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Abstract

It is common in the literature on classical electrodynamics and relativity
theory that the transformation rules for the basic electrodynamic quantities
are derived from the pre-assumption that the equations of electrodynamics
are covariant against these—unknown—transformation rules. There are
several problems to be raised concerning these derivations. This is, how-
ever, not our main concern in this paper. Even if these derivations are
regarded as unquestionable, they leave open the following fundamental
question: Are the so-obtained transformation rules indeed identical with
the true transformation laws of the empirically ascertained electrodynamic
quantities?

This is of course an empirical question. In this paper, we will answer
this question in a purely theoretical framework by applying what J. S. Bell
calls “Lorentzian pedagogy”—according to which the laws of physics in
any one reference frame account for all physical phenomena, including
what a moving observer must see when performs measurement operations
with moving measuring devices. We will show that the real transformation
laws are indeed identical with the ones obtained by presuming the covari-
ance of the equations of electrodynamics, and that the covariance is indeed
satisfied. Beforehand, however, we need to clarify the operational defini-
tions of the fundamental electrodynamic quantities. As we will see, these
semantic issues are not as trivial as one might think.
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1 Introduction

Consider two inertial frames of reference K and K′. Let (x, y, z, t, E, B, $, j) de-
note the basic physical quantities involved in electrodynamics, that is the space
and time coordinates, the electric and magnetic field strengths, and the source
densities, obtainable by means of measuring equipments co-moving with K. Let
(x′, y′, z′, t′, E′, B′, $′, j′) be the same quantities in K′, that is, the quantities ob-
tainable by means of the same operations with the same measuring equipments
when they are co-moving with K′.

By transformation law we mean a one-to-one functional relation,

T : (x, y, z, t, E, B, $, j) 7→
(

x′, y′, z′, t′, E′, B′, $′, j′
)
= T (x, y, z, t, E, B, $, j)

expressing the law-like regularity that if in an arbitrary space-time point A the
K-quantities take values (x(A), y(A), z(A), t(A), E(A), B(A), $(A), j(A)) then,
in the same space-time point A, the corresponding K′-quantities take values(

x′(A), y′(A), z′(A), t′(A), E′(A), B′(A), $′(A), j′(A)
)

= T (x(A), y(A), z(A), t(A), E(A), B(A), $(A), j(A)) (1)

and vice versa.
A system of equations is said to be T-covariant, that is, covariant against

this transformation law, if expressing the variables (x, y, z, t, E, B, $, j) in the
equations by means of (x′, y′, z′, t′, E′, B′, $′, j′) we obtain a system of equations
of exactly the same form in the primed variables as the original one in the
original variables.

One cannot a priori assume that there exists a transformation law in the
above sense; the fact that there is a law-like connection between the quanti-
ties in K and in K′ at all is a contingent fact of the physical world. In partic-
ular, as it turns out, the space-time coordinates (x′(A), y′(A), z′(A), t′(A)) are
completely determined by the space-time coordinates (x(A), y(A), z(A), t(A)),
the field strengths (E′(A), B′(A)) by the field strengths (E(A), B(A)), and the
source densities ($′(A), j′(A)) by the source densities ($(A), j(A)), separately.
That is to say, the transformation law (1) consists of three maps:(

x′(A), y′(A), z′(A), t′(A)
)

= T1 (x(A), y(A), z(A), t(A)) (2)(
E′(A), B′(A)

)
= T2 (E(A), B(A)) (3)(

$′(A), j′(A)
)

= T3 ($(A), j(A)) (4)

As to the space-time coordinates, we take it for granted that the functional
relation (2) is the well-known Lorentz transformation (see Appendix 1). How-
ever, the Lorentz transformation, and the transformation laws of other kine-
matic quantities derived from it, alone, does not determine the transformation
law of the electrodynamic quantities. In the literature on classical electrody-
namics and relativity theory the transformation laws T2 and T3 in (2)–(4) are
derived from the additional assumption that the equations of electrodynamics are
covariant against these transformation laws—in conjunction with the Lorentz
transformation T1. Among those with which we are acquainted, there are ba-
sically two major versions of these derivations, which are briefly summarized
in the Appendix 2. There are several problems to be raised concerning these
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derivations, and certain steps are questionable. This is however not our main
concern in this paper. For, even if these derivations are regarded as unques-
tionable, they only prove what the transformation laws T2 and T3 should look
like in order that the equations of electrodynamics constitute a covariant sys-
tem of equations with respect to these transformations. But they leave open the
question whether the so-obtained transformations are indeed identical with the
true transformation laws; whether it is indeed the case that the values obtained
from E(A), B(A), $(A), j(A) by means of the transformation rules we derived
are equal to the real E′(A), B′(A), $′(A), j′(A), that is, the quantities obtained
by the same operations with the same measuring equipments when they are
co-moving with K′, in the same space-time point A. The obvious problem is
that there does not exist, and, in fact, it is hard to imagine, an independent
confirmation of the covariance of the equations—against an unknown trans-
formation law. That is, to confirm that the equations of electrodynamics really
satisfy the requirement of covariance, we need a primary knowledge of the
transformation laws.

It must be emphasized that the requirement of covariance, as a necessary1

condition for satisfying the special relativity principle, does not simply mean
formulating the laws of electrodynamics in some invariant mathematical form,
for example, as Lorentz tensor equations; the equations must be covariant
against the real physical transformation laws. The same point is emphasized
by Grøn and Vøyenli (1999, p. 1731) in the context of the generalized principle
of relativity:

All quantities appearing in a covariant equation, must be defined
in the same way in every coordinate system, and interpreted phys-
ically without reference to any preferred system. [. . .] A law fulfill-
ing the restricted covariance principle, has the same mathematical
form in every coordinate system, and it expresses a physical law
that may be formulated by the same words (without any change of
meaning) in every reference frame [. . .]

In our understanding, the “meanings of the words” by which a physical law
is formulated are determined by the empirical/operational definitions of the
quantities appearing in the law. Our considerations, therefore, will be based
on the operational definitions of the electrodynamic quantities—this is an es-
sential feature of our approach.

