Metadata, citation and similar papers at core.ac.uk

Provided by Central Archive at the University of Reading

Accepted Manuscript
APPLIED
NUMERICAL
Trefftz discontinuous Galerkin methods for acoustic scattering on MATHEMATICS

locally refined meshes

Ralf Hiptmair, Andrea Moiola, Ilaria Perugia

PII: S0168-9274(13)00004-4
DOI: 10.1016/j.apnum.2012.12.004
Reference: APNUM 2691

To appear in:  Applied Numerical Mathematics

Received date: 3 April 2012
Revised date: 10 October 2012
Accepted date: 18 December 2012

Please cite this article in press as: R. Hiptmair et al., Trefftz discontinuous Galerkin methods
for acoustic scattering on locally refined meshes, Applied Numerical Mathematics (2013),
http://dx.doi.org/10.1016/j.apnum.2012.12.004

This is a PDF file of an unedited manuscript that has been accepted for publication. As a
service to our customers we are providing this early version of the manuscript. The manuscript
will undergo copyediting, typesetting, and review of the resulting proof before it is published
in its final form. Please note that during the production process errors may be discovered which
could affect the content, and all legal disclaimers that apply to the journal pertain.


https://core.ac.uk/display/16394849?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.apnum.2012.12.004
http://dx.doi.org/10.1016/j.apnum.2012.12.004

Trefftz discontinuous Galerkin methods for acoustic
scattering on locally refined meshes

Ralf Hiptmair!, Andrea Moiola?, Ilaria Perugia®

Abstract

We extend the a priori error analysis of Trefftz-discontinuous Galerkin meth-
ods for time-harmonic wave propagation problems developed in previous pa-
pers to acoustic scattering problems and locally refined meshes. To this aim,
we prove refined regularity and stability results with explicit dependence of
the stability constant on the wave number for non convex domains with non
connected boundaries. Moreover, we devise a new choice of numerical flux
parameters for which we can prove L2-error estimates in the case of locally
refined meshes near the scatterer. This is the setting needed to develop a
complete hp-convergence analysis.

Keywords: Acoustic scattering, wave propagation, discontinuous Galerkin
methods, Trefftz methods, hp-error analysis, duality estimates
65N15, 656N30, 35J05

1. Introduction

Trefftz-discontinuous Galerkin methods (TDG) are volume mesh based
discretizations of linear boundary value problems that aim to achieve effi-
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cient approximation by the use of trial functions in the null spaces of the
differential operator. They have attracted particular attention for problems
that are notoriously challenging for polynomial approximation. A prominent
representative is time-harmonic acoustic wave propagation in the medium
frequency range, whose TDG discretization is at the focus of this article.

The method itself in combination with plane wave approximation was in-
troduced in [14] and extended to electromagnetic fields in [18]. It generalizes
the so-called ultra-weak variational formulation (UWVF) by Cessenat and
Després [8, 7]. Practical experience with this method [19] suggests that for
good performance it should be used on locally refined meshes together with
spatially varying resolution of the plane wave trial space. Morally speaking,
the sophisticated hp-refinement strategy that ensures exponential conver-
gence (in the number of degrees of freedom) for classical polynomial Galerkin
finite element approximation of second-order elliptic boundary value problem
(see [2, 36, 34, 35]; see also [24] for the Helmholtz problem) should also be
adopted for TDG.

Hitherto, in the DG context, only polynomial theory could cover this
setting [13, 23|, but it remained outside the scope of existing TDG the-
ory. Whereas the a priori convergence estimates in [14] merely addressed
h-refinement, the corresponding p-convergence results in [16] exclude local
mesh refinement and require convex computational domains. The present
article remedies these shortcomings and establishes TDG discretization er-
ror estimates for acoustic scattering at a sound-soft object, which remain
valid for arbitrary variable resolutions of the local Trefftz trial spaces and in
the presence of rather general local mesh refinement. More precisely, quasi-
uniformity must hold only close to the outer (smooth) artificial boundary,
while strong local refinement near the scatterer is allowed, see Figure 1. All
meshes created by standard hp-refinement policies belong to this class.

The new theory is a substantially enhanced version of the approach of
[16] (see also [25, Sec. 4.3]). Again we employ a duality argument similar
to the ones used in [29, 5]. Yet, in order to dispense with the convexity
assumption, we prove refined regularity and stability results for the acous-
tic scattering problem with explicit dependence of the stability constant on
the wave number, see Sect. 2.1. These estimates are combined with the key
idea to offset non-uniform element sizes by judiciously varying local parame-
ters in the numerical fluxes for the discontinuous Galerkin discretization, see
Sect. 4.2. This paves the way for the main L?-error estimate of Theorem 4.5.

The results of this paper are a stepping stone towards a complete hp-



Figure 1: Mesh locally refined near the scatterer

convergence theory that we hope will eventually confirm exponential conver-
gence (in terms of number of degrees of freedom) of a wide range of TDG
methods for the Helmholtz equation, provided proper local refinements and
choice of local resolutions. As of 2012, this is ongoing work and preliminary
results are reported in Sect. 5.

