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ABSTRACT

The present paper presents a simple theory for the transformation of nonprecipitating, shallow convection
into precipitating, deep convective clouds. To make the pertinent point a much idealized system is considered,
consisting only of shallow and deep convection without large-scale forcing. The transformation is described
by an explicit coupling between these two types of convection. Shallow convection moistens and cools the
atmosphere, whereas deep convection dries and warms the atmosphere, leading to destabilization and sta-
bilization, respectively. Consequently, in their own stand-alone modes, shallow convection perpetually grows,
whereas deep convection simply damps: the former never reaches equilibrium, and the latter is never
spontaneously generated. Coupling the modes together is the only way to reconcile these undesirable separate
tendencies, so that the convective system as a whole can remain in a stable periodic state under this idealized
setting. Such coupling is a key missing element in current global atmospheric models. The energy cycle de-
scription used herein is fully consistent with the original formulation by Arakawa and Schubert, and is suitable
for direct implementation into models using a mass flux parameterization. The coupling would alleviate
current problems with the representation of these two types of convection in numerical models. The present
theory also provides a pertinent framework for analyzing large-eddy simulations and cloud-resolving modeling.

1. Introduction shallow convection is simply turned off, and deep con-
vection is turned on [as in Tiedtke (1989), e.g.; see also
Plant (2010)].

By presenting a simple theory for this transformation,
the present paper shows the importance of the coupling
of shallow and deep convection, which is key to suc-
cessful simulations of the transformation process. The
theory is presented in terms of an energy cycle of con-
vective systems established by Arakawa and Schubert
(1974) under their mass flux formulation. Pan and Randall
(1998) and Yano and Plant (2012) have further explored
this formulation. Since this energy cycle formulation can
be formally derived from a general form of the mass flux
parameterization, it is both robust and general. Al-
though the present paper analyzes this energy cycle
system under an extremely simplified setting, the for-
mulation itself is valid even under fully realistic, oper-

) . - ational settings. For this reason, the present study leads
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The representation of convective cloud is a key ele-
ment for successful synoptic weather forecasts and climate
projection (cf. Randall et al. 2007). The transformation
of nonprecipitating, stratocumulus-topped boundary
layers into trade wind convection, and then into pre-
cipitating, deep convective clouds is an especially chal-
lenging issue, with extensive efforts underway aimed at
both process understanding and modeling [e.g., Wu et al.
(2009) and references therein]. In the present paper, by
shallow convection, we loosely refer to both stratocu-
mulus and trade wind convection, but with more em-
phasis on the latter. In current global models, exclusive
parameterizations have been developed for shallow and
deep convection: thus, at the moment of transformation,
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shallow and deep convection without large-scale forc-
ing. Such a situation never arises in nature. A steady
subcloud-layer state is also assumed in order to focus our
attention on the interactions of convection with its en-
vironment. Clearly, the theoretical setting is highly ide-
alistic. However, such a drastic idealization serves the
purpose of elucidating the contrasting nature of shallow
and deep convection. Furthermore, the general appli-
cability of the energy cycle formulation adopted here
hardly diminishes under all these idealizations.

Note particularly that although stratocumulus clouds
are often driven by nocturnal cloud-top radiative cool-
ing (cf. Moeng 1998; Bretherton et al. 2004), this process
does not play a role in the present analysis. The focus of
the study is exclusively on the impact of convection on
the environment in changing the stability. Radiative
cooling is required to close the heat budget for convec-
tive elements in stratocumulus clouds but does not enter
here once we implicitly adopt the notion of a steady-
state convective plume as assumed in standard mass flux
convection parameterization.

Moist atmospheric convection is characterized by
a wide range of convective clouds, even within a homo-
geneous large-scale environment (cf. Stevens 2005).
Spectral models may be necessary in order to account
for the full range of clouds (Arakawa and Schubert 1974).
However, it has often proved convenient in practice to
consider convective clouds as belonging to one of two
major types: shallow and deep. Shallow convection has
a cloud top that is close to the top of the planetary
boundary layer, whereas the cloud tops for deep con-
vection extend into the free troposphere, and can even
penetrate the tropopause. Notwithstanding their names,
these two basic categories of convection are more fun-
damentally distinguished as being nonprecipitating (or
perhaps only weakly precipitating) and precipitating
(often strongly) states. This distinction is the funda-
mental one because it leads to contrasting forms of in-
teraction between the convection and the atmospheric
environment. The contrast can best be elucidated by
comparing their respective energy cycles, as presented
in the next section.

