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Green’s function estimates for a singularly perturbed
convection-diffusion problem*

Sebastian Franz Natalia Kopteval

Abstract

We consider a singularly perturbed convection-diffusion problem posed in the
unit square with a horizontal convective direction. Its solutions exhibit parabolic
and exponential boundary layers. Sharp estimates of the Green’s function and its
first- and second-order derivatives are derived in the L; norm. The dependence of
these estimates on the small diffusion parameter is shown explicitly. The obtained
estimates will be used in a forthcoming numerical analysis of the considered problem.
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1 Introduction

In this paper we investigate the Green’s function for the following problem posed in the
unit-square domain = (0,1)%:

Lyyu(z,y) = —e(Ugy + uyy) — (a(z,y) )y + b(z,y)u= f(z,y) for (z,y) €, (1l.1a)
u(z,y) =0 for (z,y) € 0Q. (1.1b)

Here € is a small positive parameter, while the coefficients a and b are sufficiently smooth

(e.g., a, b€ C*(Q)). We also assume, for some positive constant «, that
a(z,y) > a >0, b(z,y) — az(z,y) >0 for all (z,y) € Q. (1.2)

Under these assumptions, (1.1a) is a singularly perturbed elliptic equation, frequently
referred to as a convection-dominated convection-diffusion equation. This equation serves
as a model for Navier-Stokes equations at large Reynolds numbers or (in the linearised
case) of Oseen equations and provides an excellent paradigm for numerical techniques in
the computational fluid dynamics [19].
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The asymptotic analysis for problems of type (1.1) is very intricate and illustrates
the complexity of their solutions [11, Section IV.1], [12]. We also refer the reader to [20,
Chapter IV], [19, Chapter III.1] and [13, 14] for pointwise estimates of solution derivatives.
In short, solutions of problem (1.1) typically exhibit parabolic boundary layers along the
characteristic boundaries y = 0 and y = 1, and an exponential boundary layer along the
outflow boundary z = 0. Furthermore, if a discontinuous Dirichlet boundary condition is
imposed at the inflow boundary x = 1, then solutions also exhibit characteristic interior
layers. Note that because of the complexity of the solutions, the analysis techniques
[13, 14] work only for a constant-coefficient version of (1.1a). Note also that the complex
solution structure is reflected in the corresponding Green’s function, which is the subject
of this paper.

Our interest in considering the Green’s function of problem (1.1) and estimating its
derivatives is motivated by the numerical analysis of this computationally challenging
problem. More specifically, we shall use the obtained estimates in the forthcoming paper
[7] to derive robust a posteriori error bounds for computed solutions of this problem using
finite-difference methods. (This approach is related to recent articles [15, 4], which address
the numerical solution of singularly perturbed equations of reaction-diffusion type.) In
a more general numerical-analysis context, we note that sharp estimates for continuous
Green’s functions (or their generalised versions) frequently play a crucial role in a priori
and a posteriori error analyses [6, 10, 18].

We shall estimate the derivatives of the Green’s function in the L; norm (as they will
be used to estimate the error in the computed solution in the dual L, norm [7]). Our
estimates will be uniform in the small perturbation parameter € in the sense that any
dependence on ¢ will be shown explicitly. Note also that our estimates will be sharp (in
the sense of Theorem 2.6) up to an e-independent constant multiplier.

As any Green’s function estimate implies a certain a priori estimate for the original
problem, we also refer the reader to Dorfler [5], who, for a similar problem, gives extensive
a priori solution estimates that involve the right-hand side in various positive norms such
as L, and WP with m > 0. In comparison, a priori solution estimates that follow from
our results, involve negative norms of the right-hand side (see Corollary 2.3 and also
Remark 2.4), so they are different in nature.

Our analysis in this paper resembles those in [15, Section 3], [4, Section 3] in that,
roughly speaking, we freeze the coefficients and estimate the corresponding explicit Green’s
function for a constant-coefficient equation, and then we investigate the difference between
the original and the frozen-coefficient Green’s functions. This procedure is often called the
parametrix method. The two cited papers deal with equations of reaction-diffusion type,
for which the Green’s function in the unbounded domain is (almost) radially symmetric
and exponentially decaying away from the singular point. By contrast, the Green’s func-
tion for the convection-diffusion problem (1.1) exhibits a much more complex anisotropic
structure (see Fig. 1). This is reflected in a much more intricate analysis compared to
[15, 4], in particular, for the variable-coefficient case.

The paper is organised as follows. In Section 2, the Green’s function associated with
problem (1.1) is defined and upper bounds for its derivatives are stated in Theorem 2.2,
which is the main result of the paper. The corresponding lower bounds are then given in



Figure 1: Typical anisotropic behaviour of the Green’s function for problem (1.1): a = 1,
b=0, (v,y) = (3,1) and e = 1073,
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Theorem 2.6. In Section 3, we obtain the fundamental solution for a constant-coefficient
version of (1.1a) in the domain Q = R?; this fundamental solution is bounded in Section 4.
Next, in Section 5, using the method of images with an inclusion of cut-off functions, we
define and estimate certain approximations of the constant-coefficient Green’s functions in
the domains 2 = (0,1) x R and Q = (0,1)%. The difference between the frozen-coefficient
approximations of Section 5 and the original variable-coefficient Green’s function is esti-
mated in Section 6; this completes the proof of Theorem 2.2. In the final Section 7 we
discuss generalisation of our results to more than two dimensions.

Notation. Throughout the paper, C' denotes a generic positive constant that may
take different values in different formulas, but is independent of the singular perturbation
parameter . A subscripted C' (e.g., C1) denotes a positive constant that takes a fixed
value, and is also independent of . Notation such as v = O(w) means |v| < Cw for
some C. The standard Sobolev spaces W™P(€) and L,(€') on any measurable subset
QY C R? are used for p > 1 and m = 1,2. The L,(€') norm is denoted by ||||,.c while
the W™P(Q') norm is denoted by |||/ .. Sometimes the domain of interest will be an
open ball B(z',y;p) = {(z,y) € R* : (x — 2')* + (y — ¥')* < p*} centred at (2,y’) of
radius p. For the partial derivative of a function v in a variable £ we will use the equivalent
notations ve and dgv. Similarly, vee and (‘3521) both denote the second-order pure derivative
of v in £, while v, and 8§nv both denote the second-order mixed derivative of v in £ and 7.



2 Definition of the Green’s function. Main result

Let G = G(x,y;&,m) be the Green’s function associated with problem (1.1). For each
fixed (z,y) € , it satisfies

Lz, Gz, y:€m) = —e(Gee + Goy) + al§,n)Ge +0(E, )G = d(z — ) 6(y —n), (&) € Q,
G(l’,y,f,ﬁ) = Oa (5,77) E(@Q)
2.1

Here L, is the adjoint differential operator to L,,, while §(-) is the one-dimensional Dirac
d-distribution, so the product d(x — &) §(y — n) is equivalent to the two-dimensional J-
distribution centred at (£,n) = (z,y); see [9, Example 3.29], [21, Section 5.5]. The unique
solution u of (1.1) has the representation

ulz,y) = / / Gl y: €,m) F(€.m) dé dn, (2.2)

(provided that f is sufficiently regular so that (2.2) is well-defined). Note that, for each
fixed (&§,n) € Q, the Green’s function G also satisfies

L,,G(x,y;€,n) = —e(Guw + Gyy) — (a(z,y)G) s + b(x,y)G = d(x — £)d(y — n), (z,y) €Q,
G(x,y;€,m) =0, (z,y) €00
(2.3)
Therefore, the unique solution v of the adjoint problem

L;yU(ZE, y) - _€<UZ$ + Uyy) + CL(J],y) Vg + b(xa y) U= f(‘ra y) fOl” (ZE, y) S Q7
v(xz,y) =0 for (x,y) € 09.

is given by

o(€m) = / / G, y:€,m) f(a,y) do dy. (2.4)

We first give a preliminary result for G.
Lemma 2.1. Under assumptions (1.2), the Green’s function G associated with problem

(1.1) satisfies

1
/ G,y &m)ldn < C G,y )i <C 0 for (,y) €9, (2.5)
0

where C' 1s some positive e-independent constant.