2. Scattering problem

We consider the scattering of acoustic waves at a sound soft scatterer
occupying the domain Qp C RV, N = 2,3. This domain is supposed to be
a bounded Lipschitz polygon (N = 2) or polyhedron (N = 3) that is star-
shaped with respect to the origin 0. The medium outside §2p is supposed to
be homogeneous and isotropic.

A known time-harmonic smooth incident field impinges on Qp. It is
described by its complex amplitude u’ and wave number k = w/c, where w
denotes the angular frequency and ¢ the speed of sound in the medium. To
fix the notation, we assume k > 0, although the sign of k is not essential.

The total field u = u’ 4+ u®, where u® is the scattered wave, satisfies the
following Dirichlet boundary value problem for the Helmholtz equation in



RN\ Qp (see [Sect. 2.1][10]):

~Au—kKu=0 inRY\Qp,
u=0 onlp:=00p,

(5w

(1)

+ik‘us(x)) =0.

The use of volume mesh based discretization entails truncation of the un-
bounded domain. Therefore, we introduce another bounded Lipschitz do-
main (g, with boundary I'g, that contains €2 such that

dist(I'p,I'g) > 0 ;

see Fig. 2. The outer boundary I'g will usually be smooth, though we also
admit polygonal (N = 2) or polyhedral (N = 3) Qg. The last condition

I'p

Figure 2: Geometric setting for boundary value problem

in (1) (i.e., the Sommerfeld radiation condition) can be approximated by an
impedance boundary condition as a first order absorbing boundary condition:

~Au—Ku=0 inQ:=0z\Q,
u=>0 OHFD, (2>
du

— 4+ tkvu=gr onlpg.
on



Here, n is the unit normal vector field that is outgoing from Q := Qg \ Qp
(i.e., outgoing from g and ingoing into €2p), and ¥ is the (non-dimensional)
impedance of the exterior medium. Usually, ¥ = 1, but, for the sake of
generality, we admit real valued functions ¥ : 'y — R such that,

0 <, := inf J(x) < sup J(x) =: 9" < 00
xel'r x€lp

Moreover, gr = % + ikYu’ is the impedance trace of the incoming wave,
and, thus, it is supposed to be known data.

We assume that the artificial domain €y is star-shaped with respect to
the open ball B,,4,(0) = {x € RY, |x| < vrdqa}, for some vz > 0, where

dg = diam(Q) ;

this and the assumption that the scatterer (p is star-shaped with respect
the origin translate into

nx)-x<0 ae onl'p, nx) -x>vgdg >0 ae onlg.

These inequalities are meant to hold for every point x at which n(x) is defined
(see [17, Lemma 3.1]).

We point out that our approach can also deal with the case I'p = 0, i.e.,
a cavity impedance boundary value problem without scatterer.

Notice that this setting is different from the one studied in [9], where
the domains are assumed to be smooth, and the exact Dirichlet-to-Neumann
map is used instead of the impedance boundary condition.

2.1. Well-posedness and stability

For later use in a duality argument, we consider a slightly more general
situation than (2), namely the inhomogeneous boundary value problem:

—Au—Ku=f inQ,
u=>0 on FD s (3)
a—u:tikﬁu:gR onlg,
on
for given f € L*(Q) and gr € L*(T'g).
We introduce the space Hf () = {u € H'(Q), v =0 on I'p}. We
denote by |||, , the H*(D)-norm, s € R, and by ||, , the H'(D)-seminorm,
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¢ € N, where D is either a domain or a manifold (of smoothness Cllsl1=11
and C~1!, respectively). We also define the following k-weighted Sobolev
norms on D:

¢
ol cp = Y KD uf),  VveH(D), (€N
=0

The variational formulation of the boundary value problem (3) reads: find
u € Hi (Q) such that, for all v € H}_ (€),

/(Vu-V@—k%U) dViz‘kz/ ﬁu@dsz/fvdwr/ grodS . (4)
9] FR Q FR

The use of impedance (Robin) boundary condition prevents the occurrence
of eigenvalues and ensures the well-posedness of the problem.

Theorem 2.1. Problem (4) admits a unique solution u € Hp, (€2).

Proof. The bilinear form on the right-hand side of (4) satisfies a Garding
inequality (see [20, p. 118]); then, by [20, Th. 4.11 and Th. 4.12], problem (4)
(and thus (3)) admits a unique solution if and only if its adjoint problem with
f =0 and zero boundary data gr = 0 admits only the trivial solution. Since
the adjoint problem is obtained by simply switching the sign in front of the
term ¢kJu in the impedance boundary condition, we only have to show that,
whenever f =0 and gr = 0, problem (3) has only the solution u = 0.

