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Abstract

This paper presents a general analytical model for free vibration of thin-walled composite
beams with arbitrary laminate stacking sequences and studies the effects of shear deformation
over the natural frequencies. This model is based on the first-order shear-deformable beam
theory and accounts for all the structural coupling coming from the material anisotropy. The
seven governing differential equations for coupled flexural-torsional-shearing vibration are
derived from the Hamilton's principle. The resulting coupling is referred to as sixfold coupled
vibration. Numerical results are obtained to investigate the effects of fiber angle, span-to-
height ratio, modulus ratio, and boundary conditions on the natural frequencies as well as
corresponding mode shapes of thin-walled composite box beams.
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This paper presents a general analytical model for free vibration of thin-walled composite beams
with arbitrary laminate stacking sequences and studies the effects of shear deformation over the
natural frequencies. This model is based on the first-order shear-deformable beam theory and
accounts for all the structural coupling coming from the material anisotropy. The seven govern-
ing differential equations for coupled flexural-torsional-shearing vibration are derived from the
Hamilton’s principle. The resulting coupling is referred to as sixfold coupled vibration. Numer-
ical results are obtained to investigate the effects of fiber angle, span-to-height ratio, modulus
ratio, and boundary conditions on the natural frequencies as well as corresponding mode shapes

of thin-walled composite box beams.

Keywords: Thin-walled composite beams; shear deformation; sixfold coupled vibrations.

I. INTRODUCTION

Fiber-reinforced composite materials have been used over the past few decades in a variety of structures. Composites
have many desirable characteristics, such as high ratio of stiffness and strength to weight, corrosion resistance and
magnetic transparency. Thin-walled structural shapes made up of composite materials, which are usually produced
by pultrusion.

Thin-walled beams with closed cross-sections have been widely used in many engineering applications. The vibration

characteristics of those members are of fundamental importance in the design of thin-walled structures. The theory
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of thin-walled closed section members made of isotropic materials was first developed by Vlasov [1] and Gjelsvik [2].
Some explicit analytical expressions for the frequency equations and mode shapes of a thin-walled beam with closed
cross-section are also available in the literature [3-5]. For thin-walled composite beams, due to material anisotropy,
the flexural, torsional and corresponding shearing vibrations are fully coupled even for a doubly symmetric cross-
section. Many researchers studied the dynamic analysis of thin-walled closed-section composite beams with various
degrees of rigor. Bank and Kao [6,7] focused on the dynamic response and investigated the influence of geometric and
material design variables on the free vibration of thin-walled composite material Timoshenko beams. Chandra and
Chopra [8] developed theoretical models and closed-form solutions for composite box-beams considering only shear
deformation due to bending, however they employed a refined form to describe the warping function and presented
extensive comparisons with experimental results. Librescu et al. [9-12] developed models, which were employed in
a broad field of engineering problems such as statics and dynamics of composite thin-walled beam. In these models,
the bending component of shear flexibility was taken into account but the warping torsion component was neglected.
Rand [13] developed theoretical analysis for predicting the natural frequencies and mode shapes of rotating thin-
walled composite beams. Armanios and Badir [14] derived the equations of motion for free vibration analysis of
anisotropic thin-walled closed-section beams by using a variational asymptotic approach and Hamilton’s principle.
Based on the governing equations provided by Armanios and Badir [14], Dancila and Armanios [15] isolated the
influence of coupling on free vibration of closed-section beams exhibiting extension-twist, bending-twist coupling.
Mitra et al. [16] developed a new thin-walled composite beam element of arbitrary cross-section with open or closed
contour. The formulation incorporated the effect of elastic coupling, restrained warping, transverse shear deformation
associated with thin-walled composite structures. The works of Cortinez, Piovan, Machado and coworkers [17-19]
deserved special attention because they introduced a new theoretical model for the generalized linear analysis of
thin-walled composite beams. This model allowed studying many problems of static’s, free vibrations with or without
arbitrary initial stresses and linear stability of composite thin-walled beams. Machado et al. [19] also investigated the
dynamic stability of thin-walled composite beams under axial external force. The analysis was based on a small strain
and moderate rotation theory, which was formulated through the adoption of a second-order displacement field. In
their research [17-19], thin-walled composite beams for both open and closed cross-sections and the shear flexibility
(bending, non-uniform warping) were incorporated. However, it was strictly valid for symmetric balanced laminates
and especially orthotropic laminates. Shadmehri et al. [20] focused on the static and dynamic characteristics of

single-cell thin-walled composite beams. This model incorporated a number of nonclassical effects, such as material



anisotropy, transverse shear, warping inhibition, nonuniform torsional model and rotary inertia. Recently, Vo and Lee
[21] presented triply coupled flexural-torsional vibration of thin-walled composite box beam.