Proof. The first estimate of (2.5) is given in the proof of [5, Theorem 2.10] (see also [19,
Theorem I11.1.22] and [3] for similar results). The second desired estimate follows. O

We now state the main result of this paper.



Theorem 2.2. Let ¢ € (0,1]. The Green’s function G associated with (1.1),(1.2) on the
unit square Q = (0,1)? satisfies, for all (z,y) € Q, the following bounds

10:G (2,55 ) l1:0 < C(1 + [ Ineg]), (2.6a)
10,G (53 )l + 10,G (@, ys )i < O™, (2.6b)

Furthermore, for any ball B(z',y'; p) of radius p centred at any (z',1y') € Q, we have
1G(z,y; )11:80 50 < Ce™'p, (2.6¢)
while for the ball B(x,y; p) of radius p centred at (x,y) we have

||352G(«'Ifa y; )l O\B(zyip) S Ce! In(2+¢/p), (2.6d)
193G (2, 95 )1 :0\Byp) < Ce™ (In(2+¢/p) + | Inel). (2.6e)

Here C' is some positive e-independent constant.

The rest of the paper is devoted to the proof of this theorem, which is completed in
Section 6.

In view of the solution representation (2.2), the bounds (2.6a), (2.6b) immediately
imply the following a priori solution estimates for our original problem.

Corollary 2.3. Let f(x,y) = 0. Fi(z,y) + 0,F5(x,y) with Fy, Fy € Loo(Q2). Then there
exists a unique solution u € Lo (2) of problem (1.1), (1.2), for which we have the bound

lullsw o < CLA+ el [Filloog + 72 | Bollan]- (2.7)
Proof. Represent u using (2.2). Then integrate by parts and use (2.6a) and (2.6b). O

Remark 2.4. Let us associate the components 0, Fy and 0, F» of f with the one-dimensional
parts —0? — dya(x,y) and —585 + b(x,y), respectively, of the operator L,,. Then, bar
the weak logarithmic factor |Inel|, the bound (2.7) clearly resembles the corresponding
one-dimensional a priori solution estimates. Indeed, for the one-dimensional equations
—cuf(x) — (a1(x)ur(2)) = fi(z) and —culy(x) + bo(z)us(x) = fa(x) (where ay,by >
C > 0) subject to u12(0) = u12(1) = 0, one has |[u1|lo;01) < Cllfill-1,00501), and
[u2]lcox0.1) < Ce™2|| fall—1.00:0.1), where || || -1.00:(0,1) 8 the norm in the negative Sobolev
space W=1°°(0,1) (see, e.g., [17, Theorem 3.25]).

Remark 2.5. In the proof of Corollary 2.3, the existence of a solution u € L ()) of prob-
lem (1.1),(1.2) follows from the observation that the solution representation formula (2.2)
yields a bounded function. Note that the existence of a bounded solution of this problem,
under the additional mild assumption b(x,y) — %ama(x,y) > 0, can be shown by an ap-
plication of [16, Chapter 3, Theorems 5.2 and 13.1]. In particular, the second cited
theorem states that if there exists a solution uw € W2>Y(Q), then it is bounded in 0 by
some e-dependent constant. The novelty of Corollary 2.3 lies in that it explicitly shows
the dependence of this constant on €.



Note that the upper estimates of Theorem 2.2 are sharp in the following sense.

Theorem 2.6 ([8]). Let e € (0, co] for some sufficiently small positive cq. Set a(x,y) == «
and b(z,y) := 0 in (1.1). Then the Green’s function G associated with this problem on
the unit square Q = (0,1)? satisfies, for all (z,y) € [3,2]?, the following lower bounds:

404
10¢G (2, y; )l = | Inel, (2.82)
10,G (,y; ) la > ce™V2. (2.8b)

Furthermore, for any ball B(x,y; p) of radius p < %, we have

cp/e, if p < 2,
G(x,y;- . ) > 2.8¢
16, y: )llronsean {c (p/e)Y/?,  otherwise, (28¢)
||0£2G(:17, Ys MuovBeyp) = ce ' In(2+¢/p), if p < e, (2.8d)
H@Q]G(x, Y Mlue\Beyn = ce " (In(2+¢/p) + |Inel), ifp < %~ (2.8e)

Here ¢ and c; are e-independent positive constants.

This result can be anticipated from an inspection of the bounds for an explicit funda-
mental solution in a constant-coefficient case; see Section 4.

3 Fundamental solution in a constant-coefficient case

In this section we shall explicitly solve simplifications of the two problems (2.1) and (2.3)
that we have for G. To get these simplifications, we employ the parametrix method and
so freeze the coefficients in these problems by replacing a(&,n) by a(z,y) in (2.1), and
replacing a(x,y) by a(§,n) in (2.3), and also setting b := 0; the frozen-coefficient versions
of the operators Lg, and L, will be denoted by Z_}ZU and Exy, respectively. Furthermore,
we extend the resulting equations to R? and denote their solutions by g and §. Thus we
get

LGg('ra Y; 57 77) = _8(§§£ + g’fm) + CL(.T, y) gf - 5([E - 5) 5(y - 77) for (57 77) € R27 (31>
Layg(2,9;6,0) = =&(Gua + Gyy) — a(é,1) G = 0(z — ) d(y —n) for (z,y) € R®. (3.2)
As the variables (z,y) appear as parameters in equation (3.1) and (£,n) appear as pa-
rameters in equation (3.2), we effectively have two equations with constant coefficients.

A calculation (see Remark 3.1 below for details) yields explicit representations of their
solutions by

g,y &m) =gy &ma)| o 0 @yén) =gy Eme)| o (3.3)

g=5a(z,y) g=5a(&n)
Here the function ¢ is defined, using the modified Bessel function of the second kind of
order zero Ky(-), by

1 3 .
9= 9(@,y;§m4) = 5— el Ko(qi), (3.4a)

§w = (E—a)fe, f=(m—y)fe =/ +i* (3.4b)



We use a subindex in é[r} and 7, to highlight their dependence on x as in many places
x will take different values; but when there is no ambiguity, we shall sometimes simply
write £ and 7.

Remark 3.1. The representation (3.4) is given in [19, (III.1.16)]. For completeness, we
sketch a proof of (3.3),(3.4) for g. Set ¢ = 3a(z,y) and g =V (&, n) e/ in (3.1). Now
a calculation shows that

& (Veg + Vi) + @V =ce %= 5(z — €) 6(y — ).

Here in the right-hand side, one has e=%/¢ §(x — 5) = e @/ §(x—&). As the fundamental
solution for the operator —e*(0f + 92) + ¢* is 525 Ko(qr/e) [22, Chapter VII], so V =
ce~®/* L K(qr/e), and the desired representation (3.3), (3.4) for g immediately follows.
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Remark 3.2. Note that the solution g of (3.1) is not the fundamental solution for the
operator I_’En' Indeed, denoting the latter by I' = T'(x,y;&,m;8,t), one has the equation

['=0(s—=&)d(t—mn), in which (x,y) appear as parameters. So imitating the calculation
in Remark 3.1, one gets U'(x,y;&,m;8,t) = g(s,t;f,n;q)‘ (compare with (3.3)).

1
4=Sa(e.) v
Similarly, the solution g of (3.2) is not the fundamental solution for the operator Ly,,.

