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ABSTRACT 

A research program was designed (1) to mop regional lithologica l units 

of the lunar surface based on measurements of spatia l variations in spectral 

reflectance, and, (2) to estob I ish the sequence of the formation of such 

lithological units from measurements of the accumulated affects of impacting 

bodies. 

Spectral reflectance data were obtained by scanning luminance 

variations over the lunar surface at three wavelengths (0 .4\J, 0.52\-1, and 

0.7u). These luminance measurements were reduced to normalized spectral 

reflectance values relative to a standard area in More Serenitotis. The 

spectral type .of each lunar area was identified from the shape of its 

reflectance spectrum. From these data I ithologico I uni ts or regions of 

constant color were identified. The mario fall into two major spectral 

classes: circular moria like More Serenitotis contain S - type or red material 

and thin, irregular, expansive moria like More T ronquill ito tis contain T - type 

or blue material . Four distinct subtypes of S -type reflectonces and two of 

T -type reflectonces exist. As these six subtypes occur in a number of lunar 

regions, it is concluded that they represent specific types of material rather 

than some homologous set of a few end members. 

The relative ages or sequence of formation of these more units were 

established from measurements of the accumulated impacts which hove 

occurred since more formation . A model was developed which relates the 

integrated flux of particles which hove impacted a surface to the distribution 

of craters as functions of size and shape. Erosion of craters is caused chiefly 

by small bodies which produce neg I igible individual changes in crater shape. 

Hence the shape of a crater con be used to estimate the total number of sma ll 
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impacts that have occurred since the crater was formed. Relative ages of a 

surface can then be obtained from measurements of the slopes of the walls of 

the oldest craters formed on the surface. The resu Its show that different maria 

and regions within them were emplaced at different times. An approximate 

absolute time scale was derived from Apollo 11 crystallization ages under an 

9 . 
assumption of a constant rote of impacting for the last 4 x 10 yrs. Assummg, 

9 
constant flux, the period of mare formation lasted fr.om over 4 x 10 yrs to 

9 
about 1 .5 x 1 0 yrs ago. 

A synthesis of the results of relative age measurements and of spectral 

reflectance mapping shows that (1) the formation of the lunar maria occurred 

in three stages; material of only one spectral type was cieposited in each 

stage, (2) two distinct kinds of maria exist, each type distinguished by 

morphology, structure, gravity anomalies, time of formation, and spectral 

reflectance type, and (3) individual moria have complicated histories; they 

contain a variety of I ithic units emplaced at different times. 
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I~ INTRODUCTION 

It has become increasingly apparent in the last few years that the 

surfaces of the moon and Mars contain important records of the early history 

of the environment of the solar system. For the most part, such a record is 

no longer preserved in the crust of the earth. The anc ient morphologies of 

the moon and Mars are sti II to a large extent preserved. Detailed accounts 

of the time variations of the abundance and the distribution of cometary and 

asteroidal bodies, the history and evolution of the solar wind and radiation, 

and possibly other phenomena which are as yet undiscovered can be obtained 

from the study of these surfaces. 

The impact flux histories recorded on the moon and Mars have been 

distorted to a considerable extent as on the earth by processes related to 

the planetary interiors and, in the case of Mars, to the atmosphere which 

modify and redistribute material. Consequently, the geologic development of 

these planetary surfaces must be understood before the effects of impact can 

be individually interpreted. Furthermore, the geologic history places impor

tant constraints on theories of the formation and evolution of the planetary 

interior. The intent of this study is to develop the basic framework of the 

geologic evolution of the lunar maria, and to extract from this information 

the flux history of asteroids and comets in the earth-moon environment. 

The extent to which the lunar geologic history can be understood 
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depends on the identification of the compositional, morphological, structural, 

and historical relationships between the various lunar terrains. Only with 

this information is it possible to infer, in a geologic sense, the genetic 

processes, time scales, and chronology of surface evolution. It is unlikely 

that sample return from a few localities will by itself yie ld this information 

over a sufficiently large fraction of the surface. It then becomes necessary 

to develop and apply techniques to determine variations in the mineralogy, 

texture, and age. Such methods rely on earth-based and spacecraft measure

ments of the nature in which a surface reflects or emits radiant energy or, m 

the case of age determination, the extent to which the surface has been 

altered by the accumu lotion of impacts. For the most part these techniques 

can yield only relative differences in composition and age. When calibrated 

with isotope ages and chemical information obtained directly from the Apollo 

samples, however, they provide powerfu I tools for extending to large regions 

the knowledge of the chemical nature and absolute ages of a few rock samples . 

The intent of this study is to identify the distributions and sequences 

of formation of lithologies in the lunar maria and to extract from this 

information the flux history for the last several billion years of asteroids and 

comets in the earth-moon vicinity. The technique used here to map the 

distributions of various lunar lithologies is based on measurements of the visible 

spectral reflectance. The relative ages of these lithologies were determined 

from investigations of the distributions in shape and size of sma II craters 
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(diameters < 1 kilometer). Before presenting the deta i Is of these tech i nques 

and the results of their application, it is appropriate to briefly outline the 

available knowledge obtained from earth-based observations and from un

manned and manned space flights . 

SUMMARY OF PREVIOUS WORK 

Texture and Composition: Earth-Based and Surveyor Observations 

Visible reflectance. Recent studies of the wavelength-dependent 

reflectance (0 .4 ~ to 1 . 1 ~) of numerous areas on the lunar surface (McCord , 

1968; McCord and Johnson, 1969) hove shown that (1) differences of the 

order of 10% exist among the relative reflectance spectra of a large number 

of areas, (2) this range of var iot ion is considerably .smo ller than the equ i volent 

range for terrestrial rocks, (3) the lunar spectra fall into groups indicating 

a variety of distinct types rather than general mixtures of a few types, and, 

(4) the reflectance spectra do not appear to be uniquely related to morphology 

or texture, suggesting that the differences between reflectance spectra are 

related instead to- compositional and/or mineralogical differences. 

Far infrared emissivity . Measurements of infrared emissivity differen

ces between lunar regions (8.2 ~ to 13.4 ~) by Goetz (1968) and Goetz and 

Soderblom (1969) indicate (1) that the lunar surface is very uniform in texture , 

and, (2) that the silicon-oxygen polymerization is very constant over the sur

face, suggesting fairly uniform mineralogy by comparison to the variations 

among terrestrio I rock types. 
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Only two areas (Plato and East Humorum) were observed by Goetz 

(1968) to show detectab le differences from the average surface in infrared 

emissivity. Major differences between areas in either silicate structure or 

surface texture can create such observable emissivity differences. Surveyor 

studies of the fine texture of lunar surface support the conclusion that most 

of the particles are smaller than 60 microns on both young surfaces such as 

Tycho ejecta and older surfaces such as Mare Tranquillitatis. It is therefore 

likely that the infrared emissivity anomalies found in Plato and Mare 

Humorum are due to different assemblages of silicates exposed in these areas 

compared to the bulk of the lunar surfaces. Again, these differences are 

small compared to the total variation that exists in terrestrial igneous rocks. 

Broad band therma l emission . Observations of variations in far 

infrared brightness temperature during periods of varying insolation have 

provided information about the thermal inertia of the lunar surface. Studies 

of eclipse cooling (Petit and Nicholson, 1930; Petit, 1940; Sinton, 1962; 

and Shorthill and Saari, 1969) and measurements of nighttime cooling (Murray 

and Wildey, 1964) are compatible with a uniform, thick dust layer on the 

lunar surface. The similar thermal properties of maria and uplands suggest 

simi lor dust layers in those regions. Fresh-rayed craters usually show 

anomalies indicative of a higher percentage of more conductive material, 

for example, rocks exposed on those surfaces. 

Radar reflectivity and radio emission. Radar and radio measurements 

of the electromagnetic properties and roughness of the lunar surface have 



5 

been made by numerous observers from both earth-based observatories and 

spacecraft radars. Measurements of radar cross-section at wave lengths between 

a few centimeters and a few meters yield dielectric constants compatible with 

a loosely compacted silicate material to depths of at least a few meters 

(Muhleman, et. al., 1969; Hagfors, et. al., 1969) . Radio emission measure

ments give a somewhat lower dielectri c constant (Troitsky, 1965) . By taking 

surface roughness into account, this lower dielectric constant con be corrected 

to agree with the higher value determined from radar reflectivity. (Hagfors, 

1970; Hansen and Muhlemon, 1970). These data indicate that the near 

surface density of the lunar regolith is between 1 and 2 gm/cc depending 

on the solid dielectric constant (Muhlemon, et ol., 1969). Measurements 

of the dielectric constant of the Apollo 11 surface fines as o function of 

porosity have confirmed the results obtained from earth- based and spacecraft 

radar (Gold, et. ol., 1970). 

Cross-polarized radar reflectivity measurements hove been used to 

estimate the surface roughness at scales of a few centimeters . Maps mode 

at o wavelength of 3 centimeters indicate that (1) the roughness at this 

scale is fairly uniform over and between regional provinces (uplands and 

mario)1 and, (2) the roughness is considerably higher on fresh young craters 

which is compatible with a higher percentage of rocks and clumps exposed 

on those surfaces (Lincoln Laboratory Report, V. 2, 1968). 
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Comparison with Surveyor measurements. The Surveyor resu Its 

which are relevant to this section include studies of the size-frequency 

distribution of exposed particles, measurements of regolith thickness, 

determinations of the near surface mechanical properties, and chemical data 

obtained in the a.- scattering experiments . It is important to compare the 

Surveyor results for different landing sites in order to test the conclusions 

described above, which were based on the comparison of remote observa

tions of these sites. 

Television observations at all Surveyor sites have shown that more 

than 80% of the surface is covered by particles smaller than mm. 

Studies of Surveyor footpad imprints at various sites by Jaffe (1969) indicate 

that the mid-point of the particle distribution occurs at about 10;.! and the 

bulk of the material is composed of 2 to 601-1 particles. Although the bulk 

of the material at the Tycho site was the same as at other sites, the 

frequency of rocks larger than 50 em was at least a factor of ten higher 

here than at any other site. 

The regolith thicknesses at the various Surveyor sites were obtained 

by studying the distribution of craters penetrating the regolith whose rims 

were blanketed by large rock fragments (Shoemaker, et o a! o, 1969) o 

It was found that the average depth of the regolith at the Surveyor I, Ill, 

V, and VI sites was of the order of a few meters . The depth at the Surveyor 

VII site (Tycho) was only about 10 em. 
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The measurements of bearing strengt h and genera I behavior of near 

surface materials are compatibl~ with a loosely compacted fine-grained 

layer with density of about 1.5 gm/cc (Scott and Roberson, 1968). 

Surveyors V, VI, and VII were provided with a- scattering instru

ments to obtain information on the general chemical nature of the surface. 

Analysis of these data by Turkevich, et. al., (1969) indicate that (1) the 

three areas studied have nearly identical composition which suggests that 

surface composition may be very uniform over the moon, (2) the upland site 

(Surveyor VII) differs from the two maria sites primarily in lower abundance 

of iron- group minerals, and (3) the chemical abundances of lunar rocks are 

most similar to those of terrestrial basalts. 

Conclusions. Using the earth-based and Surveyor data described 

above, several strong conclusions may be drawn concerning the chemical and 

texture I character of the surface and the magnitude and nature of variations 

in these properties over the moon. These conclusions set the stage for inter

preting the new observations presented in this thesis. 

Conclusions regarding the general chemical nature of the lunar 

surface are as follows: 

a. The surface materials have a composition similar to 

terrestrial basalts (a-scattering). 

b. The compositional differences between lunar regions are 

small compared to the variations over the spectrum of terrestria I igneous rocks 
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(a.-scattering, visible relative reflectivity, and far infrared emissivity). 

c. Compositional differences that do exist between regions 

are 1n part related to minor variations in iron-group abundance (a.-scattering 

and visible relative reflectance) and to small variations in SiO polymeriza

tion (infrared emissivity), the former being more common. 

Similarly, the conclusions about particle size distribution, thickness 

and porosity of the lunar regolith, and variations in these parameters 

between different lunar regions can be stated as follows: 

a. The lunar regolith extends to depths of at least severo I 

meters over most of the lunar uplands and maria (radar cross-section and 

Surveyor studies). The regolith depth on fresh young features such as Tycho 

flows is about 10 em. 

b. Most of the surface material in the regolith is finer 

than 6~ (including the regolith on fresh craters) (infrared emissivity and 

Surveyor studies). 

c. The density of the near surface regolith is about 1 .5 gm/cc 

(radar cross-section and Surveyor studies) o 

d. Fresh rayed craters are characterized by a higher concen-

tration of larger rock fragments compared to most of the surface (cross

polarized radar reflection, infrared thermal emission, Surveyor television 

studies). 
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Implications of Apollo l_! and ~Samples 

The return of lunar materia I by two recent Apollo landings has 

provided new information which has dramatic . relevance to the above discus-

sions. Preliminary studies have confirmed most of the conclusions 1n the 

preceding section and have left the rest unresolved. The samples returned 

from the Apollo 11 and 12 landing sites are similar to terrestrial basalt. 

The sites differ primarily in the abundance of ferro-magnesium elements . 

These data confirm the conc lusions about chemical variation 

derived from visible reflectivity , far infrared emissivity, and Surveyor 

a.-scattering studies. The more J•a c idicJ' rock found at the Apollo 12 site 

(sample 12013) indicates that some variation in bulk SiO polymerization 

does exist on the moon. The spectrum of types of lunar rocks remains 

narrow by comparison to the total terrestrial variation. 

Probably the most important data provided by the Apollo missions 

concerning lunar geologic history are the absolute crystallization ages of 

the surface materials . Ages of the Mare Tranquillitatis basalts are in the 

9 
neighborhood of 4 x 10 years. Preliminary results from Apollo 12 rock 

samples indicate ages somewhat younger, perhaps the order of a bi Ilion 

years younger. The fine material in the regolith indicates an older age 

9 
(-.--4.5 x 10 years) . The discrepancy betweE;!n the ages of the rocks and 

overlying regolith is presently unresolved, but evidence indicates there 

may be contamination of the fines by materials transported from other areas 
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(Silver, 1970). It is improbable, however, that the process of impact 

mixing has produced a uniform surface layer over the entire moon since 

(1) the fines at both Apollo sites are compositionally simi lor to underlying 

rocks, and (2) regional albedo boundaries are sharp to about two 

kilometers. 

The results of the Apollo sample studies establish important calibra

tion for earth-based measurements and morphology studies used to measure 

relative differences in composition and age. 

Genera I Chronology of Lunar Surface Evolution 

Studies of large seale lunar morphology from earth-based, Ranger, 

and Orbiter photography have yielded important information concerning the 

general sequence of events in lunar history. Chronological order can be 

inferred from superposition of various formations, features, and structures; 

for example, craters flooded with mare material are assumed older than the 

flooding event, and ejecta blankets which lie on top of formations are 

assumed to be younger than those formations. From such studies four 

stratigraphic time units in the lunar geological record have been identified 

by Shoemaker and Hackman (1962). The chronolog i ca I order of these 

four periods is based on three important events: (1) the formation of the 

Imbrium structure and associated ejecta blankets, (2) the filling of the 

lunar maria, and, (3) the formation of the crater Eratosthenes, whose 

rays are only barely still visible. Pre-Imbrium time is defined as that 
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period before the formation of the Imbrium structure with its associated 

ejecta and debris patterns. During this period most of the large subdued 

lunar craters which exist in the uplands and various mare basins were 

formed. A period of time known as the lmbrian commenced at the forma

tion of the Imbrium basin and its associated ejecta (Fro Mauro Formation). 