2. Theory

We start our investigation by establishing the role of
the cloud work function originally introduced by Arakawa
and Schubert (1974) in the context of the convective
energy cycle. Recall that Arakawa and Schubert’s cloud
work function A is defined by

A= JZT nb dz. (1)

Zp
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Here, 7 is a normalized convective mass flux defined
immediately below, and b is the convective buoyancy.
The limits of the integral range from the cloud base z,
where ascending air becomes saturated, to the cloud top
z7, where the buoyancy vanishes.

The physical meaning of the cloud work function may
be best understood in the following manner. By defini-
tion convection is a type of fluid motion that is driven by
b. A simple energy integral shows that the kinetic energy
for convective motion is locally generated at rate bm per
unit volume, where m is the vertical momentum of the
air per unit volume (cf. Yano et al. 2005a). Convection
does not occur everywhere over a large-scale domain,
but it occupies a fractional area o.. Thus, the buoyancy
generates convective kinetic energy K in an atmospheric
column of unit horizontal area at a rate given by

Zr
J Mbdz =MyA, @)

B

with M = o m designating the upward convective mo-
mentum per unit model volume. The quantity M is known
as the convective mass flux, and it can be normalized
using its cloud-base value Mg = M(z), so that M = nMp.
From Eq. (2), we see that A, defined by Eq. (1),
measures the efficiency of convective kinetic energy
generation produced by a unit of cloud-base mass flux.
The evolution of the convective kinetic energy associ-
ated with each convective type may be described by

dK K

o MgA — 3)
This corresponds to Eq. (132) of Arakawa and Schubert
(1974). Here, we follow the assumption of Lord and
Arakawa (1980; also Pan and Randall 1998; Yano and
Plant 2012) that the kinetic energy dissipation can be
simply characterized by a time scale 7.

The generated convection, in turn, modifies A with
arate proportional to M . Here, it is important to realize
that each convective type, say, designated by subscript j,
modifies the cloud work function for all the convective
types, designated by the subscript i. The cloud work
function is also generated by large-scale processes F.
Thus, by adding subscripts i and j to all the variables,
a general equation for the cloud work function is given by

dA.

| -

M=

KiMp; + F; 4)

corresponding to Eq. (142) of Arakawa and Schubert
(1974). Here, K;; designates a rate that the jth type of
convection modifies the cloud work function for ith type
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of convection per unit of mass flux Mp; and N types of
convection can be considered in general. A careful deri-
vation of this equation is presented in appendix B of
Arakawa and Schubert (1974; see also Yano and Plant
2012).

We, again, emphasize that the energy cycle of con-
vective systems defined by Eqs. (3) and (4) is general, in
the sense that it is satisfied by more or less all the existing
mass flux convection parameterizations. Here, we as-
sume that a set of n of convection is prescribed by given
entrainment and detrainment rates. This assumption is
justified when convective processes are much faster than
the large-scale processes, so that each convective type is
in steady state (i.e., steady plume hypothesis). In de-
riving Eq. (4), we furthermore assume that there are no
direct interactions between different convective types,
so that their mutual interactions occur only through
their modifications of the environment (large-scale state),
which consequently modifies the cloud work functions
for the other convective types.

Recall that Arakawa and Schubert’s (1974) convec-
tive quasi-equilibrium hypothesis is defined by a steady
state to Eq. (4). The present study, in turn, by consid-
ering Egs. (3) and (4) fully prognostically, examines
a finite departure of convective systems from convective
quasi equilibrium.

In the present paper, we take the above-mentioned
energy cycle formulation, consisting of Egs. (3) and (4),
and apply a strong truncation to two modes, N = 2,
consisting of shallow and deep convection only. The
modes are designated by subscripts s and d in the fol-
lowing. Also, as a further idealization, we totally neglect
the contribution of the large-scale forcing by setting F; =
F, = 0. As discussed in the introduction, the question of
transformation from shallow to deep convection is thus
considered in isolation in the most idealized manner.

To establish the feedback loops described by the
matrix K;j, it is important to realize that shallow and
deep convection interact with the atmospheric envi-
ronment in contrasting ways (Fig. 1). Note that although
our theoretical formulation, being based on the mass
flux formulation, is less directly applicable to stratocu-
mulus than trade cumulus convection; nonetheless, the
following arguments are equally applicable on a con-
ceptual level to stratocumulus.