The function ¢ and its derivatives involve the modified Bessel functions of the second
kind of order zero Ky(-) and of order one K;(-). With the notation Ko, := max{Ky, K},
we quote some useful properties of the modified Bessel functions [1]:

Koi(s) < Cs™te™/? Vs >0, Koi(s) < Cs ™2™ Vs >C >0, (3.5a)
1
Ko(z) = Ki(2)[1 - 5T O(z7%)]. (3.5b)

4 Bounds for the fundamental solution g(x,y;&,7;q)

Throughout this section we assume that 2 = (0,1) x R, but all results remain valid for
Q = (0,1)% Here we derive a number of useful bounds for the fundamental solution g
of (3.4) and its derivatives that will be used in Section 5. As sometimes ¢ = sa(x,y) or
q = 3a(&,m) (as in (3.3)), we shall also use the full-derivative notation

D,y =0, + 30,a(&,n) - Oy, Dy =0, + 19,a(z,y) - 0,. (4.1)

Lemma 4.1. Let (z,y) € [-1,1] xR and 0 < 3a < ¢ < C. Then for the function
g=g(z,y;¢,m;,q9) of (3.4) we have the following bounds
lg(z, y; -

10c9(z,y; 5 q ||1 0 <C(1+|Ing|),

e/ ‘|ang(x>y§ ) Q)Hl 0t ”8 (:L‘ Y4

[(e72) Oeg) (2. yi - q

2 ||(efp) 02,9) (v 5 D)l + (671 0,9) (2,43 -5 4

7



and for any ball B(x',y'; p) of radius p centred at any («',y') € [0,1] x R, we have
||g($a Y5 Q)Hl,l;B(x’,y/;p) < 05_107 (42f)

while for the ball B(z,y;p) of radius p centred at (x,y), we have

1029(, 33 s D)l 0\ By < Ce™' In(2+¢/p), (4.2g)
Hﬁgg(x, Ui 5 @)1\ Bawp) < Ce'(In(2 +¢/p) + |Inegl). (4.2h)

Furthermore, one has the bound
1029(2, y; - @)1 < C(1+ |Ine]), (4.3a)

and, with the full-derivative notation (4.1), the bounds

1Dyg(,y;5a) e + 1Dyg(a, v 5 a) o < O, (4.3b)
1(e7) Dn2g) (2,555 @) |10 + (7 Dydeg) (2,455 q) 1.0 < Ce™2, (4-3¢)
Proof. First, note that 0,9 = —0:¢g and d,9 = —0,g, so (4.3a) follows from (4.2b),

(4.3b) follows from (4.1), (4.2c), while (4.3c) follows from (4.1), (4.2e). Thus it suffices to
establish the bounds (4.2).

Throughout the proof, z and y are fixed so we employ the notation f = é[x] and
7 :=7[y. A calculation shows that the first-order derivatives of g(z, y; £, n; q) are given by

Oeg = 5 € | Kolg) — 2 K1 (7). (4.42)
0,9 =~ ¢ | 1K (a7 (4.4b)
T
040 = = 0% [ Kolar) — K (07)]. (4.40)
T
Here we used K{) = —Kj, [1], and then 07 = e~1€/# and O, = e~ 1/F. In a similar man-

ner, but additionally using K7 (s) = —Ko(s) — K1(s)/s [1], and also d¢(7/7) = —e &7/
and 9, (n/r) = e '¢? /73, one gets the second-order derivatives

02yg = oz € % [qf(%Ko(qf) - Kl(qf)) + 2§K1(qf)]a (4.5a)

02,9 = 3o €7 [EF{2Ko0F) + £ Ku(aR)} — (€ + ) K(oR)| + a7 0g,  (45D)
22 N )

g = 1L et [q %Ko(qf) 4+ 7235 Kl(qf)]. (4.5¢)

Finally, combining 97g = —0zg + % Oeg with (4.4a) and (4.5¢) yields

A

F2 ~2

- 2 - .
oz € [CJ(Ko(qf) + %Ko(qf) - 2§K1(qf)> 48 72377 Ki(g7)]. (4.5d)

8529 =

8



Now we proceed to estimating the above derivatives of g. Note that d¢ dn = €2dé dn,
where (£,7) € Q:=e}(—z,1 —x) x R C (—00,2/¢) x R. Consider the domains

Qo= {E<1+ 101}, Q= {max{1, 1} < € <2/¢}.

As Qc O UQ, for any z € [—1,1], it is convenient to consider integrals over these two
subdomains separately. R

(i) Consider (£,7) € . Then £ < 1+ 17 so, with the notation Ko := max{Ko, K1},
one gets

e [(L+7) (e gl + |0egl + [0ng] + 10,9] + |0Z,9]) + 7|0z,gl] < Ce®™(1+ 7 + 7*) Ko (qF)
< Citem /8, (4.6)

where we combined e% < e?147/4) with 1 4+ ¢ 4+ 72 < Ce?/8 (which follows from ¢ > %a)
and Ko;(qf) < C(gr)~te /2 (see (3.5a)). This immediately yields

10000+ 1001+ ol + 1091 + 02,91 + <7108, ol) (i) < € [ oo
Q4 0
<c. 1T
Similarly,
e?[|0Zg] + |02g]] < Cete™ (14770 Ko1(qF) < Ce 7 2e707/8,

SO

// (10291 + 10391] (*dé diy) < 051/ Pl g < Ce M n(2 + 57Y). (4.8)

01\ B(0,055) 5

Furthermore, for an arbitrary ball Bﬁ of radius p in the coordinates (f ,7), we get
. po
// 10egl + 105g] + |gl] (£2d€ dny) < O/eq’”/g di < C'min{p,1}. (4.9)
QNB;, 0

n) € Q. In this subdomain, it is convenient to rewrite the

(ii) Next consider A(é,
t), where

integrals in terms of (¢,

2

) (4.10)

tzzé_l/Zﬁ SO f‘lﬂdﬁ:dt, f—fz ~|—§:_

>

Note that ¢i > ¢ > o in Qy, so Ko1(g7) < C(gF)~"/2¢~ by the second bound in (3.5a).
We also note that € < 7 < V17€ in Qy s0 7 — £ = i2/(F + €) > coi? /€ = cot?, where
co := (14++/17)~". Consequently e~ < et g0

e Koq(qf) < CQ for (€,7) € Q, where Q= /2 000t (4.11)

9



and
/(1 + |t + 24P+t Qi < C/(l F 2+ [P+t e o dt <O (4.12)
R R

We now claim that for g and its derivatives in (), one has

gl < CeQ, (4.13a)
2|0,g] < CEV2 1 Q, (4.13D)
e?|02gl < Ce ¢ P+ 1] Q. (4.13¢)

Here (4.13a) is straightforward, and (4.13b) immediately follows from (4.4b) as |9|/7 <
17| /€ = €1/2|t|. The next bound (4.13c) is obtained from (4.5¢) using 72/72 < €142 and
[7? — €))7 <t <

Furthermore, we claim that in ), one also has

e*(e7|Oegl +1049) < Celt* +1]Q, (4.13d)
ol < CTP+1]Q, (4.13e)
E(efdg,g) < CEVH [ +1]Q, (4.13f)
S(erlRgl) < Celtt+11Q + (el (4.13g)
202 < CeME[ +1)Q. (4.13h)
To get (4.13d), we combine (4.4a) and (4.4c) with the observation that
(0f) = $K,07)| = 1= 5+ 067 6 a7 for7 21, (4.14a)
< OF 2 4+ 1K (gF) for € > 1, (4.14D)

where v, = 0,1. Note that (4.14a) and (4.14b) are easily verified using (3.5b) and
7 — & < ¢* from (4.10), respectively. The bound (4.13e) follows from the bound for d¢g

in (4.13d) as 7~ < £~1. We now proceed to (4.13f), which is obtained from (4.5a) again
using |A|/7 < €7Y2|t| and then (4.14b) and £/7 < 1. Next, one gets (4.13g) from (4.5b)
using {2Ko(qr) + %Kl (qF)} = 2K, (qr)[1 + O(+%)] (which follows from (3.5b)) and then
(7 — )2 < t*. The final bound (4.13h) is derived in a similar manner by employing (3.5b)

to rewrite the term in square-brackets of (4.5d) as [¢(1— %)2 - % +O(7#7?)] K1 (g). Thus
all the bounds (4.13) are now established.
Combining the obtained estimates (4.13) with (4.12) yields

[ Ul + £ 210ug] + 10eg| + (ougl + 227108 ] + <7109l + <l (2 ai)
Q2

2/e . . .
< C/ e+ 26712 4 €72dE < C. (4.15)
1

10



Similarly, combining (4.13c), (4.13e) with (4.12) yields

2/e

//Q [10eg| + ]02g]] (g%zédﬁ) <C : E1dE < C(1+ |Inel). (4.16)

Furthermore, by (4.13b), (4.13¢), for an arbitrary ball Bﬁ of radius p in the coordinates
(§:7), we get

R 1+f)A . R
//Q [10eg] + 10,91 + lgl] (22dédi) <0 [ E+E v dE<Cp (47)
2NB; 1

To complete the proof, we now recall that @ c U, and combine estimates (4.7) and
(4.8) (that involve integration over Q) with (4.15) and (4.16), which yields the desired
bounds (4.2a)-(4.2¢) and (4.2g), (4.2h). To get the latter two bounds we also used the
observation that the ball B(z,y; p) in the coordinates (£, n) becomes the ball B(0,0; p) of
radius p = e !p in the coordinates (£,7). The remaining assertion (4. 2f) is obtained by
combining (4.9) with (4.17) and noting that an arbltrary ball B(z',y'; p) of radius p in
the coordinates (£,7) becomes a ball B, of radius p = e~'p in the coordinates (&79). O

Remark 4.2. The first bound (4.2a) of Lemma 4.1 can be also obtained by noting that
1,(§) := [pg dn satisfies the differential equation [—e07 + 2q0¢]I, = 6(x — &) (this follows
from an equation of type (3.1) for g) and the conditions I,(—o0) =0 and I,(z) = (2¢q)~*

From this, one can easily deduce that fol 1,(¢) < C, which yields (4.2a) in view of g > 0.