In the present paper, the analytical model developed by the authors [22] is extended to the dynamic behavior of thin-
walled composite box beams. This model is based on the first-order shear-deformable beam theory, and accounts for
all the structural coupling coming from the material anisotropy. The seven governing differential equations for coupled
flexural-torsional-shearing vibration are derived from the Hamilton’s principle. The resulting coupling is referred to as
sixfold coupled vibration. Based on the analytical model, a displacement-based one-dimensional finite element model
is developed. Numerical results are obtained to investigate the effects of fiber angle, span-to-height ratio, modulus
ratio, and boundary conditions on the natural frequencies and corresponding mode shapes of thin-walled composite

box beams.

Il. KINEMATICS

The theoretical developments presented in this paper require two sets of coordinate systems which are mutually
interrelated. The first coordinate system is the orthogonal Cartesian coordinate system (z,y, z), for which the = and
y axes lie in the plane of the cross section and the z axis parallel to the longitudinal axis of the beam. The second
coordinate system is the local plate coordinate (n, s, z) as shown in Fig.1, wherein the n axis is normal to the middle
surface of a plate element, the s axis is tangent to the middle surface and is directed along the contour line of the
cross section. The (n, s, z) and (z,y, z) coordinate systems are related through an angle of orientation 6 as defined in
Fig.1. Point P is called the pole axis, through which the axis parallel to the z axis is called the pole axis.

To derive the analytical model for a thin-walled composite beam, the following assumptions are made:
1. The contour of the thin wall does not deform in its own plane.

2. Transverse shear strains v;,,7,, and warping shear 7, are incorporated. It is assumed that they are uniform

over the cross-sections.

3. The linear shear strain 7,, of the middle surface is to have the same distribution in the contour direction as it

does in the St. Venant torsion in each element.

According to assumption 1, the midsurface displacement components u,? at a point A in the contour coordinate

system can be expressed in terms of a displacements U,V of the pole P in the z,y directions, respectively, and the



rotation angle ® about the pole axis,

a(s,z) = U(z)sinf(s) — V(z)cosO(s) — ®(z)q(s) (1a)

= U(z)cosf(s) + V(z)sin0(s) + ®(2)r(s) (1b)

<
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»
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|

These equations apply to the whole contour. The out-of-plane shell displacement w can now be found from the
assumption 2. For each element of middle surface, the midsurface shear strains in the contour can be expressed with

respect to the transverse shear and warping shear strains.

Tnz(8,2) = V5. (2) sinb(s) — 7, (2) cos 0(s) +75(2)q(s) (2a)
F(s)
t(s)

Vsz(8,2) = 722 (2) c0s 0(s) + 7, (2) sin0(s) — 5 (2)r(s) — |12(2) — @’(2)}

where t(s) is thickness of contour box section, F(s) is the St. Venant circuit shear flow.
Further, it is assumed that midsurface shear strain in s — n direction is zero (Js, = 0). From the definition of the
shear strain, 75, can also be given for each element of middle surface as:
0v  Ow
Vsz(8,2) = - + 3
rYSZ(S Z) az as ( )

After substituting for o from Eq.(1) into Eq.(3) and considering the following geometric relations

dx = dscosf (4a)

dy = dssind (4b)
Displacement w can be integrated with respect to s from the origin to an arbitrary point on the contour,
w(s,z) = W(z)+ ¥y(2)z(s) + Vu(2)y(s) + Vo (2)w(s) (5)

where ¥,, ¥, and W, represent rotations of the cross section with respect to z,y and w, respectively, given by

Uy = 7.(2) - U (6a)
U, = 5.(2) =V (6b)
U, = 75(z) — @ (6c)

When the transverse shear effect is ignored, Eq.(6) degenerates to ¥, = —U’, ¥, = =V’ and ¥, = —®’. As a result,

the number of unknown variables reduces to four leading to the Euler-Bernoulli beam model. The prime (’) is used



to indicate differentiation with respect to z and w is the so-called sectorial coordinate or warping function given by

w(s) = /: [’I‘(S) - F(S)]ds (7a)

F(S) = 1= n
](it(s) ds = 24; i=1,., (7h)

where 7(s) is height of a triangle with the base ds; A; is the area circumscribed by the contour of the ¢ circuit. The
explicit forms of w(s), F(s) for box section are given in Ref.[23].

