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ABSTRACT

A new generalised derivative operator D)’ is introduced. This operator generalised some

well-known operators studied earlier. New subclasses of analytic functions in the open unit disc
which are defined using generalised derivative operator are introduced. Inclusion theorems are
investigated. Furthermore, generalised Bernardi-Libera-Livington integral operator is shown to
be preserved for these classes.
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ABSTRAK

Pengoperasi terbitan baharu teritlak o p diperkenalkan. Pengoperasi ini mengitlak

beberapa pengoperasi terdahulu yang terkenal. Subkelas baharu fungsi analisis dalam cakera
terbuka unit diperkenalkan yang ditakrif dengan menggunakan pengoperasi terbitan teritlak.
Teorem rangkuman dikaji. Malah pengoperasi kamiran Bernardi-Libera-Livington ditunjukkan
kekal untuk kelas tesebut.

Kata kunci: fungsi analisis; fungsi univalen; fungsi bak bintang; fungsi cembung; fungsi hampir
cembung; subordinasi; hasil darab Hadamard; pengoperasi kamiran

1. Introduction

Let A denote the class of functions of the form

f(Z)=iakzk, (1.1)

where a,_is a complex number, which are analytic in the open unit disc U={zeC:|z|<1}.
Also let S°,C and K denote, respectively, the subclasses of A consisting of functions which are
starlike, convex, and close to convex in U. An analytic function f is subordinate to an analytic
function g, written f(z)< g(z), (z € U) if there exists an analytic function w in U, such that

w (0) =0, |w (2) [<I for |z|<1 and f(z) = g (w (2)). In particular, if g is univalent in U, then

f(2)<g(z) is equivalent to £(0) =g (0) and /(U ) c g (V).

The convolution of two analytic functions @(z) =z + Zak z¥andyY(2)=z + Zb W Z ¥ is defined
by k=2 k=2
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Q@) = P(2)= z + D ab,z" = P(2) * 9(2). (1.2)
k=2
In order to derive our new generalised derivative operator, we define the analytic function

. | 1+ (A4 + k—1+bmk
FA,AZ,;}(Z)=Z +k2:5 f?—ﬂ??;c)(—l)+;) z

: (1.3)

where m,be N ={0,1,2,...} and 4, > 4 0. Now, we introduce the new generalised derivative

n,m

operator D 22538 follows:

Definition 1.1. For f € A, the operator DZ'/’{M is defined by DZ';;,, A—>A,

D}, f@)=F, ,(2)*R"f(z), zeU, (1.4)

where n,m,beN =NU{0}, 4, >4 20,and R"f (z) denotes the Ruscheweyh derivative
operator (Ruscheweyh 1975), given by

R'f(z)=z+) Cnk)az", (neN, zel), (1.5)
=2

where C(n,k)=(n+1),_, /(1),_,.

If f is given by (1.1), then we easily find from equality (1.4) that

D;sf(z)=2 +§[l+ff;2?z)(_kl)_jz+b} Cnk)az*, (zel),  (16)

n+k—1
where n,m,beN, =NuU{0}, 4, 24, 20, and C(n,k) = " =(n+1),, /1),

Note that, (), denotes the Pochhammer symbol (or the shifted factorial) defined by

1 for k=0,ne C\{0}
(n), = (1.7)
n(n+1)(n+2)---(n+k-1) forkeN,neC
Remark 1.1. Special cases of the operator D Z’ZZ »include the Ruscheweyh derivative operator

in the case sz » (Ruscheweyh 1975), the Salagean derivative operator in the case Df(ﬁ) =S
(Salagean 1983), the generalised Salagean derivative operator introduced by Al-Oboudi in the

case Dz”’g’o =D} (Al-Oboudi 2004), the generalised Ruscheweyh derivative operator in the
case D! = D’f1 (Al-Shagsi & Darus 2009), the generalised Al-Shagsi and Darus derivative

4,00 =

operator in the case D'}, =D » (Darus & Al-Shagsi 2008), the Uralegaddi and Somanatha