The lmbrian includes the extensive dark deposits that flooded the mare 

basins. It is extremely difficult to subdivide the Procellarum Group (mare de 

sits) using superposition criteria because of the strong morphological similarities 

between different maria. The Eratosthenian includes craters which postdate 

the period of mare filling but are old enough that their associated ray 

patterns are no longer visible. The Copernician period extended from the 

formation of Eratosthenes to the present. Included in this period are the 

format ion of young features such as T ycho 1 Kepler 1 Aristarchus 1 and 

Copernicus . Although the relative durations of the four lunar periods are 

not known 1 the suggested sequence provides a necessary framework for 

discussion of the new results presented in this study. 

SCOPE AND APPROACH 

The preceding discussion of the general chronology and compositional 

and texture I character of the lunar surface provides a framework for under

standing the approach and relevance of the studies presented in this thesis. 
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The research program can be divided into two parts. The first involves 

the development and application of a technique to map regional variations 1n 

visible spectral reflectance (0.4 ~ to 0.7~). Of the previously described 

remote sensing techniques such color mapping is the only one known to be 

sensitive to the minor compositional differences reported between the various 

Surveyor and Apollo landing sites. On the basis of such a mapping program 

it has been possible to establish regional units of constant spectral reflectance. 

These in turn represent to some degree regions of homogeneous composition . 

A discussion of the results and conclusions and a brief outline of the tech

nique are presented in Chapter II. A more detailed description of the 

observational technique and data reduction is provided in Appendix I . 

The second goal of this program was to establish the ages of the 

I itholog ies mapped ·in the spectra I reflectance study. A mode I of impact 

erosion was developed and applied to lunar photography to obtain relative 

ages of various regions. Absolute ages were . obtained through calibrating 

relative ages with preliminary crystallization ages from Apollo 11 and 12 

samples. The results of the morphological age dating and ca libration from 

Apollo samples are discussed in Chapter Ill. The complete development of 

the erosion model and the details of the photographic age dating methods 

are presented in Appendicies II and Ill , respectively. 

Chapter IV presents the synthesis of the spectral mapping and age 

dating studies m an attempt to establish the sequence of events within the 
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period of more formation. The ages and distributions of lithologies 1n the 

lunar mono ore re Ia ted in that chapter to the overo II time sea les of lunar 

geologic history, episodes of more formation within individual moria, the 

regional morphologies of and structures associated with individual mario, and 

three major stages of more flooding which ore correlated with the spectral 

reflectonces of the units which they produced. 
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II. SPECTRAL REFLECTANCE MAPPING 

INTRODUCTION 

A detailed laboratory study of reflectance spectra of igneous rocks 

(Adams and Fi I ice, 1967) has shown that the spectra are related chiefly to 

elemental composition, mineralogy, and particle size. Adams (1968) demon

strated that electronic absorption bands that occur in silicate spectra are 

caused by iron-group transition elements in various coordination and valence 

states. Observations of McCord (1968) have shown that lunar reflectance 

spectra are not strongly correlated with morphology or albedo, suggesting 

that differences in relative reflectance are predominately due to compositional 

and/or mineralogical differences. 

Recent studies of the reflectance spectra of Apollo 11 lunar samples 

(Adams, 1970) reveal that four electronic absorption bands are present which 

arise from ferrous iron and titanium in the clinopyroxenes and olivine . 

Adams also found that: (1) the laboratory reflectance spectra of fine-grained 

material from the Apollo 11 landing site are in agreement with the reflec

tance spectrum of the site telescopically observed by McCord (1969); 

(2) both rocks and fine particles have clean, unaltered surfaces; thus the 

reflectance is related directly to the bulk composition of the material 

rather than to thin coatings, and, (3) the fine particles include large 

amounts of dark-brown glasses which suppresses the el~ctronic bands 

and increase absorption of the fine materia I at shorter wave lengths. 
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A close relationship between spectral reflectance and composition 

of the materia I on the surface of the moon is now strongly established. 

A telescopic observational study was therefore undertaken to map and 

classify the spectral reflectance of part of the lunar surface. This chapter 

deals primarily with the results and implications of that study. The observa

tional technique and method of data analysis summarized below are described 

in detail in Appendix 1. 

INSTRUMENTATION AND OBSERVATION 

Lunar observations were made at the Cassegrain focus of the Mount 

Wilson 24-inch telescope, using a single-beam photoelectric photometer 

with a high-speed pulse-counting data system. The observations were 

made by scanning luminance variations across the moon at three wavelengths. 

The system response was sufficiently linear over a large brightness 

range to allow the measurement of small differences in spectral reflectance 

(,-.- 1%) in the presence of large albedo variations of the order of 200%. 

Luminan~e of the lunar surface was measured at wavelengths between 

0.4 and 0.7 microns. Below 0.4 microns the atmospheric transmission 

rapidly decreases; at wavelengths longer than 0.7 microns, the sensitivity 

of the photomultiplier used and solar illumination decrease. The lower 

signal levels outside the range 0.4 to 0.7 microns would have required 

slower scanning in order to maintain the accuracy of the measurement. 

Slower scanning, in turn, would have reduced the data acquisition, 
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increased telescope tracking errors, and increased the errors caused by 

variations in atmospheric transmission. 

A survey of normalized relative reflectance spectra of a large 

number of lunar areas measured by McCord (1968); McCord, Johnson, and 

Kieffer (1969); and McCord and Johnson (1969) shows that the spectral 

reflectance curves in the wavelength range 0.4 to 0.7 microns are usually 

composed of two linear segments joined near 0.52 microns. By taking 

measurements at 0.4, 0.52, and 0.7 microns , it is possible to distinguish 

the various spectral types observed. Narrow band (t.A.-.-0.02 microns) 

filters were used for the measurements reported here . The data reported 

accurately represent the true spectral character at the three observed wave-

lengths, rather than an average over a broad wave length band, as in the 

case of UBV photometry. 

McCord (1968) has shown that there exist differences in phase angle 

dependence of lunar spectra I reflectance of the order of 2 to 3% between 

0 0 0 
phase angles of 0 and 35 . The variations between phase angles of 35 

0 
to 90 are generally of the order of 1%. In this study, observations were 

0 0 
taken over a range of phase angle from 30 to 60 • In this way the phase 

dependent variations between data taken on different nights were minimized. 

Measurements were taken by scanning strips 130 arc seconds in 

length and 18 arc seconds in width (220 by 30 kilometers on the lunar 

surface near the sub -earth point). Two scans with each of the three filters 

were taken of each strip. The signal was integrated and recorded at nme 



17 

equally spaced intervals while the telescope was moved continuously a long 

the scan. After the six scans were made on each strip, a standard area 

in Mare Serenitatis (17 .6°N, 19.4°E} was measured. This standard measure

ment was used to remove atmospheric transmission and system throughput 

functions. 

DATA REDUCTION AND COLOR BOUNDARY RECOGNITION 

The luminance measured along a scan in one filter depends not 

only on the relative spectral reflectance, but also on solar illumination, 

albedo, atmospheric and instrumental effects . Ratioing techniques similar 

to those used by McCord (1968} were applied to remove these effects; the 

observed luminance along the scan at each wavelength was divided by the 

measured luminance of the standard area at the same wavelength. Correc

tions for differences in albedo and phase angle were then made by dividing 

the relative luminance of each point along the scan at each wavelength by 

the relative luminance at one wavelength (0.52f.J.). After these operations 

the data are in -the form of normalized relative spectral reflectance . 

Boundaries between regions of different spectral reflectance which 

appear in the reduced data are smeared by the finite spatial response of the 

instrument which depends on the scan rate, integration time, and aperture 

diameter. Over those parts of a scan along which the relative reflectance 

is constant, this smearing produces no effect. As the factors which produce 

the smearing are known, it is possible to calcu late the form of a sharp 
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boundary as it would appear in the reduced data. Lunar color boundaries 

which can be detected photographically are sharp down to resolutions of 1 

or 2 kilometers. For this reason all color boundaries were assumed to be 

step functions. The output form of a step function model boundary was 

compared with the reduced scans by autocorrelation in order to locate and 

identify sharp boundaries. As wi II be discussed in the following section, 

variations in the normalized spectral reflectance are usually in the form 

of a rotation about the 0.52 micron wavelength, that is a change in the 

overall slope of the curve. Consequently, the autocorreclation functions 

between the model boundary and the normalized relative refl ectance ratios 

(0.4w0 .54t and 0.7w0.52l-.l) along a scan should be anticorrelated at 

color boundaries . This cri terion was used as a test of the reality of a 

color boundary. 

CLASSIFICATION OF LUNAR SPECTRAL TYPES 

A primary goal of this study was to investigate the variety of lunar 

reflectance spectra in order to determine whether a variety of discrete 

spectral types exist or whether the variations over the lunar surface can be 

characterized by mixtures of a few end members. The reflectance spectra 

obtained by McCord (1968) suggest that the spectral reflectance character

istics of the lunar surface fall into discrete classes with restricted spectral 

ranges. As a considerably greater area of the lunar surface was included 

in the present study, it was possible to test this hypothesis more conclusively 
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and to accurately identify the spectra I types. 

The reflectivities of 1107 lunar areas (nine on each scan) were 

measured at three wavelengths (0.4)..L, 0.54-l, and 0.7~J) relative to a 

standard ar~a in Mare Serenitatis. These relative reflectance values were 

normalized to the value at 0.52 microns for each area. A correlation 

diagram was constructed of normalized relative reflectance at 0 . 4 microns 

versus that at 0.7 microns in which each lunar area was represented by a 

point; the bivariate frequency diagram is illustrated . with contours in Figure 1. 

Points for lunar areas located at or near color boundaries were not included 

in this plot as they would induce artificial m1xrng . The grid size used in 

contouring the distribution shown in Figure 1 was 0.005 m the units g1ven 

on the scale in that figure. The contouring method was tested by comparing 

contours made with grid sets shifted one-half of a grid cell relative to one 

another . No significant change in the positions of the maxima was noted. 

An examination of Figure 1 indicates that four to eight distinct 

maxima are present. In order to determine which of the observed maxima 

may be the result of insufficient statistics and which represent real max1ma 

or spectral types, it was necessary to test the significance of the maxima. 

First, the data were divided into two approximately equa I parts, 

each part containing a representative proportion of mare and upland areas. 

The bivariate frequency distributions for these two sets of data were then 

contoured (Figure 2) as in Figure 1. Table 1 contains a list of the relative 
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.94 .95 .98 1.00 1.02 1.04 -f .OS 1.08 1.10 -1 .~2 

NORr~ ALIZED RELATIVE REFLECTIVITY (0.4f£/0.52fL) 

Figure 1 • The bivariate frequency distribution of lunar reflecto.~ce spectra . 
Each point was plotted as a point representing its ric1,...\1a lized 
relative reflectance a t 0.41-1 to Ool~o The density of all such 
points was contoured. The contour interval is 5 points per grid 
cell-(0 . 005 on each side in units given in the figure) . 
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Figure 2b. The bivarate frequency distribution of the second half of the 
data of Figure 1 • 
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reflectance va lues of four mox1mo which con be identified m each of the two 

contour mops 1n Figure 2. The agreement 1n the positions of the maximo 

demonstrates that the groupings ore not produced by insufficient statistics . 

These maximo ore lab led J•s" since, as is discussed below, they occur 

predominantly in More Serenitotis and surrounding uplands. 

Table 1. Comparison of maximo positions in two data sets . 

Data Set 1 Data Set 2 
Spectral Normalized Relative Normalized Relative 

Type Reflectance Reflectance 

0 . 4p/O • 5 4L 0 .l!J/0 . 5 4t 0. 4!J./O. 54-t 0. 7!JIO. 54-t 

Sb 1 .010 0.990 1 .010 0.985 

s 0.995 0.995 0.995 0. 990 

Sk 0.980 0.975 0.980 0 .975 

Sr 0.990 1.005 0.985 1.005 

The bivariate distribution shown 1n Figure 1 was further tested to 

determine what effects were introduced by variation in lunar phose angle 

between data token on different nights. This was accomplished by compor-

ing the normalized relative reflectance values measured along scans token 

at different phose angles across a region in which one spectral type pre-

dominates. The position of only one type, Sk, was found to vary signifi-

contly with phose ong le. At phose ong les less than about 35° the regions 

in which this type ore found show spectra I reflectance vo lues near those 
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listed for Sk in Table 1. As the phase angle increases, the position of 

this type migrates toward type S. At phase angles in excess of 50° these 

types (S and Sk) are indistinguishable. Most of the regions which 

contain type Sk were found in the lunar uplands east of Mare Serenitatis. 

Most of the scans of the regions were taken at low phase angles (<35° ) . 

Hence the appearance of Sk as an isolated maximum in Figure 1 is an 

observationa I effect. In the construction of regiona I maps, discussed m 

the next section, Sk and S were mapped as one unit to avoid this 

ambiguity. No major variations with phase angle were found in the 

positions of the other maxima listed in Table 1. 

As is evident from the amp I itudes of the max1ma m Figure 1, the 

four spectral types discussed above are the predominant types in the 

region studied. Other types do exist in the distribution shown in Figure 1, 

but cannot, on the basis of that figure alone, be distinguished from 

groupings arising from insufficient statistics, variable phase angle effects, 

or errors in standard measurements. These less common types which occur 

1n a few small areas can be identified because: (1) the normalized relative 

reflectance values were reproduced in different scans taken of the same 

areas on different nights and at different phase angles, (2) the spectra I 

reflectance which typifies each of these groups was correlated between 

parallel scans within the small regions, and, (3) the spectral reflectcnces 

in these regions were in agreement with those found by other studies 
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such as those of McCord (1968). 

Three spectral types in addition to those listed in Table 1 were 

identified using such criteria . These types , included in Table 2, were 

found in Mare Tranquillitatis (types T and Tb) and in the vicinity of the 

crater Proclus (type P). The two Tranquillitatis types are visible m 

Figure 1 as minor groups. These ore well documented in Figures 4f and 

4g which show the strong corre lation among values measured along different 

scans of the sma II regions in which these types occur. Type P was found 

on the only scan I i ne which tro versed the crater Proc I us. The spectra I 

reflectance measured in tha t crater was in agreement with tha t found by 

McCord (1 968) (see Figure 19 , Appendix I) . 

COMPILATION OF REGIONAL MAPS 

In order to mop the distribution of spectral types over the lunar 

surface, the spectral type of each point along a scan line was identified 

and labeled according to the regions shown in Figure 3. Table 2 lists the 

positions and radii of the regions defined for each of the spectral types. 

One spectral type is introduced here that was not mentioned in the 

preceding section. The symbol J'Tr 11 refers to the spectra I reflectance type 

of some light mare units found in Mare Tranquillitatis. From preliminary 

maps which did not include this type, it was discovered that these lighter 

regions could not be identified with any of the spectra I types dis cussed m 

the preceding section . The reflectance spectra of these areas fall into a 
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.S4 .9G 28 1.00 1.02 1.04 Jf.03 1.03 -1AO -1.i2 
NORMALIZED RELATIVE REFLECTiVITY (0.4.uJ0.52p.) 

The regions used to c lass ify tha reflectance of each point along 
the lunar scans . Points rasting outs ide of a II or within two of 
the drcles were not c lassified . Points resting inside individual 
ci rcles were la beled with the corresponding symbo ls that ore 
s hown . 
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broad region between types Sb and T. Since no concentration or type center 

is visible there in the bivarate reflectance distribution (Figure 1), Tr may 

represent some variable mixture of materials. 

Table 2. The positions and radii of the regions used to classify 
the reflectance spectra a long scans. 