In fact, if f = 0 and gr = 0, by taking v = w in (4), and considering
the imaginary part of the resulting equation, we infer Hﬁ%uH = 0; thus,

0.0k
from the impedance boundary condition in (3), 2 = u = 0 on . As

a consequence, extending u by zero outside 2 we obtain a function u that
satisfies —Au—k%u = 0in R¥\Qp and & = 0 on I'p. Owing to the uniqueness
of solutions of exterior Dirichlet problems for the Helmholtz equation [31,
Th. 2.6.5] we conclude @ = 0. O

The Fredholm argument in the proof of Theorem 2.1 also provides stabil-
ity bounds on the solution u of problem (4) in terms of the data f and gg,
but with no information on the possible dependence of the stability constants
on the wave number k. Since we need to know this dependence explicitly we
rely on the stability results of [15], which were obtained by means of Rellich
estimates (the same results were proved in [21, Prop. 8.1.4] in 2D, and in
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[11] in 3D in the case I'p = 0; see also [33], [30, Chap. 5], [20, p. 146], [9,
Lemma 2.3, Lemma 3.5], and [37]).

Theorem 2.2. [15, Prop. 3.3 and 3.4/ Let u be the unique solution to problem
(4). Under our assumptions on the problem domain and boundary conditions,
there exists a constant C' > 0 depending only on vg and ¥, but independent
of k, f, gr and u, such that

1
lully 0 < Cldallflloq + d&llgrllor, ) - (5)

We point out that the assumptions made in [15, Prop. 3.3 and 3.4] rule out
the case of a sound hard scatterer (in the proofs of [15], a possible Neumann
boundary I'y has to be such that n(x) -x = 0 on I'y, thus it can not be the
boundary of a bounded region); for this reason we restrict ourselves to the
case of a sound soft scatterer.

2.2. Regularity

Our error analysis of the TDG method hinges on the assumption of H st
regularity of the analytical solutions of (3), for some positive s. The following
theorem ensures this regularity and states stability estimates of the solutions
in the H 3 -norm.

Theorem 2.3. Let u be the solution of problem (3). If f € L*(Q) and
gr € H"(I'g) for a given 0 < r < 1/2, then there exists sq > 0 depending
only on (the edges and corners of) ), such that u € H%“(Q) for every s
satisfying

0<s<sq, s<r, (6)

and the following bound holds*:

Vulysoo £ OO+ dak) (dg " 1F o + 4" l9rllar, ) +C lonlr, + ()

where the constant C' > 0 depends only on s, yg and 9, but is independent
of k, f, gr and u.

4 In order to obtain bounding constants that are independent of the size of €, the frac-
tional Sobolev norm are weighted with the diameter dg, as ||v||§’FR = |v|§’FR—|—d§2S ||11H§’FR7
for every v € H*(I'g) and 0 < s < 1/2, where the H?*-seminorm is defined by the Sobolev—

Slobodeckij integral (see [28, p. 43]).



Proof. First, we consider the case Qp = (). The second part of the Neumann—
Poisson regularity Theorem 3.18 of [28] tells us that there exists sy > 0
depending only on  such that u belongs to H%JFS(Q) for all 0 < s < sy,
s <r.

Moreover, define

X:{UEH%ﬂ(Q): AUEL2(Q),/vdV:O},
0

Y:{(F,G)ELQ(Q)XHS(FR):/QFdV—i—/F GdS:O},

and endow X with the graph norm. The operator L : X — Y which maps
U — (Au, g—g) is injective, by uniqueness of the solution of the Neumann—
Poisson problem in the subspace of H!(Q) of zero mean value functions, is
surjective, by the above mentioned [28, Theorem 3.18, second part], and is
continuous, by definition of the norm in X and the trace theorem. By the
open mapping theorem L~! is continuous. Thus, we have

s,FR)
S

3) 1,
< C(dg" I o+ gk ulloq + lgall iy + F 19 eqrgy il )

trace th.
[20, Th. 3.37] N 1,
< o(dd Rlullygo + a1 g + sl )

8_u
on

1
’u‘%Jrs,Q <C <ds22 ’ [ Aullyq + ‘

() 1, L
< CO+dak)(dg " g + da’ lgrllory ) + Cllgrllyr, - (8)

where the constant C' > 0 is independent of k and wu.

Now we consider the case Qp # 0. Let OG; and OG5 be two smooth
closed curves/surfaces bounding the open domains Gy and Gy, respectively,
such that

QDCGl, 61CG2, EQCQR.

Let x € D(G2) be a real-valued cut-off function such that 0 < xy < 1 and
x = 1 in G;. Again, denote by Yy its extension by zero to R¥.
By the product rule (A(¢y)) = ¢AY + AP+ 2V - V), ug := xu solves
—Auy = x(f +k*u) —uAx —2Vx-Vu inQ,



The first part of Dirichlet—Poisson regularity Theorem 3.18 of [28] applied
to the case of homogeneous Dirichlet boundary datum tells us that there
exists sp > 0 depending only on 2 such that u; € H%“(Q) forall0 < s < sp.

