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Maximal order of a class of multiplicative functions

Titus W. Hilberdink

Abstract
In this paper we obtain the maximal order of the multiplicative function given at the prime powers
by f(p*) = exp{h(k)l(p)} where h(-) and I(-) are increasing and decreasing functions respectively
with [(p) regularly varying of index —a (0 < a < 1). For example, we show that under appropriate
conditions

m<axlogf (Z Ah(n 1/0‘) L(log N)

where L(z) =3 , l(p) and Ah(n) = h(n) — h(n — 1).

2010 AMS Mathematics Subject Classification: 11N37, 11N56.
Keywords: Arithmetical functions, maximal order.

Introduction
We consider a class of multiplicative functions f(n) which at the prime powers are given by

fpF) = WP pe Pk e No. (0.1)

In particular, we are interested in the maximal order of such functions®. If I(p) is constant, then f is a
prime-independent multiplicative function and the maximal order has been discussed by various authors
(see for example, [7], [8], [9] and references therein). Thus, for example, Shui [8] has proven that (using
our notation) if f(p*) = e"*) where 0 < h(k) < AkP with 0 < 8 < 1 and some A, then

) log f(n)loglogn h(k)

limsup ————=—— = max ——=.

n—0o logn k>1 k
In this case, the maximal order occurs for n of the form (][, pp)™ where m maximises h(k)/k. Results
such as the above were then applied to find the maximal order of divisor-like functions.

For non prime-independent multiplicative functions not much work appears to have been done. In

[10], Té6th and Wirsing consider a class of multiplicative functions which are at most of order loglogn
including ( 7 but their results do not overlap with ours.

For the function o_o(n) = >4, d”“, Gronwall [3] showed 100 years ago that for 0 < a < 1, the

maximal order is given by
1+o0(1 e
o L0 (o))
11—« loglogn

Notice that in this case

1 1
U_a(pk)zl—i-——i—...—i—zﬁ:exp{

pa

1+4o0(1) }
pOé

which is of the form (0.1) in an asymptotic sense, with h(k) constant and I(p) = p~©. In fact, the
maximum order occurs for n of the form H <p P, and to find this maximum is then relatively easy, using
the prime number theorem. More generally, if f is multiplicative and given by (0.1) and both h and [ are
decreasing (and non-negative), then the maximum order of f(n) again occurs for n of the form HPS pD,
since f(p*¥) < f(p) and f(q) < f(p) for primes p,q with p < q. As such, logn = 6(P) ~ P by the prime
number theorem and multiplicativity of f(n) gives

log f(n Z I(p )L(P),

p<P

IMore accurately, the maximal order of log f; here the maximal order of F is loosely defined to be any real positive
F(n) _

oy = 1. In practise, one chooses the simplest possible G.

function G such that limsup,,_, .,



where L(z) = > . U(p). If now we assume that L(y) ~ L(z) whenever y ~ z, then log f(n) ~
h(1)L(logn) (for such n) and this represents the maximal order.

In this article, we consider the less trivial (and perhaps more interesting) case is where h is increasing,
while keeping ! decreasing. As such we shall see that the maximal order occurs for n = [[ . p p® with
a, decreasing. The problem then reduces to finding the optimal a, which maximises f(n). A simple
lower bound for the maximal order can be found by taking a, = 1 for all p < P, giving (under some mild
conditions on L)

limsup ————= log f(n)

n—oo L(logn)

I \/

h(1).

With some extra conditions, we also have log f(n) < L(logn) and the question reduces to finding this
limsup. First, we require some bound on the growth of h with respect to L if we want log f(n) < L(logn).
For if n = 2%, then

log /() = log F(2°) = 1(2Ih(k) = (2)h (1255 ).

so h(k) = o(L(k)) is necessary. A futher natural condition is that L should be regularly varying (see §1.
for the definition). In fact, for our main results we shall assume that L is regularly varying of index 1 — «
for some « € [0, 1), while

h(k) < k?  for some f < 1 — av.

As such, L(y) ~ L(z) whenever y ~ z and L(z) = z' e+,
Finally, we prove a slightly stronger result in that we find an asymptotic formula for max,, <y log f(n).