Type Normalized Relative Normalized Relative Radius of 
Reflectance(O .44/0 .52j..1) Reflectance (O .7j.l/0 .52j.l) Region 

Sr 0.985 1.010 0.0125 

Sr 0.965 1.010 0.0125 

s 0.990 0.990 0.010 

s 0.980 0 . 975 0.010 

Sb 1.010 0.985 0.010 

Tr 1.035 0.975 0.0125 

T 1.055 0.960 0.015 

Tb 1.090 0.940 0.015 

p 0.980 0.960 0.005 

Scan lines were taken in sets, each set forming a rectangu lor grid. 

Figure 4o shows the positions of the thirteen grids in which data were taken. 

The distortion of individual rectangular sets a rose because the observations 

were made over a large range of lunar geometric I ibration . Fibures 4b 

through 4h show the distribution of each type along scan lines in the grids. 

Figures 5 and 6 show the final stage in the construction of the 
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Figure 4o. The position of each of the thirteen scan grids . Each grid 
contains para lie I scan I i nes separated by 36 arc sec (approximate
ly 60 kilometers). Positions of individual scan lines can be seen 
in Figures 4b through 4h. Each scan line i_s approximately 250 
kilometers in length. 
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TYPE Sr 

Figure 4b. The distribution of type Sr a long individual scan lines . 
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TYPES 

Figure 4c. The distribution of type S along individual scan lines. 
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TYPE Sb 

Figure 4d. The distribution of type Sb a long individual scan lines . 
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TYPE Tr 

Figure 4e. The distribution of type T r along individual scan lines . 
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TYPE T 

Figure 4f . The distribution of type T a long individual scan lines . 
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TYPE Tb 

Figure 4g. The distribution of type Tb along individual scan lines. 
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TYPE P 

Figure 4h . The distribut ion of type P along individua I scan li nes. 



36 

Figure 5. The distribution of the seven spectral types in the Mare Serenitatis 
and Mare Tranquillitatis regions. Solid lines are drawn where 
color boundaries coincide wi th sharp albedo boundaries. Dashed 
lines are drawn where color boundaries and albedo boundar ies are 
not definitely correlated. 
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Figure 6. The distribution of the seven spectra I types in the Mare 
Serenitat is and Mare Tranquillitatis regions . Boundaries are 
the same as in Figure 5 . 
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regiona I map. The data of Figure 4 were transferred to a lunar photograph 

using tracking photographs taken during the observations. Solid lines were 

drawn along marked albedo boundaries coinciding with sharp color boundaries, 

under the assumption that some corre lotion exists. Hence the detai I drawn 

along such boundaries is somewhat interpretive . Dashed boundaries were 

drawn at color boundaries which (1) appear as gradational boundaries, 

(2) coincide with diffuse albedo boundaries, (3) coincide with no visible 

albedo variation, or, (4) whose position is questionable o 

DISCUSSION OF RESULTS 

The map of spectra I types shown in Figures 5 and 6 demonstrates the 

regional associations of each spectral type with particular morphologies and 

structures. 

As is evident from Figures 1 and 6, the four Serenitatis spectral 

types are the most common in the region studied. All four of these types 

are found in uplands and in the three ring maria: Mare Crisium , Mare 

Nectaris, and -Mare Serenitatis. The structure and morphology of these 

ring maria can be characterized by (1) large positive free -a ir gravity 

anomalies, (2) circular basins with associated concentric fault patterns, 

and, (3) thick deposits of mare material which appear to become thicker 

toward basin centers. The spectral types Tb, T, and Tr were found almost 

exclusively in Mare Tranquillitatis and Mare Fecunditatis. These mar1a 

are distinguished by (1) the lack of any positive gravity anomalies, 
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(2) irregular shapes which are not related to any circular structures or other 

apparent subsurface structure, (3) thin veneers of mare materia I through 

which pre-existing topography often protrudes, and, (4) a generally 

greater area I extent than the ring maria. 

A variety of spectral types exists 1n the lunar uplands. Hence 

these regions are not homogeneous, as is commonly thought, but display 

considerable heterogeneity. 

As can be seen in Figures 5 and 6, some mare-uplands boundaries, 

such as the boundary of Mare Crisium on the north and west, are not 

accompanied by detectable color veri at ions. Further, color boundaries that 

exist within the upland terrains often exhibit no albedo variation. Color 

boundaries in the maria are, however, almost always accompanied by 

detectable albedo boundaries. 

COMPARISON WITH PREVIOUS STUDIES 

A comparison of the results of this research with those obtained 

by Whitaker (Kuiper, 1965) in a photographic study of lunar color indicates 

that Whitaker•s photographic results contain numerous psuedo-color effects 

induced by large albedo variations. Since the dynamic response of the 

film was not linear over the large range of brightness, upland-mare 

boundaries show large artificial color differences. For example, Whitaker 1s 

photographs show that the up lands are generally red compared to the 
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materia Is in Mare Serenitatis. As can be seen from Figures 6 and 7, both 

the uplands and Mare Serenitatis contain materials with S- type spectral 

reflectances. If care is taken to compare only areas of similar albedo, 

however, such photographic studies can be used to extend the results of 

this program to other areas of the lunar surface. 

The conclusion in this study that types Tr, T and Tb are associated 

with thin irregular maria based on the investigation of only one such region 

(Mare Tranquillitatis and western Mare Fecunditatis) . This conclusion is 

strengthened by the photographic results of Whitaker (Kuiper , 1965) which 

suggest that 0 ceanus Proce II arum , which is simi lor to Mare T ranqu iII it at is 

in all morphologica l and structural characteristics, also has the same spectral 

properties. Results of McCord, Johnson, and Kieffer (1969) have confirmed 

this suggestion o Their results show that Orbiter sites 11 P 13 and 111 P 11 , 

which are in southern O ceanus Procellarum,ore of spectral type T . 

A further comparison with Whitaker 1s composite color difference 

photographs indicate that Mare Imbrium and Mare Humorum which have 

morphologies similar to Mare Serenitatis contain materials with spectral 

reflectances similar to those found in Mare Serenitatis o The southern 

portion of Mare Imbrium is covered by a thin T type maria which does not 

support the correlation between ring maria and S-type reflectances. As 

will be discussed in Chapter IV, however, this material is probably a 

northern extension of the T - type mare formation in Oceanus Procellarum . 
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SUMMARY AND CONCLUSIONS 

The resu Its presented in this chapter confirm the suggestions of 

McCord (1968) and McCord and Johnson (1969) that several distinct spectral 

types are present. Further, the resu Its demonstrate that a variety of 

distinct kinds of material exist in both the uplands and in individual maria. 

The spectra I type, T r, may, however , represent some variable mixture of 

materials in Mare Tranquillitatis. 

Seven distinct spectral types were found in this study. It is qui te 

possible that this number could be substantially increased through the use 

of observational techniques with increased sensitivity, the inclusion of 

studies at other wavelengths, and the investigation of other regions. 

The observation that albedo and color boundaries are not always 

coincident suggests that the physico I and chemica I properties of the 

surface that affect albedo and spectra I reflectance are different. It should 

be stressed that differences in spectral reflectance do likely indicate 

differences m composition. It is not valid to conclude, however, that 

similarities rn spectral reflectance necessarily indicate similar composition 

since the reflectance spectrum may be affected by only a small percentage 

of the minerals present. 

The most important conclusion that can be made on the basis of 

these data is that there is a correlation between the morphology and 

composition of a lunar mare. The observations show that: (1) the circu lor 
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maria which have positive gravity anomalies and thi ck mare deposits (Mare 

Seren itatis , Mare Crisium, Mare Nectaris 1 Mare Imbrium, and Mare Humorum 

Humorum) contain materials which have $-type spectral reflectances (Sr, $ 1 

and Sb) 1 and, (2) the thinner, la rger 1 irregular maria which are not asso

ciated with regional structure or gravity anomalies (Mare Tranquillitatis 1 

Mare Fecunditatis, and Oceanus Procellarum) contain T -type units (Tr 1 T 1 

and Tb). The correlation between morphology and spectral type suggests 

that the two types of maria may be genetically different. 
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111. DETERMINATION OF RELATIVE AGE 

FROM CRATER MORPHOLOGY 

INTRODUCTION 

The morphology of the lunar surface has been produced both by internal 

processes, such as vulcanism, and by external processes, suc h as impact of 

meteoroids and comets. The rel a tive importance of these processes in the 

formation and modification of lunar craters is explained in this c hapter o 

Craters with diameters less than a few hundred meters vary in form from sha I low , 

irregular depressions to sharp, ci rcu lar c raters with raised rims a nd blocky eiecta 

blankets. The approac h ta ken here is to model the processes of crater produc-

tion by impact and erosion due to bombardment by small particles and to compare 

the expected morphologies and size- frequency distributions of craters with those 

measured from lunar photographs. 

The results of the model study show that erosion by impacting small bodies, 

which individual ly produce on ly minor changes in the shape of a crater being 

eroded, is the most important process by which the shape of craters of diameter 

less than 1 kilometer is changed o Thus the shape of a crater is a very sensitive 

indicator of the total number of sma ll impacts that have occurred since the crater 
-

was formed. This measurement of total accumulated small impacts can be viewed 

as a relative age. By determining the relative age of the oldest crater on a 

given surface it is possible to date the formation of the surface in terms of the 

integrated flux of impacting particles. The ti me scale to which this age refers 

does not represent absolute but is distorted by the historical variations in the 

impact flux . Dating techniques based on these concepts were developed and 

applied to lunar photographs. The relative ages obtained from observations of 
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crater shape were then compared with the preliminary age determinations 

obroined for Apollo 11 and 12 samples in order to derive approximate absolute 

ages for the formation of various regional lithological units o 

It is appropriate first to briefly review the general distribution of lunar 

c ra ters and the present state of understanding of these distributions . Photographic 

surveys of the lunar surface by Ranger, Orbiter, and Surveyor imaging missions 

hove provided information on the distribution of lunar craters down to diameters 

of a few centimeters. The general forms of these distributions ore very similar 

for different regions. For crater diameters greater than about 3 k ilometers, the 

oreal density of craters con be represented by a function of the form 

(1) N = k D - 1 .? 

where N is the number of craters per unit area with diameters greater than D 

and k is a constant o Craters in this size range ore generally thought to be of 

impact origin because of their characteristic morphologies, associated rays , and 

secondary craters. Between diameters of about 1 00 meters and 1 kil ometer, 

the distributions con be approximated by the power function 

(2) N=k'D-3 •0 

where k' is a constant o Theory predicts and observation confirms that craters 

in this size range ore created mostly be secondary impact of fragments from 

craters larger than a few kilometers in diameter whose distribution is represented 

by equation (1) . The constants k and k' vary from region to region. The 

size-frequency distributions for craters smaller than about 100 meters, however , 

ore represented by a third equation which is the some for all more localities o 
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The constancy of the distribution of craters of diameter less than 100 meters was 

first demonstrated by Tras k (1965) who found the distribution in this size range 

to be 

(3) N = 1010.9 0 -2 .0 
ss 

where N is the number of craters per 10
6 

square kilometers with diameters 
ss 

greater than D in meters . Recent surveys by Shoemaker, et. a!. (1969) have 

confirmed that equation (3) characterizes the distributions at all Surveyor land-

ing sites down to diameters of at least 10 centimeters . The constancy of the 

distribution of craters smaller than about 1 00 meters has led many observers to 

conclude that craters in this size range form a ·steady state population in which 

craters disappear at the same rote at which they are formed . The purpose of 

the discussion which follows is to explore the mechanism by which these craters 

disappear . 

IMPACT EROS ION MODEL 

The modification of a lunar crater may be caused by a variety of processes 

including (1) slumping or creep of material down the crater walls, (2) impact 

erosion by partic~es which individually produce negligible changes in the form 

of the crater, (3) impact of bodies, each of which produces major changes in 

the overall shape of the crater, (4) blanketing or flooding of the crater by thin 

deposits of fluid or fluidized material, (5) blanketing of the crater by ejecta 

from distant large impacts, or, (6) internal processes of surface readjustment 

such as settling or collapse. 

Observational evidence indicates that the most important process acting 

on small craters (diameters less than about 1 kilometer) is continuous erosion 
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by impacting bodies which produce individual effects that ore small compared 

to the craters being eroded o Over lap by craters of comparable size does not 

appear to be on important process of crater modification as the number of recog 

nizable overlapping craters is only a few percent of the total number of craters. 

Blanketing by ejecta from distant c raters is not a Iorge effect as only a small 

fraction of materia I ejected from a given crater is thrown farther than a few 

crater radii. 

The process of erosion considered here is the downslope transport of ma 

terial ejected from small craters. The formulation of the erosion model is 

briefly oulined here; a detailed discussion is available in Appendix II. 

Experimental studies of hypervelocity impact (Gault, et. ol., 1963) 

have shown that material is ejected from the perimeter of on expanding cavity 

into a conical sheet whose axis is approximate ly normal to the initial surface. 

The form of this conica l spray of ejecta is nearly independent of the slope of 

the surface or ang le of incidence of the impacting projectile . The thickness 

of the ejecta blanket of a crater formed on a level surface, as a function of 

distance from the center of the crater , is known from experiment . It is possible 

to estimate the form of the ejecta distribution hod the crater been formed on a 

sloping surface o- Such calculations show that the downslope displacement of 

the center of moss of the ejected materia I is given by 

(4) W = C R ton cp 

where W is displacement of the center of moss, R is the radius of the crater , cp 

is the slope of the surface, and C is a constant near one. It has been assumed 

that the slope of the surface does not vary significantly over distances of the 

order of R or W. This assumption is valid so long as the dimensions of the 
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eroding craters ore small compared to the crater being eroded . 

Studies of the observed size-frequency distribution of fresh craters with 

diameters between about 100 meters and 1 kilometer indicate that most of these 

craters are produced by impact of secondary fragments eiected from larger craters . 

It is reasonable to assume that the theoretical extension of this distribution to 

smaller sizes (down to diameters of centimeters) represents the production func -

tion for the smaller craters. Such a production function has the form 

(5) - A. 
n =A R 

where n is the number of craters formed per unit area per unit time with radii 

greater than R; A. is the observed exponent of the size-frequency distribution 

of craters in the size range between 100 meters and 1 kilometer; and A is on 

unknown constant that depends on the rote of formation of primary craters. 

From equations (4) and (5) it is possible to derive on expression for the 

ra te of change of shape of a relatively Iorge crater by impacts producing small 

craters of radii between 0 and some maximum radius, R • R is the upper 
max max 

limit of the distribution of eroding craters whose effects can be meaningfully 

averaged over the surface. Craters larger than R produce catastrophic, 
max 

isolated effects: -R increases with time as larger craters become more 
max 

abundant and con be averaged into the distribution which has uniformly blanket-

ed the surface. A stringent constraint on such on erosion model is that R max 

remain small by comparison to the relatively Iorge crater being eroded . The 

differential equation which governs the time evolution of the surface topography 

is 

(6) K ~h = oh/ot 
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and 

(7) K = c R4- ft. 
max 

where h, the topographic elevation above some datum, is a function of hori -

zonl·al coordinates and timei c is an unknown constant dependent on various 

scaling parameters o The explicit time dependence of R is not included in 
max 

equations (6) and (7) o This must be determined after integration of equation (6) 

as K represents the average rate of erosion for the time interval between t=O 

and some time at which the solutions are evaluated. 

Equation (6) was solved for the erosion of a lunar crater formed on a flat, 

level surface o For convenience the initial form of the crater was approximated 

by 

(8) h(r , 0) = t4 { 1 - J 0 (a.1 r/ a) J 

where r is the radial coordinate, a is the c rater radius, J0 is the first harmonic 

of the spatial dependence of the solution of equation (6) written in cylindrical 

coordinates, a.
1 

is the root of J
1
(a.