The displacement components u, v, w representing the deformation of any generic point on the profile section are
given with respect to the midsurface displacements u, v, w by assuming the first order variation of inplane displacements

v, w through the thickness of the contour as

u(s,z,n) = u(s,z) (8a)
v(s,5m) = 8(s,2) +ns(s,2) (8h)
w(s,z,n) = w(s,z) +ni,(s,2) (8¢)

where, 1, and 1), denote the rotations of a transverse normal about the z and s axis, respectively. These functions

can be determined by considering that the midsurface shear strains ~,. is given by definition

ow Ou

Anz(8,2) = I + 2

By comparing Eq.(2) and (9), the function ¢, can be written as

Y, =W¥y,sinf — ¥, cosf — V,q (10)

Similarly, using the assumption that the shear strain s, should vanish at midsurface, the function v, can be obtained

- ou
¢s = _E (11)

The strains associated with the small-displacement theory of elasticity are given by

€s(s,2,n) = €(s,2) + nks(s, 2) (12a)
€.(s,2,n) = €.(s,2) +nk(s,z) (12b)
Vsz(8,2,m) = Fs2(8,2) + nks (8, 2) (12¢)

Vnz(8,2,1) = Fnz(8,2) + Nknz(s, 2) (12d)



where

o ow

€ = 5% ©= 5, (13a)
N

Rs = as ) Ry = aZ (13b)
W s

KSZ 88 + az’ an 70 (13C)

All the other strains are identically zero. In Eq.(13), €; and ks are assumed to be zero, and €., i, and R, are
midsurface axial strain and biaxial curvature of the shell, respectively. The above shell strains can be converted to

beam strain components by substituting Eqgs.(1), (5) and (8) into Eq.(13) as

€ = €+ Thy + Yky + wky, (14a)
Ry = kysinf — kg cos0 — kg (14b)
Fsz = Ksz (14c¢)

where €3, kg, Ky, ko and kg, are axial strain, biaxial curvatures in the x and y direction, warping curvature with

respect to the shear center, and twisting curvature in the beam, respectively defined as

e =W (15a)
Ky = U, (15b)
Ky = U, (15¢)
— (15d)
Key = ® — 0, (15e)

The resulting strains can be obtained from Egs.(12) and (14) as

€: = €.+ (x+nsinf)ry + (y —ncosh)k, + (w — ng)ke, (16a)
] o : o] F

Yoz = Vpp €080 4. sinf + v (r — %)—Ffﬁsz(n—&—%) (16b)

Yz = Vg0 —7, cost —5q (16¢)

I11. VARIATIONAL FORMULATION

Total potential energy of the system is calculated by

1
I = 5 /(Uzez + 0525z + Unz'}/nz)dv (17)



After substituting Eq.(16) into Eq.(17)

1
I = 3 / {az {62 + (z +nsinb)k, + (y —ncosf)ry, + (w — nq)/fw}
o [e] : o F F [e] : o o]
+ 052 [’ym cos 0 + 1, sin 6 + v (r — E) + Ksz(n + E)} + Onz [sz sinf — v, cosf — %}q} dv (18)

The variation of total potential energy, Eq.(18), can be stated as
1
SII = / (N2de. + Mydky + Myoky + Mk, + Vidyy, + Vo7, + Ty, + Midks,)ds (19)
0

where N, My, My, M,,,V,,V,,T, M; are axial force, bending moments in the z- and y-directions, warping moment
(bimoment), shear force in the z- and y-direction, and torsional moments with respect to the centroid respectively,

defined by integrating over the cross-sectional area A as

N, = / o.dsdn (20a)
A
M, = / o.(x + nsin@)dsdn (20b)
A
M, = / o.(y — ncosf)dsdn (20c¢)
A
M, = / o.(w —nq)dsdn (20d)
A
Ve = / (052 cosO + oy, sin6)dsdn (20e)
A
Vy, = / (052806 — 0, cosB)dsdn (20f)
A
F
T = / {asz(r — —) — onzqldsdn (20g)
" 2
F
M, = / os:(n + —)dsdn (20h)
N 2t
The kinetic energy of the system is given by
1 ) ) .2
T = 3 p(u” + 0% 4+ w*)dv (21)

where p is a density.



The variation of the kinetic energy is expressed by substituting the assumed displacement field into Eq.(21) as

0T = /p{aw

W+ W, (y —ncosh) + Uy (z +nsinb) + ¥, (w — nq)]

+ 68U U—&-(i)[ncos@—(y—yp)} + oV mOV—i—(i)[nsin@-l-(x—mp)]]

+ 60d U{ncos&—(y—yp)} +V[nsin9+(m—xp)} + &(¢® + 7% + 2rn +n?)