1,0,6
derivative operator in the case D" =D" (Uralegaddi & Somanatha 1992), the Cho and

1,0,1
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Srivastave derivative operator in the case Df;{'}} =D," (Cho & Srivastava 2003), the Eljamal

and Darus derivative operator in the case DSE)','Z =D/ (Eljamal & Darus 2011), and the Catas
derivative operator in the case Dz’,'g,b = DZ,b (Catas 2008).
To prove our results, we need the following equations throughout the paper:

L+BID) £ () == (A + ) +D)DL [ )+ (A + Az [D4, 1 ()]s (18)

ADI £ (2)=2 [ D), £ ()] +(n=DD, £ (2). (19)

Let N be the class of all analytic and univalent functions ¢ in U and for which ¢ (U) is convex
with ¢ (0) =1 and Re{¢(z)}>0, for ze U. For ¢, e N, Ma and Minda (1992) studied the subclasses

S*(¢), C (), and K (p,y)of the class A. These classes are defined using the principle of
subordination as follows:

S'(9) = {f:f €4, ZJ;((ZZ)) <¢(2)in U},
C(9):= {f:feA, 1+Zf:'(z) <é(z) in U}, (1.10)
1(z)
K(p,w)= {f:fe A,3 g € S(¢) such that %<y/(z) in U}.
gz
Obviously, we have the following relationships for special choices of ¢ and i
S*[1+Z ]ZS*,C(H_Z ):C’K[1+Z,1+Z j:K- (111)
-z -z -z 1-z

Using the generalised differential operator D’/i’n/i p /> new classes S35 (9),C57% (@) and

K" 5 (@,¥), are introduced and defined as follows:

Sin @) ={f €4:D}% , f(z)eS (@)},
Cin,(@)={f e4:D}" , f z)eC ()}, (1.12)
K, @w)={f € 4:D;" , [ (2)e K($p)}.

It can be shown easily that

f(@)eCy (@) o zf (2)eS) ,(9). (1.13)

Janowski (1973) introduced the class S*[4,B]=S"((1+4z)/(1+ Bz)), and in particular for
¢ (z)=(1+Az)/ (1 + Bz), we set

49



Entisar El-Yagubi & Maslina Darus

am (1+HAZ ) .
Sy [—1+Bz )—Sn,m,ﬁ,@,b[A,B], (1=24>B>-1). (1.14)

In (Omar and Halim 2012), the authors studied the inclusion properties for classes defined using
Dziok-Srivastava operator. This paper investigates similar properties for analytic functions

n,m
in the classes defined by the generalized differential operator D A0 /- Furthermore,

applications of other families of integral operators are considered involving these classes.

2. Inclusion Properties Involving DZ,,’Z,Z’ f

To prove our results, we need the following lemmas:

Lemma 2.1 (see Eenigenburg et al. 1983). Let ¢ be convex univalent in U, with ¢(0)=1 and
Re{k ¢(z)+n} >0, (k,neC). Ifpis analytic in U with p(0)=1 then

p(z)+%<¢(z)w(z)<¢(z). @.1)

Lemma 2.2 (see Miller and Mocanu (1981)). Let ¢ be convex univalent in U and w be analytic
in Uwith Re{w (z)}=0. If p is analytic in U and p(0)= ¢(0) then

p(2)+w(2)zp’(2) < ¢(2) = p(2) < #(2). (2:2)

Theorem 2.3. For any real numbers m, A and A,,where m >0, A, 24, 20and b 20.

Letpe N and Re{¢(z)+(1—(/11+ﬂz)+b)/(ﬂl+ﬂz)}>0, then SZ’,';;;(¢)CSZ’,';2J;(¢),
(n20).