Let Ah(n) = h(n) —h(n—1) for n € N. Note that h(0) = 0 (by definition) and so Ah(1) = h(1). Our

main result is:

Theorem 1
Let f be multiplicative and given at the prime powers by (0.1), where we assume that h is increasing
and 1 is decreasing. Further suppose that L(x) = 3, l(p) is regularly varying of index 1 — «, where

0<a<1,and h(n) < n® for some B <1 —a. Then

maxlogf( ) ~ Ry L(log N)

n<N
where 1
S Ah(n)al—e - -
R, = su 69 b - su Ah(n)a, . 0.2
an\.po (Zn:l a’n)l ¢ Zog” §0: 1 ngl ( ) ( )

The supremum here is over all decreasing sequences a,,, not identically zero, for which > 7 a,, converges.
In various cases we can evaluate R, more explicitly. In particular we note that by Holder’s inequality

TiAh(n)a;a < (Z Ah(n 1/a> <§: an) h (0.3)

n=1

and R, < (3207, Ah(n)Y/®)® always. The case of equality leads to:

Theorem 2
Let f be as in Theorem 1 and suppose further that Ah(n) decreases with n. Then

m<axlogf (ZAh 1/°‘> L(log N).

Note that the series > | Ah(n)'/® converges if Ah(n) decreases as Ah(n) < h(") , 50 Ah(n)V/* < n=7
where v = =65 1.



In the case a = 0, R, can be evaluated and gives:

Theorem 3
Let f be multiplicative and given at the prime powers by (0.1), where h is increasing and l is decreasing
and L is regularly varying of index 1. Suppose that h(n) < n® for some 3 < 1. Then

n<N neN n

n) ) L(log N).

max log f(n) ~ (max h

The form (0.1) (with h increasing and ! decreasing) may seem restrictive, but actually the results apply to
cases where (0.1) holds in an asymptotic sense. We illustrate this in example 5(b). Indeed, the example

1 2
f(n) = d(n)dz;U—a(d)

for which log f(p*) = ﬁ(l + O(p%)), motivated the present results.

The rest of the paper is organised as follows. First we recall the notion of regular variation, then in
section 2 we find lower bounds for log f(n), to be followed in section 3 by upper bounds and the proofs
of the results.

In section 4, we show how to evaluate R, in case Ah(n) is not decreasing and « # 0. Finally, we
present some examples.

1. Some preliminaries

Notation We write f < g to mean f = O(g); i.e. |f(z)| < Ag(x) for some constant A and all =
sufficiently large. We write f < g to mean f(z) < (14 o(1))g(x), and similarly for f 2 g. Finally, f < ¢
means f(z) = o(g(x)), while f > g is the same as g < f.

Regular Variation
A function £ : [A, 00) — R is reqularly varying of index p if it is measurable, eventually positive, and

L(Ax) ~ N\PL(x) as x — oo for every A > 0 (1.1)

(see [2] for a detailed treatise on the subject). We shall sometimes denote this by £ € R,. If p = 0, then
¢ is said to be slowly varying. For example, x”(log )" is regularly varying of index p for any 7. Trivially,
if 41 € Rp and f5 € R, then ¢4y € Rp+g, while Ei\ S Rp,\.

The Uniform Convergence Theorem says that (1.1) is automatically uniform for A in compact subsets
of (0,00). In particular, {(z) ~ ¢(y) whenever z ~ y. We shall make use of Karamata’s Theorem: for £
regularly varying of index p,

v xl(x) /OO zl(z)
V~ —= > —1, {~ — < —1,
/A p+1 e x p+1 e

while if p= —1, [“ 1 is slowly varying and [* € = zl(x).

We shall also make use of Potter’s bounds (see [2], p.25): if £ is regularly varying of index p then for
any chosen A > 1 and § > 0, there exists X = X (A, ) such that

= am{ ()7}

The notion of regular variation extends to sequences ([2], p.52). For [ defined on P — the set of primes,
we say [ is reqularly varying of index p if there exists a [ € R,, defined on [2,00) such that Z(p) = I(p).
As such, we can always take [ to be the step function defined by Z(x) = I(p) for p < z < p’ where p and
p’ are consecutive primes, which we shall do from now on, and we denote this extension by I.