The dominant action of shallow convection arises
from detrainment of cloudy air around cloud top. Typ-
ically, the detrained cloud water evaporates as it mixes
with the environment, and the resulting cooling de-
stabilizes the atmosphere. The process is schematically
shown by Fig. 12 of Arakawa and Schubert (1974). In
terms of the energy cycle, this process is manifest as a
positive feedback that increases the cloud work functions
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(a)

Cool and Moisten

(b)

Warm and Dryin
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FIG. 1. Feedback loops for (a) shallow and (b) deep convection
when they operate independently, and (c) when they are coupled.
The arrows indicate the directions of feedbacks, and the plus and
minus signs indicate positive and negative feedbacks, respectively.
Here, feedbacks are defined in terms of the tendency for an in-
crease of the cloud work function. Thus, positive and negative
feedbacks lead to destabilization and stabilization of the system,
respectively. In (a) shallow convection brings a positive feedback
into the system, destabilizing itself, and also the conditions for deep
convection by moistening and cooling the environment. In (b) deep
convection brings a negative feedback into the system, stabilizing
itself, and also the conditions for shallow convection by drying and
warming the environment. In (c) the coupling of shallow and deep
convection leads to a stable configuration by balancing the de-
stabilization and stabilization tendencies (positive and negative
feedbacks) of shallow and deep convection, respectively.

A, and A, for both shallow and deep convection, as
indicated by arrows and a positive sign in Fig. 1a. Thus,
Kis > 01in Eq. (4) withi = s, d.

A destabilization tendency is also associated with
a mechanism known as cloud-top entrainment instability
(CTEL Deardorff 1980; Randall 1980) that has been
proposed as a trigger for the transformation of strato-
cumulus into trade cumulus convection. The mechanism
destabilizes the existing clouds (Holland and Rasmusson
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1973, Nitta and Esbensen 1974) and is sometimes asso-
ciated with deepening of stratiform clouds (Stevens et al.
2003). Reevaporation of cloud water is a robust and
important process, because this is the only possible way
to close the water cycle for nonprecipitating clouds.

In contrast, for deep convection, most of the con-
densed water is precipitated without evaporation. The
dominant action of deep convection is warming of the
environment by diabatic thermal compression of de-
scending air in compensation against convective ascent.
Warming stabilizes the atmosphere, which is manifest
as a negative feedback that decreases the cloud work
functions for both shallow and deep convection. Thus,
Kia<0inEq. (4) withi = s, d. This tendency is indicated
by arrows and a negative sign in Fig. 1b. The process is
called moist convective damping (Emanuel et al. 1994)
and is also schematically shown by Fig. 11 of Arakawa
and Schubert (1974).

The contrasting actions of shallow and deep con-
vection on the environmental state can be incorporated
into the cloud work function tendency equation (4) as
follows:

dAS —

7 - MSMB,S - ysMB,d (Sa)
dA

dtd =HMp ;= ¥Mp - (5b)

Here p and +y are positive coefficients describing the
destabilization and stabilization tendencies by shallow
and deep convection, respectively, consistent with the
sign of the matrix elements K;; just discussed. These
coefficients can be evaluated for each cloud type from
the environmental profile using formulas given in ap-
pendix B of Arakawa and Schubert (1974). Their Figs.
11 and 12, referred to above, illustrate the physical
meaning of these coefficients. In following this physical
picture, the coefficients are assumed to be constant for
the present conceptual demonstration.

The system, composed of Egs. (3) and (5), both for
shallow and deep convection, can be closed by assum-
ing that the convective kinetic energy is proportional
to the cloud-base mass flux (Yano and Plant 2012), as
shown:

K=aM, (6)

with a constant a. The assumption may be justified from
explicit convection modeling studies (Emanuel and
Bister 1996; Shutts and Gray 1999; Parodi and Emanuel
2009). The precise form of this assumption is not es-
sential for the qualitative behavior of the coupled sys-
tem to be discussed below. We obtained broadly similar
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results by following an alternative assumption (Pan and
Randall 1998), as can be checked analytically. Under the
formulation of Egs. (3), (5), and (6), first we show how
each type of convection evolves in isolation, and then we
show an effect of coupling the two types together. Model
parameters and numerical methods are briefly described
in appendix A separately.