+ 09,0, W(y—ncos@)+@z(y—n0059)2+\i/y(:c+nsin0)(y—ncos@)+\ilw(y—nc059)(w—nq)1

+ 60,0, W(x+nsin0)+\i/x(x—knsinﬁ)(y—ncosﬂ)+\Py(x+nsin9)2—i—i@,(w—i—nsin@)(w—nq)}

+ 60,0, [W(w —ngq) + V. (y — ncosd)(w — ng) + ¥, (z + nsin ) (w — ng) + ¥, (w — nq)ﬂ }dv (22)

In Eq.(22), the following geometric relations are used (Fig.1)

r—1x, = gcosf +rsind (23a)

y—yp = gsinf —rcosé (23b)
In order to derive the equations of motion, Hamilton’s principle is used

5/t2(TH)dt =0 (24)

t1

Substituting Eqs.(19) and (22) into Eq.(24), the following weak statement is obtained

0 = /ttz /Ol {51;[/ {moW —me W, +my Uy + (my, — mq)\I/'w} + 60U [mOU + (me + ypmo)cb]
)
OV [moV + (1 — 2ymo)®] + 68 [(me + ymo)U + (my — 2ymo)V + (1my, + s + 2m,)B)
+ 00, [ —meW 4 (mya — 2mye + Me2) Vo + (Mayes — Mes) Ty + (Mg — Mywge + ch)\pw}
+ 0v, [msW 4 (Mayes — Mes)Wa + (Maz + 2Mps + M)Wy + (Mg + Mawgs — mqs)‘i;w}
+ 00, [(mw — )W + My — Mywge + Mae) Vo + (May + Mawgs — Mgs) Wy + (Muz — 2myy, + qu)\j;w}
— NLOW — MydW!, — M,oW, — MyoW, — Vuo(U' + 0,) — V,o(V! + 0,) — T6(d — 0,,)

— M§(® — \I/w)}dzdt (25)
In Eq.(25), the inertia coefficients are defined by

moy = Io/ds (26a)



me

my

me2

Mms2

mg2

Mg2

myg

me2

mCS

Mys

Myc

Mgw

mmw

mwc

mws

Maycs

Mywgs

Mywqe

I / cos fds (26b)
L / rds (26¢)
I / (¢ +17)ds (264)
I / ods (26¢)
L / sin Ods (26f)
I / wds (26g)
I / ds (26h)
Ig/cos2 0ds (261)
I / sin® Ods (26)
I / q*ds (26k)
I / z2ds (261)
Io/y2ds (26m)
I / w?ds (26n)
I / sin 0 cos Ods (260)
I / qcos fds (26p)
I / gsin Ods (260)
I / 2 sin fds (261)
Il/ycos 0ds (26s)
I / quds (26t)
Io/xwds (26u)
Io/ywds (26v)
Il/wcosﬂds (26w)
Il/wsin9ds (26x)
I /(—x cosf + ysinf)ds (26y)
L /(—q:c + wsinB)ds (267)

I /(qy + wcosf)ds (26aa)
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where

(In, I1,I) = / p(1,n,n?)dn (27)

The explicit forms of the inertia coefficients for box section are given in the Appendix.

IV. CONSTITUTIVE EQUATIONS

The constitutive equations of a k*" orthotropic lamina in the laminate co-ordinate system of box section are given

by

0z Qfl QT(; €z
= (28)

Osz QTG ngﬁ Vsz
where ij are transformed reduced stiffnesses. The transformed reduced stiffnesses can be calculated from the
transformed stiffnesses based on the plane stress (o, = 0) and plane strain (e, = 0) assumption. More detailed

explanation can be found in Ref.[24].

The constitutive relation for out-of-plane stress and strain is given by

Onz = Q55"Ynz (29)

The constitutive equations for bar forces and bar strains are obtained by using Eqs.(16), (20) and (28)

N, Eyn Eis Ei3 Eiy Eis Eig Eir Eis €
M, Ly Esz FEay FEos Eog Loy Eag Ky
M, Es3 E3y E3s Ess Es7 Ess Ky
M, Eyy Eys Fys Eur Eus Kw
= (30)
M; Ess Es¢ Esr Ess Ksz
Vi Ees Eer Ees Yoz
Vy E7r Erg Yoz
T | sym. Ess | | 7%

where E;; are stiffnesses of the thin-walled composite beams. The explicit forms of laminate stiffness £;; for the

thin-walled composite box beams are given in Ref.[22].



V. EQUATIONS OF MOTION

11

The equations of motion of the present study can be obtained by integrating the derivatives of the varied quantities

by parts and collecting the coefficients of 6W, U, 6V, 0®,6¥,,6¥, and 6V,

N/

v = moU + (me +yymo)®

M moW — m.¥, + mS\'I'Jy + (my, — mq)\.l'/w

V! = moV + (ms — xpmo)éls

M+ T = (me—my +ymo)U + (ms — x,mo)V + (my, + ma + 2m,.)®

Mé - Va: - msW + (mzycs - mcs)q}m + (mx2 + 2mzs + ms2)\f['}y + (mzw + mzqu - mqs)\i}w

M, -V, = —m W + (my2 — 2mye + mcg)(I}I + (Mgyes — mcs)\'I'Jy + (Myw — Mywge + ch)\.l./w

M, + M, =T = (my,— mq)W + (Myw — Mywge + qu)\.I.’z + (Maw + Mawgs — qu)\I’y

+ (Mw2 — 2mgw +Mmg2) ¥,

The natural boundary conditions are of the form

SW
U
5V
5P
5v, -
50,

ov,,

The 7" denotes the warping restraint boundary condition.