Our next result shows that for z > 1, one gets stronger bounds for g and its derivatives.
These bounds involve the weight function

A= e2a@b/e (4.18)

and show that, although \ is exponentially large in ¢, this is compensated by the smallness
of g and its derivatives.

Lemma 4.3. Let (z,y) € [1,3] xR and 0 < 1o < ¢ < C. Then for the function
g=g(x,y;&,m;,q) of (3.4) and the weight X of (4.18), one has the following bounds

[([1+ er] Ag) (@, 455910 < Ce, (4.19a)

(A Oeg) (@, y; 1) l1s0 + 1(AOg9) (95 5 @)1 < C, (4.19b)

(11 + " 2Pm] A 0ng) (@, 43 5 @) hio + €21 (ePm A OZ, ) (w5 5 )i < €, (4.19¢)
1712] O (A 9) (@, 93 5 @) 1110 + [[€712) O (A Oeg) (. y3 5 @)l < C (4.19d)

and for any ball B(z',y'; p) of radius p centred at any («',y’) € [0,1] X R, one has
H()\ g)(flf, Y Q)HLI;B(m/,y’;p) < 05_10, (4198)

while for the ball B(x,y;p) of radius p centred at (x,y), one has
1A 329) (55 3 D) 10\ Bayp) + 1A T59) (@, 5555 D)1 0By < Ce™ In(2+¢/p). (4.19f)
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Furthermore, with the differential operators (4.1), we have

10:(Ag) (@, 4 55 D)l e + 1Dy (Ag) (2, 43 5 @) [0 + 1Dy (Ag) (2, 45 5 @)l[1:0 < C (4.20a)
le7a Dy(X0eg) (2, 555 )l + lef Dyda(Ag) (@, g3 3 @)1 < Ce™/2 (4.20D)

Proof. Throughout the proof we use the notation A = A(z) := (x—1)/e > 0. Then (4.18)
becomes A = €244, We partially imitate the proof of Lemma 4.1. Again d€ dn = 2 d€ di),
but now (£,7) € Q = e (—z,1—x) xR C (—3/e, —A) X R. So £ < —A < 0 immediately
yields ) ) A A
N et = 2a(A—LED) calél < calél, (4.21)
Consider the domains

Q= {lE <1+ gl €< —A}, Q= {I€] > max{1, {Iql}, —3/e << -A}.

AsQ Q’l UQ’Q for any x € [1, 3], we estimate integrals over these two domains separately.
(i) Let (£,9) € ). Then |¢] <1+ 17 so, by (4.21), one has X e% < e?U0F7/4) The first
line in (4.6) remains valid, but now we combine it with

Xe® (14 7 + 72) Ko (qf) < CF~t e 97/ (4.22)

(which is obtained similarly to the second line in (4.6)). This leads to a version of (4.7)
that involves the weight A:

/// AL+ 7) (e gl + 0eg| + |0ng] + |049] + |0Z,9]) + €7|0Z,9]] (2d€ diy) < C. (4.23)

In a similar manner, we obtain versions of estimates (4.8) and (4.9), that also involve the
weight \:

[e.e]

/ / N|02g| (*d€ diy) < C=™! / e/ dr < Cetn(2 + ph), (4.24)
Q\B(0,0;p) p

A p ~
/ / A [10eg| + 10,91 + 19l] (£2dE diy) < C / e "Pdf < Cmin{p, 1}, (4.25)
QL nB;, 0
where B, is an arbitrary ball of radius / in the coordinates (€,7). Furthermore, (4.23)
combined with [9,(Xg)| < A(24]g| + [0,9]) and [9,(X Jeg)| < A(2A]0eg| + |0Z,9]) and then

q
with A < 2/e yields

P [10(A 9)| + €10, (X Deg)|] (2dE diy) < C. (4.26)

—

o

(ii)) Now consider (g, 7) € Q). In this subdomain (similarly to Q, in the proof of
Lemma 4.1) one has |[¢| < 7 < V17|¢] and cot? < 7 — |€] < 2, where t = [£]71/24)
(compare with (4.10)). We also introduce a new barrier () such that

e Koi(qr) < CQ for (£,7) € ), where Q := A" e2a(A-IED {|§A|_l/2 e_qCOtQ}, (4.27)
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(compare with (4.11)). Note that the inequality in (4.27) is obtained similarly to the one
in (4.11), as (4.21) implies % K, 1(gr) = At € {ealé Ko1(qr)}.

With the new definition (4.27) of @, the bounds (4.13a)(4.13c) remain valid in €,
only with € replaced by |£|. Note that the bounds (4.13d)-(4.13g) are not valid in €%, (as
they were obtained using 7 — é < t2, which is not the case for é < 0). Instead, we claim
that in ), one has

eyl < CQ, (4.28a)

20,9 < CelélQ, (4.28b)

2 (ch|Oengl) < CIEM2H Q. (4.28¢)

E(10,(Ag) +€l0,(Adeg)) < CeX[(lE] — A)+ £ +1]Q. (4.28d)

Here (4.28a) immediately follows from (4.4a) as ]ﬂ/f’ < 1. The bound (4.28b) is obtained
from (4.4c) in a similar way, also using # < v/17|¢|. The next bound (4.28¢), is deduced
from (4.5a) using n = |€|*/2t and again |£|/# < 1, and also # + 1 < 27

To establish (4.28d), note that 9,(X g) = A[2A g+0,9] and 0,(X Deg) = A[2A D¢g+93,9].
Using (3.5b), (4.14a) and {2K,(q7) + #Kl(qf)} = 2K,(qr)[1 + O(77?)] (which follows
from (3.5b)), one can rewrite the definition of g and relations (4.4c), (4.4a), (4.5b) as

g= sk e [14+ 0G| K (a),
09 = 3= ¢ [~ + E]) + O(1)| K (a7,
Ocg = 5 e 77| (7 4 I€]) + O(1) | Ka(a),
02,9 = 7 e 77|+ 6% + O()| Ka(a7) + 4Oy
Next note that
S = (7 + €)= 24 = 28] — A) + (7 — [€]) < 2(4] - 4) + 2

Consequently, a calculation shows that

N0y (A g) = 5k e[S + 7T O(A +7)| K (a),

N0y (ADeg) = 5 €€ | =S+ [€]) + FO(A+ 1)| Ki(a7) + a7 deg.

27r52

In view of 7" Y(A+ 7+ 1) < C and #71(7 + |£]) < 2, and also (4.28a), the final bound
(4.28d) in (4.28) follows.

