 ‘e 0 1 N 2n- J _O ]

The above system is simplified and reduced into the following form:

[, B 0 - 0 |z v
O hzz Ll3 h/} O e O Z3 V3
0 -0 Ay u; hy 0 - 0 lz; |=|y (Eq.120)
0 - 0 hysuyyhys O [lzya| |[vies

0 0 hy.y uys hy_s|zyos VN-3

0 a My s unos JlZn-a] [V

After the above system of equations has been solved, the values z ; will be available.

This could be the end of the calculations. However, some additional computations are
carried out to bring the results in a more desirable form, the form presented in
equation (Eq.I.21) which is the Taylor expansion of § j (x) about the point x; .

Sj(x)zAj +Bj(x—xj)+ Cj(x—xj)Z +Dj(x—xj)3 (Eq.I21)

Since the above equation corresponds to the Taylor expansion, then the parameters
Aj,Bj, Cj,Dj are defined as follows:

A=5,x)  B;=S(x;) c;=S;) D=5 (Eq.122)
So, the first coefficient and the third coefficient are simply:
A=y, (Eq.1.23)
Z .
C;= EJ (Eq.1.24)
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Appendix I Cubic Splines Implementation

Working out the coefficient of x* in equation (Eq.1.9) will result in finding the fourth
coefficient of equation (Eq.1.21) which is the coefficient of the respective parameter.

I
D, = 6—h(z —z;) (Eq.1.25)
J

For the second coefficient in equation (Eq.L.21), the solution can be found through
equation (Eq.1.12).
B.:—ﬂz.,——ﬁz-+i(y~1—y~) (Eq126)
J J+ J AT -
6 3 h;
The form of the solution in equation (Eq.1.21) enables the formulation of the nested

form of §;(x), which is the following:

S;(x)=y, +(x—xj{Bj +(x—xj{%+'617(x“xj)(zj+1 _Zj)]] (Eq.L1.27)

J

Natural Cubic Splines Implementation Steps

Input values are the N sets of points (xj, yj),j =012,..,N-T andx;,; > x;.

Step 1
hj:xj+l_xj j:0,1,2,...,N_2
b:i( -y j=012,... ,N=2
J Y j+1 J
h
Step 2
Setting the triadiagonal system.
uo =VO=O
u =2(h1 +h0)
Yi =6(b1 _bo)

Then, for j=2,34,.... N-2:
K2

h, v,
v, =6lb, —b;_ ) -~
uj_]
Step 3
Solving the triadiagonal system.
Zp=2y-1 =0

Then, for j=N-2,N-3,N—4,...,2,1:
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Appendix 1 Cubic Splines Implementation

j+l
Z.:
J uj
Step 4
Then, for j=0,1,2,...,.N—-2:
4=,
h h
B, =_“6sz+1 - Zj"‘f()’jﬂ _)’j)
J
)
1
D; =a(zj+l _Zj)

In the four steps above, there is no danger of running into a division by zero. The
parameters  h;  will always be greater than zero sincex;, >x;,

J
henceuj >hj+h >0.

j+l1

Interpolating

If it is desired to obtain the y-value that corresponds to a point
(X, Y ) %y < x,, < xy_;, then the following steps can be carried out.

Step 1
Establish which equation § j(x) to use. The answer is in the form S,(x) and

X £X, S Xy

m —

Step 2
Calculate §, (xm) .
hm =X T X

z 1
Sk (xm): Ak + hm{Bk +hm(?k+@hm(zk+l — % ))]
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