1
) =0, and His the rim height above the cra

ter floor . This form (Figure 23, Appendix II) was chosen because first, it 

reasonably describes the form of fresh lunar craters and, second, it is the long

est lived harmon(c in the solution of equation (6) o The choice of this initial 

form contains the implicit assumption that the radius of the c rater rim does not 

change as a function of time although during the erosion of real craters the radius 

does change slightly with time . From equations (6), (7), and (8) the evolution 

of crater form as a function of time is given by 

(9) 2 2 
h(r,t) = h(r,O) exp(-a.

1 
Kt/a) 
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The explicit time dependence of K has not been inc luded in equation (9) . This 

dependence is determined by requiring the tota l integ rated area of all craters 

larger than R to be equal to twice the total surface area. By applying this 
max 

definition of R , equation (9) can be reduced to the form 
max 

(1 0) 

where S. is the maximum initial slope of the crater wall; S is the maximum slope 
I 

at some time, t; and B is a constant dependent on the rate of formation of small 

craters. The ratio R Ia was calculated as a function of S and found to remain max'· 

less than about 0.3 for S >ton 10° . This value appears to be somewhat Iorge, 

but as discussed below, other processes such as slumping inside the eroding era -

ters would increase the erosion rote and substantially decrease this ratio. The 

rote of change of the general form of a lunar crater is dependent on two different 

effects: (1) the erosion rote increases as R increases, and, (2) the erosion max 

rate decreases as the crater slope decreases. The evolution of crater shape with 

time is shown in Figure 23 of Appendix II. 

The lifetime, 'f , of a crater is 

where Sf is the lower limit of slope for crater recognizability. As A is approx

imately 3, equation (11) states that the overage period of time which a crater 

can last on the lunar surface is proportional to its radius. A result similar to 

this was obtained by Ross (1968) from a computerized erosion model. 

Combining equation (11) for the lifetime of lunar craters and equation 

(5) for the rate of production of these craters, the following steady state 
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distribution con be derived 

(12) N = C'(A.) D-2 
ss 

where N is the cumulative number of craters whose diameters ore greater than 
ss 

D. The exponent of the steady state distribution is -2 and is independent of 

A and A. of the production function (equation (5)) ; C 1 is a constant that is de -

pendent on the exponent of the production function , the initio I slope, the low-

er limit of slope for c rater recognizobi lity, and scaling parameters relating 

crater radius to moss ejected. For the appropriate ranges of these parameters 

equation (12) yie Ids 

(13) N = 1011 .2±0.2 0 - 2 
ss 

which compares favorably with the observed steady state size-frequency dis -

tribution of craters (equation (3)). The smo II difference between the constants 

in equations (3) and (13) does not indicate the presence of other erosion pro-

cesses, as only one effect of the eroding craters was modeled . Another effect, 

not considered in the model, is moss - transport by slumping in the eroding craters. 

The effectiveness of this transport mechanism will also depend approximately 

on the crater radius and the tangent of the slope of the surface . Thus such 

slumping would not seriously modify the form of the resulting size-frequency 

distributions but would increase the erosion rote and would decrease the constant 

in equation (13) bringing it into closer agreement with that in equation (3). 

It has been assumed throughout the discussion of the impact erosion model 

that the flux of impacting particles has remained constant with time. Although 

this assumption is probably not valid over the entire span of lunar history , par-

ticu lorly in the very early history , the resu Its of the erosion model ore sti II 
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valid if the concept of time is rep laced by that of the integrated flux. As is 

discussed in the sections which follow 1 evidence suggests that the flux of bodies 

forming craters in the smaller size range (diameter < 1 kilometer) has been near

ly constant over at least the last 3 and 1/2 bi II ion years. 

It was also assumed in the development of the model that the form and 

exponent of the production curve has not varied with time . This assumption 

is probably valid for the maria because (1) the observed crater distributions for 

various ma ria of craters with diameters above the steady state limit differ by 

factors of two or three in toto l abundance but have the same exponential depen 

dence on crater diameter 1 and 1 (2) the exponent of the crater production curve 

is related primarily to the distribution of secondaries of individual large craters. 

In summary 1 the model predicts both the constant and the exponent of the 

power function which approximates the observed size-frequency distribution of 

craters in steady state and provides an explanation of the observed distribution 

of crater forms . The direct comparison of the erosion model with the observed 

slope- frequency distributions of crater walls is included in the next section . 

METHOD OF DETERMINATION OF RELATIVE AGE 

The erosion mode I which has been described can be used to estimate from 

O rbiter photographs relative age from the integrated flux on various lunar sur

faces. A detailed description and validation of the dating technique is pro

vided in Appendix Ill . 

The advantage in determining accumulated flux from crater morphology 1 

rather than by simply counting craters 1 I ies in the fact that the shape of a crater 

is a sensitive indicator of the integrated flux of a large number of small particles. 

Uncertainties in the size-frequency distributions of lunar craters larger than the 
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steady state limit arise from clustering of secondary c raters and variations in 

the distributions of primary c raters . Thus a large number of c raters must be 

counted in order to gai n useful statistical precision. The integrated flux of 

smal l particles, however, can be quite accurately obtained from an examine-

tion of the shape of only a few large craters. · 

Because of large errors in photometric calibration of the Orbiter imaging 

system, it is not possible to obtain accurate slope-frequency distributions of 

crater walls through the use of standard photoc linometric techniques. It is 

possib le, however, to obtain directly certain kinds o f information wh ic h are 

close ly re la ted to these distributions. The dating technique is based on a meas -

urement of the ratio of the number of c raters w ith slopes less than some slope, 

S , to the number with slopes greater than S as a func ti on of crater diameter . 
s s 

In practice the s lopeS is the elevation ang le of the sun. The ratio, P, of the 
s 

number of unshadowed to shadowed craters is measured as a function of crater 

diameter, D; this relation and its variation with S are predictab le from the eros 

sion model. Craters larger than some diameter , D , are all shadowed as the 
s 

total accumulated flux on the surface is less than that required to erode them 

to slopes less than S • D is the diameter of a crater whose wall would be erod-
s s 

ed to a slope ofS in the time elapsed since the surface was formed. Between 
s 

D and C , the diameter of the largest crater in the steady state distribution, P 
s s 

has the predicted form 

D 
(14) s 

P = 1J-

and be low C , P has the form 
s 

D 
(15) s 

P =r- 1 
s 
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This form shown in Figure 7 is an idealization, as the observed C varies in a 
s 

complicated way as a function of sun elevation angle and photograph quality. 

C is a function of the lower limit of slope for crater recognizability, which , in 
s 

t urn, is a function of S and the photographic contrast. In this discussion the 
s 

exact form of the function P near and below C is not of particular interest. A 
s 

detailed explanation and examination of the observed variations is available in 

Appendix Ill. Figure 8 shows the observed form of the P versus D relation mea -

sured for one lunar area with Orbiter pictures taken at different sun elevation 

angles o The shaded areas denote the range of acceptable fit of the theoretical 

model to the data . Hence the erosion model predicts both the observed slope -

frequency and size - frequency distributions of craters . 

The observed form of the P versus D relation is affected by variations m 

the size-frequency distributions due to swarms of secondary craters and random 

variations in the distribution of primary craters. One feature of the observed 

form of the relation, however, which is not affected by these random variations 

is the diameter of the largest unshadowed crater, D • 
s 

Relative ages are presented in the form of the diameter , DL, of a crater 

the walls of which would be eroded to some arbitrarily small slope, Sf, in 

time equal to the age of the surface. DL is given by 

(16) D -L -

DL differs from Cs in that its value does not vary as a function of illumi

nation angle and photograph quality o This is an important feature of the dot-

ing technique as the results are independent of i llumination angle o 
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Figure 7. The ratio of unshadowed to shadowed c raters as a function of 
crater diameter 1 as calculated from the erosion model . This 
rat io 1 P 1 is shown for three solar elevation angles 1 Ss . Ds is 
the di a meter of the largest unshadowed crater a nd increases with 
increasing Ss . Cs is the upper limit of diameter of craters in 
steady state . It was assumed that Cs does not vary with solar 
elevation a ngle . 
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Figure 8 . C ornp9rison of the observed and predicted ra tio of unshadowed 
to shadowed cra ters as a funct ion of c ra ter diameter . The 
Orbiter frames, V 42 A-F 171 and Ill Pll-F 174 , cover the 
same a rea in Oceanus Proce II a rum but wer~ ta ken at different 
solar eleva tion angles , Ss . The shaded areas represent the 
regions of acceptable fit of the theoreti ca l model to the data . 
Notice that the steady state upper limit of dia meter , Cs, varies 
with sun ang le . 
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DISC US S I 0 N 0 F RESULTS 

Relative ages were determined for 73 lunar areas photographed by Lunar 

O rbiters Ill andY o A complete tabu lation of the results can be found in Appen 

dix IV. The resu Its are presented in terms of DL whe re Sf is the tan 4°. Figure 

9 is a condensed display of the results for the maior featu res and regions studied . 

Comparison of measurements by different observers using different photographic 

coverage imply errors in DL of the order of 10% o 

The results shown in Figure 9 indicate that the integrated flux of impacting 

partie les varies among the different maria by as much as a factor of three . Fur-

thermore, there are variations in the age of the surface within individual maria . 

This evidence indicates that not on ly were different marie fi lied a t different 

times, but the filling of most individual ma ri a occurred in severa l stages. 

The rim deposits of the large rayed c raters Era tosthenes , Copern icus, 

Aristarchus, and T ycho, were dated in this stucy. The integrated f lux mea-

sured on these surfaces range from less than 1/ 30 (T yc ho) to 1/ 5 (Eratosthenes) 

of the integrated flux on Mare Fecunditatis, the oldest mare surface dated. 

Only one upland surface, the floor of the crater Hevelius, was included 

in this study . Upland surfaces are extremely difficu It to date because they are 

rough and hummocky . The characteristic roughness wavelengths of these sur-

faces are often of the order of D • Hence it is difficult to recognize craters of 
s 

size D or larger. 
s 

COMPARISON WITH PREVIOUS WORK 

The chronology of the development of t he lunar surface determined from the 

age dating methods discussed above can be compared with the results of (1) the 

determination of the general chronology from deposition and superposition criteria, 
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(2) measurements of C from crater counting methods, and, (3) studies of regolith 
s 

thickness o 

Comparison of the re lative age results obtained in this study with the stra -

tigraphic time scale developed by Shoemaker and Hackman (1962) shows good 

agreement o According to the lunar stratigraphic time scale the Copernican 

period which extended from the formation of the crater Eratosthenes to the pre -

sent included the formation of large rayed craters . An examination of Figure 9 

shows that the results of the present work support this theory as,Tycho, Kepler , 

A ristarchus , and Copernicus all have extensive ray systems o Further, both 

studies agree in that the formation of the crater Eratosthenes postdated the 

last major mare flooding event o 

The upper limit of the steady state distribution, C , and the regolith thick
s 

ness hcs been determined for various areas. The results of such investigations 

for three Surveyor landing sites (Shoemaker, et . al., 1969) and the Apollo 11 

landing site (Shoemaker, et. al . , 1970) are listed in Table 3 along with the 

values of DL measured in this study for the same sites. The ratio of DL to Cs IS 

close to 3; these two diameters refer to different lower limits of slope for crater 

recognizability. The results are in general agreement and indicate that Surveyor 

VII (Tycho ejecfa) is the youngest site; Surveyor I (Oceanus Procellarum) is the 

the youngest mare site; and Apollo 11 (Mare T ranqui llitatis) is the oldest mare 

site. 

Studies by Shoemaker, et. a 1. (1969) have shown that the regolith thick -

ness increases approximately linearly with integrated flux . Thus a comparison 

between the radius of crater destroyed and the thickness of the regal ith produced 

should be a linear function . The results listed in Table 3 confirm this linear 

relation for Surveyor sites I, V, and VII. Surveyor VI may disagree because of 
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local phenomena un related to impact. 

Table 3 . Compa rison of resu Its from direct c ra ter counting (C ) and 
regolith thickness with relative age measurements. s 

Site C (meters) DL (meters) Regolith Depth 
s (meters) 

Su rveyor I 56 170 1 to 3 

Apol lo 11 141 440 3 to 6 

Surveyor VI 100 330 8 to 10 

Surveyor VII 3 <20 .05-. 15 

CALIBRATION OF RELATIVE AGE DETERMINATIONS WITH 

PRELI MINARY AGE RESULTS FROM APOLLO 11 AND 12 

The conce pt of time was a voided in the preceeding discussion as the his -

tory of the flux of impacting particles is not we ll established. It is useful to 

discuss abso lute time sca les that ore implied by various cases of fl ux history. 

If the flux has remained constant since the beginning of the period of more for -

motion, DL is a~proximotely proportional to the age of the surface . Under 

these circumstances, the lmbrian or period of more formation would hove been 

by for the longest of the lunar geologic periods, greater than twice the length 

of the combined ~rotosthenion and Copernican periods. 

It is also possible that the period of more filling was a relatively short 

period by comparison to the Erotosthenian and Copernican periods . The dif

ferences in integrated flux on different moria would then indicate that the flux 

rates were rapidly decreasing through the lmbrion period. Thus the whole per-

iod of more formation could have been a short peri od following the accretion 

phose. 
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A third possibility is that the fluxes have actually increased since the be

ginning of the lmbrion period. In this case most of the lunar history would fall 

within the lmbrion period. 

The preliminary age determinations for the Apollo 11 and 12 samples afford 

on opportunity to test these hypotheses. Although the resu Its for the Apollo 12 

site ore still very rough, potassium-argon methods suggest that crystallization 

ages of rocks collected at the Apollo 12 landing site ore of the order of a 

billion years younger than those of Apollo 11 (Lunar Sample Preliminary Examina

tion T eom, 1970) o The integrated fluxes or sizes of crater destroyed at the 

Apollo 11 and 12 sites ore about in the some proportion as the preliminary cry

stallization ages. It will be assumed here that the flux has been constant since 

the formation of More Tronquillitatis. On the basis of this assumption the ab 

solute ages of Apollo 12 and future landing sites can be estimated from the cry

stallization ages of the Apollo 11 samples, using the integrated flux information 

obtained in this study . The degree to which these predictions agree with final 

results of direct age determinations for samples from Apollo 12 and future sites 

will test the assumption of constant flux . Figure 10 shows the relat ion between 

size of crater destroyed, DL 1 and absolute surface age under the assumption of 

constant flux. The slope of the curve is controlled by rubidium-strontium cry

stallization ages of Apollo 11 samples determined by Albee, et. a l . (1970) . 

Also shown in Figure 10 ore the ages of the surfaces at the Apollo 12 and the 

Morius Hills Apollo landing site that would be compatible with constant fluxo 

The Morius Hills ore located in western Oceanus Procellorum which contains the 

youngest more surfaces found in this study . Thus, if the assumption of constant 

flux is approximately correct, the period of more formation occurred from more 

than 4 billion to about 1 .5 billion years agoo 
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Recent evidence from studies of the exposure ages of Apollo 11 rocks to 

so lar particles and galactic cosmic rays a re compatible with a constant turnover 

rate in the lunar regolith during the last 4 billion years. The exposure ages 

of various rocks are generally in the range from 50 to 500 million years . These 

lunar samples were token near the surface. If the flux of meteroritic material 

was much greater 3 bi Ilion years ago than it has been in the last 1 bi Ilion years, 

for example, most of the observed regolith would have been developed during 

the early history of Mare Tranquillitatis and the surface left relatively undis 

turbed since that time . The residence time of a rock fragment would have been 

much greater than the observed exposure ages . Shoemaker, et . ol . (1970) have 

shown that the observed exposure ages are, in fact, roughly compatible with a 

constant turnover rate throughout the age of Mare T ranqui II itatis. This cone lu 

sion is valid provided the meteoritic, solar particle, and galactic cosmic ray 

fluxes have not had the same historical variations, which is rather unlikely. As 

the turnover rate is proportional to the flux, this evidence further suggests that 

the flux of impacting particles has been c onstant since the Tranquillity basalts 

were crystallized . 