Next, note that (4.12) is valid with @ replaced by the multiplier {e?¢! K ;(q7)} from
the current definition (4.27) of ). Combining this observation with the bounds (4.13a)-
(4.13c) and (4.28a)—(4.28¢), and also with # < v/17|¢|, yields

// e+ )lgl + [egl + (L +/°7)|0ug] + |949] + £/ (e7(0F,9]) + £lOpg]] (€°dE d)
max{A,1} R R “ ~ g 2
<Cf U T ) T O dE < e (429)
3/e
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Similarly, from (4.28d) combined with e < v/17|€|e < 3v/17, one gets

—max{A,1}

//Q,f[laq(wﬂ +¢|0,(\ eg)|] (£°d¢ dn) < O/ [(1€] = A) +1] 2D ¢ < ¢

—3/e
) (4.30)
Furthermore, by (4.13b), (4.28a), for an arbitrary ball B; of radius p in the coordinates

. —max{A,1} R R R
/ / A 19egl + 10591 + 19]] (*d€ diy) < C / [1+|¢|71?] ea=h ag < Cp.
QLNB, —max{A,1}—p
(4.31)

To complete the proof of (4.19), we now recall that © C €U, and combine estimates
(4.23), (4.24), (4.26) (that involve integration over €}) with (4.29), (4.30), which yields the
desired bounds (4.19a)—(4.19d) and the bound for 97g in (4.19f). To get the latter bound
we also used the observation that the ball B(z,y; p) in the coordinates (£,7) becomes the
ball B(0,0; ) of radius p = e~'p in the coordinates (£,7). The bound for 9g in (4.19f)
follows as Oig = —d2g + 2?(1859 for (£,m) # (x,y). The remaining assertion (4.19e) is
obtained by combining (4.25) with (4.31) and noting that an arbitrary ball B(2',y'; p) of
radius p in the coordinates (£, 7n) becomes a ball E,; of radius p = ¢ 1p in the coordinates
(£,7). Thus we have established all the bounds (4.19).

We now proceed to the proof of the bounds (4.20). Note that J,9 = —0cg and
0yg = —0,9. Combining these with (4.19b) and the bound for ||X0,gl/1.o in (4.19¢),
yields [|[A0.gll1.0 + 1A Dyglli.0 + |A Dyglli.o < C. Now, combining 9, A = 2¢e~ '\ and
O\ = 2AXN < 4e7 '\ with (4.19a), yields [|[g0:\1.0 + lg DyA1.0 + [lg DoAia < C.
Consequently, we get (4.20a).

To estimate e7, Dy(AJeg), note that it involves &7, 0,(AOgg) = —ef A9, g9 (as A
is independent of y and 9,9 = —0,g), for which we have a bound in (4.19¢), and also
€7(3) Og(A Ocg), for which we have a bound in (4.19d). The desired bound for 7, Dy (A 0cg)
in (4.20b) follows.

For the second bound in (4.20b), a calculation yields e7'(y) D,0,(Ag) = €ry) Dyy(A 029) +
27,1 Dp(qA g). The first term is estimated similarly to ery) Dy(AJeg) in (4.20b). The
remaining term 7, Dy (g g) involves 7,1 0,(qA g) = q 721 A O g, for which we have a bound
in (4.19c), and also 71 04(gA g) = q 73 Og(Ag) + Ty A g, for which we have bounds in
(4.19d) and (4.19a). Consequently we get the second bound in (4.20b). O

Lemma 4.4. Under the conditions of Lemma 4.3, for some positive constant ¢; one has
[Ag(z, y; ’)||271;[0,§]x]12< + | Dy(Ag)(, y; ')”1,1;[0,%]%1{ < Ce e/, (4.32)

Proof. We imitate the proof of Lemma 4.3, only now £ < 3 or £ < (3 —x)/e < -2/
Thus instead of the subdomains ¥, and €2, we now consider 0/ and (2 defined by QY :=
Q,N{¢ < —(z—3)/e}. Thus in Qll: (4.22) remain§ valid with ¢ > a, but now 7 > 2/e.
Therefore, when we integrate over Qf (instead of €2]), the integrals of type (4.23), (4.24)
become bounded by Ce=¢/¢ for any fixed ¢; < %6. Next, when considering integrals over
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QY (instead of €2), note that A — |¢] < —2/e so the quantity 244~ in the definition
(4.27) of @ is now bounded by e~3%/=. Consequently, the integrals of type (4.29) over €2
also become bounded by Ce=1%/%, O]

Remark 4.5. All the estimates of Lemmas 4.1, 4.3 and 4.4 remain valid if one sets
q = %a(x,y) or q = %a(f,n) in g, A\, and their derivatives (after the differentiation is
performed).

5 Approximations G and G for Green’s function G
We shall use two related cut-off functions wy and w; defined by
wo(t) € C*(0,1), wo(t) =1 fort <2, w(t)=0 fort>2; w(t):=we(l—t), (5.1)

so wi(k) =1, we(l — k) = 0 and £-w;,(0) = L-w;,(1) = 0 for k=0,1 and m = 1,2.

Recall that solutions g and § of the frozen-coefficient equations (3.1) and (3.2) in the
domain R? are explicitly given by (3.3), (3.4). Now consider these two equations in some
domain ©Q C R? subject to homogeneous Dirichlet boundary conditions on ). For such
problems, one can employ g and g to construct solution approximations using the method
of images with an inclusion of the above cut-off functions. First we construct such solution
approximations, denoted by G and G, for the domain Q = (0,1) x R (in Section 5.1),
then for our domain of interest Q = (0,1)? (in Section 5.2).

Note that although G and G are constructed as solution approximations for the frozen-
coefficient equations, we shall see in Section 6 that they, in fact, provide approximations

to the Green’s function G for our original variable-coefficient problem.

5.1 Approximations G and G for the domain Q = (0,1) x R
As outlined earlier in this Section 5, for the domain Q = (0,1) x R, we define G and G by

Glx,y:6m) =G| _ (5.2)

G(z,y:&n) =G| _,

q=3a(z,y)’ q=%a(&n)’

Gz, y:6,m59) = ﬁeqf {[Ko(qf[z})—f(o(qf[—x])}—[Ko(qu—x])—Ko(qf[2+x})]w1(§)}a (5.3a)

G,y &, 15 q) = 5 et {[Ko(qu) — Ko(q2—a)) | — [Ko(qP(—a)) — Ko(qP(2441)] uJo(x)}‘ (5.3b)

Note that @| =01 = =0 and G‘ = 0 (the former observation follows from 7, = [, at

£ =0, and 7y = rp_y and Tl x] = r[2+a¢] at £ = 1). We shall see shortly (see Lemma 5.1)

that LZTIG L¢,G and nyG L,,G; in this sense G and G give approximations for G.
Rewrite the definitions of G and G using the notation

Gy = (2, Y €,150) = 5 €6 Ko (q7y), (5.4a)
Ai = 62(1(1i$)/€’ p=e€ 2qz/€7 (54b>
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and the observation that

- %) 1 Ko(gitg) = €9 gig for d=+2,2+x.

27r
They yield
Gz, y;6,m0) = [9a) — PY—a)] — [N 9p—a) — DX Gporay] wi(€), (5.5a)
Gz, y;6m0) = [9) — A gpp-a)] — [PY1—a) — P A Gppra)] wo(). (5.5b)

Note that A* is obtained by replacing x by 2 + z in the definition (4.18) of \.
In the next lemma, we estimate the functions

&z, y;&m) =L, G — Li, G, &(2,y;€,1m) = LoyG — Ly, G. (5.6)

Lemma 5.1. Let (x,y) € Q = (0,1) x R. Then for the functions ¢ and ¢ of (5.6), one
has

oz, 5 )i + 18,0z, y3 )l + 16(2, 5 )hae < Cem¥= <O (5.7)

Furthermore, for ¢ we also have

&, y; €, )|(e.mean = 0. (5.8)

Proof. (i) First we prove the desired assertions for ¢. By (5.2), throughout this part of
the proof we set ¢ = %a(m, y) > %a. Recall that g solves the differential equation (3.1)
with the operator Lg,. Comparing the explicit formula for g in (3.3) with the notation
(5.4a) implies that Lgng = 0(§ — d)d(n —y). So, by (2.1), Egng[z] = L, G, and also
L&ng[dl 0 for d = —u, 2:|:a: and all (£,7) € Q as (d,y) € Q. Now, by (5.5a), we conclude
that ¢ = —Lf, [w1(£)Gs] where Gy := A" gjo—s] — D AT gjz49), and LG = 0 for (&,n) € Q.