Throughout the paper we use the traditional 3+1 vector-analytic formula-
tion of the laws of electrodynamics. The reason is that this formalism is con-
venient for our main purpose: to ascertain the true transformation laws of the
electrodynamic quantities in any one empirically verifiable form. This problem
is epistemologically prior to the problem of the proper algebraic/geometric in-
terpretation of these transformation laws. For, once we know these laws in any
one available form, we can think about the best mathematical representation of
them. (For a current discussion of the various mathematical formulations, see
Ivezić 2001, 2003; Hestenes 1966, 2003; Huang 2008, 2009; Arthur 2011.)

Thus, what are the true transformation laws of the fundamental electrody-
namic quantities? This is of course an empirical question, which we are not

1The proper relationship between the relativity principle and covariance is a subtle issue even
in the context of special relativity (Bell 1987; Norton 1993; Grøn and Vøyenli 1999; Gömöri and
Szabó 2011).
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able to answer in this paper. Instead, we investigate the following theoretical
question: Are the transformation rules derived from the pre-assumption of the
covariance of the laws of electrodynamics consistent with the laws of electrody-
namics in any single frame of reference? In other words:

(Q) What do the transformation laws (3)–(4) look like in the prediction
of the laws of physics in any single frame of reference?

The basic idea is what J. S. Bell (1987) calls “Lorentzian pedagogy”, according
to which “the laws of physics in any one reference frame account for all phys-
ical phenomena, including the observations of moving observers”. That is to
say, the laws of physics that are valid in any one reference frame, say K, must
account for the behaviors of the moving measuring equipments and the results
of all measuring operations; therefore, must provide an answer to question (Q).

The answer can be given by the laws of physics only if the question is prop-
erly formulated. We must clarify what measuring equipments and etalons are
used in the empirical definitions of the electrodynamic quantities; and we must
be able to tell when two measuring equipments are the same, except that they
are moving, as a whole, relative to each other—one is at rest relative to K, the
other is at rest relative to K′. Similarly, we must be able to tell when two op-
erational procedures performed by the two observers are the “same”, in spite
of the prima facie fact that the procedure performed in K′ obviously differs
from the one performed in K. In order to compare these procedures, first of all,
we must know what the procedures exactly are. All in all, a correct answer to
question (Q) can be given only on the bases of a coherent system of precise opera-
tional definitions of the quantities in question; and all these definitions must be
represented in the language of electrodynamics in a single frame of reference.
Interestingly, there is no explicit discussion of these issues in the standard liter-
ature on electrodynamics and special relativity; although, as we will see, none
of these issues are as trivial as one might think.

Thus, accordingly, in the first part of the paper we clarify the operational
definitions of the electrodynamic quantities and formulate what electrodynam-
ics in a single inertial frame of reference—let us call it “rest” frame—exactly
asserts in terms of the quantities so defined. In the second part, applying
the “Lorentzian pedagogy”, on the basis of the laws of electrodynamics in the
“rest” frame, we derive what a moving observer must see in terms of the “rest”
frame quantities when repeats the same operational procedures in the “mov-
ing” frame. In this way, we obtain the transformation laws of the electrody-
namic quantities; that is to say, we derive the transformation laws from the
precise operational definitions of the quantities and from the laws of electro-
dynamics in a single inertial frame of reference, without of the pre-assumption
that the equations are covariant against these transformation laws—by which we
answer our question (Q).

2 Operational definitions of electrodynamic quan-
tities in K

In this section we give the operational definitions of the fundamental quantities
of electrodynamics (ED) in a single reference frame K and formulate a few basic
observational facts about these quantities.
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The operational definition of a physical quantity requires the specification
of etalon physical objects and standard physical processes by means of which
the value of the quantity is ascertained. In case of electrodynamic quantities
the only “device” we need is a point-like test particle, and the standard mea-
suring procedures by which the kinematic properties of the test particle are
ascertained.

So, assume we have chosen an etalon test particle, and let retalon(t), vetalon(t),
aetalon(t) denote its position, velocity and acceleration at time t. It is assumed
that we are able to set the etalon test particle into motion with arbitrary velocity
vetalon < c at arbitrary location. We will need more “copies” of the etalon test
particle:

Definition (D0) A particle e is called test particle if for all r and t

ve (t)
∣∣∣∣
re(t)=r

= vetalon (t)
∣∣∣∣
retalon(t)=r

(5)

implies

ae (t)
∣∣∣∣
re(t)=r

= aetalon (t)
∣∣∣∣
retalon(t)=r

(6)

(The “restriction signs” refer to physical situations; for example, |re(t)=r indi-
cates that the test particle e is at point r at time t.)

Note, that some of the definitions and statements below require the existence
of many test particles; which is, of course, a matter of empirical fact, and will
be provided by (E0) below.

First we define the electric and magnetic field strengths. The only measur-
ing device we need is a test particle being at rest relative to K.

Definition (D1) Electric field strength at point r and time t is defined as the
acceleration of an arbitrary test particle e, such that re(t) = r and ve(t) = 0:

E (r, t)
de f
= ae(t)|re(t)=r; ve(t)=0 (7)

Magnetic field strength is defined by means of how the acceleration ae of the
rest test particle changes with an infinitesimal perturbation of its state of rest,
that is, if an infinitesimally small velocity ve is imparted to the particle. Of
course, we cannot perform various small perturbations simultaneously on one
and the same rest test particle, therefore we perform the measurements on
many rest test particles with various small perturbations. Let δ ⊂ R3 be an
arbitrary infinitesimal neighborhood of 0 ∈ R3. First we define the following
function:

Ur,t : R3 ⊃ δ→ R3

Ur,t(v)
de f
= ae(t)|re(t)=r; ve(t)=v (8)

Obviously, Ur,t(0) = E (r, t).
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Definition (D2) Magnetic field strength at point r and time t is

B(r, t)
de f
=

 ∂vz Ur,t
y

∂vx Ur,t
z

∂vy Ur,t
x


∣∣∣∣∣∣∣
v=0

(9)

Practically it means that one can determine the value of B(r, t), with arbitrary

precision, by means of measuring the accelerations of a few test particles of
velocity ve ∈ δ.