We note that if [ is decreasing, regular variation of ! (of index > —1) is equivalent to regular variation
of L, where L(z) =3 _, l(p). Indeed, by the Prime Number Theorem and Karamata’s Theorem, if [ is
regularly varying of index —a > —1, then

L(x):/:l(t) dw(t)w/; 110(;)75 dt~ _mg)xl)ogm (1.2)

which is regularly varying of index 1 — a. Conversely, if L € Ri_, for some a < 1 and [ is decreasing,
then for every A > 1

[(Az)(w(Aa) —m(2)) < L(ha) = L(z) = Y Up) < (2)(w(Aa) — 7).

z<p<Az

Using L € Ri_, and 7 € Ry and dividing by L(x) gives

A= —1 < l(x)m(x) < Az 1/\(1
A-1 ~ L) ~ -1 ’

and on letting A — 1, (1.2) follows again, so that [ € R_,.

2. Lower bounds for log f(n)

Proposition 2.1

Let f be multiplicative with f(p*) = exp{h(k)l(p)}. Putn = Hp<Pp[9(P/p)], where g : [1,00) — R is
continuous, strictly increasing without bound, and g(1) = 1. Then

logn—ze( ) (2.1)

log f(n gAh (g ]13(T)) (2.2)

where §(x) =3 ., logp and L(z) =3 _, 1(p).
Of course the series are finite, ending when g=*(r) > P/2.

Proof. We have

logn:Z[( )}logp Zr Z log p.

p<P r>1 p< P
st [g(P/p)] =

But [g(P/p)] =1 <= =y <P < 5oigy s 50
log”=§7‘(9(gir>)—9(m)> Z‘)( )

For (2.2), we have

oz s = - n([s(2)]) )i =200 X 1)

p<P r>1 p<P
st [g(P/p)] =7
= ;h ( ( r)) — L(@)) = ;(h(r) —h(r - 1))L(g71p(7,))’

as required.



Proposition 2.2

Let g : [1,00) — R be continuous, strictly increasing without bound, and g(1) = 1. Suppose further that
> 1/g7Y(n) converges. Let I be reqularly varying of inder —a, with o € (0,1), and h increasing such
that h(k) = O(k”) for some 3 <1 — a. Then

0 X [o(%)] 0sp~ @ )

o ()] (3210 s,

where L(x) =3 ., U(p).

Proof. (1) Let G(x) denote the sum on the left in (1). Then from the proof of (2.1), we see that
x
n<g(x) 971
By the Prime Number Theorem, we can write (z) = x4 n(x) where n(z) = o(z). Let A= >"7"1/g7*(n).
The term involving z is
1
T —— ~ AL.
2 971 (n)

n<g(z)

Now, given ¢ > 0, there exists zg such that |n(z)| < ex for ¥ > zg. Note that x/g~1(n) > zo for

n < g(z/xo). Hence
Z U(g_fm))‘ <e€ Z %(n) < elr.

n<g(x/xo) n<g(z/zo) g

For the remaining range g(z/xg) < n < g(z), the terms are O(1) and so the sum is O(g(z)). But

g~ Y(n) = n (since % < 22/2 ﬁ — 0) so that g(x) = o(x). Thus G(z) ~ Az follows.

)
(2) Let H(x) denote the LHS of (2). From the proof of (2.2) we see that

= D hin) {( 1(n))_L(—1(n+1)} D> Ah(n) ( (n))’ (2:3)

n<g(x) n<g(w)

Since h is increasing,
Ah(n)
> 3 Ahfn ~ Y AN g
—1 -«
= ( (n)) 9T n)
for every N € N, by regular variation of L. Note that by Hdlder’s inequality
Ah(n) ( 1 )a( 1 >1“
g;v g~ (n)t=e ,;v n'a" g;v 971 (n)
Hence® 3, -, % <ooand H(z)/L(z) 2 > 0", gf(hn()rﬁ) .

For the range n > N, we use the bound h(n) < An® in the middle expression of (2.3) and Potter’s

bounds on L .
L(=tm) Ay

Lx) ~ g t(n)te?
for every § > 0 (some A;). But with ¢ sufficiently small,

St () ()

n>N (n>N noeto n>N

2This incidentally shows that R, is finite.



Both sums converge, and so tend to zero as N — oo. Thus the result follows.