3. Results

Figure 2a shows the evolution of the shallow type in
isolation: evaporative cooling keeps increasing the cloud
work function (red), which in turn generates more ki-
netic energy (blue), leading to an explosion of shallow
convection within a few days. A linear analysis, given
separately in appendix B, shows that the initial cloud
work function must be above the threshold «,/7, in order
to obtain such an explosive growth. Appendix A pres-
ents an estimate of a typical value for the threshold
cloud work function, which is relatively low at 2 J kg~ .
Thus, although shallow convection can be dissipated
away under a low cloud work function state, if it attains
a shallow cloud work function above the threshold, then
its destabilization tendency wins out over the dissipa-
tion. In more realistic situations, shallow convection has
an equilibrium solution under a large-scale descent (i.e.,
a negative large-scale forcing, Fy < 0). However, as also
shown in appendix B, such an equilibrium solution is
linearly unstable, and so the shallow-only system rather
easily produces a runaway process.

The analysis of the shallow-convection-only case leads
to rather unrealistic results because it is artificially as-
sumed that only shallow convection can exist in the
system, and that it does not interact with other convec-
tive modes. However artificial such an assumption may
be, we should also realize that it expresses a real danger
of artificial behavior that may arise in numerical models
when a more realistic shallow convection parameteri-
zation is constructed without taking explicit account of
the interactions with deep convection.

In contrast, Fig. 2b shows the evolution of the deep
type in isolation: deep convective kinetic energy (black)
is initially enhanced by consuming the initial cloud work
function (green), but then it simply damps out in less
than 1 day due to its self-stabilization tendency (Emanuel
et al. 1994). The result suggests that deep convection can
only be sustained under the support of another process.
In particular, when a positive fixed large-scale forcing is
added, the system with deep convection alone attains
a stable periodic cycle, as Yano and Plant (2012) have
shown.

The above-mentioned two examples, although they
may look unbelievably oversimplified, serve to demonstrate



DECEMBER 2012

—~
QD
~

— = NN W W s~

K, A (J/kg)

O Ul O Ul O Ul O Ul O Ul O

o

5 1.0 1.5 2.0 2.5 3.0
days

|
N O OO AN O NP> O
I

NN NN

(I/keg)

K, A

OO PAPNONPPOCCOON PO
T T T T T T

(@)

FIG. 2. Characteristic evolution of the atmospheric convective
system when (a) shallow nonprecipitating convection alone is
considered to be active, (b) deep precipitating convection alone is
considered to be active, and (c) shallow and deep convection are
coupled. The curves show K (blue), A§ (red), K, (black), and A,
(green). Note that only the anomalous, nonequilibrium part of
the cloud work functions are shown, with A=A, — (a,/7s) and
Ay= Ay — (aq/7q). Note also that the kinetic energies K and K,
are presented in the unit of J kg ! by dividing them by 10° kg m 2
and 10* kg m 2, respectively. The rescalings roughly correspond to
the air mass for the depths 1 and 10 km, respectively. Keep in mind
that these kinetic energies are defined as an average over the whole
grid box, and that they contain a factor o as part of their definition.
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the basic characteristics of the two convective types
when considered strictly in isolation. We, again, em-
phasize that although the demonstrative setting itself is
oversimplified, the energy cycle formulation on which
our demonstration is based is robust and general. Thus,
the demonstrated tendency must be there also in more
realistic situations, although it may be less visible in the
presence of many other processes.

As the main implication, when a global model deals
with each type separately, using a different parameter-
ization scheme for each, it may have difficulties in con-
trolling shallow convection, and in generating deep
convection. We speculate that some unphysical tunings
may have arisen within operational models in order to
overcome these problems, and that such tunings may
have introduced other problems of their own: possible
issues include systematic underestimations of marine
boundary layer clouds (Zhang et al. 2005) as well as their
cloud-albedo feedback (Bony and Dufresne 2005), and
difficulties in successfully simulating large-scale orga-
nized structures associated with deep convection (Lin
et al. 2006), such as the Madden—Julian oscillation (MJO).