Next we introduce the concepts of source densities:

Definition (D3)

$ (r, t)
de f
= ∇ · E (r, t) (10)

j (r, t)
de f
= c2∇× B (r, t)− ∂tE (r, t) (11)

are called active electric charge density and active electric current density, respec-
tively.

A simple consequence of the definitions is that a continuity equation holds
for $ and j:

Theorem 1.
∂t$ (r, t) +∇ · j (r, t) = 0 (12)

Remark 1. In our construction, the two Maxwell equations (10)–(11), are mere
definitions of the concepts of active electric charge density and active electric
current density. They do not contain information whatsoever about how “mat-
ter produces electromagnetic field”. And it is not because $ (r, t) and j (r, t)
are, of course, “unspecified distributions” in these “general laws”, but because
$ (r, t) and j (r, t) cannot be specified prior to or at least independently of the
field strengths E(r, t) and B(r, t). Again, because $ (r, t) and j (r, t) are just ab-
breviations, standing for the expressions on the right hand sides of (10)–(11).
In other words, any statement about the “charge distribution” will be a state-
ment about∇ · E, and any statement about the “current distribution” will be a
statement about c2∇× B− ∂tE.

The minimal claim is that this is a possible coherent construction. Though
we must add: equations (10)–(11) could be seen as contingent physical laws
about the relationship between the charge and current distributions and the
electromagnetic field, only if we had an independent empirical definition of
charge. However, we do not see how such a definition is possible, without
encountering circularities. (Also see Remark 2) y

The operational definitions of the field strengths and the source densities are
based on the kinematic properties of the test particles. The following definition
describes the concept of a charged point-like particle, in general.
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Definition (D4) A particle b is called charged point-particle of specific passive
electric charge πb and of active electric charge αb if the following is true:

1. It satisfies the relativistic Lorentz equation,

γ
(

vb (t)
)

ab(t) = πb
{

E
(

rb (t) , t
)
+ vb (t)× B

(
rb (t) , t

)
−c−2vb (t)

(
vb (t) ·E

(
rb (t) , t

))}
(13)

2. If it is the only particle whose worldline intersects a given space-time
region Λ, then for all (r, t) ∈ Λ the source densities are of the following
form:

$ (r, t) = αbδ
(

r− rb (t)
)

(14)

j (r, t) = αbδ
(

r− rb (t)
)

vb (t) (15)

where rb (t), vb (t) and ab (t) are the particle’s position, velocity and accelera-

tion. The ratio µb
de f
= αb/πb is called the electric inertial rest mass of the particle.

Remark 2. Of course, (13) is equivalent to the standard form of the Lorentz
equation:

d
dt

(γ (v (t)) v (t)) = π {E (r (t) , t) + v (t)× B (r (t) , t)} (16)

with π = q/m in the usual terminology, where q is the passive electric charge
and m is the inertial (rest) mass of the particle—that is why we call π spe-
cific passive electric charge. Nevertheless, it must be clear that for all charged
point-particles we introduced two independent, empirically meaningful and ex-
perimentally testable quantities: specific passive electric charge π and active
electric charge α. There is no universal law-like relationship between these
two quantities: the ratio between them varies from particle to particle. In the
traditional sense, this ratio is, however, nothing but the particle’s rest mass.

We must emphasize that the concept of mass so obtained, as defined by only
means of electrodynamic quantities, is essentially related to ED, that is to say,
to electromagnetic interaction. There seems no way to give a consistent and
non-circular operational definition of inertial mass in general, independently
of the context of a particular type of physical interaction. Without entering here
into the detailed discussion of the problem, we only mention that, for example,
Weyl’s commonly accepted definition (Jammer 2000, pp. 8–10) and all similar
definitions based on the conservation of momentum in particle collisions suffer
from the following difficulty. There is no “collision” as a purely “mechanical”
process. During a collision the particles are moving in a physical field—or
fields—of interaction. Therefore: 1) the system of particles, separately, cannot
be regarded as a closed system; 2) the inertial properties of the particles, in
fact, reveal themselves in the interactions with the field. Thus, the concepts
of inertial rest mass belonging to different interactions differ from each other;
whether they are equal (proportional) to each other is a matter of contingent
fact of nature. y
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Remark 3. The choice of the etalon test particle is, of course, a matter of con-
vention, just as the definitions (D0)–(D4) themselves. It is important to note
that all these conventional factors play a constitutive role in the fundamen-
tal concepts of ED (Reichenbach 1965). With these choices we not only make
semantic conventions determining the meanings of the terms, but also make
a decision about the body of concepts by means of which we grasp physical
reality. There are a few things, however, that must be pointed out:

(a) This kind of conventionality does not mean that the physical quan-
tities defined in (D0)–(D4) cannot describe objective features of phys-
ical reality. It only means that we make a decision which objec-
tive features of reality we are dealing with. With another body of
conventions we have another body of physical concepts/physical
quantities and another body of empirical facts.