Moreover, define X = {v € Het(Q)NHLQ) : Ave L?()}, and endow
it with the graph norm. The operator L : X — L*(2) which maps u — Au
is injective, by uniqueness of the solution of the Dirichlet—Poisson problem in
H'(Q), is surjective, by the above mentioned [28, Theorem 3.18, first part],
and is continuous, by definition of the norm in X. By the open mapping
theorem L~! is continuous. Therefore, we infer

1
s g0 < Cdg Aulgg

1 - -
< Gz (If o + (da + k) Iullo + dg" July o)
Poincaré 9 1
(1 o0 + 2l + gl )
&)

< C(U+dak) (dg " 1o + o lonllor, )

(9)

S

1_
Cd3

where all constants are independent of £ and u.
Denote by u and f the extensions by zero of u and f, respectively, to Qg;
clearly, uw € H'(Qg) and f € L?(Qg). The function uy := (1 — x)u solves

—Auy —kKug = (1= x)f +UAx +2Vx Vi inQp,

0

ﬂ + Zk”lgU/Q = gRr onl'g.

on
The first part of this proof for the case Qp = () applies to uy (denote again
by sy the regularity parameter). Thus, since us = f = 0 in Qp and us = u
on I'g, the analogue of estimate (8) implies

1 i

sl a0 < OO+ dak) (4 fllo + 5" 9wl ) + Cllgillry, - (10)
Thus, since u = uy +us|q, then u € H%“(Q) forall 0 < s < sq, s < r, where
sq = min{sp, sy }; moreover, (9) and (10) give the bound (7). O

Remark 2.4. Whenever Qp = () and Qg is convex, if r = 1/2 then u € H*(Q)
and (7) holds with s = 1/2 (see [21, 11]).



3. The Trefftz discontinuous Galerkin (TDG) method

We briefly review the derivation and formulation of our TDG method for
the discretization of problem (2), see also [16, Sect. 2] and [14, Sect. 2].

3.1. Notation

Let T, = {K} be a finite element partition of €2, possibly featuring hang-
ing nodes. Its cells are supposed to be affine images of a few simple reference
elements, which holds, for instance, for simplicial partitions into triangles
(N = 2) or tetrahedra (N = 3). We write h for the mesh width of 7y, i.e,
h = maxger, hi, with hx = diam(K). On 7, we will define our TDG
method. We denote by Fj, = g, K the skeleton of the mesh, and set
.F;?:.FhﬂFR, th:fhﬂFD andf,{:fh\(]:fu]:,?)

We also introduce some standard DG notation [1]. Write n*, n™ and ng
for the exterior unit normals on 0K+, 0K~ and 0K, respectively. Let v and

7T be a piecewise smooth function and vector field on 7, respectively. On
0K~ NOK™, we define

the averages: f{o} :=1(v"+0v7) , {r}=3(=T+77),

the jumps: [v]y :=v'n"+vn” |, [rly:=7"-nT+7 -n

Furthermore, we will denote by V;, the elementwise application of V.
Finally, for a given mesh 7, we introduce the TDG finite element spaces
with local resolutions {px }re7, given by

Vo(Th) = {vnp € L*(Q) 1 vl € Voo (K) VK € Ty},

where V,, (K) is a pg-dimensional space of functions on K that enjoy the
Trefftz property, i.e.,

— AUhp — k2’Uhp =0 V’Uhp € V;;K<K) . (11)

Examples of Trefftz spaces for the Helmholtz problems are linear combina-
tions of plane waves in different directions, or linear combinations of circu-
lar /spherical waves, see [25, Ch. 3] and Sect. 5.

3.2. Derivation of the TDG method

In contrast to [14, 16] we derive the TDG method for the scattering
problem (2) directly from the second-order equations. Multiplying the first

10



equation of (2) by smooth test functions v and integrating by parts on each
K € T, we obtain

/kVu-V@—%ﬁmﬂdV—l/Vm-nKﬁdgzo.
oK

K

Now, we integrate by parts a second time, replace u and v by discrete func-
tions wpy, vpy € V,(Th) and the traces of u and Vu at 0K by numerical fluzes
to be defined (v — Upp, Vu — tkop,), and get

/U,hp (—Avhp — k’zvhp) dVv + / ﬂhp V@hp ‘N g ds — / ik:&hp ‘N g Ehp dS=0.
K K 0K

(12)
Finally, taking into account the Trefftz property (11) of the test functions
Upp, We can write the elemental TDG formulation:

/@thEhp . anS— /@k&hp : nK@hpdS =0.
oK oK

In order to complete the definition of the TDG method, like in [16, Sect. 2],
we mimic the general form of the fluxes defined in [6] and set

{Vinun} — aik [up,) N on faces in F},

ikGhy, = § Viup, — (1 —8) (Vaup, + ikdupn — ggn)  on faces in FjY,
Viupy — ik uppn on faces in FP,

funp} — B (k) [Viun]n on faces in F},

Unp = § Upp — 6 ((ik9) "' Viupy - 0+ upy — (ikU) 'gr)  on faces in FFY,
0 on faces in FP,

where the so-called flux parameters «, (3, § are piecewise constant and positive
functions defined on suitable unions of edges/faces. In particular, we demand
that

0<d6<1/2. (13)

More precise assumptions on these flux parameters will be specified later,
see (21) below.