Proposition 2.3
Let f be multiplicative and given at the prime powers by (0.1), and assume that h and 1 satisfy the
conditions of Proposition 2.2. Then, with R, given by (0.2),
maxlog f(n) 2 RoL(log N).
n<N
Proof. 1t is clear that in the definition of R, we may range over strictly decreasing a,, rather than just
decreasing. Thus, given € > 0, there exists a strictly decreasing a,, for which " a,, < oo and
> Ah L-a
Zny S0 "
(D= an)t™®
Without loss of generality we may assume a; = 1, as we may replace a,, by a,,/a1. Let g be an increasing
bijection on [1,00) such that g(1/a,) = n. Then a, = 1/g7'(n) so that }_ g,%(n) < 00. Take n of the

form
n— H plo(P/p)] (2.4)
p<P

As such, Proposition 2.2 implies

logn ~ (i a,.)P and log f(n) ~ (2 Ah(r)a}.a>L(P)

r=1
as P — oo through the primes. Using the fact that L is regularly varying of index 1 — «,
log f(n) 32,24 Ah(r)a;

L(logn) (32 an)' ™

Now note that if n and n’ are consecutive numbers of the form (2.4) (i.e. ' =[] . p, plo(P'/p)]l where P’
is the prime after P) then, with A =Y <, an, B

> R, —¢. (2.5)

logn' ~ AP’ ~ AP ~ logn.
Hence, with N denoting the largest number of the form (2.4) below N,
maxlog f(n) > log f(N) 2 (Re — £)L(0g N) ~ (Re — £)L(0g N).

This holds for every € > 0, hence it must also hold for ¢ = 0.

3. Upper bounds and proofs of Theorems 1-3

The lower bound obtained in Proposition 2.3 already gives the maximum order of log f(n) for n of the
form [, p pl?@/P)] with g an increasing bijection on [1,00) such that Y3 g~*(n)~! converges. We have
to show that no other n gives still larger values of log f(n).

Lemma 3.1
Let f be multiplicative with f(p*) = e"PUP) for p € P,k € Ny, where h is increasing and | is decreasing.
Then the mazimal size of f(n) occurs when n is of the form

n= H pr (3.1)

p<P

with a, decreasing with p. More precisely, if n is as in (3.1) and a,, < ap,; for some i < j (where p; is
the i*h-prime) then there exists n’ < n such that f(n') > f(n).



Proof. Let n be as in (3.1) with a,, < a,, for some i < j and put n’ = Hpgpp“; where
a; =a, ifp#pi,p;, and a;i = apj,a;)j = ayp,.
Then n'/n = (p;/p;)*~ 7 < 1, while

£
o8 % ()

= (h(apj) - h(ap,i)> (l(pi) — l(pj)) > 0.

O

Proof of Theorem 1. By Lemma 3.1, we need only consider n of the form (3.1) with a, decreasing.
Suppose, without loss of generality, that ap > 1. Then

logn = Z aplogp > Z logp = 6(P),

p<P p<P

while log f(n) = >_ - p h(ay)l(p). Consider > 51,0, P(ap)l(p) for § > 0 (small). Using h(k) < kP, we
have - -

ST ohlap)lp) < > dlip)= > (aplogp)"(l(m%)lfﬁ

B
p<dlogn p<dlogn p<dlogn (logp) 1=p

<oy (¥ AWTYT (32

_B_
p<élogmn (logp) 1=

_1
by Hélder’s inequality. Now M is regularly varying of index —ﬁ7 which is greater than —1. Thus
(log p) T-F
by Karamata’s Theorem and the prime number theorem,

1 1 1

)™ _ /f(utw drty o T 53

Hence (3.2) gives

ogn)' ~Pl(6logn (1 — o) L(ogn
Y. hay)l(p) < (logn)” (Ologn) ~"i(dlogn) & (i— L(logn)

(s (e
where 7 = 1— (a+ ) > 0. Let ¢ > 0. Thus we can find § > 0 such that }° _;,.,, h(a,)l(p) < cL(logn).
As such B
log f(n) < Z h(ap)l(p) + eL(logn). (3.4)

dlogn<p<P

From (3.4) and the fact that log f(n) is sometimes as large as cL(logn), it follows that for the maximal
order we must have P > §logn for ¢ sufficiently small. Now for every prime p,

logn > a, Zlogq = a,d(p)

q<p

(here ¢ runs over the primes < p). So, for the range of p under consideration (i.e. dlogn < p < P) and
using 0(z) > agx for some absolute constant ag,

logn
0(p)