(b) On the other hand, it does not mean either that our knowledge of
the physical world would not be objective but a product of our con-
ventions. If two theories obtained by starting with two different
bodies of conventions are complete enough accounts of the physical
phenomena, then they describe the same reality, expressed in terms
of different physical quantities. Let us spell out an example: Defi-
nition (11) is entirely conventional—no objective fact of the world
determines the formula on the right hand side. Therefore, we could
make another choice, say,

jΘ (r, t)
de f
= Θ2∇× B (r, t)− ∂tE (r, t) (17)

with some Θ 6= c. At first sight, one might think that this choice will
alter the speed of electromagnetic waves. This is however not the
case. It will be an empirical fact about jΘ (r, t) that if a particle b is
the only one whose worldline intersects a given space-time region
Λ, then for all (r, t) ∈ Λ

jΘ (r, t) = αbδ
(

r− rb (t)
)

vb (t)

+
(

Θ2 − c2
)
∇× B(r, t) (18)

Now, consider a region where there is no particle. Taking into ac-
count (18), we have (21)–(22) and

∇ · E(r, t) = 0 (19)

Θ2∇× B (r, t)− ∂tE (r, t) =
(

Θ2 − c2
)
∇× B(r, t) (20)

which lead to the usual wave equation with propagation speed c.
(Of course, in this particular example, one of the possible choices,
namely Θ = c, is distinguished by its simplicity. Note, however,
that simplicity is not an epistemologically interpretable notion.) y

3 Empirical facts of electrodynamics

Both “empirical” and “fact” are used in different senses. Statements (E0)–(E4)
below are universal generalizations, rather than statements of particular ob-
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servations. Nevertheless we call them “empirical facts”, by which we simply
mean that they are truths which can be acquired by a posteriori means. Nor-
mally, they can be considered as laws obtained by inductive generalization;
statements the truths of which can be, in principle, confirmed empirically.

On the other hand, in our context, it is not important how these state-
ments are empirically confirmed. (E0)–(E4) can be regarded as axioms of the
Maxwell–Lorentz theory in K. What is important for us is that from these ax-
ioms, in conjunction with the theoretical representations of the measurement
operations, there follow assertions about what the moving observer in K′ ob-
serves. Section 5 will be concerned with these consequences.

(E0) There exist many enough test particles and we can settle them into all
required positions and velocities.

Consequently, (D1)–(D4) are sound definitions. From observations about E, B
and the charged point-particles, we have further empirical facts:

(E1) In all situations, the electric and magnetic field strengths satisfy the fol-
lowing two Maxwell equations:

∇ · B (r, t) = 0 (21)
∇× E (r, t) + ∂tB (r, t) = 0 (22)

(E2) Each particle is a charged point-particle, satisfying (D4) with some spe-
cific passive electric charge π and active electric charge α. This is also true
for the test particles, with—as follows from the definitions—specific passive
electric charge π = 1.2

(E3) If b1, b2,..., bn are the only particles whose worldlines intersect a given
space-time region Λ, then for all (r, t) ∈ Λ the source densities are:

$ (r, t) =
n

∑
i=1

αbi δ
(

r− rbi (t)
)

(23)

j (r, t) =
n

∑
i=1

αbi δ
(

r− rbi (t)
)

vbi (t) (24)

Putting facts (E1)–(E3) together, we have the coupled Maxwell–Lorentz

2We take it true that the relativistic Lorentz equation is empirically confirmed. (Cf. Huang 1993)
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equations:

∇ · E (r, t) =
n

∑
i=1

αbi δ
(

r− rbi (t)
)

(25)

c2∇× B (r, t)− ∂tE (r, t) =
n

∑
i=1

αbi δ
(

r− rbi (t)
)

vbi (t) (26)

∇ · B (r, t) = 0 (27)
∇× E (r, t) + ∂tB (r, t) = 0 (28)

γ
(

vbi (t)
)

abi (t) = πbi
{

E
(

rbi (t) , t
)
+ vbi (t)× B

(
rbi (t) , t

)
−c−2vbi (t)

(
vbi (t) ·E

(
rbi (t) , t

))}
(29)

(i = 1, 2, . . . n)

These are the fundamental equations of ED, describing an interacting system
of n particles and the electromagnetic field.

Remark 4. Without entering into the details of the problem of classical charged
particles (Frisch 2005; Rohrlich 2007; Muller 2007), it must be noted that the
Maxwell–Lorentz equations (25)–(29), exactly in this form, have no solution.
The reason is the following. In the Lorentz equation of motion (13), a small
but extended particle can be described with a good approximation by one sin-
gle specific passive electric charge πb and one single trajectory rb (t). In con-
trast, however, a similar “idealization” in the source densities (14)–(15) leads
to singularities; the field is singular at precisely the points where the coupling
happens: on the trajectory of the particle.

The generally accepted answer to this problem is that (14)–(15) should not
be taken literally. Due to the inner structure of the particle, the real source
densities are some “smoothed out” Dirac deltas. Instead of (14)–(15), therefore,
we have some more general equations

[$(r, t)] = Rb
[
rb(t)

]
(30)

[j(r, t)] = J b
[
rb(t)

]
(31)

where Rb and J b are, generally non-linear, operators providing functional
relationships between the particle’s trajectory

[
rb(t)

]
and the source density

functions [$(r, t)] and [j(r, t)]. (Notice that (14)–(15) serve as example of such
equations.) The concrete forms of equations (30)–(31) are determined by the
physical laws of the internal world of the particle—which are, supposedly,
outside of the scope of ED. At this level of generality, the only thing we can
say is that, for a “point-like” (localized) particle, equations (30)–(31) must be
something very close to—but not identical with—equations (14)–(15). With
this explanation, for the sake of simplicity we leave the Dirac deltas in the
equations. Also, in some of our statements and calculations the Dirac deltas
are essentially used; for example, (E3) and, partly, Theorem 7 and 9 would not
be true without the exact point-like source densities (14)–(15). But a little re-
flection shows that the statements in question remain approximately true if the
particles are approximately point-like, that is, if equations (30)–(31) are close
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enough to equations (14)–(15). To be noted that what is actually essential in
(14)–(15) is not the point-likeness of the particle, but its stability: no matter
how the system moves, it remains a localized object. y

4 Operational definitions of electrodynamic quan-
tities in K′

So far we have only considered ED in a single frame of reference K. Now we
turn to the question of how a moving observer describes the same phenomena
in K′. The observed phenomena are the same, but the measuring equipments
by means of which the phenomena are observed are not entirely the same;
instead of being at rest in K, they are co-moving with K′.

Accordingly, we will repeat the operational definitions (D0)–(D4) with the
following differences:

1. The “rest test particles” will be at rest relative to reference frame K′, that
is, in motion with velocity V relative to K.