Proof. Let f € SZ';’;; (¢), andset p(z)=(z[D}" , f (z )],)/(DZ’,Z »f (z)), where pis analytic

in U, with p(0)=1. Rearranging (1.8), we have

(1+b)DZZZT£f(Z):1_ 5 (A +4)z[D} , f @)
D s (@) (-4 +A)+b)+ Dy f(2) '

Next, differentiating (2.3) logarithmically with respect to z and multiplying by z, we obtain

2.3)

DS @ 2L 2 (D45, ©D/03, / €)) 4
DISITE)  DinSG) G N5, f @)=+ A)+b) (A + )

zp’(z)
pE@)+(A=(A+ ) +D) (A +4)

=p(z)+
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Since(z[D; ” » f(2)] )/(Dl b f(2))<¢(z) and applying Lemma 2.1, it follows that
p<¢.Thusf €S} ,(9).

Theorem 2.4. Let m, A, A, €° , where m >0, 4,2 A, 20and n >0. Then
Siin (@) SS;7 4 (9), (b 20,9 N).

Proof. Let f € S ij”,') (@), and from (1.9), we obtain that

Dy f(2) _zIDy%, f @)
Do (@) D%, ()

Making use of the differentiating (2.5) logarithmically with multiplying by z and setting
p@)=CD;%, [ NP, [ @),

we get the following:

+(n-1). (2.5)

Dn+1m ,
WAy f@r = p(2)+ zp'(z)

N C I E T @

Since n 20. and Re{@(z )+ (n —1)} >0, using Lemma 2.1, we conclude that /" € S} , (¢),

Corollary 2.5. Let A, 2 4, 20,n >0, and 124 >B >-1. Then
S;HA,M,[n;A,B]CS;A,M,[n;A,B] and S, , , [n+1;4,B]cS, , , ,[n; 4,B].

Theorem 2.6. Let A, 2 A, 20, and n 20. Then CZ';;; (@) cC;7 5 (9) and
Cri(@cC ,(9).

Proof. Using (1.12) and Theorem 2.3, we observe that

f(2)eCh (@) &2f (2)eS)5 5 (9)
=zf(2)eS}" ,(9)
e D, 7 (2)eS (9)
ez[Dy), f(@)]eS (@)
D%y (2)eC(9)
=f()eC,(9). 2.7)
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To prove the second part of the theorem, we use similar steps and apply Theorem 2.4, the result
is obtained.

Theorem 2.7. Let A, 24,20, b 20 and Re{¢(z)+(1—-(4 +A4,)+b)/(4+A,)}>0. Then
K0 (@) K, (@) and K757 (0.9) K% L (8.9), (Bw)eN.

Eroof. Let f e K Z'Zi (@,¥). In view of the definition of the class K Z'Zfl) (@,¥), there is a
unction
ges Z’Z;,l (@), such that

z[Dy%5 f (@)
D;% &(2)

y(z) (2.8)

Applying Theorem 2.3, then ges ;’:Z +(9), and let
q(z2)= (D7, , g(Z)]')/(D,'{]’ZZ,,, 8(2)) < ¢(2).

Let the analytic function p with p(0)=1, as follows:

21D, 4 ST

p(z)=—>i™
Dz{,zz,b g(2)

2.9)

Thus, rearranging and differentiating (2.9), we have

(D5, 2 @) pEID;,, g@)]
= + . 2.10
DZZ}; g(z) DZ’,’;Q,IJ g(z) P ( )

Making use of (1.8), (2.9), (2.10), and g (z), we obtain that

z[Dy55 f @ Dy 2 (@)

D} g(2) Dy g(z)

_ (A=A +A4)+b)D}% , 2f )+ (A +A)z D57, 2 ()
(A=A +4)+b)D;" , g (@) +(A+4)z[D}7, g (@)

(2.11)

(A=A +1)+b)D}% , 2f (@) /(Dyh , €@))+((A+ 1)z (D), o ()T) ) (Dyh, g(2))

(1= (4+2)+b)+((4 + )z (D%, ¢()) /Dy, (8(2))

_(0=-(A+ ) +b)p@)+ (4 +A)p(z)g(z2) +p'(2)]
A=A +4)+b)+ (4 +4,)q(z)
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zp’(2) -
q(2)+ (A=A, + 1) +b)/ (A4, + 1))

= p(2)+ y(z).