CONCLUSI O NS 

The cone Ius ions of the studies described in this chapter are divided here 

into two groups: those conclusions that are based solely on estimated integrated 

fluxes and those cone Ius ions that are based on the assumption of constant flux. 

Conclusions related to an assumed constant flux are less reliable as they rest on 

an assumption that is presently unverified. 

From the impact erosion model and its application to O rbiter photography 
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it is concluded that: 

(a) The erosion of lunar craters occurs primarily by downslope transport of 

material ejected by impact of small objects which individually produce small 

c hanges in the form of the eroded crater. 

(b) The observed size-frequency distribution of craters on the maria with 

diameters less than about 100 meters can be explained as a steady state popula

t ion produced from the action of such an erosion process on craters whose distri

bution follows the observed production distribution . 

(c) The observed slope - frequency distribution of lunar crater walls agrees 

with that produced by such an erosion process . 

(d) The measured integrated fluxes are compatible with observed regolith 

thicknesses. 

(e) The variations in integrated flux between maria and within individual 

maria indicate that various maria were formed at different times and individual 

maria were formed in different stages. 

Comparison of the relative ages determined in this study with the prelimi 

nary c rystallization ages obtained for the Apollo 11 and 12 rocks indicate that: 

(a) The absolute age of the Apollo 12 site estimated from the age deter

mined from laboratory studies of Apollo 11 rocks and an assumption of constant 

flux is compatible with the preliminary results of direct age determination for 

the Apollo 12 rocks . 

(b) The period of more formation was the longest of the lunar geologic 

periods, lasting from about 4 billion to about 1.5 billion years ago. 
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IV. THE SEQUENCE OF FORMATION 

OF REGIONAL MARE UNITS 

The results described in Chapters II and Ill can be combined to 

establish the brood outline of the evolution of the lunar mario . The 

history of the formation of the moria is complex; individual mario contain a 

variety of lithologic units which were emplaced at different times . Studies 

of cosmic roy exposure cges of Apollo samples and estimates of the 

integrated flux of particles in various more regions suggest that the period of 

more formation lasted billions of years. Furthermore, the studies of spectral 

reflectance demonstrate that there is a correlati on between the structural 

and morphological types of lunar moria and the spectral classes of material 

which have been deposited within them . Such correlations between the ages , 

distributions , and morphologies of lithologies in the lunar moria place 

stringent restrictions on the genesis of moria and the evolution of the lunar 

interior. The purpose of this chapter is to outline those correlations and 

to provide a useful summary of the results of this work . 

MAJOR STAGES OF MARE FORMATION 

The distrib~tion of more lithologies mopped 1n this study is in the 

northeast quadrant of the moon . The distributions of material by spectral 

type in other regions was obtained from composite ultraviolet- infrared photo

graphs taken by Whitaker (Ku iper (1965)) which were co libroted, where 

possible, with reflectance data taken by McCord (1968); McCord, Johnson, 

and Kieffer (1 969); and McCord and Johnson (1969) . 

A direct comparison of the spectral types and relative ages of a Iorge 

number of lunar areas is shown in Figure 11. Individual units of uniform 
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spectral reflectance have constant relative ages over their surfaces o 

As shown by Figure 11, there have been three major stages in the 

deposition of mare materials. The first stage includes the formation of 

extensive units in Mare Tranquillitatis and Mare Fecunditatis and units on 

the perimeter of Mare Serenitatis (Littrow unit and material southwest of 

Sulpicius Gallus) all of which exhibit spectral reflectances similar to that of 

Mare Tranquillitatis (r - type, including Tr, T, and Tb). The second stage 

involved the filling of the circular maria, Mare Serenitatis, Mare Imbrium, 

and Mare Humorum, and the emplacement of various minor units in Oceanus 

Procellarum, Sinus Medii, and Sinus Aestuum all of which have spectral 

reflectances similar to those found in Mare Serenitatis (S-type, including Sr, 

S, and Sb) o The last major epoch in the formation of the lunar maria 

includes the deposition of extensive thin deposits in Oceanus Procellarum, 

Mare Imbrium, and Sinus Medii all of which have spectral reflectance like 

that of Mare Tranquillitatis (r - type , including Tr, T, and Tb)o 

A fourth period , apparently devoid of major events of mare formation 

extended from the end of deposition of the maria of the third stage to the 

present. This last period has a length, assuming constant flux of impacting 

bodies, of 1 .4£ .3 billion years (See Figure 10, C hapter Ill) and includes 

the formation of the Copernican and Eratosthenian craters: Mosting , 

Eratosthenes, Copernicus , Aristarchus, Kepler, and Tycho. 

SEQUENCE AND DISTRIBUTION OF LITHOLOGIES IN INDIVIDUAL MARIA 

Mare Fecunditatis 

Mare Fecunditatis contains the oldest mare surface dated in this study. 

Units in that mare are of spectral type T and were emplaced during the first 
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stage of mare formation described above. 

Mare Tranquillitatis 

This region is the type locality in this study for the T - type maria and con

tains units which were deposited in the first stage of mare formation o Units 

appear to hove been deposited at several different times; as errors in relative age 

ore large for the old morio 1 however 1 this observation is tenta tive o 

More Serenitotis 

The deposition of more units in More Serenitotis occurred both in the 

first and second stages of more formation o Two small units along the 

perimeter of the bosin 1 the Littrow unit and material southwest of the crate r 

Sulpicius Ga ll us 1 ore T - type a nd were formed in the first stage of mare 

formation . The major port of More Serenitotis consists of S - type or red 

materials. The ages of these materials foil within o sma ll range within the 

second stage o More Serenitotis is the type locality in this study of material 

with S -type spectral reflectonces o 

More Vaporum 

The main rock type in More Voporum has S -type reflectance and was 

emplaced during the second stage of more formation o 

More Imbrium 

The largest circu lor more on the moon 1 More Imbrium 1 contains units 

that were deposited during the second and third stages of more formation o 

The predominant unit within this basin consists of S-type materials Joyed 

down during the second stage of more formation o This unit is found in 

north 1 northwestern and eastern More Imbrium. Whitaker's composite photo

graphs show that this unit is bounded around the northern and eastern 
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perimeter of Mare Imbrium by the Fro Mauro Formation. A second major 

unit found in this basin is a thin T -type deposit emplaced during the third 

stage. Because of the similarity in morphology, age, and spectral reflect-

once of this unit to units in Oceanus Procellarum immediately to the south-

west, this unit in Mare Imbrium is probably a northern extension of these 

Oceanus Procellarum flows. 

S inus Medii 

Sinus Medii includes material deposited in the second and third stages 

of mare formation. The region south of a small mare ridge near the Surveyor 

VI landing site has S-type spectral reflectance (McC ord, Johnson, and 

Kieffer, 1969) and wcs deposited during the second stage of mare formation . 

Materials north of the ridge, however, were deposited during the third stage 

of mare formation. Examination of Whitaker's composite photographs suggest 

that this area represents T - type material; identification is difficult, however. 

Mare Humorum 

Mare Humorum was filled during the second stage of mare formation 

with material exhibiting S - type spectral reflectance. Identification of the 

spectral type is questionable. 

Oceanus Procellarum 

The emplacement of mare material in Oceanus Procellarum occurred 

during the second and third stages of mare formation o Two minor units of 

S -type reflectance were deposited during the second stage o These units are 

north of Aristarchus and southwest of Landsberg in the vicinity of the 

Apollo 12 landing site. The major part of the Oceanus Proce !Ia rum was 

flooded with T -type mare materia I in the third state of mare formation . The 
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oreal extent of these later units is of the order of one-half of a million 

square kilometers. 

CONCLUSIONS 

The general results of this study ore summarized in Figure 12 , whi c h 

compares the lunar stratigraphic time scale, the integrated flux scale, and 

the approximate absolute time scale. Also shown is the relationship 

between crater morphology and spectral type (T and S) . The error bars 

m the diagram refer to uncertainties in measured integrated flux or diameter 

of crater eroded to 4 o. 

The following important conclusions implied by this research can be 

summarized as follows : 

(a) The formation of the lunar mario can be divided into three major 

epochs, each epoch associated with the deposition of materials of one 

spectra I type . 

(b) Two distinct kinds of maria exist which are distinguished in their 

morphologies , re lotions with reg iona I structure, thicknesses , associations 

with gravity a nomalies, times of formation in the luna r record , and spectral 

types . 

(c) O n the basis of on assumption of constant flux it is estimated that 

the major period of mare formation (lmbrian) lasted from about 4 bi Ilion unti I 

about 1 .5 billion years ago. 

(d) Individual maria have complicated histories; they contain a variety 

of lithic units emplaced at different times. 

(e) The dominant surface process, other than mare formation , which has 

created and destroyed topography is impact of primary and secondary fragments . 
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Variations from region to region 1n the size- frequency distribution of craters , 

slope- frequency distribution of crater walls, and regolith thickness are 

compatible with processes of impact crater production and erosion. 
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SPECTRAL RE FLECTANCE MAPP IN G: O BSERVATIONAL 

TECHN IQUES AND DATA REDUCTION 

INTRODUCTION 

The importance and relevance of visible reflectance spectra in 

determining the composition and studying the compositional variations of 

planetary surfaces has been discussed by several authors . With the return 

of lunar samples such remote sensing techniques hove become exceedingly 

important tools for extending the knowledge of the c omposition of o few 

la nding sites to other areas of the moon . 

There ore two approaches to interpretation of reflectance spectra in 

connection with the formation and modification of a planetary surface . The 

first involves a direct determination of the surface composition in the ordinary 

sense of spectra l analysis . In the case of visible reflectance spectra , the 

solid absorptions ore not at all well understood . A unique determination of 

composition is very difficult to achieve since so many variables concerned 

with struc ture and mineralogy of geologic materials control their reflec ta nce 

spectra. Little progress has been mode in that particular direction o 

The second approach is to map the oreal variations of the reflecta nc e 

spectra in order to study the relationships between mappable spectra l units 

and variat ions in albedo, morphology, and age. This is the approach token 

in this investigation o 

Normalized lunar relative reflectance curves obtained by McC ord 

(1968) indicate that o minimum of three narrow- bond reflectance measurements 

between 0.4 microns and 0.7 microns are required to resolve each of the 

spectra I types. The centers of these bond posses were chosen at 0.4 microns, 
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0.52 microns and 0.7 microns. The mapping was done photoelectrica lly 

rather tha n photographically in order to permit measure ment of small spectral 

variations (~1%) across the large albedo variations (50% - 200%) . Such 

measurements ore not possible photographically because sufficiently precise 

and consistent calibrations of films over the required dynamic range cannot 

be achieved . 

INSTRUMENTATION AND OBSERVATION 

Observations were made at the bent-cassegrain focus of the Mount 

Wilson 24-inch telescope. A single beam of photoelectric photometer was 

used with an 18 ore sec aperture correspond ing to a diameter of about 30 

km at the sub-earth po int on the lunar su rface . The narrow band (o02\.-

width) interference filters centered a t .4 microns , .52 microns and .7 microns 

were placed between the aperture and a cooled ITT FW 130 (S -20) photo

multiplier tube o The signa ls were recorded with a highspeed pulse - counting 

data system o 

Lateral variations in the lunar reflectance spectrum were measured by 

scanning strips 130 ore sec in length and 18 ore seconds in width twice in 

each of the three filters. The telescope was moved continuously during each 

scan at the rate of 13 ore sec/ sec. Samples were token along the scan after 

integration periods of .35 seconds separated by .80 seconds of recording time. 

This allowed an overlap of about 35% between consecutively sampled areas. 

This choice of spacing was made to minimize aliasing and to maximize 

coverage. Nine samples were token per scan. Before and after each line 

was scanned a standard area in Mare Serenitatis (17.6°N, 19.4°E) was 

measured . The period between standard measurements was about 5 minutes. 
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GENERAL METHOD AND DATA REDUCTIO N 

The measurement of such re fl ectance varictions is complicated by scan 

position errors, short and long period atmospheric transmission errors , and 

statistical pulse counting errors o This section is intended to describe how 

these effects are minimized and to provide a foundation for interpreting the 

resu Its. 

At some time, t, and at a lunar phase angle, a. , a strip along the 

lunar surface reflects radiation in the direction of an observer. The width 

of the strip is controlled by the field of view of the instrument o This 

radiation can be represented by a function B(x 1 A. ) which is the brightness 

averaged across the strip in the intervals x-x+dx and x.- x_+d x_ , where x is 

the coordinate along the strip and A. is the wave length of the radiation o 

Without loss of generality , B(x 1 A. ) can be written 

B(x,A.) = G(x) C(x, A.) S(A) 

and (1) 

C(x, A.)=l 
0 

where S(A) is the solar insolation, G(x) the albedo variations along the 

strip, and C(x,A.) the differential wavelength dependence along the strip. 

Here A. is taken to be 0.52 microns, so that, the reflectance spectrum, 
0 

C(x, A.) 1 is normalized at 0.52 microns . In general 1 variations in C(x,A.) 

from area to area se Idem exceed 10% whereas G (x) can vary by factors of 

2 or 3. 

The transmission of the earth's atmosphere can be written as the sum of 

two functions 
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(2) A (A. 1 Z 1 t) = T (A. 1 z) + V (A. 1 t) 

T (A. 1 Z) is a secu lor variation dependent on wa ve length and the thic kness 

of the atmosphere tra versed; V (A. 1 t) is a smal ler 1 high frequency variation , 

the amplitudes of which are of the order of 2% under nominal conditions. 

S orne periods of V (A. , t) are longer than the integration times of the 

measurement 1 and thus i ts consti tutes a major source of noise . 

The instrument response is characterized by the spa tial and spectral 

windows W(x) a nd F. (A.) where the index 1 i, refers to the ith filte r . 
I 

W(x) has the form of a symmetric trapezoid and depends on the instrument 

aperture diameter a nd the scan ra te; F. (A) is the transmission of the ith 
I 

filter (Figure 13). The jth sample a long a scan taken in the ith filter can 

be written 

CX)CX) 

s .. 
I 'I = s . 

-(X) 

G (x 1
) C (x 1 ,A.) T(A. ,z) S(A) 

(3) 
• F. (A) W (j !:1 x - x 1

) d A. dx 1 

I 

+ noise from V (A. , t) 

To a high degree of precision (<0 .1% error for lunar areas), C (x , A.) can be 

considered constant over the bandpass {--.-0 .31-l) . Then equation (2) becomes 

(4) 

S .. = 
I,J 

CX) 

f T (A. ,z) S (>-.) F i (A) d /, 

CX) 

r G (x I) c. (x I) w ( i !:1 X - X I) dx I 
u I 

-(X) 

+ noise 

where C. (x) is the wavelength average of C (x , A.) over the bandpass of the ith 
I 

fi Iter. The unknown atmospheric dependencies in the first integral in equation 

(4) are eliminated by forming the ratio between the scan sample, S .. , and a 
l,j 
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stationary observation of the standard area. This ratio, R .. , can be 
I r I 

written 

(5) R •• = 
1r I 

c:o 

J G(x ') C. (x ') W (jt,x - x') dx' 
- c:o I 

A G C 
s s. 

I 

G and C are the functions G(x) and C.(x) evaluated at the standardi A 
S S. I 

I 

1s the area of the aperture . 

R . . is then normalized to one wavelength, that is , divided by R . 
1,( 0,( 

where "o" refers to the wavelength A. • The ratio, D .. r IS 
0 1,1 

D .. = 1 
1,( -

c 
s. 