2. The measuring equipments by means of which the kinematic quantities
are ascertained—say, the measuring rods and clocks—will be at rest rel-
ative to K′, that is, in motion with velocity V relative to K. In other words,
the kinematic quantities t, r, v, a in definitions (D0)–(D4) will be replaced
with—not expressed in terms of— t′, r′, v′, a′.

Definition (D0’) Particle e is called (test particle)’ if for all r′ and t′

v′e
(
t′
) ∣∣∣∣

r′e(t′)=r′
= v′etalon (t′) ∣∣∣∣

r′etalon(t′)=r′
(32)

implies

a′e
(
t′
) ∣∣∣∣

r′e(t′)=r′
= a′etalon (t′) ∣∣∣∣

r′etalon(t′)=r′
(33)

A (test particle)’ e moving with velocity V relative to K is at rest relative to K′,
that is, v′e = 0. Accordingly:

Definition (D1’) (Electric field strength)’ at point r′ and time t′ is defined as the
acceleration of an arbitrary (test particle)’ e, such that r′e(t) = r′ and v′e(t′) = 0:

E′
(
r′, t′

) de f
= a′e(t′)

∣∣
r′e(t′)=r′ ; v′e(t′)=0 (34)

Similarly, (magnetic field strength)’ is defined by means of how the acceleration
a′e of a rest (test particle)’—rest, of course, relative to K′—changes with a small
perturbation of its state of motion, that is, if an infinitesimally small velocity
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v′e is imparted to the particle. Just as in (D2), let δ′ ⊂ R3 be an arbitrary
infinitesimal neighborhood of 0 ∈ R3. We define the following function:

U′r
′ ,t′ : R3 ⊃ δ′ → R3

U′r
′ ,t′(v′)

de f
= a′e(t′)

∣∣
r′e(t′)=r′ ; v′e(t′)=v′ (35)

Definition (D2’) (Magnetic field strength)’ at point r′ and time t′ is

B′(r′, t′)
de f
=


∂v′z U′r

′ ,t′
y

∂v′x U′r
′ ,t′

z

∂v′y U′r
′ ,t′

x


∣∣∣∣∣∣∣∣
v′=0

(36)

Definition (D3’)

$′
(
r′, t′

) de f
= ∇ · E′

(
r′, t′

)
(37)

j′
(
r′, t′

) de f
= c2∇× B′

(
r′, t′

)
− ∂t′E

′ (r′, t′
)

(38)

are called (active electric charge density)’ and (active electric current density)’, re-
spectively.

Of course, we have:

Theorem 2.
∂t′$

′ (r′, t′
)
+∇ · j′

(
r′, t′

)
= 0 (39)

Definition (D4’) A particle is called (charged point-particle)’ of (specific passive
electric charge)’ π′b and of (active electric charge)’ α′b if the following is true:

1. It satisfies the relativistic Lorentz equation,

γ
(

v′b
(
t′
))

a′b(t′) = π′b
{

E′
(

r′b
(
t′
)

, t′
)
+ v′b

(
t′
)
× B′

(
r′b
(
t′
)

, t′
)

−c−2v′b
(
t′
) (

v′b
(
t′
)
·E′
(

r′b
(
t′
)

, t′
))}

(40)

2. If it is the only particle whose worldline intersects a given space-time re-
gion Λ′, then for all (r′, t′) ∈ Λ′ the (source densities)’ are of the following
form:

$′
(
r′, t′

)
= α′bδ

(
r′ − r′b

(
t′
))

(41)

j′
(
r′, t′

)
= α′bδ

(
r′ − r′b

(
t′
))

v′b
(
t′
)

(42)

where r′b (t′), v′b (t′) and a′b (t′) is the particle’s position, velocity and acceler-

ation in K′. The ratio µ′b
de f
= α′b/π′b is called the (electric inertial rest mass)’ of

the particle.

Remark 5. It is worthwhile to make a few remarks about some epistemological
issues:
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(a) The physical quantities defined in (D1)–(D4) differ from the phys-
ical quantities defined in (D1’)–(D4’), simply because the physical
situation in which a test particle is at rest relative to K differs from
the one in which it is co-moving with K′ with velocity V relative to
K; and, as we know from the laws of ED in K, this difference really
matters.
Someone might object that if this is so then any two instances of the
same measurement must be regarded as measurements of different
physical quantities. For, if the difference in the test particle’s veloc-
ity is enough reason to say that the two operations determine two
different quantities, then, by the same token, two operations must
be regarded as different operations—and the corresponding quan-
tities as different physical quantities—if the test particle is at dif-
ferent points of space, or the operations simply happen at different
moments of time. And this consequence, the objection goes, seems
to be absurd: if it were true, then science would not be possible,
because we would not have the power to make law-like assertions
at all; therefore we must admit that empiricism fails to explain how
natural laws are possible, and, as many argue, science cannot do
without metaphysical pre-assumptions.
Our response to such an objections is the following. First, concern-
ing the general epistemological issue, we believe, nothing disas-
trous follows from admitting that two phenomena observed at dif-
ferent place or at different time are distinct. And if they are stated as
instances of the same phenomenon, this statement is not a logical or
metaphysical necessity—derived from some logical/metaphysical
pre-assumptions—but an ordinary scientific hypothesis obtained
by induction and confirmed or disconfirmed together with the
whole scientific theory. In fact, this is precisely the case with re-
spect to the definitions of the fundamental electrodynamic quanti-
ties. For example, definition (D1) is in fact a family of definitions
each belonging to a particular situation individuated by the space-
time locus (r, t).
Second, the question of operational definitions of electrodynamic
quantities first of all emerges not from an epistemological context,
but from the context of a purely theoretical problem: what do the
laws of physics in K say about question (Q)? In the next section, all
the results of the measurement operations defined in (D1’)–(D4’)
will be predicted from the laws of ED in K. And, ED itself says that
some differences in the conditions are relevant from the point of
view of the measured accelerations of the test particles, some others
are not; some of the originally distinct quantities are contingently
equal, some others not.