11



Adding over all elements, we obtain the following formulation of the TDG
method: find uy, € V,(7,) such that, for all v, € V,(7x),

An(Unp, Vnp) = Cn(vnp) (14)

where
A, v) = /F {ud[Vitlvds - /F B R) Vsl w [Vl dS
—/ {Vru}- ﬂﬁ]]NdS%—/ aik [u]n - [0]n dS
Fi Fl
+ /;:5(1 —0)uVyv-ndS — /fg(s(ikﬁ)_ (Viu-n) (Vyo-n)dS
— 5th~n@d5+/ (1—=0)ikvuvdS

R R
]:h, ]:h

— th-nEdS—i-/ aikuvds
FP FP

and

€h(v) = — ) (2'1{719)719]3 Vhﬁ -ndS + / (1 — (5) gR@dS .
FR FR

Remark 3.1. We have local approximation by plane waves in mind, which is
unstable in the limit & — 0. Thus, throughout, we take for granted that £ is
bounded away from zero and forgo a definition of our method that would be
robust in the limit £ — 0. Yet, this can easily be achieved by replacing ik
with ik +h~! in the above definitions of the numerical fluxes, which yields a
viable DG formulation also for k£ = 0.

4. A priori convergence analysis

Well-posedness and abstract a priori error estimates for the TDG method
introduced in the previous section are proved essentially like in [16] (see
also [25, Sec. 4.3]), with judicious modifications due to the presence of the
Dirichlet boundary I'p and the reduced regularity of the analytical solutions.

Define the piecewise Trefftz space

T(Ty) :={veL*N):3s>0st. v eE H%Jrs(ﬁ)

12



and Av + k*v = 0 in each K € T} ,
where H*(T;) = {v € L*(Q) : v|x € H*(K) VK € Ty}, and endow it with
the mesh-skeleton norm, see [16, Formula (3.1)],

2
Iollpe =471

1 2 1
Vil + ko
ﬁ [[ h’U]]N 07]__£+ « [[U]]N

2

0,Ff

(15)

2
+k—1) ‘

529 EV 0 - nH +k H(l _§)350

0,7 0,7 [

3

+/<7Ha%v

2
0,FP

this is actually a norm in 7'(7,). In fact, if v € T(7y) is such that [jv]| ,, = 0,
then v € H}(Q), Vv € H(div;Q), Vv -n =0 on I'g and Av + k?v = 0, thus
v = 0 as a consequence of the well-posedness of problem (2).

In order to study the properties of Ay(-, ), we also need to introduce the
augmented DG-norm, cf. [16, Formula (3.2)],

1 2 _ _1 2
L R e ] R A0

11 |2 g1 2
+sz6 21921)’ s Ha Qth-nH .
0,FF 0,7P
Proposition 4.1. For all v,w € T(T},) we have
[An(v,w)] < 2ol pe+ lwllpe (16)
2
Im[An(v,v)] = [[vlpe - (17)

Proof. Repeated application of the Cauchy-Schwarz inequality and 6 < (1 —
J) < 1 give (16) (see [16, Prop. 3.5] and [25, Prop. 4.3.5]), while (17) can be
proved by integrating by parts the volume term in (12) and proceeding like
in [16, Prop. 3.3] (see also [25, Prop. 4.3.3]). O

4.1. Well-posedness and error estimates in DG-norm

In this section, we state the well-posedness of the TDG method and an
abstract error estimate in the DG-norm (15).

Proposition 4.2. There exists a unique up, solution to (14); moreover, we
have

1,1
sl < (1= 830 2gn| -

13



Proof. Existence and uniqueness of solutions to (14) readily follows from (17).
By the Cauchy-Schwarz inequality and § < (1 — §), see (13), we obtain

00(0)] < (1= )20 Egn| _ ollp -

* h

which, together with (17), gives the continuous dependence of up, on gg. [

Proposition 4.3. Assume that the solution w of (2) belongs to T(T,) and
let upy be the solution to (14); then, the TDG formulation is consistent, i.e.,

An(u, vnp) = Ch(vnp)  Vury € Vi(Th)

and
lu—unpllpe <3 inf _ flu— vppll pe -
hp p\/h
Proof. The consistency of the TDG formulation is a consequence of the con-
sistency of the numerical fluxes. For the proof of the error estimate, see [16,
Prop. 3.6] and [25, Prop. 4.3.6]. O

4.2. Error estimates in the L*-norm

Like in [16, Sect. 3.2] (see also [25, Sec. 4.3]), we bound the L?*norm
of any Trefftz function by using a modified duality argument which was
introduced in [29, Theorem 3.1] for convex polygonal (N = 2) or polyhedral
(N = 3) domains, and extended to non convex polygons in [12, Lemma 6.2
(i1)]. Since we want to allow for meshes which can be highly refined close to
the scatterer, we dispense with the quasi-uniformity assumption. This will
entail major modifications in the arguments compared to the analysis of [16]
and [25, Sec. 4.3].