1
< < —. .
Clp_ _(105 (35)



The bound is independent of n, only depending on «, 3 and ¢, and so a, takes only finitely many values,

say ap € {1,...,M}. Let
T, = > ).

dlogn < p < P

Then 7
M M M
> hle)lp) =Y h(r) Y Up) =Y h)Tr—Toya) =Y AR(r)T, (3.6)
dlogn<p<P r=1 Slogn < p < P r=1 r=1

ap =1

Since a, decreases with p, we have a, > r < p < ¢,, for some ¢, (depending on r and P), decreasing with
r. Thus ¢, < g1 = P. For a non-zero contribution, we require g, > §logn > d0(P), so that agd < %& < 1.
By the uniform convergence theorem for regular variation, L(g,) = L(4% - P) ~ (%) “L(P) and

M M L
S i) <3 snwn) ~ (S ann(%) o (3.7

dlogn<p<P
Also
M M M M ¢
-
logn = Z aplogp > Zr Z logp > Z Z logp = Zﬁ(q,.) ~ (Z P)P
p<P r=1 P SZPT r=1 : <>Pr r=1 r=1
by the Prime Number Theorem, so
M l—«
Liogn) 2 (3%) £ (38)
r=1
Finally (3.4), (3.7) and (3.8) give
M _
1 ~ L AR(r) (L)l
lim sup Loglf(n) < L=t 7 (T)(lp) +e <R, +e.
n—oo L(logn) (M| 41—

This holds for all € > 0, so the above holds with ¢ = 0. Combining with Proposition 2.3 concludes the
proof of Theorem 1.
O

Proof of Theorem 2. We already noted in the introduction that R, < S, where

S, = (i Ah(n)l/"‘)a.

But equality holds in (0.3) if a,, = cAh(n)'/® for some constant c. So we choose a,, as such (with ¢ > 0)

which is valid as Ah(n)l/ @ is decreasing and summable. Thus R, = S, in this case.
O
Proof of Theorem 3. Consider a = 0. For M € N, let
M
_. Ah(n)a,
Ro(M)=  sup ezt SR,
0<am<..<ar Yoy
the supremum being over all aq,...,aps satisfying a; > ... > apr > 0. It is clear that Ry(M) — Ry as
M — oco. We show that
Ro(M) = max ") (39)
0 TSN n '



Let a; > ...ap > 0 and put b, = a, —apy1 (n=1,..., M) with apr41 = 0. Soan:Z b,-. Then

M r M
3" Ah(n aanAh Zb be Y Ah(n) = bh(r)
n=1 r=1

n=1

while ZnM:1 ap = 271\11 rb,.. Thus

M M h
_ Sl h(m)ba Sonis ren
Ro(M)= sup =E5—"—= sup —o—"—0
bi,ba>0 o by Clinem>0 DT Gy

on putting nb,, = ¢,. The expression on the right is < max, < @ while, choosing ¢, =1 and ¢, =0
for n # k (k any fixed integer from 1,..., M), we find Ry(M) > @ Thus (3.9), and hence, Theorem 3

follows. Note that the supremum is a maximum since h(n)/n — 0.
O

84. On the value of R,
The evaluation of R, is an intriguing optimization problem in its own right. In the case a = 0 and the
case where Ah(n) is decreasing one obtains simple explicit formulas for R,. In general, one can still
evaluate R, but there does not appear to be an elegant formula.