(b) From a mathematical point of view, both (D0)–(D4) and (D0’)–(D4’)
are definitions. However, while the choice of the etalon test parti-
cle and definitions (D0)–(D4) are entirely conventional, there is no
additional conventionality in (D0’)–(D4’). The way in which we de-
fine the electrodynamic quantities in inertial frame K′ automatically
follows from (D0)–(D4) and from the question (Q) we would like to
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answer; since the question is about the “quantities obtained by the
same operational procedures with the same measuring equipments
when they are co-moving with K′”.

(c) In fact, one of the constituents of the concepts defined in K′ is not
determined by the operational definitions in K. Namely, the no-
tion of “the same operational procedures with the same measuring
equipments when they are co-moving with K′”. This is however
not an additional freedom of conventionality, but a simple vague-
ness in our physical theories in K: the vagueness of the general
concept of “the same system in the same situation, except that it is,
as a whole, in a collective motion with velocity V relative to K, that
is, co-moving with reference frame K′” (Szabó 2004; Gömöri and
Szabó 2011). In any event, in our case, the notion of the only mov-
ing measuring device, that is, the notion of “a test particle at rest
relative to K′” is quite clear. y

5 Observations of moving observer

Now we have another collection of operationally defined notions, E′, B′,$′, j′,
the concept of (charged point-particle)’ defined in the primed terms, and its
properties π′, α′ and µ′. Normally, one should investigate these quantities ex-
perimentally and collect new empirical facts about both the relationships be-
tween the primed quantities and about the relationships between the primed
quantities and the ones defined in (D1)–(D4). In contrast, we will continue our
analysis in another way; following the “Lorentzian pedagogy”, we will deter-
mine from the laws of physics in K what an observer co-moving with K′ should
observe. In fact, with this method, we will answer our question (Q), on the ba-
sis of the laws of ED in one single frame of reference. We will also see whether
the basic equations (25)–(29) are covariant against these transformations.

Throughout the theorems below, it is important that when we compare, for
example, E (r, t) with E′(r′, t′), we compare the values of the fields in one and
the same event, that is, we compare E (r(A), t(A)) with E′ (r′(A), t′(A)). For the
sake of brevity, however, we omit the indication of this fact.

The first theorem trivially follows from the fact that the Lorentz transfor-
mations of the kinematic quantities are one-to-one:

Theorem 3. A particle is a (test particle)’ if and only if it is a test particle.

Consequently, we have many enough (test particles)’ for definitions (D1’)–
(D4’); and each is a charged point-particle satisfying the Lorentz equation (13)
with specific passive electric charge π = 1.

Theorem 4.

E′x = Ex (43)
E′y = γ

(
Ey −VBz

)
(44)

E′z = γ
(
Ez + VBy

)
(45)
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Proof. When the (test particle)’ is at rest relative to K′, it is moving with velocity
ve = (V, 0, 0) relative to K. From (13) (with π = 1) we have

ae
x = γ−3Ex (46)

ae
y = γ−1 (Ey −VBz

)
(47)

ae
z = γ−1 (Ez + VBy

)
(48)

Applying (104)–(106), we can calculate the acceleration a′e in K′, and, accord-
ingly, we find

E′x = a′ex = γ3ae
x = Ex (49)

E′y = a′ey = γ2ae
y = γ

(
Ey −VBz

)
(50)

E′z = a′ez = γ2ae
z = γ

(
Ez + VBy

)
(51)

Theorem 5.

B′x = Bx (52)

B′y = γ
(

By + c−2VEz

)
(53)

B′z = γ
(

Bz − c−2VEy

)
(54)

Proof. Consider for instance B′x. By definition,

B′x = ∂v′z U′r
′ ,t′

y

∣∣∣
v′=0

(55)

According to (35), the value of U′r
′ ,t′

y (v′) is equal to

a′ey
∣∣∣
r′e(t′)=r′ ; v′e(t′)=v′

(56)

that is, the y-component of the acceleration of a (test particle)’ e in a situation
in which r′e(t′) = r′ and v′e(t′) = v′. Accordingly, in order to determine the
partial derivative (55) we have to determine

d
dw

∣∣∣∣
w=0

(
a′ey
∣∣∣
r′e(t′)=r′ ; v′e(t′)=(0,0,w)

)
(57)

Now, according to (103), condition v′e = (0, 0, w) corresponds to

ve =
(

V, 0, γ−1w
)

(58)

Substituting this velocity into (13), we have:

ae
y =

√
1− V2 + w2γ−2

c2

(
Ey + wγ−1Bx −VBz

)
(59)

Applying (107), one finds:

a′ey = γ2ae
y = γ2

√
1− V2 + w2γ−2

c2

(
Ey + wγ−1Bx −VBz

)
=

γ

γ(w)

(
Ey + wγ−1Bx −VBz

)
(60)
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Differentiating with respect to w at w = 0, we obtain

B′x = Bx (61)

The other components can be obtained in the same way.

Theorem 6.

$′ = γ
(

$− c−2Vjx
)

(62)

j′x = γ (jx −V$) (63)
j′y = jy (64)

j′z = jz (65)

Proof. In (37) and (38), substituting E′ and B′ with the right-hand-sides of (43)–
(45) and (52)–(54), r and t with the inverse of (95)–(98), then differentiating the
composite function and taking into account (10)–(11), we get (62)–(65).

Theorem 7. A particle b is charged point-particle of specific passive electric charge πb

and of active electric charge αb if and only if it is a (charged point-particle)’ of (specific
passive electric charge)’ π′b and of (active electric charge)’ α′b, such that π′b = πb

and α′b = αb.