We make the following assumptions on the mesh:

i) shape reqularity: there exists a constant o > 1 independent of the global

mesh width A such that y
K
< 1
R g <7 %)

where dg is the diameter of the largest ball contained in K;

ii) local quasi-uniformity: there exists a constant 7 > 1 independent of h
such that

—1 < hKl

T

<rT VK1, Ky € Ty, s.t. meas(y_1)(0K1N0Ky) # 0 ; (19)

hi,

14



iii) quasi-uniformity close to I'p: there exists a constant 7z > 1 independent
of h such that

hi < TR VK € T, s.t. meas(y_1) (0K NTg) #0. (20)
K

Note that most local refinement algorithms for finite element meshes in
two and three dimensions are designed to ensure Assumptions i) and ii).
Assumption iii) stipulates that all the elements abutting the outer boundary
' have size comparable to h. Yet, what is important in applications is the
possibility of refining the meshes close to the scatterer, rather than close
to the artificially introduced outer boundary, which will often be smooth.
Figure 1 displays a mesh compliant with i)-iii).

In [16, Sect. 5] the numerical flux parameters a,3,d € L>(F,) were
chosen as globally constant functions. To cope with locally refined meshes
we now allow them to attain different values for different edges (N = 2) or
faces (N = 3) and we assume that those have the following form (f is an
edge/face of the mesh):

h h h
Oé’f:ah_f’ 6|f:bh_fa 5|f:d_7 (21>

hy

where a, b and d are positive constants independent of the mesh width, the
local Trefftz trial spaces, and the wave number k. The symbol h; stands for
the local mesh width at the edge/face f defined as hy = min{hg,, hg,} if
f=0K,NOK,, and hy = hi if f = 0K N 0S2. Notice that this definition
works also in the case of hanging nodes.

Notice that the condition § < 1/2 is satisfied by choosing d < (275)!
with 7 from (20). This is the rationale behind assuming (20).

Lemma 4.4. There exists a constant C' > 0 depending only on o, s, ¥, Vg
and the flux parameters a, b and d (thus independent of h, p and k), such
that, for any w € T(Ty),

lwllyo < C72dg |(kh)™2 + (dok)? (dg'h)*| [w]lpe

for all s satisfying (6).

Proof. Let ¢ be in L?(Q). Let v be the solution to the (adjoint) problem (3)
with f = ¢, gr = 0 and “=” in the impedance condition on I'g. From (5)
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and Theorem 2.3, we know that v € H2T5(Q), for all s satisfying (6) (with
min{sq,r} = sq), and that

[vle +kl[vllge < Cdallollyq

(22)
V0ly 0 < C (14 dak)ds™" 6]l

with C' > 0 depending only on s, yg and ¥, but independent of k, ¢ and
v. Multiplying by w € T(7,), integrating by parts twice the first equation
of (3) element by element (using Aw + k*w = 0 in each K € T,), and taking
into account that Vv -n = ikdv on I'r and v = 0 on I'p, we obtain

(w, )oql = Z /aK (Vw-nv—wVv-n) dS

KeTy

_ /F ([Vwwln® — [l - Vo) dS

Y

—i—/ (Vhw-n—i—ikﬂw)ﬁdS—/ wVv-ndS
FR Fp

h

from which, by the Cauchy-Schwarz inequality,

[(w, @)ogl <D (k%

32 [[Vhw]]NH % Hﬁfév

s

feFk 0.f
+k2 a%[[w]]N k72 |la"2Vu-n )
0,f 0,f
S (k; sh07ivw || k5o
feFE 0.f 0.f
ki m%w\ ks |5 3050
07f O7f
1 1 1 1
+ k2 Hoﬁw” k™2 075Vv~nH
2 y y
ferp
1
<|lw|lpeG(v)z ,
where we have set
2 . 2
v) = kJH 29 + k7t a_EVU-nH
G(v) =3 ( o4} y
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1
a 2Vv-n

+ 3 2kH5 9%y

‘ + >k

ferk s ferp s
We recall the trace inequality
2 - 2 2
[l ore < € (B ol + b loll ) VE €T, (23)

with C' > 0 depending only on ¢ in (18) (see [4, Th. 1.6.6]). Moreover, since
v e Ha(Q) for all s satisfying (6), we can prove that

IV0lE o < C (R IV0IE s+ HE VOB 0i)  VEETa, (24

with €' > 0 depending only on o, s, and the reference element associated
with K. In fact, denoting by K the reference element associated with K
(recall that any K is the affine image of one of a few reference elements),
from [22, Th. A.2], we have that, for any @ € Hz"(K),

—~ 14 1+2 —~112 1+2
|@15 o < C D)2 @ ||/+5;>.