W=W, or N,= NZO
U=Uy or V=V,
V=Vy or V,=V,

q):(bo or T‘i‘Mt:TO‘FMtO

U, =V, or M,=M,
v, = @%0 or M, = M%
v, = @wo or M, = ﬁwc

U, = 0 and when the warping is not restrained, M,, = 0.

(31a)
(31b)
(31c)
(31d)
(31e)

(31f)

(32a)
(32b)
(32)
(32d)
(32e)
(32f)

(32¢)

When the warping of the cross section is restrained,

Eq.(31) is most general form for axial-flexural-torsional-shearing vibration of the thin-walled composite beams. For

general anisotropic materials, the dependent variables W, U, V, ®, ¥, ¥, and ¥, are fully-coupled implying that

the beam undergoes a coupled behavior involving extension, bending, twisting, transverse shearing, and warping.

The resulting coupling is referred to as sixfold coupled vibrations. If all the coupling effects are neglected and cross

section is symmetrical with respect to both z- and the y-axes, Eq.(31) can be simplified to the uncoupled differential



12

equations as

(BEA)comW" = pAW (33a)

(GAY)eom(U" + W) = pAU (33b)

(GAD)eom(V" +W)) = pAV (33¢)

(G )eom + (GT3)eom | @ = (GTa)eom ¥, = pl (33d)
(Ely)com¥) — (GAy)eom (U’ +Ty) = pl, ¥, (33¢)
(EL)com ¥y — (GAg)com (V! + U,) = pL ¥, (33f)
(BL)eon V., + (G2)eom® = (G )eom = (Ci)eon | Vo = pLo, (33)

From above equations, (EA)com represents axial rigidity, (GAgz)com, (GAy)com, (GAw)com represent shear rigidities
with respect to - and y-axis, (EI)com and (EI,)com represent flexural rigidities with respect to z- and y-axis,
(EL,)com represents warping rigidity, and (GJ1)com, (GJ2)coms (GJ3)com, (GJ)com represent torsional rigidities of

the thin-walled composite beams, respectively, written as

(EA)com = En (34a)
(Ely)com = Ea22 (34b)
(Els)com = Ess (34c)
(Ely)com = Eua (34d)
(GAy)com = Ege (34e)
(GAg)com = Err (34f)
(GAu)com = Ess (34g)
(GJ1)com = Ess + Ess (34h)
(GJ2)com = FEs5 — Ess (34i)
(GJ3)com = 2E5g (34j)
(GJ)eom = 2Es5 +2Ess (34k)

In Eq.(33), I, denotes the polar moment of inertia. It is well known that the three distinct vibration modes, flexural
vibration in the z- and y-direction and torsional vibration, are identified in this case and the corresponding vibration

frequencies are given by the approximate solution or orthotropy solution for a clamped beam boundary conditions [5]
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_ o [_rA LA N pA 12 }71 0
W, = '(E‘[y)com (n + 0.5)47-[-4 (GAy)com n2m2 a
T pA LA pA L2 1-1
N b
e \/-(Efm)wm (n+ 05 | (GAL)o, n27'r2] (35b)
N L ply L2 171 (GJ)eom 72
wen a \/'(Elw)com (TL + 0'5)47T4 * (GAw)COm 7’7/27T2:| ™ p[p L2 (35C)

where wy, , wy, ,ws, are flexural frequencies in the - and y-direction, and torsional vibration frequency, respectively.

VI. FINITE ELEMENT FORMULATION

The present theory for thin-walled composite beams described in the previous section was implemented via a
one-dimensional displacement-based finite element method. The generalized displacements are expressed over each
element as a linear combination of the one-dimensional Lagrange interpolation function g/b; associated with node j

and the nodal values

j=1
j=1

V = Zvjq/b; (36¢)
j=1

= 0, (36d)
j=1

v, = Zwyj@ (36e)
j=1

Uy = ) a0 (36f)
j=1

U, = > o (36g)
j=1

Substituting these expressions into the weak statement in Eq.(22), the finite element model of a typical element

can be expressed as

([K] = A[M]){A} = {0} (37)



where [K] is the element stiffness matrix

K1
(K] =
sym.
and [M] is the element mass matrix
M
[M] =
| sym.