Proof. First we prove (40). For the sake of simplicity, we will verify this in case
of v′b = (0, 0, w). We can use (59):

ab
y = πb

√
1− V2 + w2γ−2

c2

(
Ey + wγ−1Bx −VBz

)
(66)

From (107), (44), (52), and (54) we have

a′by = πbγ(w)−1
(

E′y + wB′x
)

=

[
πbγ

(
v′b
)−1 (

E′ − c−2v′b
(

v′b·E′
)
+ v′b × B′

)]
y

∣∣∣∣∣
v′b=(0,0,w)

(67)

Similarly,

a′bx = πbγ(w)−1
(

E′x − wB′y
)

=

[
πbγ

(
v′b
)−1 (

E′ − c−2v′b
(

v′b·E′
)
+ v′b × B′

)]
x

∣∣∣∣∣
v′b=(0,0,w)

(68)

a′bz = πbγ(w)−3E′z

=

[
πbγ

(
v′b
)−1 (

E′ − c−2v′b
(

v′b·E′
)
+ v′b × B′

)]
z

∣∣∣∣∣
v′b=(0,0,w)

(69)

That is, (40) is satisfied, indeed.
In the second part, we show that (41)–(42) are nothing but (14)–(15) ex-

pressed in terms of r′, t′, $′ and j′, with α
′b = αb.
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It will be demonstrated for a particle of trajectory r′b (t′) = (wt′, 0, 0). Ap-
plying (102), (14)–(15) have the following forms:

$ (r, t) = αbδ (x− βt) δ (y) δ (z) (70)

j (r, t) = αbδ (x− βt) δ (y) δ (z)

 β
0
0

 (71)

where β = w+V
1+c−2wV . r, t, $ and j can be expressed with the primed quantities

by applying the inverse of (95)–(98) and (62)–(65):

γ
(

$′
(
r′, t′

)
+ c−2Vj′x

(
r′, t′

))
= αbδ

(
γ
(

x′ + Vt′ − β
(

t′ + c−2Vx′
)))

× δ
(
y′
)

δ
(
z′
)

(72)

γ
(

j′x
(
r′, t′

)
+ V$′

(
r′, t′

))
= αbδ

(
γ
(

x′ + Vt′ − β
(

t′ + c−2Vx′
)))

× δ
(
y′
)

δ
(
z′
)

β (73)

j′y
(
r′, t′

)
= 0 (74)

j′z
(
r′, t′

)
= 0 (75)

One can solve this system of equations for $′ and j′x:

$′
(
r′, t′

)
= αbδ

(
x′ − wt′

)
δ
(
y′
)

δ
(
z′
)

(76)

j′
(
r′, t′

)
= αbδ

(
x′ − wt′

)
δ
(
y′
)

δ
(
z′
) w

0
0

 (77)

Theorem 8.

∇ · B′
(
r′, t′

)
= 0 (78)

∇× E′
(
r′, t′

)
+ ∂t′B

′ (r′, t′
)

= 0 (79)

Proof. Expressing (21)–(22) in terms of r′, t′, E′ and B′ by means of (95)–(98),
(43)–(45) and (52)–(54), we have

∇ · B′ − c−2V
(
∇× E′ + ∂t′B

′)
x = 0 (80)(

∇× E′ + ∂t′B
′)

x −V∇ · B′ = 0 (81)(
∇× E′ + ∂t′B

′)
y = 0 (82)(

∇× E′ + ∂t′B
′)

z = 0 (83)

which is equivalent to (78)–(79).

Theorem 9. If b1, b2,..., bn are the only particles whose worldlines intersect a given
space-time region Λ′, then for all (r′, t′) ∈ Λ′ the (source densities)’ are:

$′
(
r′, t′

)
=

n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

(84)

j′
(
r′, t′

)
=

n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

v′bi
(
t′
)

(85)
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Proof. Due to Theorem 7, each (charged point-particle)’ is a charged point-
particle with α

′b = αb. Therefore, we only need to prove that equations (84)–
(85) amount to (23)–(24) expressed in the primed variables. On the left hand
side of (23)–(24), $ and j can be expressed by means ?of (62)–(65); on the right
hand side, we take α

′b = αb, and apply the inverse of (95)–(98), just as in the
derivation of (76)–(77). From the above, we obtain:

$′
(
r′, t′

)
+ c−2Vj′x

(
r′, t′

)
=

n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

+c−2V
n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

v′bi
x
(
t′
)

(86)

j′x
(
r′, t′

)
+ V$′

(
r′, t′

)
=

n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

v′bi
x
(
t′
)

+V
n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

(87)

j′y
(
r′, t′

)
=

n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

v′bi
y
(
t′
)

(88)

j′z
(
r′, t′

)
=

n

∑
i=1

αbi δ
(

r′ − r′bi
(
t′
))

v′bi
z
(
t′
)

(89)

Solving these linear equations for $′ and j′ we obtain (84)–(85).

Combining all the results we obtained in Theorems 7–9, we have

∇ · E′
(
r′, t′

)
=

n

∑
i=1

α′bi δ
(

r′ − r′bi
(
t′
))

(90)

c2∇× B′
(
r′, t′

)
− ∂t′E

′ (r′, t′
)

=
n

∑
i=1

α′bi δ
(

r′ − r′bi
(
t′
))

v′bi
(
t′
)

(91)

∇ · B′
(
r′, t′

)
= 0 (92)

∇× E′
(
r′, t′

)
+ ∂t′B

′ (r′, t′
)

= 0 (93)

γ
(

v′bi
(
t′
))

a′bi (t′) = π′bi

{
E′
(

r′bi
(
t′
)

, t′
)

+v′bi
(
t′
)
× B′

(
r′bi
(
t′
)

, t′
)

−v′bi
(
t′
) v′bi (t′) ·E′

(
r′bi (t′) , t′

)
c2

}
(94)

(i = 1, 2, . . . n)

6 Are the textbook transformation rules true?

Our main concern in this paper was: On what grounds can the textbook trans-
formation rules for the electrodynamic quantities—hence the hypothesis of co-
variance itself, from which the rules are routinely derived—be considered as
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empirically verified facts of the physical world? Now everything is at hand
to declare that the textbook transformation rules are in fact true, at least in
the sense that they are derivable from the laws of ED in a single frame of
reference—without the prior assumption of covariance. For, Theorems 4 and 5
show the well-known transformation rules for the field variables. What The-
orem 6 asserts is nothing but the well-known transformation rule for charge
density and current density. Finally, Theorem 7 shows that a particle’s elec-
tric specific passive charge, active charge and electric rest mass are invariant
Lorentz scalars. And, of course, these results make it possible to use the well-
known covariant formulation of electrodynamics.