From these observations, ¢ = 2ew/(£)9:Ga + [ew] (€) — 2qw} (£)]Ga. The definition (5.1)
of wy implies that ¢ vanishes at £ = 0 and for & > % This implies the desired assertion
(5.8). Furthermore, we now get

1o, y: Mlaie + 1950(x, y: ) l1ie < CI1G2(2, 43 Mla0.21k + 1PyG2(@, 33 )11 0, 1)x8) -
3 3

Combining this with the bounds (4.32) for the terms /\ig[gix] of G,, and the observation
that |Dyp| < C|0,p| < C and O:p = 9,p = 0, yields our assertions for ¢ in (5.7).

(ii) Now we prove the desired estlmate (5.7) for ¢. By (5.2), throughout this part
of the proof we set ¢ = 2 a(&,n) > 204. Comparing the notation (5.4a) with the explicit
formula for § in (3.3), we rewrite (3.2) as Lyygi) = 0(x — €)3(y —1). S0 Layg = Ly G,
by (2.3). Next, for each value d = —x,2 £ z respectively set s = —§, F(2 — £). Now by
(3.4), one has fig = /(s —x)2 + (n — y) [e s0 g(x,y;5,m;q) = 5=/ Ky (qfq). Note
that Ly,g(x,y;s,1m;q) = 6(x — s)6(y —n) and none of our three values of s is in [0,1] (i.e.
d(s —x) = 0). Consequently, ny[qu[r Ko(qr[d])] = 0 for all (:c y) € Q. Comparing (5.3b)
and (5.5b), we now conclude that ¢ = — L, [wo(£)Ga] where Gy := pg_s — p X" glo19 and
LyyGa = 0 for (z,y) € Q.
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From these observations, ¢ = 2ewly(2)0,Gs + [ewll (x) 4 2qwh(x)]G2. As the definition
(5.1) of wy implies that ¢ vanishes for x < %, we have

6(z,y; )10 < C max Hafgz(%y; M-

(@€l .1)x
k=0,1

Here Gy is smooth and has no singularities for = € [%, 1] (because 7jpyq > Tl_g > %sfl
for € [2,1]). Note that [|0¥gi_sjl11.0 < Ce?, and [|05(X gpia))ll11.0 < Ce™? (these
two estimates are similar to the ones in Lemmas 4.1 and 4.3, but easier to deduce as they
are not sharp). We combine these two bounds with |950¢*9;p| < Ce™?p = Ce2e~2w/e
for k, m +n < 1. As for x > % we enjoy the bound e=2¢*/¢ < e~39/5 < Ogle39/%, the

desired estimate for ¢ follows. m

Lemma 5.2. Let the function R = R(x,y;&,n) be such that |R| < C'min{er,), 1}. The
functions G and G of (5.2), (5.5) satisfy

IG(z, 4 )l + Gz, ;) < C, (5.92)

106G (2, y; )10 < C(1+ |Ingl), (5.9b)

10,G(, 43 ) l:0 < Ce™'/2, (5.9¢)

I(ROG) (@, 5 )10 + 2 (ROZ,G) (. y; ) la < C, (5.9d)

and for any ball B(z',y'; p) of radius p centred at any («',y') € [0,1] X R, one has
|G($, Y, ')ll,l;B(x’,y’;p)ﬁQ S Cﬁ_lp, (598)
while for the ball B(x,y;p) of radius p centred at (x,y), we have

102G (2, y; )10\ Bg < Ce ' In(24¢/p), (5.9f)
102G (2, 5 )l @By < Ce™ (2 +¢/p) + [Ine]). (5.92)

Furthermore, we have

10,G o)l + (RO, .3 ) < O (5.9h)
[0,G ey )l < =, (5.99)
R + 1G5 o) de < =7 (5.9}

Proof. First, note that 7[_ > 7, and 7y > 7y for all (§,7) € Q, therefore
|R| S C min{efm, €’f‘[,x}, 6?{2711, 872[2+I], 1}. (510)

Note also that in view of Remark 4.5, all bounds of Lemma 4.1 apply to the components
9j+2) and all bounds of Lemma 4.3 apply to the components A gjp4,1 of G and G in (5.5).
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Asterisk notation. In some parts of this proof, when discussing derivatives of G, we
shall use the notation G* prefixed by some differential operator, e.g., 9,G*. This will mean
that the differential operator is applied only to the terms of the type g4+, €.g., 0,G* is
obtained by replacing each of the four terms gjq+) in the definition (5.5a) of G by 0, ¢(4+4]
respectively.

(a) The first desired estimate (5.9a) follows from the bound (4.2a) for gp., and the
bound (4.19a) for A*gp.+,) combined with |p| < 1 and |wp| < 1 (in fact, the bound for G
can obtained by imitating the proof of Lemma 2.1).

(b)(c)(d) Rewrite (5.5a) as

G =G —wi(€)G, where Gi:=gu —PYa: Go:=A gp—u — PN gpia-
As ¢ = 3a(z,y) in G (i.e. pand A* in G do not involve &, 1), one gets
0:G = 0:G" —wi(§)Ge,  0,G=0,G",  9:,G=0G" —ui(0,G;.

Now the desired estimate (5.9b) follows from the bound (4.2b) for O¢gi,), the bound
(4.19b) for A* J¢gjasa), and the bound (4.19a) for AFgp,. Similarly, (5.9¢) follows from
the bound (4.2c) for 0,g[44], and the bound (4.19¢) for )\iﬁng[gﬂ].

The next desired estimate (5.9d) is deduced using

[RO:G| < |[ROGi|+ Cl0:G;| + ClGal,  |ROE,G| < |RO,G| + Cl9,G53-

Here, in view of (5.10), the term R 0¢G; is estimated using the bound (4.2d) for e7(44)0¢ gsa),
while the term R 62 G* is estimated using the bound (4.2e) for efiy 8§n JJ+2) and the bound
(4. 19c) for \ter Qﬂ](‘?@g[gﬂ] The remaining terms 85(}2, G, and 0, ,G5 appear in 8§G and
9,G, so have been bounded when obtaining (5.9b), (5.9¢).

(e) The next assertion (5.9e) is proved similarly to (5.9b) and (5.9¢), only using the
bound (4.2f) for g[ﬁ] and the bound (4.19¢) for A gpy)-

(f)(g) As ¢ = 3a(z,y) in G, then %G = 829* and 92G = 097G, and the assertions
(5.9f) and (5.9g) 1mmed1ately follow from the bounds (4. 2g) and (4.2h) for agg[ﬂ and
02 ,9i+z), respectively, combined with the bound (4.19f) for )\i@5 Jj2+2) and AT9? G(2+a] -

(h) We again have ¢ = fa(z,y) in G, so using the operator D, of (4.1), one gets

9yG = Dy [gi) = Pg1-a)] = w1(&) [Dy(N g2—0)) = p Dy(X gj429)]
- %@a(m, Yy) - O - [g[—w] - w1<€>>‘+g[2+m]}a
where |9,p| < C by (5.4b) (and we used the previously defined notation *). Now, 9,G
is estimated using the bound (4.3b) for Dyg+, and the bound (4.20a) for Dy (A*gp+s))-
For the term g|_4 in 0,G we use the bound (4.2a), and for the term )\Jrg[gﬂ} the bound

(4.19a). Consequently, one gets the desired bound (5.9h) for D,G*.
To estimate R@gyG, a calculation shows that

92,G = (Dy0%¢) [91s) — P 91-a1] — w1(&) [Dy(A Ocgpp—ay) — p Dy( N O o0y
— 10ya(x,y) - Ogp - [0egi—a) — w1 ()N Oegpora)] — Wi (£)0, G,
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where G 1= Q_g}q:a(x’y) J2 The assertion (5.9h) for Ragyé is now deduced as follows. In

view of (5.10), we employ the bound (4.3c) for the terms €71, Dy 0¢g+4 and the bound
(4.20b) for the terms 714 D,(\* Otgj2+4)). For the remaining terms (that appear in
the second line) we use |R| < C and |0,p| < C. Then we combine the bound (4.2b)
for d¢g;_, and the bound (4.19b) for X*O¢gppi4. The term 9,Gs is a part of 9,G, which
was estimated above, so for 9,Go we have the same bound as for 9,G in (5.9h). This
observation completes the proof of the bound for Rd,G in (5.9h).