Kis Kiz Ky
Koy K3 Koy
K33 K3y

Kyy

My Mz My
Moy Moz Moy
M3z M3y

Myy

Kos
K3s

Kys

Ko
K6
Kye
K6

Kee

14

(38)

More detailed explanation explicit forms of [K] can be found in Ref.[25]. The explicit forms of [M] are given by

M =
MY =
M} =
MY =
Mz?j‘L —
Mf;-‘* =
MZ?‘}.4 =
M =

56 _
My =

l
M =M% = [ oy
0

/0 ety

!
- / meipidz
0

I
/0 (my — mg)hitpdz

l
/0 (me + moy, )ity dz

1
/0 (ms — mozp)Yiv;dz

l
[y ma -+ 2m s
0

l
/ (m:zz2 + 2mz5 + ms2)'¢/}zwjdz
0

l
/0 (mwycs - mcs)wiwjdz

(40a)
(40Db)
(40¢)
(40d)

(40e)
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ij7 = /Ol(mw + Maywqs — Mys)ViY;dz (405)
MY = /Ol(mzﬂ = 2mye + Me2) iy jdz (40k)
MET = /0 l(myw  Myge + Mge)Withidz (401)
M = /0 (s — Mgy + M2 )it dz (40m)

All other components are zero. In Eq.(37), {A} is the eigenvector of nodal displacements corresponding to an

eigenvalue

Ay=(Wuvoevw, v, v, 7T (41)

VIl. NUMERICAL EXAMPLES

For verification purpose, a cantilever composite box beam with material properties and geometric characteristics
shown in Table I is considered. Plane stress assumption (os = 0) is made in the analysis. The natural frequencies
obtained from the present analysis are given in Table II, along with the analytical and experimental results of Chandra
and Chopra [8] and the finite element results of Librescu and Qin [10]. The first natural frequencies associated with
twist-vertical bending coupling, the vertical bending are denoted by 1TV and 1VB, respectively. Results obtained
from previous research [21] based on the classical beam theory are also displayed. It is observed that the present
results are in good agreement with the solutions in Refs.[8,10] for all cases of lay-ups.

The next example is the same as before except the laminate stacking sequence. An asymmetric composite box
beam configuration ([0/90]4) has a ply orientation of [03/903] and [903/05] in the top and bottom flanges and similar
in the left and right webs. The results are compared with those presented by Mitra et al. [16] in Table III. For the
validation of the results in [16], the 3-D finite element results were obtained using ANSYS general purpose program,
where eight noded brick element was used to model the structure. The table shows an excellent agreement between
the predictions of the present model and the results of the other models mentioned.

In order to investigate the coupling and effects of shear deformation on the natural frequencies and mode shapes,
thin-walled composite box beam with geometry and stacking sequences shown in Fig.2 is considered. The following

engineering constants are used

El/EQ = 25, G12/E2 = 06, G12 = G13 = Ggg, Vig = 025 (42)
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For convenience, the following nondimensional natural frequency is used

w2 [p

= /£ 4

w =

A clamped composite beam with the left and right webs are considered as angle-ply laminates [#/—6] and [—6/6] and
similar in the top and bottom flanges (Fig.2a). For this lay-up, all the coupling stiffnesses are zero, but Eas, E35, Fag,
E3s do not vanish due to unsymmetric stacking sequence of the flanges and webs. Fig.3 shows the effects of shear
deformation on the first three natural frequencies with ratio (I/b; = 20). The finite element solution with no shear is
calculated by previous paper [21]. It is interesting to note that the shear effects are negligbly small even for the lower
span-to-height ratio, especially in the interval 6 € [30°,90°]. As expected, for classical beam model [21], the lowest two
natural frequencies wy,wy decrease monotonically with the increase of fiber angle. However, for present model, after
w1,ws reach local maximum values around 6 = 8° and 11°, respectively, they decrease. These local maximum occur
because at low fiber angle large shear effects reduce flexural stiffnesses. As fiber angle increases, these effects become
immaterial because of low anisotropic. This trend can be explained that flexural stiffnesses decrease significantly with
increasing fiber angle, and thus, the relative shear effects become smaller for the higher fiber angles. The first three
natural frequencies by the finite element analysis and the orthotropy solution, which neglects the coupling effects
from Eqgs.(35a)-(35¢) for each mode are given in Table IV. For unidirectional fiber direction, these natural frequencies
by the finite element analysis exactly correspond to the first flexural mode in z-direction, the first flexural mode in
y-direction and the torsional mode by the orthotropy solution, respectively. As the fiber angle increases, however,
this order is changing. It can be explained partly by the mode shapes corresponding to wi,ws and w3 with fiber angle
f = 15° in Figs.4-6. In each mode the amplitude along the beam length is nomalized with respect to the maximum
amplitude for that mode. All three modes exhibit fourfold coupled vibrations. While mode 1, 3 show the first and
the second flexural in z-direction, torsional and corresponding shearing vibration, mode 2 displays the first flexural in
y-direction, torsional and corresponding shearing vibration. Due to the small coupling stiffnesses Fos, F35, Fog, Fss,
these modes become predominantly the first flexural mode in z-direction, the first flexural mode in y-direction and
the second flexural mode in z-direction, respectively, with a little contribution from torsion. Therefore, the results
by the finite element analysis and orthotropy solution show slight discrepancy in Table IV. It is indicated that the
simple orthotropy solution is sufficiently accurate in this case.