Bounding the L2-norm by the H2"*(K)-norm gives HwHMK < C|o|3 LR
which, together with the definition of the H 2+S(K )-norm, gives HwHO or <

C (H@Hgf( + \@Eﬁ f() By a scaling argument, which is possible thanks
’ 2 )
to the shape-regularity (18), taking into account that Vo € H2t5((), we
obtain (24).
Using (23) and (24), and taking into account the bounds for ¥ and the
local quasi-uniformity assumption (19), we obtain

2

2

6w) <7 > (|| =1

L (ORN(FLUFP)) H

Vord Lo (OKNF])
h
18—
L= (0KNFE)
k 5 h2s
ool e+ (bt + = ) ol + 2 9]

with C' > 0 depending only on ¢, s and o (see (18)), but independent of h,
p, k and v. The assumption (21) on the flux parameters immediately gives

2

1|2 1
2

2
Lo (OKN(FLUFD))

hk
< (O£
Ch’

Le(OKNFE)

Jo

J573;

L (0KNF])
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which leads to the estimate
k 9 kh3. 1 9 hfﬁ“ 9
G <07 3 [ttt (5 + g ) Plta+ S (9ol
h

where C' now also depends on a, b and d. By definition, hx < h, and therefore
(22) gives
G(v) < Crdj(k™'h™" +di k™) | ¢llgq -

Consequently, for all ¢ € L*(f2), we obtain

|(w, $)oo
19100

and the result readily follows. O

1 1
< Crido(k™2h™2 +d3 “k2h*) |Jw|| pe

Theorem 4.5. Assume that the analytical solution u to (2) belongs to T(Ty,)
and let up, be the solution to (14); then, there exists a constant C' > 0
depending only on o, s, ¥, vg and the flur parameters a, b and d (thus
independent of h, p and k), such that

= unpllg g < C72da |(kh) ™2 + (dok)2(dg'h)*| inf  flu— vl pge

'Uhpevp(lrh)
for all s satisfying (6).

Proof. The result follows from Lemma 4.4 applied to u — up, € T(7;,) and
Proposition 4.3. O

Remark 4.6. In order to model the propagation of a wave through different
materials, it is possible to consider a piecewise constant wavenumber £ in the
boundary value problem (2). If the mesh 7, resolves the material structure,
i.e., in the interior of every element the wavenumber is constant, the formu-
lation of the TDG method and the most part of its analysis carried out in
this paper can be extended to this setting after small modification (e.g., k
must be placed inside the jump and the average operators in the definition
of the numerical fluxes). On the other hand, Rellich identities are not avail-
able, at the moment, for variable k. Therefore we can not state a variable
wavenumber-explicit stability bound analogous to Theorem 2.2. In summary,
all the results of this paper carry over to this setting, but the dependence
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on the wavenumber of the bounding constants is not known in the follow-
ing parts: stability and regularity Theorems 2.2 and 2.3; duality argument
of Lemma 4.4; L*(Q)-norm error estimate of Theorem 4.5; L*()-orders of
convergence in the bound (29).

Remark 4.7. In principle, it is possible to apply the TDG scheme to the
inhomogeneous Helmholtz equation, i.e., —Au — k*u = f with a non-zero
volume source term f € L*(€2). In [14], convergence in h for the plane wave-
based TDG was proved but the numerical results presented there clearly
demonstrate that no p-convergence or high-order h-convergence (using many
plane waves per element) are possible (see also Remark 13 and Table 3.4 of [7]
for the same results for the UWVF). Since the solution of the inhomogeneous
problem does not lie in the Trefftz space, the same negative result must be
expected for any Trefftz scheme. Other approaches are possible. In [32,
Sec. 6.1.2] and subsequent papers, the original problem was reduced to a
homogeneous one by subtracting a free-space solution (i.e. a solution of the
PDE in RY without boundary conditions). Another option is to include
non-Trefftz functions (e.g. polynomials) in the discrete space; some volume
terms must be included in the formulation of the TDG in order to maintain
consistency. However, the analysis of this scheme is still open.

5. Outlook: hp-approximation estimates

As mentioned in the introduction, the results presented in the previous
sections are essential tools for a complete hp-convergence theory of the TDG
method for the acoustic scattering problem. In fact, with Theorem 4.5 on
hand, predicting the convergence of a TDG discretization on Ap-meshes and
distribution of the local resolutions boils down to investigation of the best
approximation error inf,, cv, (7 (|4 — vyl pe+ for a concrete choice of local
Trefftz spaces.

In this section, we consider spaces spanned by plane waves and review the
best approximation results of [26, 27] (see also [25, Ch. 3]) for solutions which
are at least in H*(2). What is still missing are h-version plane wave local
best approximation estimates for Helmholtz solutions in H %JFS, 0<s<1/2
to be used within elements abutting corners of I'p, where the solution u has
low regularity.

In order to avoid technicalities, we restrict ourselves to two-dimensional
domains, meshes whose elements are affine images of a few convex reference
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elements, and to uniformly spaced plane wave propagation directions®.
For each element K € Ty, define a local “plane wave degree” qx € N and
a Trefftz space with pg := 2¢x + 1 uniformly spaced plane waves:

PK
Vo(Th) = {Uhp € L*() : vppli(x) = Z&K,neikx'di(’", agn, € CVYK € ﬁz} ;

n=1
(25)
where ) )
dK,n=<COSﬂ, sinﬂ>, ne{l,...,px}.
Px Pk
Assume that, in each element,
ulg € H***(K), 1<sg€eN. (26)

Assume also that
qx > 25k +1 VK €T,

and set
~ dK

K Jog(qn + 2)
With the new definition of the flux parameters «, 5 and d (see (21)), and

for hg and gx varying across the mesh, the best approximation estimate in
DG -norm of [25, Lemma 4.4.1] becomes

_ 3
inf_ Jlu—vppllpes < 72ETE Y Cr(1+ (khy) =) eithe (ﬁ) hiETe

Vpp€Vp(Th) KeT, hK
( 1 >SK§ +(1+ (kh )QK—5K+2>< o¢ )qQ |
. =a YT U )

(27)

where, for every K € Tj, the constants G’K > (0 depend only on the reference
element for K, s and the maximum and minimum values on OK of a, b, d

and 9.