(i)(j) We now proceed to estimating derivatives of G, so ¢ = £a(£,7) in this part of
the proof. Let G* := Gita] — AT gj22). Then (5.5b), (5.4b) imply that G =Gt —pG,
where py 1= wo(z)p = wo(x)e22%/¢. Note that

Dypo = §0,a(&,m) - (=2z/) po, Do = [wh(w) — (2q/2)wo(x)]e /",
Combining this with |(—2z/¢) po| < Ce%/¢ and ¢ > 1a yields

1 1
|Dypol < C, / (|02p0] + | DyOupol) dz < / (Cg—le—%w/E)dx < C. (5.11)
0 0

Furthermore, we claim that
G e <C, 18650 < COL+ |Iel),  [[DyG 10 < Ce™V2 (5.12)

Here the first estimate follows from the bounds (4.2a), (4.19a) for the terms g;_, and
A gio44). The estimate for 9,G* in (5.12) follows from the bound (4.3a) for 0,9+, and
the bound (4.20a) for 9, (A* gjp,). Similarly, the estimate for D, G* in (5.12) is obtained
using the bound (4.3b) for D, g1, and the bound (4.20a) for D, (A gp.La).

Next, a calculation shows that

8,G=D,G" —pyD,G —Dypo-G~,  0,G=0,G" —py8,G™ — Oupo- G
Combining these with (5.11), (5.12) yields (5.9i) and the bound for 9,G in (5.9j).
To establish the estimate for R 07, G in (5.9j), note that
a:%né = Dnamg~+ — Po - Dnaxg_ - amp(] . Dng~_ — OpPo - amg_ - Dnaxpo : g~_-

In view of (5.10), (5.11) and (5.12), it now suffices to show that | R D,0,G* |1 .0 < Ce™ /2.
This latter estimate follows from the bound (4.3c) for the terms 744 D)0y g[+a) and the
bound (4.20b) for the terms e7(4,) Dnax()\ig[gﬂ]). This completes the proof of (5.9j). O

5.2 Approximations G and G for the domain Q = (0,1)?

We now define approximations, denoted by Gy and Gn, for our original square domain
Q = (0,1). For this, we use the approximations G and G of (5.2), (5.3) for the domain
(0,1) xR and again employ the method of images with an inclusion of the cut-off functions
of (5.1) as follows:

Go(r,y:6,m) = G2, y;:€,m) = wo(n) G(,y:§, =) —wi(n) Gz, y;¢,2 =), (5.13a)
Go(z,y;€,m) == G(x,y;€,m) —woly) Gz, —y;€,m) —wi(y) Gz, 2 —y;§,m). (5.13b)
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Then C_JD|£:01 = 0 and éD‘m:Ol — 0 (as this is valid for G and G, respectively), and

furthermore, by (5.1), we have C_T'D‘nzo , = 0and éu‘y:()l =0.

Remark 5.3. Lemmas 5.1 and 5.2 of the previous section remain valid if 2 is understood
as (0,1)2, and G and G are replaced by Go and Gy, respectively, in the definition (5.6)
of & and ¢ and in the lemma statements.

This is shown by imitating the proofs of these two lemmas. We leave out the details and
only note that the application of the method of images in the n- (y-) direction is relatively
straightforward as an inspection of (3.4) shows that in this direction, the fundamental
solution g is symmetric and exponentially decaying away from the singular point.

As Gy and Gy in the domain Q = (0,1)2 enjoy the same properties as G' and G in the
domain (0,1) x R, we shall sometimes skip the subscript o when there is no ambiguity.

6 Green’s function for the original problem in ) =
(0,1)%. Proof of Theorem 2.2

We are now ready to establish our main result, Theorem 2.2, for the original variable-
coefficient problem (1.1) in the domain 2 = (0, 1)%. In Section 5, we have already obtained
various bounds for the approximations G and G of G in Q = (0,1)2. So now we consider
the two functions © and v given by

O, y3€m) =[G = Gol(zy:&m),  o(wy:&m) =[G — Go](w,y:6,m).
Throughout this section, we shall skip the subscript o as we always deal with the domain
Q=(0,1)%

Note that, by (5.6), we have L,,0 = Ly[G — G| = [Luy — Lsy]G — ¢, and similarly
Lo =L |G —G] = [L;, — L, ]G — ¢. Consequently, the functions ¢ and ¢ are solutions
of the following problems:

L,,o(x,y;6,m) = h(x,y:&,m) for (z,y) € Q, o(z,y;6,n) =0 for (z,y) € 0Q, (6.1a)

Lg,o(x,y;€,m) = bz, y;€,n) for (€,n) € Q,  0(x,y;&n) =0 for (§,1) € 9. (6.1b)

Here the right-hand sides are given by

h(z,y;§n) = 0u{ R G y; € 1) — bla,y) G, y:€,m) — b, y:€,m). (6.2a)
h(z,y;€,m) == {ROG}H(x,y;§,m) — b(&,n) G(x,y;€,n) — o(x,y;€,1m), (6.2b)

where
R(x,y;€,m) :=a(z,y) —a(&,n),  so |R| < Cmin{ery,1}. (6.3)

Applying the solution representation formulas (2.2) and (2.4) to problems (6.1a) and
(6.1b), respectively, one gets

o(x,y;&,m) = //Q G(z,y;s,t) ﬁ(s,t;ﬁ,n) ds dt, (6.4a)
o(x,y;€,m) = //Q G(s,t:&,n) h(x,y;s,t) ds dt. (6.4Db)
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We now proceed to the proof of Theorem 2.2.

Proof. (i) First we establish (2.6b). Note that, by the bounds (5.9i) and (5.9h) for 9,G
and 0,G, respectively, it suffices to show that ||0,(z, y; ) ||1.0+10,0(x, y; )|1.0 < Ce™V/2
Applying 0, to (6.4a) and J, to (6.4b), we arrive at

(i) = [ [ Glavss ) O,h(s,ti6n) ds

9y0(x,y;§,m) = //G(S, t;€,m) Oyh(x, y; s,t) ds dt.
Q

From this, a calculation shows that

1
006z, < (sup [ [G(yssit)lde) - [ (sup 0,505t 1) ds
1J/R 0 teR

s€[0,1

19,055l < ( sup 1G5, )la) - 10, 5-) 1o

(5,6)EQ
So, in view of (2.5), to prove (2.6b), it remains to show that
1
[ G 10sh o) o < C=V2 (0yheg o < o
0 vyeR

These two bounds follows from the definitions (6.2), (6.3) of h and h, which imply that

[Oyh(a,y: &, m)| < [ROZ,GI + C(10:G1 +10,G1) + 19,91,

[0yh(x,y:&,m)| < |RO, Gl + C(10:G| + [0,G) + 10,9l

combined with the bounds (5.7) for ¢, ¢, the bounds (5.9i), (5.9j) for G and the bounds
(5.9b), (5.9h) for G. Thus we have shown (2.6b).

(ii) Next we proceed to obtaining the assertions (2.6a), (2.6d) and (2.6e). We claim
that to get these two bounds, it suffices to show that

V= sup [|00(x,y; )| <Cle '+ 12w, (6.5a)
(z,y)eQ

W= sup (0:G(z,y;)]1.0 <CA+|Ine|+eV), (6.5b)
(z,y)eQ

sup [|0:0(x,y;-)lie < Ce (1 +eV). (6.5¢)
(z,y)eQ

Indeed, there is a sufficiently small constant ¢, such that for e < ¢,, combining the bounds
(6.5a), (6.5b), one gets W < C(1 + |Inel), which is identical with (2.6a). Then (6.5a)
implies that ¥V < Ce™!, which, combined with (5.9g), yields (2.6e). Finally, V < Ce™!
combined with (6.5¢) and then (5.9f) yields (2.6d).