At this point, having ascertained the transformation rules, we can recog-
nize that equations (90)–(94) are nothing but equations (25)–(29) expressed in
the primed variables. At the same time, (90)–(94) are manifestly of the same
form as (25)–(29). Therefore, we proved that the Maxwell–Lorentz equations
are indeed covariant against the real transformations of the kinematic and elec-
trodynamic quantities. In fact, we proved more:

• The Lorentz equation of motion (29) is covariant separately.

• The four Maxwell equations (25)–(28) constitute a covariant set of equa-
tions, separately from (29).

• (25)–(26) constitute a covariant set of equations, separately.

• (27)–(28) constitute a covariant set of equations, separately.

None of these statements follows automatically from the fact that (25)–(29)
form a covariant system of equations (Gömöri and Szabó 2011).

It is of interest to notice that all these results hinge on the relativistic version
of the Lorentz equation, in particular, on the “relativistic mass-formula”. With-
out factor γ

(
vb
)

in (29), the proper transformation rules were different and the
Maxwell equations were not covariant—against the proper transformations.
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Appendix 1

It is assumed that space and time coordinates are defined in all inertial frames
of reference; that is, in an arbitrary inertial frame K, space tags r (A) =
(x (A) , y (A) , z (A)) ∈ R3 and a time tag t (A) ∈ R are assigned to every event
A —by means of some empirical operations. We also assume that the assign-
ment is mutually unambiguous, such that there is a one to one correspondence
between the space and time tags in arbitrary two inertial frames of reference
K and K′; that is, the tags (x′ (A) , y′ (A) , z′ (A)) can be expressed by the tags
(x (A) , y (A) , z (A)), and vice versa. The concrete form of this functional rela-
tion is an empirical question. In this paper, we will take it for granted that this
functional relation is the well-known Lorentz transformation
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Below we recall the most important formulas we use. For the sake of sim-
plicity, we assume the usual situation: K′ is moving along the x-axis with ve-
locity V = (V, 0, 0) relative to K, the corresponding axises are parallel and the
two origins coincide at time 0. Throughout the paper we use the following

notations: γ(. . .) =
(

1− (...)2

c2

)− 1
2

and γ = γ(V).

The connection between the space and time tags of an event A in K and K′

is the following:

x′ (A) = γ (x (A)−Vt (A)) (95)
y′ (A) = y (A) (96)
z′ (A) = z (A) (97)

t′ (A) = γ
(

t (A)− c−2Vx (A)
)

(98)

Let A be an event on the worldline of a particle. For the velocity of the particle
at A we have:

v′x (A) =
vx (A)−V

1− c−2vx (A)V
(99)

v′y (A) =
γ−1vy (A)

1− c−2vx (A)V
(100)

v′z (A) =
γ−1vz (A)

1− c−2vx (A)V
(101)

We also use the inverse transformation in the following special case:

v′ (A) =
(
v′, 0, 0

)
7→ v (A) =

(
v′ + V

1 + c−2v′V
, 0, 0

)
(102)

v′ (A) =
(
0, 0, v′

)
7→ v (A) =

(
V, 0, γv′

)
(103)

The transformation rule of acceleration is much more complex, but we need it
only for v′ (A) = (0, 0, 0):

a′x (A) = γ3ax (A) (104)

a′y (A) = γ2ay (A) (105)

a′z (A) = γ2az (A) (106)

We will also need the y-component of acceleration in case of v′ (A) = (0, 0, v′):

a′y (A) = γ2ay (A) (107)

Appendix 2

There are two major versions of the textbook derivation of the transformation
rules for electrodynamic quantities from the hypothesis of covariance. The first
version follows Einstein’s 1905 paper:
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(1a) The transformation rules of electric and magnetic field strengths
are derived from the presumption of the covariance of the homoge-
neous (with no sources) Maxwell equations.

(1b) The transformation rules of source densities are derived from the
transformations of the field variables.

(1c) From the transformation rules of charge and current densities, it is
derived that electric charge is an invariant scalar.

The second version is this:

(2a) The transformation rules of the charge and current densities are de-
rived from some additional assumptions; typically from one of the
followings:

(2a1) the invariance of electric charge (Jackson 1999, pp. 553–
558)

(2a2) the current density is of form $u(r, t), where u(r, t) is a
velocity field (Tolman 1949, p. 85; Møller 1955, p. 140).

(2b) The transformation of the field strengths are derived from the trans-
formation of $ and j and from the presumption of the covariance of
the inhomogeneous Maxwell equations.

Unfortunately, with the only exception of (1b), none of the above steps is com-
pletely correct. Without entering into the details, let us mention that (2a1) and
(2a2) both involve some further empirical information about the world, which
does not follow from the simple assumption of covariance. Even in case of (1a)
we must have the tacit assumption that zero charge and current densities go
to zero charge and current densities during the transformation—otherwise the
covariance of the homogeneous Maxwell equations would not follow from the
assumed covariance of the Maxwell equations.

One encounters the next major difficulty in both (1a) and (2b): neither the
homogeneous nor the inhomogeneous Maxwell equations determine the trans-
formation rules of the field variables uniquely; E′ and B′ are only determined
by E and B up to an arbitrary solution of the homogeneous equations (see also
Huang 2008).

Finally, let us mention a conceptual confusion that seems to be routinely
overlooked in (1c), (2a1) and (2a2). There is no such thing as a simple relation
between the scalar invariance of charge and the transformation of charge and
current densities, as is usually claimed. For example, it is meaningless to say
that

Q = $∆W = Q′ = $′∆W ′ (108)

where ∆W denotes a volume element, and

∆W ′ = γ∆W (109)

Whose charge is Q, which remains invariant? Whose volume is ∆W and in
what sense is that volume Lorentz contracted? In another form, in (2a2), whose
velocity is u(r, t)?
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