To investigate the coupling and shear effects further, the same configuration with the previous example except the
lay-up is considered. Stacking sequence of the bottom flange and the right web are [fs], while the top flange and the

left web are [0/45], (Fig.2b). All the coupling stiffnesses, especially, E12, E17, F1s, Fa3, Ear, E36, E37 and Es7 become
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no more negligibly small. Figs.7 and 8 display the effects of shear deformation on the first three natural frequencies
with two different ratios (I/b; = 20) and (I/by = 50). These figures reveal that the solutions excluding shear effects
remarkably underestimate the natural frequencies for all the range of fiber angle even for higher span-to-height ratio
(I/by = 50). This implies that discarding shear deformation leads to an overprediction of the natural frequencies. It
is also indicated that the coupling effects become significant because the transverse shear little affects the behavior
of this beam (I/b; = 50). The typical mode shapes corresponding to the lowest three natural frequencies with fiber
angle 6 = 30° are illustrated in Figs.9-11. It is from these figures that highlight the influence of shear effects on the
free vibration of beam. Relative measures of flexural displacements, torsional and shearing rotation show that all
three modes are strong coupling with sixfold coupled vibration (flexural mode in the -, y-direction, torsional mode
and corresponding shearing vibration). These responses are never observed in the classical beam model [21] because
the shear effects are not present. This fact explains as the fiber angle changes, the orthotropy solution and the finite
element analysis solution show significant discrepancy in Table V. That is, the orthotropy solution is no longer valid
for unsymmetrically laminated beams, and sixfold coupled flexural-torsional-shearing vibration should be considered
simultaneously even for a doubly symmetric cross-section.

The next example shows the effects of modulus ratio (£71/E>) on the natural frequencies wy, ,wy, ,wp, for a simply
supported and cantilever composite beam with ratio (I/b; = 10). The stacking sequence of the webs are [0/90]s and
flanges are unidirectional, (Fig.2c). Since all the coupling stiffnesses vanish, the three distinct vibration mode, flexural
vibration in the z- and y-direction and torsional vibration are identified. It can be seen in Fig.12 that with increasing
orthotropy ratio (E1/E>), omission of shear effects causes an overestimation of w,, and w,, for simply supported
boundary condition. Conversely, torsional natural frequency is almost invariant. It can be explained from Eq.(35¢)
that the torsional natural frequency is dominated by the torsional rigidity rather than warping rigidity. Moreover,
effects of warping is negligibly small for box section. Effect of the warping restraint on the natural frequencies
Way s Wy, ;we, of a cantilever composite beam with respect to modulus ratio variation is displayed in Fig.13. As ratio
(E1/Es>) increases, this figure reveals that the warping restraint has a stiffening effect. Consequently, the significant
discrepancy between warping restraint (WR) and free warping (FW) models occurs only on the the torsional mode,
while flexural modes the influence of warping becomes immaterial. It can be explained that torsion is completely

decoupled from the flexure and transverse shear in this case.
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VIIl. CONCLUDING REMARKS

An analytical model based on shear-deformable beam theory is derived to study the free vibration of thin-walled
composite box beam. This model is capable of predicting accurate the natural frequencies as well as vibration mode
shapes for various configuration including boundary conditions, laminate orientation and span-to-height ratio. To
formulate the problem, a one-dimensional displacement-based finite element method is employed. All of the possible
vibration modes including the flexural mode in the z- and y-direction, torsional mode, corresponding shearing mode,
and fully coupled flexural-torsional-shearing mode are included in the analysis. The resulting coupling is referred to
as sixfold coupled vibrations. The present model is found to be appropriate and efficient in analyzing free vibration

problem of thin-walled composite beam.
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APPENDIX

The explicit expressions of inertia coefficients for composite box section in Fig.14 are given by

mo = I3by + I3by + I3by + I5bo (44a)
me = I2by — Iby (44b)
my = If(—z1b1 + zpbr) + 17 (—y2bo + ypbo) + I} (3b1 — 2pb1) + I} (yabs — ypb2) (44c)
my = T8[54 (204 208+ (i + 9y + (1 )]

+ Ig [%bg + %(2901 — 2xp)b§ + (21 — ;vp)2b2 +(—y2 + yp)2b2}

+ I3 [%bi’ + %(2y2 — 20)07 + (2 — ¥p) b1 + (23 — xp)le]

+oIt [%bg n %(—2933 +22,)02 + (—23 + 2,)%b2 + (y4 — yp)%?} (44d)
g = THGH = yibs +yphs) + B abs + 508 — ayb)

1

2()% — x3bs + .’L‘pbg) (446)