In the simpler non-singularly-perturbed case of £ > ¢,, by imitating part (i) of this
proof, one obtains W < C, where C; depends on ¢,. Combining this bound with (6.5a)
and (6.5¢), we again get (2.6a), (2.6d) and (2.6e).
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We shall obtain (6.5a) in part (iii), and (6.5b) with (6.5¢) in part (iv) below.
(iii) To get (6.5a), let V' := §20. The problem (6.1b) for v implies that

Lg,V(w,y;€m) = H(z,y;:6,m) for (§,m) € Q, V(z,y;6,m) =0 for (§,1) € 9. (6.6)

The homogeneous boundary conditions 673 = 0 in (6.6) immediately follow from

G/
'17! =01 = 0. The homogeneous boundary congdi%ions on the boundary edges n = 0,1 are
obtained as follows. As 17‘771071 = 0 so 8517’7]:0’1 = 85217|n:0,1 = 0. Combining this with
B|nzo’1 = 0 (for which, in view of Remark 5.3, we used (5.8)) and the differential equation
for o at n = 0, 1, one finally gets 8%17‘77:071 = 0.

For the right-hand side H in (6.6), a calculation shows that H = H(x,y;§,n) =
Oyh1 + he with hy(z,y;&,n), for k = 1,2, defined by

hy = Oyl = 20ya(€,1) - v, hy 1= 0pa(&,m) - 0 — 20;b(€,m) - 00 — Ob(€,m) -+ ,

Here we used 92[a 0¢0] = a 0V + 20,0 0,0+ 070 0c0 = a 9V + 0,2 8,0 0:0] — 92a 90 and
92[b0] = bV +20,b 9,0 + 9;b0. (Note that H is understood in the sense of distributions;
see Remark 6.1 below.)

Now, applying the solution representation formula (2.4) to problem (6.6), and then
integrating the term with hy by parts, yields

V(z,y;6,m) = //Q[—&:G(s,t;f,n) hi(x,y;s,t) + G(s, t:€,m) ha(z, y; 5, )| dsdt

(for the validity of the above integration by parts we again refer to Remark 6.1). As (2.6b)
implies sup(, yeq 0:G(s,t;-)[| < Ce~1/2, while (2.5) implies SUp(s e G (s, 8 -)|| < C,
imitating the argument used in part (i) of this proof yields

1020 (2, y; Mo = IV (2, y: ) e < C(e 2 ha(x,y; )l + [ha(z, y; )1 e).

So to get our assertion (6.5a), it remains to show that ||hyo(z,y; )|1.0 < C(e7/2 +W).
To check this latter bound, note that |hy| + |ha| < C(|0,h| + |0:| + |0,8] + |v]). Note also
that

1oz, y: )l < Cle™2+ W) + |Gz, y: )10,
where we employed © = GG — G and then the bounds (2.5), (2.6b) and the definition (6.5b)
of W for G. Combining these two observations with

0P,y &, m)| < IR, G| + C(19:G| +10,G| + |G) + |9y
(where we used (6.2b), (6.3)), and then with the bounds (5.9a)—(5.9d) for G, and the

bound (5.7) for ¢, one gets the required estimate for ||hyo(x,y;-)||1.0. Thus (6.5a) is
established.

(iv) To prove (6.5b) and (6.5¢), rewrite the problem (6.1b) as a two-point boundary-
value problem, in which x, y and 7 appear as parameters, as follows

[—207 + a(&,m)e| 0(w, y; &) = h(x,y; &) for € € (0,1),  0(x,y;6,m)|,_,, =0, (6.7)
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where

h(w,y;€,n) = h(z,y; €,m) + € 020(x, y; €, m) — b(E,n) D(x, y; €, n). (6.8)

Consequently, one can represent v via the Green’s function I' = T'(¢,n;s) of the one-
dimensional operator [—ed; 4 a(&,7n)0c]. Note that I', for any fixed 1 and s, satis-
fies the equation [—£d7 + a(&,n)0|T(§,m;5) = 0(§ — s) and the boundary conditions
L&, n; ‘9)‘52071 = 0. Note also that

1
o€ msjide < 207 (6.9)

2, Lemma 2.3]; see also [19, (I.1.18)], [17, (3.10b) and Section 3.4.1.1].
The solution representation for v via I is given by

1 =
@(x,y;g,n):/o ['(&,m;s) h(z,y;5,1) ds.

Applying O, to this representation yields

|9e(, i )l o < (( sup [ 1|a§r<»s,n;s>|d§> 1 ZEN7D] e

5,MEN

In view of (6.9), we now have [|0¢0]/1 .0 < 2a7* H71H19 Note that the differential equation
(6.7) for v implies that [|020|| .0 < C([|0:0]|l1a + [|k[l10). So, furthermore, we get

10|10 + €l| 82010 < C|lA]1 0.

As G = 0+ G and we have the bound (5.9b) for d:G, to obtain the desired bounds
(6.5b) and (6.5¢), it now remains to show that [|k(xz,y;-)||1,0 < C +¢V. Furthermore, the
definitions (6.8) of h and (6.5a) of V, imply that it suffices to prove the two estimates

[o(z, y:)lhe < C (@3 )0 < C. (6.10)

The first of them follows from © = G — G combined with (2.5) and (5.9a). The second
is obtained from the definition (6.2b) of h using (5.9h) for [|[R9:G|1.q, (5.9a) for |G| .0
and (5.7) for ||¢]|1.0. This completes the proof of (6.5b) and (6.5¢), and thus of (2.6a),
(2.6d) and (2.6e).

(v) We now focus on the remaining assertion (2.6d). Rewrite the problem (6.1b) as

[—(02 + 02) + No(x, y; &, m) = holx,y;:&m)  for (E,m) €, 0(a,y:6,m)| o =0,

where
ho(z,y;€,m) == Mz, y; & n) — a(&,n) Ov(w,y; &,m) + [L+ b, )] v(x,y;&,m).  (6.11)
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We shall represent v via the Green’s function W = W(s,t;£,n) of the two-dimensional
self-adjoint operator [—£(07 + 02) + 1]. Note that W, for any fixed (s,t), satisfies the
equation [—(0F +92) +1]W(s,t;€,1) = (£ — 5)d(n —t), and also the boundary conditions
\I/(s,t;g,n)‘(m)eaﬂ = 0. Furthermore, for any ball B(z,1/; p) of radius p centred at any
(«',1y), we cite the estimate [15, (3.5b)]

(W (s, 8 )1 gipne < Ce™'p. (6.12)

The solution representation for v via W is given by

o(z,y;€m) = // U(s, ;€,m) ho(z,y; 5,t) ds dt.
Q
Applying 0¢ and 0, to this representation yields

0@y hasmieapnn < (5 1966 haisonn) - Moy )la.— (613)
s,t)e

To estimate ||hg||1.q, recall that it was shown in part (iv) of this proof that ||9:9]|;.q <
207\ h||1 .0 and ||h(z,y;)|li.0 < C + ¢V, and in part (ii) that ¥V < Ce~!. Consequently
|0¢0]|l1.0 < C. Combining this with (6.11) and (6.10) yields ||Agll1.0 < C. In view of
(6.13) and (6.12), we now get |0]11,p@ ypne < Ce 'p, which, combined with (5.9¢),
immediately gives the final desired bound (2.6¢). O

Remark 6.1. Note that the term QTZIE in the right-hand side H of (6.6) has such a
singularity at (§,m) = (x,y) that it is not absolutely integrable on 2. So the function
H and the differential equation in (6.6) are understood in the sense of distributions [9,
Chapters 1, 3. In particular 8271 is a generalised n-derivative of the regular function d,h.

7 Generalisations

To generalise our results to more than two dimensions, one needs to employ an n-
dimensional version of the fundamental solution g of (3.4), that will be denoted by g,,. Let
x = (z1,22,...,2,) and (&1,&,...,&,) be in R, and consider an n-dimensional version
of problem (1.1) posed in the box domain © = (0, 1)", with an z;-direction of convection.
The corresponding constant-coefficient operator is —e A, —(2¢) 0,, (compare with the two-
dimensional operator L, of (3.2)), where A, := >, 92 is the standard n-dimensional
Laplacian. For this operator a calculation yields the fundamental solutions

1

(2me)n/? IRy (qrfe),

1 — —x1—T
93(‘T7€) = 4_7T€r ! eq(& ! )/a7 gn(xag) -

where r = |z — ¢|, and K,,/5_1 is the modified Bessel function of second kind of (half-
integer) order n/2 — 1.
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