Since g(z) < ¢(z) and Re{(1-(4 +4,)+b)/(4 +4,)} >0, then
Relg(z)+(1=(4 +4)+b)/(4 +4)} > 0.
Using Lemma 2.2, we conclude that p(z )<w/(z )and thus /" € K} , (9, y).

By using similar manner and (1.9), we obtain the second result.

In summary, by using subordination technique, inclusion properties have been established for
certain analytic functions defined via the generalised differential operator.

3. Inclusion Properties Involving F, f

In this section, we determine properties of generalised Bernardi-Libera-Livington integral
operator defined by (Bernardi 1969; Jung et al. 1993; Libera 1965; Livington 1966).

EI 1= [y o (A, c>-1)

e +1
=z + —anzn, (31)
;n +c

and satisfies the following:
Dy BIf @N+z [ Dy, EIf @] = +DD}% , f(2). (3.2)

Theorem 3.1. If f €S, ,(9),then F, f €S ;" ,(9).

Proof. Let f €S ,(9), then ([, f(z)]') /(D;ﬁng f(z))<q)(z). Taking the
differentiation on both sides of (3.2) and multiplying by z, we obtain

’

Z[Di;ﬁz,bﬂz)}' z[D;;f;z,,,Fc[f(z)]]' Z{[Z[Di’fiz,ﬁc[f@)l]'] /(Dz;,"sz,ch[f(zn)]
D fG) | DRG] [Z[

, (3.3)
D;ﬁz,b Fc[f(z)]] ]/(D:{ﬁz”’ Fc[f(Z)])+c
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Setting

p(z)= [z[D;::";Q L ELe1] ) / (D5 ELA(2)]),

we have

2D SN ')
D} f (@) p)+e

(3.4)

Lemma 2.1 implies (Z[D;ﬁz,b Fc[f(z)]]’ }/(szl,b Fc[f(z)])<¢(z). Hence F, f € SZ:Z# (9).

Theorem 3.2. Let f € C;") , (§),then F, f € C;") ().
Proof. By using (1.12) and Theorem 3.1, it follows that

feCyy (@y=zf (2)eS)) (@)
=F[zf ()€ S}, (9)
Sz[Ff @eS)), (@)= FElf (2)]eC} ,(9). (3.5)

Theorem 3.3. Letg,ye N and f € K"} (), then F, f € K} ,(§,¥).
Proof. Let f" e K} , (4,y), then there exists a function g € S} , (¢),such that

(Z[D;ﬁz,b f(Z)]’)/(DZ’,'ZZ,b g(z)) <y(z). Since g € SZ:";Q’I’ (@), therefore from Theorem 3.1,
Flg(z)]e SZ’,;;,b (¢). Then let

oy, Fle@]
O s

Midasb e

<@(2). (3.6)

Set

AN

DZZZ,b F.[g(z)]

By rearranging and differentiating (3.7), we obtain that

p(z)= 3.7

(D550 Flaf @I _p@)DY, Flg@N +1?'(Z)[DZ’,Z,1, Flg(@)]]

D%y Filg@)] D,y Flg@)] D5y Folg@)]

(3.8)

Making use of (3.2), (3.7), and (3.6), it can be derived that
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Z[DZ’,Z,bf(Z)],:p )+ zp’(z)

. 3.9
D3y 8(2) q(z)+c (39)

Hence, applying Lemma 2.2, we conclude that p(z)<w(z), and it follows that

Flf(2)]e K;", ,(¢,y). For analytic functions in the classes defined by generalised differential
operator, the generalised Bernardi-Libera-Livington integral operator has been shown to be
preserved in these classes.

4. Conclusion

Results involving functions defined using the generalised differential operator, namely,
inclusion properties and the Bernardi-Libera-Livington integral operator were obtained using
subordination principles. In Omar and Halim (2012), similar results were discussed for functions
defined using the Dziok-Srivastava operator.
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