We can turn it into a finite-dimensional problem by defining, for M € N,

M
Ry (M) = Ah(n)al=«
)= s ; (n)ay,

M
Yp=19n =1

We first prove that where Ah(n) is increasing, we must take a, constant. In fact, we prove this for a
slightly more general problem:

Lemma 4.1
Let a € (0,1), £ = (I1,...,lp) €ENM and A = (A, ..., A\y) € RM with each \; > 0 and consider

Ro (A, ;M) = Lomax Z Anlmal=e.
Zfﬂw plrap =1
(i) Suppose that A\, < A1 for some k € {1,...,M — 1}. Then for the above mazimum, we must take
ar = Qf41-
(ii) If \g > Mg for every k, then Ro(A, 6 M) = (M },{alm)“.

m=1

Proof. (i) In any case ax > agy1, so it suffices to show that if ap > ars1 then there exists @' =

(ai,...,a)) witha} > ... >a); >0 and E%:l Imal, =1 for which
M M
> Ay, = > > Almak, @ (4.1)
m=1 m=1

So, suppose ay > agt1. Let al, = a,, for n # k,k + 1 and put

_ lkag A 10k

d. = d
Ap = Qg
1 I + ks

As such, af > ... > a); > 0 (since a1 < a) < ag) and an\f:l Imay, = 1 (since lraj, + lpy10),, =
lyar + lk+1ak+1) while

M
Z )\ l , Lo Z )\mlma};a = (/\klk —+ )\k+1lk+1)(a;€)17°‘ — ()\klkai_a + )\k-&-llk-&-la;lg:f)
=1

o lps+1 _
= Nps10h~ {M(zk + g1 ) = (I + Lpga t! a)} (4.2)



where s = /\iﬁl and t = a’““ . Note that 0 < s,t < 1. Now put

(1 + ) (m + ny)=
(m+n)t—o

F(z,y) = Fan(z,y) = — (mzx +ny' ™) (m,n € N).

So the RHS of (4.2) is Agy1a) *Fi,.,
if and only if z =y = 1. For

lesr (8,1). We claim that for any x,y € [0, 1], F(x,y) > 0 with equality

e’

(mx 4+ n)(m + ny)
(m +n)t—e

= mx{l - (T;—ljr?;y)lo‘} < n{(ﬂ;—t:;y)la - yl_a} Va,y € [0,1]
Ry B (O R

since the LHS is largest when = 1. Rearranging, we see that this holds if and only if G(y) > 0 for
0 <y <1 where

F(z,y) >0 Vz,y€[0,1] <~ >ma+nyl ™Y Vrz,ye [0,1]

G(y) = (m+n)*(m+ny)' ™ —m —ny'~*.
But G'(y) = (1 — a)ny_a((%)a —1) < 0for 0 <y< 1. Thus G is strictly decreasing in [0, 1]. Since
G(1) = 0 the result follows.

For the second part, note that by Holder’s inequality

IZM: Ambmal™ Z Al (L)1~ < (Z Al/ag ) .
m=1

Equality holds if AL = cayy, for some constant ¢, which is feasible if \,, is decreasing.

Determining R,,.

Thus, in the evaluation of R, (A, ¢; M), for the optimal solution we need to take a,, constant on intervals
where ), is strictly increasing. Partition {1,..., M} into consecutive intervals® Li,..., Ly and ), is
strictly increasing on each £,. Thus we can write £, = {L,_1+1,..., L.} for r=1,..., M’ where L, is
a strictly increasing sequence of integers with Ly =0 and Ly = M, and Ap41 > A, for L1 <n < L,,
while A\p41 < A\, forn =L, (1 <r < M’). (If Ay is decreasing, we must take £, = {r}.) As such, we
take a,, constant on each £,. Writing

=> I, and b =ar,

neLl,

gives Zfl/[:l lan, = Zﬁil(znecr ln)ar, = ZT 1 Unby, = 1, while

M M’ M’
S Aalnal e = Z( 3 Anln)bka A
n=1 r=1 neLl, r=1
where A, = 7 Zneﬁr Anly. Thus
. _ ! l—a ! gl /
Ro(A M) = mf’fw . Z NI b= = Ry (A, 0, M)

ET 1l,,‘b,«_l

where A’ = (A,...,Ny) and ¢ = (I1,...,1},). Note that M’ < M, unless A, is decreasing, in which
case R,(M) can be evaluated. Now apply Lemma 4.1 to this optimization problem and continue the
process repeatedly. Thus

Ro(A ;M) = Ro (N 0; M) = -+« = Ry (A", 0, M™)

3That is; sets of the form {k,k + 1,k +2,...,1} where k,I € N.