SEverything that follows can be generalized to three dimensional problems, meshes
with star-shaped elements, general choices of plane wave propagation directions, and also
to circular and spherical wave bases.
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The first term in the square brackets of (27) decays algebraically for
increasing qg, while the second one decays exponentially; thus, for ¢x large
enough, the latter can be bounded by the former. This is the situation
we consider in the following proposition, which is obtained by inserting the
bound (27) within Proposition 4.3 and Theorem 4.5.

Proposition 5.1. Assume that the analytical solution u to (2) satisfies the
smoothness assumption (26), and let up, be the solution to (14) with V,(Ty)
given by (25). Then, if minger, qx is large enough (i.e., such that the expo-
nential term in qx in the square bracket of (27) is bounded by the algebraic
one), the following error bounds hold true:

1 o1
fu =l < ()32 e (=)l (28)
hpllpg+ = L K 'k &\K si+1,k,K

KeTh

= wnpllg < Co 7 | (dek) ™ + (dg*h) | (29)

AR
: Z Cg hiE™ (a—K) ully 1 px s
KeTy
for all s satisfying (6). Here, for every K € Ty, the local constants Cx > 0
depend only on the product khy (as increasing functions), sk, the reference
element for K, and the mazimum and minimum values on 0K of a, b, d
and v; the global constant C, > 0 depends only on o, s, ¥, yg and the flux
parameters a, b and d.

The plane wave local best approximation error estimates used to prove the
bound (27) provide algebraic orders of convergence in ¢x when the solution
is H*xT1(K) in K. Whenever u|x admits an analytic extension to an open
set Fx O K, then the convergence there is exponential in ¢x, as shown in
25, Remark 3.5.8]. Thus, defining

ﬁZE = {K € Ty : u|g can be analytically extended to EK} ,
EA =T \ 7;1E )

the combination of [25, Remark 3.5.8] with Proposition 4.3 gives the following
error bound, whose convergence in gy is faster than that of (28) in the part
of the domain occupied by the elements in 7,7

1 1
Th 2 SK— 1 e
[Ju — Uhp||DG+ < <?) { E Cfé b ' (_Z]\K) ||“||5K+1,k:,K

KeTA
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+ ) CRO A+ (Bhue)™) b (Nl o1 pse + Nl ez ) |

KeTF

where u is the extension of u|x to Ex. Here, the local constants C¢, CE > 0
are independent of gx and u, and depend only on the product khy (as
increasing functions), the reference element for K, sk, alok, blox, d|ox,
V]sx and, in the case of C¥, on hyx and E; bx > 1 depends only on
K and Eg. A similar bound on the L?(Q2)-norm of the error follows from
Theorem 4.5. If the artificial boundary 'y is chosen to be analytic, we expect
T2 to correspond to the set of the elements of 7;, that are incident to a vertex
of I'p.

We hope that the above estimates, together with local best approximation
estimates for H2**-Helmholtz solutions, 0 < s < 1 /2, may serve as tools for
a proof of exponential convergence of plane wave TDG on hp-meshes and
suitable plane wave degree distributions. Such a result would match what
has been established for piecewise polynomial approximation [2, 35|. Hitherto
it is still elusive.

Remark 5.2. In order to obtain an accurate approximation of the solution
near the vertices of a polygonal scatterer, a possible alternative to the use of
locally refined meshes is the use of Trefftz trial functions specially adapted
to the geometry. These are the so-called “corner waves” and they are de-
fined as product of Bessel function of fractional order in the radial direction
and complex exponentials in the angular direction. They exhibit a singular-
ity located in the corner, with the same exponent that is expected for the
analytical solution of the boundary value problem.

This approach is very simple and provides extremely effective results, as
demonstrated in [3]. However, the extension to three dimensional problems
is absolutely nontrivial: this fact gives a further motivation to the study of
a hp-version of the TDG method.

6. Conclusions

In the present paper, we have considered a sound soft scattering prob-
lem posed in a truncated domain and proved wavenumber-explicit stability
and regularity bounds in H %“—norm, s > 0. We have derived a TDG dis-
cretization and proved its well-posedness and quasi-optimality in a special
DG norm. Quasi-optimality in L?norm was then proved for shape regu-
lar, locally quasi-uniform (but not globally quasi-uniform) meshes. We have
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shown convergence estimates in A and p in a special case which uses plane
wave bases.

Several aspects still remain elusive, for example: the proof of exponential
convergence in the number of degrees of freedom on special meshes, and the
extension to inhomogeneous problems and non homogeneous materials.
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