I 

J G (x') C. (x') W (jb< - x') dx' 
- co I 

f G (x') W(jL.x - x') dx' 
- c:o 

In practice D .. cannot be obtained directly by dividing R .. by 
I, I I,( 

R ., because, due to errors in the position of the intia l sample in each 
0,( 

scan, the sampled points of R .. are shifted relative to those of R . o Since 
1,( 0,( 

the variations in G(x) a re large compared to those of C .(x), small shifts in 
I 

sample point position produce large psuedo-color variation in the ratio, 

D .. o 

1,( 
The relative shift between the two scans is found by considering 

C.(x) a small res idual and shifting the scans 
I 

relative to one another until the 

psuedo-color variations are minimized. The numerical technique used in 

this operation adds high frequency noise which is later removed by low pass 

filtering (Figure 14) o The fi Iter used has an upper cutoff slightly be low the 

Nyquist frequency of the original sampling. Thus the low frequency content 

is preserved. The reduced data appears in t he form 
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~ w ~ 

ANGULAR DISTANCE ALONG SCAN (ARC SECOt\DS) 

R~ l 

Ro,l 

120 

Figure 14 . Data reduction sequence . Curves R
1 

., R ., and R
2 

. represent 
1l O,j 1l 

the luminance measured along a scan line in the three filters 

relative to the luminance measured at the standard area in Mare 

Serenitatis. Subscripts I , 0 and 2 refer to 0.4~-t, 0 .52 and 0.71-1 
c c I respectively. Curves D 
1 

. and D 
2 

. are the simple ratios: R
1 

. 
/1 f d f / 1 

R
0 

. and R
2 

./R . • Curves D 
1 

. and D 
2 

. are the smoothed 
,j de O,j c ,I ,j 

versions of D 
1 

. and 0
2 

. obtained by low- pass filtering . The 
/1 d 

filter has an upper cut- off below the spatial frequency of the 
c 

sampling and is used to remove registration artifacts in 0
1 

. and 
d 
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co 

(7) f 
1 G (x ') C. (x ') W ( jC.X - x ') dx ' D .. = ~ 

l,j c: - c:c I * F s. c:c 
I 

J G (x') W (j 6x - x') dx 
- c:c 

where F is the low pass filter. 

G(x) . 

This form minimizes the effects of the albedo and insolation function 

Along those portions of a scan where C. (x) is constant D:, j becomes 
I I 

(8) f D .. = 
I I I 

C. (x) 
I 

c s. 
I 

and represents the norma I ized reflectance a long the scan relative to the 

norma lized reflectance of the standard . Equat ion (7) is applicable at color 

boundaries and will be used in a later section concerning the recognition 

and location of such boundaries . 

Four determinations of D: . were made for each line in each filter 
l,j 

pair. These were averaged to reduce random noise . 

BOUNDARY RECOGNITION AND CLASSIFICATION OF SPECTRAL TYPES 

Because of the presence of noise in D: ., due primarily to variations 
I I I 

in atmospheric transmission (nominally 2%L it is not possible to simply 

equate variations- in D: . of amplitude 2% or smaller with minor spectral 
I I I 

variation or color boundaries. In order to recognize minor color boundaries, 

it is necessary to invoke one of two criteria: (1) the variations are correlated 

between scan lines or, (2) the change is anticorrelated between the two 

color ratios , D: . (i = 1,2), along the scan . The first criterion is obvious 
IJ! 

as the lines are independent of one another; the second requires explanation. 

If the scans ore anticorrelated, the variation cannot be due to noise in a 
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single fi lte r 1 as R . 
0 I I 

a ppea rs 1n the denominator o f both o: . (i = 1 1 2). 
l,j 

The fun c t ions R . . (i = 1 1 2) are independently determined o 

I I I 
This c ri te rion 

is sens it ive to rota tions of t he spec t ra a bout .52 microns whic h include 

most ma jor spectra l varia t ions. 

The positions of the boundaries can be obtained by using a model 

b d d . . . h f . Df Th. d b . oun ary an companng 1t w1t eatures 1n •• o IS was one y usmg 
l,j 

a step-function model of a boundary and calculating its form as it would 

appear in o: . from equation (7) (Figure 15) o This forward -calcu lated 
ld 

mode 1 boundary was used as a matched filter and autocorrelated with o: .. 
l,j 

The positions of the posi t ive and negative peaks in the autocorrelation 

correspond to the boundary positions o If the peaks are out of phase 1 then 

the changes in o: . are ant icorrelated. An example of the autocorrelation of 
lrl 

this match f i lter wi t h o: . is shown in Figu re 16. 
I I I 

The nex t step in the treatment of the data is to obtain the distribution 

of spec tral types . It is important to discern whet her these types represent 

a continuous distribution or fa II into discre te categories . This is done by 

contouring the density of all lunar points in a plot of normalized relative 

reflectance at 0.4 microns versus that at 0.7 microns (Figure 17a) . Points 

which occur at or near color boundaries are not included in this plot since 

they would display an artifice! mixing between two distinct spectral types. 

The boundary positions are taken from the autocorre lotion spectra described 

above. From the plot in Figure 17a a t least four discrete types o re 

recognizable . It is also apparent from this figure that the variation between 

spectral types occurs primarily in the fo rm of a rotati on of the spectrum 

about 0 .52 microns . Thus the technique for boundary recognition which was 

outlined above should be sensitive to most color boundaries . 
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Figure 16 . Location of co lor boundaries . Examples of D . . are shown along 

f . I tl 
w ith the autocorrela tions of D .. with the mocel boundary , M, 

I I I 
in its output form shown in Figure 15 . Peaks in the au·;·o-

correlction g:vc the positions of color boundaries . N oti ce that 

the autocorrela tions a re a nt!correlated at color boundaries. 
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The spectral type of each point along a scan 1s identified by comparing 

its reflectance values with the type fie Ids shown in Figure 17b. Final maps 

are then compiled from the boundary position data and the spectral types 

which occur between the boundaries o Figures 18aand 18b show two stages in 

the development of such maps o In Figure 18a the boundary and type informa

tion is plotted in the scan grids o Figure 18b was produced by transferring 

this information to a lunar photograph . S olid lines are drawn when color 

boundaries coincide with albedo boundaries o Dashed lines are used when no 

sharp morphologic or albedo boundary is visible at a color boundary o 

VALIDATION AND ACCURACY 

The consistency and precision of the mapping technique can be tested 

in a variety of ways . Figure 19 shows normalized reflectance curves taken 

from McCord (1968) compared with reflectance values for the same lunar 

arec measured in this study o Both sets of data are normalized to the same 

standard area in Mare S erenitatis . The mean deviation of the scanned data 

from the data of McCord (1968) is about 1% . 

A second test of consistency is shown in Figure 18a . Maps of one area 

produced from data taken on different nights and at different phase angles are 

compa red to demonstrate that both the spectra I types and boundary positions 

were reproducible o S i nee the scans were not taken at precisely the same 

lunar positions, albedo boundaries which coincide with color boundaries are 

sketched in to better demonstrate the agreement o 

The linear response of the photoelectric system over a wide range of 

luminance is demonstrated at boundaries such as that between Mare C risium 

and the uplands to the west. The albedo changes approximately a factor of 
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NOR .1ALIZED RELATIVE REFLECTIVITY (0Ap./ 0 .52JL) 

The bivariate frequency distribution of lunar reflectance spectra . 
Each point was plotted as a point representing its normalized 
relative reflectance at 0.4\...land 0 .7~ . The density of all such 
points was contoured . · The contour :nterval is 5 poin~s per grid 
cell (0 . 005 on each side in units given in the figure) . 
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The regions useC: to classify the reflectance of each point along 
the luna r scans. Points resting outside of al l or within two of 
the circles were not classified. Points resting inside individual 
circ les were labeled with the corresponding symbols that are 
shown. 
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Figure 18 . Stages in the constructi on of regional maps. (a) The positions 
of color boundaries and distributions of spectral types identified 
along two sets of scans of one area are comparee with the albedo 
boundaries in that area. (b) A map of the distribution spectral 
types is produced by comparing albedo boundaries with color 
changes along scan lines . 
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2 across this boundary; no color boundary was detected (Figure 20). The 

similarity of the spectral types to the east and west of this boundary was 

documented by McCord (1968). 

The validity of the method is further demonstrated by the correlation 

tn spectral type and boundary position between independent scan lines. In 

addition, many of the boundaries ore coincident with marked albedo bound-

aries . By compa rison with the position of such marked albedo boundaries , 

the errors in the measured positions of color boundaries are estimated to be 

generally less than 1/ 2 the aperture diameter (about 15 km). Much higher 

resolutions (< 3 km) can be obtained by using smaller apertures and slower 

scan rates. This would reduce the a real coverage, however, and require a 

much more accurate telescope tracking capability . 

The dominant sources of noise ore statistical pulse counting errors 

1/2 
(1 / N about 1%) and variations in atmospheric transmission (nominally 

about 2%) which have periods less than a few minutes . Hence the mean 

deviation of the average of four determinations of D~ . is expected to be 
l,j 

about 1% o 

SUMMARY 

The technique presented here is adequate to (1) map variations in the 

normalized reflectance of the moon with amplitudes greater than about 1%, 

(2) locate the boundaries between major spectral units with an accuracy of 

about 15 km, and, (3) identify the spectral types of the units mapped and 

determined whether these types form a continuous progression or fall into 

distinct categories o 
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ABSTRACT 

A model for erosion of the lunar surface by impact of small projectiles 

is deve loped which provides an analytic representation of the change of 

crater shape as a function of time . The model is applied to the erosion of 

craters approximately 1 m to 1 km in diameter . The lifetime of a crater in 

this size range, which is steadily eroded by impact, is approximately 

proportional to its radius . The model predicts the observed steady state size 

frequency distribution of sma II lunar craters and the dependence of this 

distribution on the crater production curve. 
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INTRODUCTION 

During recent years knowledge of the distribution of lunar craters has 

been extended to c raters smaller than 10 em in diameter by Ranger 1 Orbiter 

and Surveyor imaging systems. The formation and morphologic evolution of 

craters smaller than about 1 kilometer are the subjects of this paper. The 

general form of the observed diameter-frequency relation for craters in the 

lunar maria is shown in Figure 21. The observed slope of the total cumulative 

distribution changes from -1.7 (R~ 1 km) to about -3.0 (10tn ~ R ~ 1 km) . 

From observed secondary distributions produced with large lunar craters and 

nuclear craters and from the observed distribution of large lunar craters 1 

investigators have predicted that the population of secondary craters should 

exceed that of primary cra ters for diameters less than about 1 km (Shoemaker 1 

1965; Brinkmann 1 1966) . This domination of the total distribution by second -

aries below about 1 km diameters is further demonstrated by an extrapolation 

of the distribution of telescopica lly observable secondaries to smaller sizes 

~ee Figure 21). 

The predicted slope of the population in the range R < 1 km is between 

- 3 .3 and -4.0 (Shoemaker 1 1965; Brinkmann 1 1966; Walker 1 1966) . The 

discrepancy between the observed and predicted exponents is probably due to the 

sens itive dependence of the secondary distribution of a single impact on the 

proximity to that impact . Any prediction of the secondary population over 

the lunar surface must take into account this effect . In any case the 

observed and predicted increase in slope (R ~ 1 km) provides an insight into 

the nature of the production of these smaller craters . The observed 

distribution maintains a steep slope {-v - 3 .0) down to diameters of a few 

hundred meters . Below this diameter the observed distribution departs markedly 



95 

~ 6~----~----~-----.------.------.-----, 

C\J 14 
E 
~ 

<.D 
0 
'12 
0:: 
w 
0... 
0:: 
1\ -i O 
(/) 

0:: 
w · 
~ 
c:::: 
(.) 

IJ.. 
0 

8 

0::: 6 
w 
CD 
:a! 
::::> 
z 4 
w 
> 
r--
<( 
_J 
::::> 
~ 
::::> 
(.) 

0 
0 
_J 

2 

0 

OBSERVE D DI STR IB UTION 

TELESCOPICALLY OBSERVED 

SECONDARI ES 

TELESCOPICALLY OBSERVED 

PRI MARIES 
000000000 

' PRI MARI ES 
\ ~ { TELESCOPICALLY 

Si:CONDARI ES_....,...\ OBSERVED) 
(TELESCOPICALLY\ 
OBSERVED) \ 

\ 
\ 
\ 
I 
I 

-2L-----~-----L----~------~----~------
-2 0 2 4 6 8 10 

LOG R ( m ) 

Figure 21 • The observed distribut ion of c raters in the luna r maria (a fter 
S hoema ker , 1965) . 



96 

from the predicted distribution as the slope changes to -2 .0. In attempting 

to explain the scarcity of these smaller craters (R ~ 10~) several investigators 

have cone luded that these craters form a steady state population such that 

craters disappear at the same rate as others are formed (Shoemaker , 1965; 

Moore, 1 965) • 

The investigation of the mechanism by which craters are destroyed has 

produced two theories . Marcus (1964) considered the erosion or disruption 

of topography by impacts producing craters of size comparable with the 

topography affected . Shoemaker (1965) and Ross (1968) have suggested 

erosion by small particle bombardment , more accurately: bombardment by 

meteoroids and secondary lunar fragments producing craters sma II compared to 

the topography . The problem considered here is the steady erosion of a 

surface by repetitive impacts producing individual effects small compared to 

the topographic seale. It is assumed that the observed distribution in the 

range 100 m to km represents the crater production curve applicable below 

100 m diameters . In this paper the model is to be applied specifically to 

the erosion of fresh craters with diameters of a few meters to a few hundred 

meters. Erosion of these craters, as will be shown, is effected primarily by 

craters in the size range 1 to 100 meters . An analytic solution of morpho-

logical change is desirable Jn order to predict crater frequenc y distributions 

in radius and slope as functions of surface age and particle flux . 

FORMULATION OF EROSION MODEL 

In forming an analytic theory of impact c ratering erosion, the basic 

problem is to mathematically describe the effect of a single impact. C onsider 

first an impact on a I eve I surface which forms a crater of radius R and some 
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ejecta distribution F(r) (cylindrical coordinates). Experimental evidence 

indicates that most of the moss is ejected at a nearly constant angle, e , 

the angle measured from the surface normal, and that angle is approximately 

independent of the angle of impact except for cases of grazing incidence 

which form a small pe rcentage of all impacts (Gault, et olo, 1963) . It 

will be assumed that all mass is ejected into a cone of apex angle 6 from 

a ring of radius R o Since it will be demonstrated that the transport of mass 

by a single impact is on insensitive function of F(r), each of these two 

assumptions imposes negligible error o 

The time of flight of an ejected particle which lands at a distance r 

1s given by 

(1) t = [2(r-R~ cot e J 
1/2 

where g is the acceleration due to gravity o 

Consi der now an impact on a flat surface tilted at angle Q • This 

system can be described in terms of a reduced normal gravity g cos ~with 

a horizontal acceleration g sin Q (Figure 22). 

From equation (1) the time of flight IS 

1/2 

(2) t = [ 2(r-R) cot e 
J g cos ~ 

The center of mass of a ring arriving at time t on a horizontal surface IS 

shifted downs lope by B on the tilted surface. where 

(3) B = 1 

2 

2 . 
g t sm 2 
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g cos<~> 1 
Figure 22. The geometry of the trajectories of material ejected from a 

crater eroding a surface with slope ~ . 
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The disp lacement, W , of the center of mass of the whole ejecta pattern 

downs lope is the n 

w = 

, co 
~R f•(r) (r - R) tan Q cot 8 2 71 pr dr 

(4) 
.,co 

-k f•(r) 2 n pr dr 

where F •(r) is the ejecta pattern F (r) unde r reduced norma l gravity, g cos ~ , 

on a level surface o In order to test the sensitivity of W on f•(r) in 

equation (4), consider an ejecta profile of the form 

~; r < R 

(5) F 1 (r) = 1- (~R -r). R < r < ~R 

~ -1 ' 
o, r < s R 

where C and S are the vertical and horizontal dimensions of the ejecta 

blanket. 