An explicit coupling of the two types of convection
can overcome these difficulties (Fig. 1c). In the two-
mode system, shallow convection’s positive feedback is
indispensable for engendering deep convection, and its
continued presence is essential for sustaining self-damping
deep convection. In turn, the negative feedback from
deep convection is required for curbing self-explosive
shallow convection. An example of the simultaneous
evolution of the two types of convection under a coupled
configuration is shown in Fig. 2c: a periodic cycle is
realized. For the first 2 days, only shallow convection
(blue) is apparent, which leads to gradual growth of
deep convection (black). However, once deep convection
kicks in, it rapidly dominates over shallow convection and
leads to suppression of the latter. The suppression of
shallow convection also suppresses deep convection,
closing a cycle.

In the example shown, the oscillation period is around
5 days, but this can be made longer or shorter by taking
the initial values of the convective kinetic energies to
be smaller or larger, respectively. To realize a periodic
state, the couplings must be maintained at an appropri-
ate level so that neither the explosion of shallow con-
vection nor the damping of deep convection dominates.

In the real atmosphere, planetary-scale circulations
further help to regulate the convective system: under
descending large-scale conditions, shallow convection
can be maintained with less deep convection, as obser-
vationally known, and under ascending large-scale con-
ditions, deep convection is maintained with less shallow
convection. Thus, given suitable couplings, atmospheric
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convection may be maintained at self-organized critical-
ity irrespective of large-scale conditions, as suggested by
observations (Yano et al. 2001; Peters and Neelin 2006).
As already emphasized by Yano and Plant (2012),
coupling of the present energy cycle model with the
large-scale circulation is relatively straightforward—
that would lead to a model similar to those of Mapes
(2000), Majda and Shefter (2001), Fuchs and Raymond
(2005, 2007), Raymond and Fuchs (2007), and others,
but offering the prospect of more robust and physically
defensible closure hypotheses. Such a coupling to the
large scale under the present theoretical framework is
likely to lead to rich morphologies of convectively cou-
pled equatorial waves, and so is left for future studies.

4. Discussion

The convective energy cycle formulation of Egs. (3)
and (5), adopted for the present study, can formally be
derived under the mass flux convection parameteriza-
tion framework as outlined in section 2. Thus, the for-
mulation could be implemented within a standard mass
flux parameterization, and indeed a similar energy cycle
was implemented into a spectral parameterization by
Pan and Randall (1998). A limitation of their implemen-
tation is that off-diagonal terms, IC;; (i # j) in Eq. (4), were
neglected so that interactions between different convec-
tion modes were excluded. Here, we propose that such
interactions should be accounted for by retaining the off-
diagonal terms.

The convective energy cycle furthermore provides
a valuable framework for analyzing explicit convection
simulations (cf. Yano et al. 2005a). Such a theoretically
solid framework is clearly required for better under-
standing of the processes simulated by both cloud-
resolving and large-eddy-simulation models. This need
is becoming increasingly more acute as simulations with
higher resolutions and larger domains are performed
(e.g., Khairoutdinov and Randall 2006).

Most current global models split the parameteriza-
tion of convection into separate “‘bulk’ descriptions of
shallow and deep convection (Tiedtke 1989; Plant 2010).
Here, we have considered the self-interactions of con-
vective clouds in terms of a bulk pair system, interpret-
ing the pair as being a severe truncation of the full
convection spectrum into those two main types. An ex-
plicit coupling of the types is likely to lead to better
simulation of various processes that are sensitive to the
interactions between shallow and deep convection: ex-
amples are the diurnal cycle of convection (Guichard
et al. 2004), tropical cyclogenesis (Emanuel 1989), and
the slow recovery of tropical convection in the aftermath
of a dry intrusion (Parsons et al. 2000). Benedict and
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Randall (2007) emphasize the importance of the trans-
formation process from shallow to deep convection in
the MJO cycle.

Clearly, the coupled equation set used here has been
simplified in order to make a particular point, as already
emphasized in various places. We could, for example,
point to the importance of midlevel clouds (cumulus
congestus) as a third separate category that mediates the
transformation to deep convection in some situations
(Johnson et al. 1999). The presentation here also ne-
glects the role of downdrafts (Zipser 1969, 1977) as well
as the tendency of convection to organize on mesoscales
and beyond (Moncrieff 2010). Clearly, there are rich
morphologies of atmospheric convection that could be
incorporated. These various additional physical elements
can relatively easily be included into the present energy
cycle formulation by applying the mode-decomposition
principle (Yano et al. 2005b).