10



where the process stops when A* is a decreasing set. This is guaranteed to happen when M™* = 1, but
could happen earlier. Notice that at each stage, the forms for A and [ are the same. Consider for example
the second stage, where we have partitioned {1,..., M’} into consecutive intervals £f,..., L), with

corresponding ¢ and A”. Then

neLl) neL), meLy nel

for some consecutive set £ (dependent on k). Likewise

MU= N0 =303 Al = > Al

neLl neL) meLy nel

In particular, this holds for * and A*. Rewriting, the above shows that the optimal solution always has

the form?*
K

Ra (A, 6 M) = (Dq(mk) — gmem)) (22 S<mm>)1/a)“

pret q(mi) — q(my—1)

where ¢(r) = Iy + - + I and s(r) = Mly + -+ + A\, for some sequence of integers my, satisfying
0=mp <mq <---<mg = M. Being optimal, this requires that

s(mg) — s(mg—1)

q(mg) — q(my—1)

is decreasing.
For the special case I, = 1 and A\, = Ah(k), ¢(r) = r and s(r) = h(r). Thus

K

Ro(M) = (Z(mk - mk—1)<h(mk) — h(mk—l))l/o‘)a

My — Mp—
Pt k k—1

. h(mg)—h(ma_
for some such sequence my, for which %

decreases.
5. Examples and final comments
Now we illustrate our results with a few examples.

(a) Let f be multiplicative with f(p¥) = exp{k®p~*} where 0 < a < 1 and 0 < 3 < 1 — « for prime
powers p*. Thus h(k) = kP, which is increasing and Ah(k) is stricly decreasing as can be readily

l1—a

verified. In this case L(z) ~ {i=ayTogz- Thus, by Theorem 2,
= “  (log N)l—«
1 ~ B _(n— 1)\ (—
maglos )~ (07— (-0 ) BT

n=1

(For aw = 0 the RHS is log ) In some cases the constant can be evaluated in terms of (-values.

loglog N *
For example, taking 5 = % and a = %,
N N 1
S (Vi Vi 1P = N2 3V - 63 Vi - —6¢(~)
n=1 n=1

after suitable manipulations. By the functional equation for ((s) this equals %C (%) That is, the
maximal order of the multiplicative function with f(p*) = exp{Vk/¢/p} is

3 4/ 3<(3)+ (1) (log N)?/3
ex —= -— = o —_— .
P 2V 2r7\2 loglog N
4 Another way to see this is to realise that at each stage more consecutive a,s are equated until the corresponding \,;s
(or A’s etc.) are decreasing.

11



(b)

Theorem 2 can also be used in cases where log f(p*) is not the form h(k)I(p), but only asymptotically
of this form. In [5], the maximal order of the function

Nay (1) = ﬁ % o_q(d)”

was required, where o_q(n) = >_;, d"* and d(n) = oo(n). It was shown that for a € (0,1) and
any v > 0

) (n) (log N)'~
max » —_—
nen 08 Man Tt (1 —a)loglog N

but the true maximal order was left open. With Theorem 2, this can now be established.

Note that 74 ~(n) is multiplicative with

K 1 a r 1 b 1 1 v
1) = s oo = (1 30 5 0 5)))

=1

=t g + O = oo o 0}

the implied constants being independent of k (and p). Let s(n) denote the multiplicative function
with s(pF) = exp{ﬁ}. Then 1n,,(n) = s(n)t(n) and from the above, o_2,(n)™" < t(n) <
0_2a(n)* for some x > 0. It follows that logt(n) < (logn)'=2*¢ for every ¢ > 0. Thus the
maximal order of log7q,(n) is the same as for log s(n), which can be found from Theorem 2. In
this case h(k) = kfy—_ﬁ which is increasing and Ah(k) = % which is decreasing, while I(p) = p
Theorem 2 now gives

—x

log 7 (1) log 5(n) i(*l ) e
max o ~ max ~ )
nen 08 My (1) o TRAR 108 8L ~ —\n(n+1) (1—-a)loglog N

For particular values of « the constant may be evaluated. Take, say, a = % Then the sum above

becomes . N
1 1 2 1 1 5
;<nn+1) _Z1<nz+(n+1)2n(n+1))_2<(2)3

max lo (n) ~ 44/ 77—2 — 3M
non 0852 3 loglog N'