Using equation (5) in equation (4) the displacement becomes 

(6) W = R (§ + 1) (s - 1) tan Q cot 8 

2 ~+ 2 

The dependence of Won ~ 1s shown in Table4. Clearly W is not a 
-

sensitive function of f•(R) between the extreme cases shown in Table 4. For 

craters about a meter or larger in diameter, exper imental evidence indicates 

that most of the ejecta falls within a few crater radii (D .Eo Gau It, personal 

communication, 1969). A reasonable choice for S is between 3 and 4 . 

For geologic materials 9,...,45 ° and equation (6) becomes 

(7) W ,..., R tan (J? 
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Tab le 4 . The dependence of the constant in equation (6) on the form 
of the ejecta profile or eroding craters . 
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A simple differential equation for the steady -modification of the surface 

by random impacts of small bodies may be derived through the use of 

equation (7). Suppose two relations to exist. The first is 

where Me is the mass ejec ta; p 1 its density; R, the crater radius; and C
1

, 

a c onstant (approxima tely 1/2) o All craters a re assumed to have simila r 

initial shapes, which is approximately true for c raters of a few kilomete rs 

tn radius or smaller (Shoemaker 1 1965) o The second relation is 

(9) N A = 
R A 

where N is the cumulative number of craters formed per unit time and area 

with radius greater than R; A and A are constants. From the production 

curve for smaller craters (diameter 102
m :$;R :$; 1 km) A is approximately 3.0 

(Morris and Shoemaker 1 1969) o 

Next consider a two-dimensional topography in which the height, h 1 

is a function of only one variable, x . At x 1 and x2 are two verti c le pla nes 

separated by !J. x . C onsider eroding impac ts which form c raters of ra dius 

R--+ R + dR. Using equa tions (7) , (8), and (9), the mass moved a c ross the 

plane at x 1 in . tJ.t is 

(1 0) = C
1 

pA oh !J.t R3- AdR 
ox 

Here it is assumed that W o 2h 2 1s small compared to o h; that is the slope 
ax ox 

~does not change significantly between x 1 and x 1 + W. This 
ox 
assumption is valid because, as will be shown, erosion is caused chiefly by 
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partie les forming craters which ore smaller than the feature being eroded. 

Like equation (1 0), at x
2 

we write 

(11) 6M2 

Integration of equation (l 0) over R from 0 to some R yields 
max 

(12) = c1 pA 

4-A 

R 4-A 
max 0 h 

ox 

R is the upper limit of the distribution of eroding craters whose 
max 

effects can be meaningfully averaged over the surface. Craters larger than 

R produce catastrophic, isolated effects which do not change the average 
max 

form of the topography o Further, R increases with time as larger craters 
max 

become more abundant and can be included in the uniform distribution of 

c ra ters which have saturated the surface o The explicit time dependence of 

R must be determined after integration of equations (13) and (14) since k 
max 

represents the average rate of erosion for the time interval between t=O a nd 

some time at which the solutions ore evaluated . 

A similar expression for M
2 

can be derived from equation (11)o From 

conservation of mass the following simple differential equation for the height 

is obtained 

(13) 

where 

(14) 

= oh 
ot 

k = C A R 
4
-" 

1 max 

4- A 
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This eguation is c ommon in diffusion problems such as heat flow; the 

solutions present no difficulty. 

For the example and application of this paper we will consider a 

freshly formed crater as the initial topography . In cylindrica l coordinates, 

assuming radial symmetry, the di ffe rentia l equation becomes 

(15) k 
2 

{ 0 h + ;; 
The initial crater profile is 

(16) h(r,O) = H(r) 

r 
~}= 
or 

oh 

ot 

Assume that the radius to the crater rim c rest does not c hange, that IS 

(17) 

where a is the radius of the crater being eroded o This particular boundary 

condition was chosen because the resulting solution is a series of Bessel 

functions rather than the Fourier-Bessel integral as is the most general 

solution. With this series it is then easier to note the dependence of time 

constant on spatial frequency in the solution. Also the series solution 

contains the characteristic length scale of the problem . In any case, both 

solutions give the same resul ts as w il l be evident from the initial form 

chosen for H(r) o Then 
a 

(18) 2 \' 

co 
2 2 

h(r, t) = r' H(r'd) dr ' + }~ exp(-k a. t/a ) 
~ .... n 
a 0 a 

a 
• ) 

J (a. r/a) J r' H(r') J (a. r'/ a) dr' 
0 n 0 n 

J (a.n) 0 
0 
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where a.n are the roots of J
1 

(a. n) = 0. 

In order to facilitate computation, it 1s convenient to assume an 

initial crater profile given by 

(19) H(r) = ,!j (1 - J
0

(a. 1 r/ a)) 

which is shown in Figure 3 (a. 1 = 3 .83). This is a logical choice of initial 

shape because the first root is the longest lived in the solution. 

Using equation (19) in equation (18) we have 

H { .., 2 2 (20) h(r ,t) = T:4 1 - J 
0 

(a. 1 r/ a) f exp (- ka.
1 

t/a ) 

The maximum s lope inside the c rater as a function of time is 

·(21) ohl 
or I 

= 

max, t 

o h I 

or 1 
max, 0 t = 

2 2 
exp (- k t/a ) 

a.1 

Solving equation (21) for t we have 

0 h i 
2 

I 

(22) t = a or I 0 max, t = 
In 

ka. 
2 

0 hi 
1 ~ max t I 

where t 1s the time at which the maximum slope inside the crater is 

0 h l Note that the explicit time dependence of k has not yet 
ar1 max , t 
been determined. 

Next consider the meaning of R m equat ion (14). R is the 
max max 

maximum eroding crater radius considered in the model. Craters smaller than 
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R are so abundant and overlapping that tneir effect can be considered 
max 

spatially continuous, w hereas craters la rger than R are distinct and 
max 

isolated . R is taken to be t he lower limit of t hat crater size 
max 

distribution which just blankets the surface in time t . Assuming that the 

surface is blanketed when the total crater area is twice the surface area, then 

co 

(23) 
(\ 

R2 
t VR A TT dR = 2 

max 
R 

A. + 1 

or 
1 

R = A t R 
I 

max 2 (/.. -2) 
(24) 

The in terval R to 3 R contributes 70% of the total integral of 
max max 

equation (23) . Hence, although the definit ion of R is rather arbitrary, 
max 

R itself is insensitive to the value of the integral that is chosen . Using 
max 

the time dependence of R (equation (24)) and the expression defining k 
max 

(equation (14)L the history of the crater shape can be obtained (See Figure 

23). The 11 lifetime 11 of a crater, 'T" 1 is defined as the time after which the 

maximum slope in the crater is less than some arbitrary small slope, Sf . 

Then using equat-ions (14) and (24) in (22) we have 

(25) ,. 

/.. - 2 
-2-

/.. -2 
a 

where S. is the initial slope, 0h/or l max, t=O. Using the observed slope /.. 
I 

of the crater production curve, the lifetime depends on the radius raised 
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h(r,t) 

1H 

0 a 

Figure 23. The evolution of t he profile of the idealized crater 
considered in the model. r is an arbitrary unit of time . 
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to an exponent between 1.0 and 1.2. Finally we wish to calculate the 

ratio of R to a 
max 

2 

(4 - A.)TT In 
(26) R = max 

a 

_c 1 c. 1 2(;...-2) J 

This relation is plotted as a function of crater slope in Figure 24 over a 

range of values for c
1 

from 0.5 to 1.0 and for A. from -3.0 to -3.2 . The 

intent of Figure 24 is to show that erosion of a crater is a rather continuous 

process down to slopes of 10° to 15° , a lOOm crater being primarily effected 

by craters smaller than a few tens of meters . Below 10° to 15° the surface 

becomes mottled and crater shape irregular as erosion by larger craters 

becomes effective. This effect is obvious on comparing O rbiter photographs 

taken at low solar incidence angles (ie . ~70°) with those taken at high 

incidence (ie. >80°). 

Hence, un_til the slope drops below a few degrees, erosion by impacts 

producing craters small compared to the topographic scale is more effective 

than is dis rupti on of topography by large impacts over all sizes for which 

equation (9) holds . 

From equation (9) the steady s tate distribution for t > T is 

(27) N = c 

co A -(A.+l) r ,. n dil 
v 4 
D 
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Figure 24 . The relation between R , the maximum radius of craters 
max 

effecting erosion, and a, the radius of the crater being 
-

eroded as a function of the maximum slope inside the eroded 

crater . The field is plotted over ranges of c
1 

between 0.5 

T and A between -3.0 and - 3 .2. The plot is intended to 

demonstrate a functional relationship and not a precise 

numerical prediction since the rat io is very sensitive to the 

values of c
1

, A and the erosion rate. 
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whe re N is the cumul a t ive number of c ra ters per unit area larger than c 

diameter D (T' is a dummy variable of integration over diameter) . Using 

equation (25) in equation (27) we finally have 

(28) N = 1 
c l 

(4-A.) In G) 
f 

A_-2 
-2-

COMPARISON WITH OBSERVED DISTRIBUTIONS 

4-A. 

-2 D 

The observed distribution of craters with diameters less than about 

10
2

m (Figure 21) is 

(29) 

where N is the observed cumulative number per 10
6 

km
2 

with diameters 
0 

greater than D (in meters) (Traskr 1965i Morris and Shoemakerr 1969). The 

observed slope of the power function representing the production of smaller 

craters (< 1 km) is generally between -2 .9 and -3 .2 (Morris and Shoemaker r 

1969). Over this range A. and for Sf between 1 ° and 5° and C 
1 

between 

.5 and 1 r equation (28) gives for the steady state distribution 

(30) 

The observed distribution (equation (29)) was measured from Ranger and 

Orbiter photographs, and it remains unresolve-d as to what the lower limit of 

the slopes of craters included in that observat ion is. A range of final slope 

(Sf) between 1° and 5° was used in calculat ing equat ion (30) for comparison 

with observation . The model predicts the relation between the production 
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rate and the observed steady state distribution. The slope of the steady state 

distribution is -2, independent of a ll other parameters; the constant in the 

steady state distribution is a function only of the slope of the production 

curve or transient distribution (1 00 m to 1 km, Figure 21) 

It should be noted that the appropriate slope for the crater production 

curve for craters smaller than about 10 
2

m might be somewhat steeper than the 

observable production curve of craters with diameters between 10
2

m and 1 km . 

As was pointed out in the introduction, the predicted secondary population 

slopes range from ·-3o3 to -4o0. For example, a slope of -3.8 yields 

As the slope approaches -4.0 the mode I b reaks down because the erosion 

rate depends on the lower limit of the eroding craters rather than an upper 

limit (R ) o The observed distribution is probably the most appropriate to 
max 

use for the crater production curve, and equation (30) is a better prediction 

of the steady state population than is equation (31) . 

DISCUSSION 

It is important to examine the stability and sensitivity of the model to 

several assumptio_ns implicit in its development . The definition of R 
max 

is rather arbitrary. It represents that size crater be low which craters eroding 

the surface con be treated as spatially continuous. Craters larger than R 
max 

are discrete and discontinuous and affect only a small percentage of the total 

area during the time required to erode a crater o Any error arising due to 

the ambiguity in R would be represented by a multiplicative constant in 
max 

the relation between a and R since the relation is linear in the radius of 
max 

the crater. Hence, the expression for the 1 ifetime, ,. , as a function of 
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radius is on ly affected by a multiplica tive constant and the relative life -

times of different size craters are unaffected . Due to the uncertainty in 

A, the determination of absolute lifetimes is not presently possible anyway. 

Slumping was not considered in the model although it is probably the 

dominant eroding process early in a crater's history. However the crater 

slope remains high for only a small part of its lifetime and the inclusion 

of slumping would only serve to complicate the model . 

It should also be pointed out that the model as it is presented is valid 

only over the range 2<A. 4. When A. < 2 larger craters effects the topography 

before smaller ones. That is to say the toto I area of craters formed greater 

than any particular diameter is always greater than the total area of those 

craters smaller than that diameter. Such a distribution with a low slope 

was li kely involved in the formation of the lunar uplands (Gault 1 1969) . 

When A,>4 the erosion rate is controlled by the lower limit of the distribu

tion of eroding craters. Integration of equation (11) must then be from 

some minimum radius, R . to oo . Thus when A.> 4, k is independent of a 
m1n , 

since the same R . would apply to all craters. The predicted slope of the 
m1n 

steady state distribution would then be 2 - A.. 

Erosion for -a A. typical of the lunar maria is effected primarily by 

craters between • 1 R and R 
max max 

Although the number of impacting masses 

per unit size range increases with decreasing mass, the eroding power or mass 

flux 1 decreases faster with decreasing mass . This is important because we 

then need only to req uire that the power function for crater production hold 

over a limited range . 

The lifetime 1 'T" 1 of a crater was calculated assum1ng a constant 

meteoritic flux during its erosion . This may not be a realistic assumption 1 
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particularly for craters formed shortly after accretion during which the flux 

was probably rapidly decreasing . The model is still valid if 'f is thought 

of as the integrated flux that has fal len on the surface since the formation 

of the crate r. Thus the time seale used m the mode I is distorted by the 

flux history . As absolute crystallization ages become avai lable from the 

Apollo samples it will be possible to obtain the flux history using this 

erosion model. That subject will be considered in detail in a future paper. 

SUMMARY 

The model presented here is an idealization of erosion of a radially 

symmetric crater formed in a flat level topography. It is also possible to 

apply the differential equation governing mass transport to other kinds of 

topographic features such as rilles, ridges , and domes and to examine the 

evolution of their morphologies with time. In the case of the radially 

symmetric crater, the morphology approaches the form of the Bessel function 

- Jo as it is smoothed by the erosion process. The erosion model developed 

here applies to craters a few meters to a few hundred meters in diameter 

as they are fairly uniform in initial shape, that is: . few flat floors, as 

shown by Ranger photography (Shoemaker, 1965) . 

Finally, it - is important to point out that the model predicts the 

continuous distribution of morphologies from sharp fresh craters to smooth 

and shallow craters , and it may not be necessary to invoke different 

mechanisms of crater formation in order to explain the various morphologies 

of the bulk of the craters . 
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APPENDIX Ill 



11 6 

A TEC HNIQU E FOR O BTAININ G RELAT IVE AGES 

FOR REG IO NS OF THE LU NAR SURFACE 

INTRODUCT IO N 

The aevelopment of techniques employing lunar photography to establish 

relative ages is paramount to understanding the geologic history of the lunar 

surface . The crystallization ages obtained from Apollo lunar samples provide 

absolute calibration for such relative age dating methods . It is then possible 

to obtain absolute ages for many lunar regions and features . The technique 

used here to obtain relative age is based on a determination of the total 

accumulation of craters on an initial ly f lat and featureless surface. 

Relative ages obtained with t his method, coupled with absolute age measure -

ments of Apo l lo lunar samp les, can be used to estab lis h the meteorite flux 

history in t he earth- moon e nv ironment and to de te rmine absolute ages for 

many lunar regions and fea tures. 