It should also be recalled that the standard mass flux
formulation leading to this energy cycle system does not
consider direct interactions between convective types,
but rather describes interactions as mediated by the
environment. The mode-decomposition framework pro-
posed by Yano et al. (2005b; see also Yano et al. 2010;
Yano 2011) does, however, provide a basis for taking
direct interactions into account.

In conclusion, we nevertheless emphasize that the
complexities of the relationship between shallow and
deep convection become strikingly simple when expressed
by a coupled energy cycle model. The coexistence of
many relevant processes should not obscure this basic
point. We also emphasize that this relatively straight-
forward coupling of the shallow and deep convection
schemes under a fully prognostic closure based on the
convective energy cycle is both a practical and important
objective for model development.
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APPENDIX A

Model Parameters

Based on our earlier estimates for deep convection
(Yano and Plant 2012), and on a similar process of es-
timation for the corresponding vertical integrals rele-
vant for shallow convection, we choose the physical
parameters to be u, = v, = 0.17J m’ kg_l, Ha = Ya =
1Tm’kg La,=2x100m?s L a;=1%x10*m? s,
and 7, = 7, = 10° s. Note that the above-mentioned
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parameters lead to equilibrium (threshold) values for
the cloud work functions A, = a,/7, =2 J kg 'and A, =
agty = 10T kg™! (cf. appendix B). These values are
small in comparison with typical values for CAPE, but
they are comparable with available observational es-
timates of the cloud work function (Lord and Arakawa
1980).

We initialize the convective kinetic energy to have
values of K, = 10 J m 2 and K; = 0 J m™2 for Fig. 2a,
K,=0Jm ?and K; = 10° J m ? for Fig. 2b, and K =
K, =10 J m~?for Fig. 2c. All of the runs are initialized
with the equilibrium (threshold) values of the cloud
work functions listed above, except for the case of the
deep cloud work function in Fig. 2b, which is initialized
with an anomaly A;=1Jkg '. An anomaly is included
in that case because otherwise the initially weak deep
convection simply dies out with time. Note that a weak
but nonvanishing convective kinetic energy is required
to ensure the later enhancement of any given convection
type (Yano and Plant 2012).

See Yano and Plant (2012) for a detailed derivation of
the energy cycle system considered herein. Numerical
integrations are performed with the fourth-order Runge-
Kutta method.

APPENDIX B

Linear Stability Analysis of the Shallow Convection
System

The purpose of the present appendix is to analyze
a system with shallow convection only, following the
analysis for a system with deep convection only pre-
sented in Yano and Plant (2012), but in a more succinct
manner. The system is given by Egs. (3) and (5a). After
substitution of the hypothesis (6) and neglecting deep
convection, these equations reduce to

dA

o= Mg, (Bla)
dM g . A, 1

An equilibrium solution of the system is given by
Mg = 0 with an arbitrary value for the cloud work
function, say, A,. From Eq. (B1b), a linear perturba-
tion about this equilibrium state evolves as

_dMé»s = <§ — l) M’

B2
dt a T Bs’ (B2)

N

with the prime denoting a perturbation. The equation
shows that perturbations are damped if the cloud work
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function is below the threshold A; < A% = a,/7; and
exponentially growing above the threshold A, > A%,
The equilibrium solution is, thus, stable only if the cloud
work function is below the threshold so that dissipation
wins out over the self-destabilization tendency.

If the cloud work function exceeds the threshold, then
a mass flux perturbation grows exponentially, and it
further leads to exponential growth of the cloud work
function, according to Eq. (B1a). It is important to note
that the threshold value, A% =2Jkg ' estimated in
appendix A, is relatively small and easily exceeded in
typical environmental states for which stratocumulus and
trade wind clouds are dominant. Thus, shallow convec-
tion in isolation is often self-destabilizing as discussed in
the main text.

Large-scale descent can be incorporated into the
system by means of a negative value for the large-scale
forcing, Fy; < 0, so that Eq. (Bla) reads

dA
dt

Sf=u My +F, (B3)
which has an equilibrium solution with finite shallow
convection:
— 1% = _

Mp =Mp . =—F/u,. (B4)
In this case, the threshold ATSeq, defined above, is the
unique equilibrium value for the cloud work function.
However, this equilibrium solution is unstable against
any linear perturbation, as can immediately be seen by
inspection of the linearized perturbation equations

dA’

7= MMy (BSa)
dMl/?Y M;qs‘
— =B B5b
dt a, * ( )
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