Let f be multiplicative with log f(p*) = h(k)I(p) where h(k) = [v/k]. This time h(k) is increasing
but Ah(k) is not, as Ah(k) =1 for k a square and zero otherwise. Note that to apply Theorem 1,
we require o < % To calculate R, we use the method in §4. Thus

Hence, with say v = 2,

© oo
1— 1—
Ra = sup E Ah(n)an a Sup Z amQO‘.
a:,,l a\noz . n=1 t:nl a\n(): . m=1
Putting bl =ay, b2 = a9 = asz = a4, b3 =as=---=ag etc. for the Optimal solution gives
o 0o 1 o
3 l-a __
R, = sup Z by = (Z 211&) 7
b N\ 0 N —
Yoli(@n —1)bp =1 n=1 n=1 ( ) «

by taking the optimal choice b, = ¢(2n — 1)~/

regularly varying of index —a with 0 < a < % then

for some ¢ > 0. Thus, if [ is decreasing and

maclog f(n) ~ (1-2-5)°¢(= = 1)" 3 1),

«
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Final comments
The constant appearing in the asymptotic formula in the theorems has the form of an [P-norm. For
a = (ay) the IP- norm is defined for 1 < p < 0o and p = oo respectively by

oo 1/p
lall, = (Z |an|p) » Jallee = sup laul.
n—1 neN

Writing & = 1/p (p > 1) we therefore see that, given the conditions of Theorem 2,
maxlog f(n) ~ [|AR]|,L(log N),

while for Theorem 3, with a = 0 corresponding to p = oo
maielog /(1) ~ [l L(log N),

where hi(n) = h(n)/n.

This type of formula is strangely similar to an asymptotic formula found for the following ‘quasi’-norm
of an arithmetical operator (see [6]). Let

serz gl
llglle =T

where M? is the set of square-summable multiplicative functions and * is Dirichlet convolution. Taking
f € M? to be completely multiplicative such that f(p) is regularly varying with index —q, it was proven
in [6] that for 1 <a <1

[e3%

log M (T) ~ (%B(l,l - i)) F(logTloglog T)

where F(z) = > _, f(p). Here B(z,y) is the beta-function. Writing p = 1/, the constant can be

rewritten as ||h’||, where h(z) = V1 — e~2%. With some heurstic reasoning, it was further suggested in
the case where f(n) = n~ that M;(T') represents the maximal order of {(a + t) up to height T i.e.

) log )~
1 B~ v (
ﬁg?} Og'C(O‘+Z )| H ”P (1 _ a)(loglogT)a

where |||, = ([, |W'|P)Y/P is now the L,-norm. The similarity of form between these ‘discrete’ and
‘continuous’ cases is rather striking, and suggests that there might be a more general framework which
combines these formulae.
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APPENDIX

To put the results into a broader context, we consider a few classes of multiplicative functions of the form
(0.1) where h and [ satisfy slightly altered assumptions.

(a)

Case where / is increasing, | decreasing and such that 3 I(p) < co. In this case we find

the maximal order of log f(n) is of size h([llzig]) More precisely, with A =3 1(p)

12 [fog3]) = 1os 1o < 2n([25]).

where the RHS inequality holds for all n and the LHS for infinitely many n, namely, n = 2%.

Proof. Let n = HP<P p® where a, can be taken to be decreasing after Lemma 3.1. Thus logn =
> p<paplogp > azlog2 and

log () = 3 h{ay)1(p) < hlaz) 3 1p) = Mi(az) < M ([225])-

=F - log 2

On the other hand, with n = 2%, log f(n) = I(2)h(k) = 1(2)h(1E2).

log 2

Case where h and Ah are increasing, and | decreasing. Now the maximum for f occurs

when n = 2* and |
g o= o[ 22]) |

To see this, suppose p|n where p is an odd prime, so n = 2¥...p! for some k,l € N. After Lemma

3.1 we can take k > [. Then, with n’ = %n,

ﬂW):f@“wﬂﬂ”):mpmmAMk+UmeAMD}ZL

fn) F@2R)f(P")

Thus, with K such that 2K < N < 2K+1

max f(n) = f(25) = @K = exp{l(Q)h([lognD}.

n<N
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