The continued accumulat ion of impacts on a surface produces a chang-

ing distribution of craters which at any time reflects the integrated flux of 

all projectiles striking that surface since it was featureless . The production 

of craters with diameters less than about 1 kilometer can be represented by 

(1) N = AD/.. 

where N 1s the cumulative number of craters formed per unit time area with 

diameters greater than D; A and ).. are constants. The slope of the production 

curve (A) is between -2.9 and -3 .2 (Shoemaker, et al . , 1969}. Initially 

the distribution of craters formed on a surface has the same slope as the 

production curve. As time elaspes, craters smaller than some specific 

diameter reach steady state; that is, these craters are destroyed as fast as 
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they a re generated . The paper in Appendix II (hereafter referred to as 

Paper 1) was concerned with the re lotion between steady state a nd 

production curves. The t ime history of the overa II distribution as predicted 

in Paper 1 is shown in Figure 25. A lso shown in that f igure is the size

frequency d-istribution for the Surveyor VI landing site (Shoemaker, et al., 

1969) o As might be expected, the steady state portions of distributions at all 

sites lie along the same curve, which has the form 

(2) N = 1010 . 9 0 -2.0 
ss 

6 2 
where N is t he cumulative number per 10 km and D is measured in meters o 

ss 

This distribut ion was first documented by Trask ( 1965) a nd has been found to 

persist at all Surveyor landing s ites down to crater diameters of less than a 

meter (Shoemaker, et a I ., 1969) o 

The diameter of the largest size crater in steady state (C ) gives a 
s 

measure of the relative age of the surface. To determine that point by 

simply counting craters is at best difficult. Laborious counting over large 

areas is required to obtain adequate statistics . Furthermore, the distribution 

in any region may be quite irregular due to swarms of secondariesi thus a 

local region ma>_:: not accurately reflec t the idealized distribution depicted in 

Figure 25. Any technique that depends on the statis t ics of craters with 

diameters greater than C suffers because of this randomness • 
s 

A second technique used to measure relative age is based on a deter-

mination of the regolith thi c kness (Oberbeck and Ouaide, 1968; Shoemaker, 

1970). Shoemaker (1970) has mathematically related this thickness to the 

accumulated crater population and to C • This method suffers from difficulties 
s 

in that (1) relatively high resolution photographs (resolution of the order of a 
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surfaces of arbitrary age, as derived from the erosion model , are 
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meter) ore rec;uired to estimate the regolith thickness, (2) the thi ckness 

of the debris layer is far fr om uniform and many measurements wit hin a 

single a rea are necessary to estab lish the mean thickness , and, (3) the 

method is affected by local variations in the competence of different strata 

such as thin volcanic flows, ash flows , and other blankets which might be 

misinterpreted as a regolith layers. 

The method presented here is not affected by random variations in the 

distribution of large craters 

to sma II areas (of the order 

(diameters greater than C) ; thus it can be applied 

2 
of 1000 km ) • The method involves a minimum 

of time and labor and does not require high reso lution photography as do 

measure ments of regolith thickness. 

METHOD 

The technique described here depends on the s hope of large craters 

(diameters near C ) • The change of shape as shown in Paper 1 is effected 
s 

by impacts which produce craters that are small compared to the crater 

being eroded. During the period of time in which a crater is eroded, the 

number of small eroding craters formed becomes so great that random 

statistical variations in their distribution are averaged out. The shape of a 

large crater is therefore a very sensitive indicator of the total number of 

small impacts that have occurred on the surface since the crater was formed . 

The shape of a crater can be parameterized by its maximum interior 

slope. The slope - frequency distributions for three arbitrary crater diameter 

(0.80, D, and 1 . 2D) shown in Figure 26 are calculated from the model in 

Paper 1 for some time, t, since the surfa ce was feature less. In principle, 

it is possible to obtain the surface age by measuring any one of the 
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Figure 26. Frequency of craters as a function of t he slope of t he crater 
wall. The slope - frequency distributions of c ra ter walls is shown 
for craters of three arbi trary diameters as predicted by the 
erosion mode I • 
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distributions shown in Figure 26. The age of the surface is just the time 

required to erode a crater of a given radius to the slope which terminates 

the slope-frequency distribution of craters of that radi us. From the model 

in Paper 1 the relative age, 'T , is then 

(3) T = Cln1/
2

(S./S) D 
I t 

where C IS an arbitrary constant; S. is the initial crater slope (,._,tan 30o ); 
I 

D is the crater diameter; and S t is the termination slope . 

The determination of relative age directly from these slope-frequency 

distributions is not practical since sufficiently precise measurements of slope, 

using standard photoclinometric techniques, are not possible. However, the 

crater size (D ) whose slope - frequency distribution is termina ted at a slope 
s 

equal to the elevation of the sun above the horizon (S ) is directly measur
s 

able from photography . The slope- frequency distribution for craters of 

diameter D in Figure 26 is drawn so its termination slope is equal to the 

sun elevation angle,S • All craters larger than D have shadowed interiors. 
s s 

From equation (3) the relative age of the surface is 

(4) 1/2 
T = C In (S ./ S ) D 
.. _ I S S 

In practice, the most precise way to determine D photographically is 
s 

to first measure the radio of unshadowed to shadowed craters as a function of 

diameter. The ratio is zero for craters larger than D • The form of such a 
s 

ratio - diameter relation as predicted from the erosion model of Paper 1 and 

shown in Figure 27 is given by 
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p = 0, D> D s 

D 
(5) p s - 1, C <D< D = 

D s s 

p D = s -1, D<C 
c s 

s 

where P is the ratio of unshadowed to shadowed craters and C is the 
s 

diameter of the largest size c rater in steady state. The constant value of 

P for D<C is dependent on the photo quality since C is controlled by the 
s s 

lower limit of slope at which a c rater is recognizable. Although over the 

range of crater diameter between C and D the observed ratio may not 
s s 

precisely fit the predicted ratio because of random statistical variations , the 

diamerer above which P is zero remains D o 

s 

Equation (3) and (4) contain the implicit assumption that the meteorite 

flux has remained constant throughout time . The flux probably has not been 

constant, however , and the time scales used in equation (3) and (4) are 

likely distorted by the flux history . The concept of time can be removed if 

-r is thought of as the integrated flux fa !len on the surface. In order to 

avoid these conceptual problems and to provide a standard for comparison 

11ages u are stated in terms of the size of crater, DL, which would be 

eroded below some small slope, Sf ' in the lifetime of the surface. DL is 

given by 

(6) = 
In l/2(5./S ) 

I S D 
s 
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Figure 27. The ratio of unshcdowed to shadowed craters as a function of 
crater diameter, as calculated from the erosion model. This 
ratio, P, is shown for three solar elevation angles, Ss. Ds 
is the diameter of the largest unshadowed crater and increases 
with increasing Ss. Cs is the upper limit of diameter of craters 
in steady state. It was assumed that Cs does not vary with 
solar elevation angle. 
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In applying the method outlined above it is necessary to develop 

consistent criteria to measure the distribution depicted in Figure 27. 

Paramount to this is the photographic definition of a shadow . The most 

consistent definition is that a crater is unshadowed when features (slump 

marks 1 fractures 1 craterlets) are visible in the nearly shaded portion of the 

wall. This definition overcomes most ambiguity in classi fying an individual 

crater 

It was found that a rapid v isua l evaluation of a photograph could be 

used to obtain D with nearly the same accuracy as obtained by fully 
s 

defining the distribution shown in Figure 27 . This technique involves looking 

for the largest c !early unshadowed craters as a lower I imit for D 
s 

and the largest crater whose shadow profile has iust disappeared as the 

upper I imit. It is necessary to avoid anamolous depressions which may have 

initially had low slopes. This difficulty can be avoided if one tests that 

the unshadowed craters smaller than the 11 largest unshadowed crater 11 become 

rapidly and increasingly more abundant with decreasing size. A deter

mination of D by this technique has an uncertainty of about 10% based on 
s 

the variation between measurements of different observers and from 

comparison with -co leu lations made from observations which define the 

complete P vs D relation shown in Figure 27. 

VALIDATION 

The technique requires confirmation that (1) age determinations for one 

area made from different photographs with different solar inc idence angles 

must give the same value for DL; (2) the measured re lotion between P and D 

must on the average approach the predicted curve of Figure 27; and 1 (3) age 

measurements for different regions formed at the same time must agree 
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irrespective of local random variations in the size-frequency distributions. 

Table 5 lists the relative ages determined for several lunar sites . The 

size of crater eroded below 4 o in the age of the surface was determined for 

each site from two different photographs taken at different solar illumination 

angles. Comparison of the different measurements for each site shows that 

although the measured values of D and S differ, the calculated values for 
s s 

DL remain constant. 

Table 5. Comparison Of Determinations Of Relative 
Ages Of Individual Surfaces From Different 
Photographs 

Orbiter Site s DL 
Region and Frame s 

Oceanus Procellarum 
r V 27a Mill 18° 175 + 30 

(250 kilometers east 
Ill P7a M86 13° 160 + 20 

of Surveyor 1) 

Oceanus Procellarum 
{ Ill P 10 170 12° 300 + 80 

(NE corner of Ill Ill 525 M 161 18° 330 +70 
P1 0 M 170) 

Sinus Medii 
{ V 42a M171 15° 160 + 20 

(North of NW-SE 
111 P11 M174 21 ° 170 + 20 

Mare Ridge) 

Figure 28 compares the predicted and observed relations between P and 

D for one site measured at two different solar illumination angles. The 

shaded areas represent the regions of acceptable fit of the theoretical 

functions to the data. The slope-frequency distributions predicted from the 

erosion model are in good agreement with those observed. 

In order to apply the third test mentioned above, it IS necessary to 

locate different areas which are likely to be the same age. From the 

relativ.e visible reflectivity data of McCord, Johnson , and Kieffer, (1969) 

three areas (II P 13, I I I P 11, and Surveyor 1) were selected for comparison 
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with sun angle o 



127 

because (1) the spectral reflectivity curves are nearly identical, (2) they are 

in the same genera I province (Southern Oceanus Proce llarum), and, (3) 

there are no significant albedo or morphologica I boundaries between them . 

On these criteria there is some basis for presuming these sites to be of the 

same age . Furthermore, site II P 13 is riddled with a large number of 

Keplerian secondaries and affords a good opportunity to test the effect of 

irregular distributions of large c raters (D,.,..D ) on the technique . The 
s 

relative ages measured at each of these three sites are compared in Table 6. 

Table 6. Comparison Of Relative Ages Determined For 
Various Areas In Oceanus Proce llarum . 

O rbiter Site 

II P 13 

Ill P 11 

Surveyor I 

Region 

Oceanus Procellarum 
200 Kilometers 
North of Surveyor I 

Oceanus Procellarum 
250 Kilometers East of 
Surveyor I 
South Centra I 
Oceanus Proce llarum 

160 + 30 
170 + 30 

160 + 20 
170 + 20 

160 + 30 
140 + 20 
150 + 20 

The erosion model, on which the pating technique is based, includes 

only the process of material transport by impacts producing individual effects 

which are small compared to the feature being eroded. When the crater is 

steeper than 20o to 25°, other processes such as slumping are most certainly 

more effective erosive mechanisms . Processes such as blanketing by ejecta 

from large nearby craters and crater overlap are more important for slopes 

less than 5o to 10o. Therefore the technique is only valid for a range of 

solar incidence between about 10o and 20°. The dominance of the erosion 
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process described in the model in Paper m the crater slope range of lOo 

to 20 o is well documented by observation. First, the model predicts the 

relation between the observed production and steady state size-frequency 

distributions . Second, the observed slope-frequency distribution of craters 

is predicted by the erosion model (Figure 28). Third , well formed cra terlets 

are visible on the walls of craters in this slope range; and therefore , 

slumping does not play an important role in the erosion of craters in this 

range (10o to 20°). Fourth, the total area of craters with slopes greater 

than 10 o is only a few percent of the toto I surface area. Hence crater 

overlap and ejecta blanketing by craters of size similar to that being eroded 

are not dominant mechanisms over the 10 o to 20 o slope range . 

LIMITATIONS AND ERRORS 

There are primarily two sources of error. These arise from topographic 

irregularities of the original surface and from variations in the dynamic 

range, contrast , and density in the avai !able Orbiter photography. 

It was assumed in developing the method that the original surface upon 

which c rate rs began to accumulate was initially flat and featureless . This is 

usually valid for surfaces formed by flows or blankets which were thick 

enough to obscure any topography of original surface on which they were 

deposited. When deposits were too thin to conceal pre-existing topography, 

craters larger than a certain size are visible as shallow depressions which 

become steeper and fresher in appearance with increasing size . If care is 

not exercised to recognize such surfaces, D may be overestimated by a 
s 

large amount. These areas can be identified visually since the crater 

populations consist of two diameter-ranges of predominantly unshadowed 

craters separated by a diameter- range in which unshadowed craters are 
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scarce. Such regions can also be recognized from bumps and irregularities 

which appear in P versus D relations which appear at diameters greater than 

D 
s . 

The second kind of surface which violates the assumption of "an 

initially flat and featureless surface 11 is the ejecta blanket. These 

surfaces are typically rubbly and hummocky . To model the development 

of the distribution of small craters on such a blanket is a very difficult 

task . Craters wi II generally last for shorter periods of such surfaces . A 

reasonable estimate of the relative age can be made for blankets whose 

typical roughness wave length is large compared to D o Care must be taken 
s 

to measure distributions only on the flatter portions of the blanket and to 

avoid steep portions . Such measurements give an upper limit for DL since 

craters tend to disappear more rapidly than they would on an initia lly flat 

surface . 

Young craters such as C opernicus and Tycho are datable by this 

tec hnique o Older ejecta blankets such as the ejecta from the formation of 

the Imbrium basin (Fro Mauro Formation) cannot be dated s ince D exceeds 
s 

their typical roughness wavelengths . 

.The second source of error arises from nonuniformities in the processing 

of the O rbiter photography o An extreme example of this effect can be 

seen in comparing Orbiter Y 11a frame M55 with Orbiter Ill P1 frame M5 . 

The first of these was photographed with a solar incidence ang le (above t he 

horizon) of 22 0. Numerous craters in this frame appear to be flat bottomed 

with a portion of the crater walls shaded. In the second of these photographs 

in which the solar elevation angle is only 14°, these same craters appear 

shallow, smooth, and unshadowed. This peculiarity arises because the range 
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of insolation variation in O rb iter V !Ia frame M55 exceeds the dynamic 

range of the photograph. Thus brightness levels below a certain value 

appear black or shaded . An effect which is this extreme is rare . It is 

extremely difficult to distinguish this artifically induced morphology from 

that of craters which are actually flat - bottomed . The only foolproof 

method of a voiding large errors in the determination of relative age is to 

reject such photographs whic h show an inord inant .number of flat - bottomed 

c raters . 

SUMMARY 

The technique presented here can be used to determine DL, the 

largest crater that can be continuously eroded below the limit of recogni 

zibili ty in the age of the surface to an accuracy of about 10% . The 

advantages of the technique are : (1) the d~termined value of DL ts 

independent of the illumination angle, (2) the measurement is independent 

of statistical variations in the population of craters with diameters near to 

or larger than DL and, (3) the application of the method is neither time 

consuming nor laborious allowing one observer to make a large number 

of precise measurements in a short period of time. It should finally be 

noted tha t DL is a nearly linear function of the integrated flux fallen on 

a surface. Thus , in the case of constant flux , DL is linear with the 

absolute surface age . 
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APPENDIX IV 
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RELATIVE A GE DATA 

This appendix contains a list of the data used to ca lculate the relative ages 

of a number of regions on the lunar surface . Me asurements were made from 

Orbiter Ill and Orbiter V photographs . D is the diameter in meters of a crater 
s 

which would be eroded from an initial maximum interior slope of 30° to a slope 

equal to the elevation angle of the sun (S ) in the lifetime of the surface. CoS s s 

is the incidence ang le of thesolar illumination angle measured from the zenith. 

DL is the calculated diameter in meters of a crater which would be eroded to 

a slope of 4° in the time equal to the age of the surface . 
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