1
+ I} (yoby + 55% — ypbr) + I{(

ms = —I1by + I3b (44f)



My

My2

my2

my2

Mgy

1 1 1
I&(§A1b% +Cby) + I§(§A2b§ + A1biby + Cby) + 13(514317% + A1b7 + Asbaby + Cby)
1
1(5 Aab3 + Arbaby + Azbj + Asbiby + Cby)
I3by + I2by + I3y + I5by

I3by + I3y

1 1 1 1

I [g(bl —ys+yp)° — 3yt yp)g} +13 [g(ﬂ?l +by — 1) — (21— l“p)?’}
1 1 1 1

I3 [g(yQ +b1 —yp)® — g(yQ - yp)3:| + 1 [5(52 —z3+1,)% - g(—x?, + Ip)?)}

121171 —|—I§b1

1 2 2 1 3 1 3 3,.2 4 1 3 1 3
Iyaiby + I [g(x1+bz) —5551} +Io$3b1+lo{_§(m3_b2) +§x3}
[ 1 3,13 2,2 31 3 L3 4.2

Io| =5 —by) +§y4] + 1gyabe + Iy {g(y2+b1) *gyz} + Ioyibs

-1 1
B[5(C+ Auby + Agby + Agh)? /A5 — 5 (Aiby + Asby + C)?/ Ay

rl 1

13 g(A4bQ + A1by + Azbs + Asby + C)B/A4 — g(C + A1by + Asbs + A3b1)3/A4}
0

2 L, 4, 1o
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1 1
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rl 1

I} [ A3 + 5 (2 + 2,) As + C + Arby + Aoy + A3b1)b§}

Iil —(—333 + xp)(C' + A1b1 + Agbg + Agbl)bz]

;1

rl ) 1 . 1 1
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1 1
I3 [§A3b§> + 5 (23 + Aby + Agba + OV} + ya(Arby + Aoby + C)bl]

1
+ oI [§y4A4b§ Fya(C + Arby + Agby + Agbl)bQ] (44v)
1 1

Mpe = If(iAng + A1byby + Cby) + If(—§A4b§ — Aybiby — Agb3 — Azbiby — Cby) (44w)
m —11(—1Abz—Cb)+13(1Ab2+Ab2+Abb + Ch) (44x)
ws — 17 211 1 1231 107 20201 1 X

1 1 1 1
Mayes = 11 (—ysby + 553) + IF(—a1by — 553) + I (y2br + 5@ + I} (w3by — 51)3) (44y)

Mawgs = 11 :%(—331 — ANV + (ya — yp)a1by — 051]
+ I — ébg + %(—23:1 +2,)05 + (—21 + xp)xlbg}

+ I} :%(A?, — z3)b; + (—y2 + yp)zsby + Cby + Arb] + A2b251]

+ I %bg + %(fzzg +a,)b2 + (23 — xp):cgbg} (447)
Mywge = 11 :f éb:f + %(2@/4 —yp)b + (—ya + yp)y4b1}

rl
+ I? 5(yz + Ag)b2 + (w1 — 2p)y2ba + Arbibo + Cbz}

rl 1
+ I} _gbi’ + 5(21/2 —yp)b3 + (y2 — yp)y2b1:|

rl
+ Iil 5(2/4 - A4)b§ + (—x3 + fp)yzibz — A3biby — Cby — A1b1by — A2b§} (44aa)

where the warping constants A, Ay, Az, A4 and C can be found in Ref.[23]
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FIG. 1 Definition of coordinates and generalized displacements in thin-walled closed sections.
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FIG. 2 Stacking sequences of thin-walled composite box beam.
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FIG. 3 Effects of shear deformation on the first three natural frequencies with respect to fiber angle change in the flanges and

webs for a clamped composite beam with ratio {/b; = 20.
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FIG. 4 Mode shapes of the flexural-torsional-shearing components for the first mode w; = 25.941 of a clamped composite beam

with the fiber angle 15° in the flanges and webs with ratio [/b1 = 20.
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FIG. 5 Mode shapes of the flexural-torsional-shearing components for the second mode w2 = 33.903 of a clamped composite

beam with the fiber angle 15° in the flanges and webs with ratio {/b; = 20.
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FIG. 6 Mode shapes of the flexural-torsional-shearing components for the third mode ws = 65.581 of a clamped composite

beam with the fiber angle 15° in the flanges and webs with ratio {/b; = 20.
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FIG. 7 Effects of shear deformation on the first three natural frequencies with respect to fiber angle change in the right web

and bottom flange for a clamped composite beam with ratio /b1 = 50.
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FIG. 12 Variation of the natural frequencies wy, ,wy, ,ws, of a simply supported composite beam (I/by = 10) with respect to

modulus ratio change.
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FIG. 13 Effect of the warping restraint on the natural frequencies wg,,wy,,ws, of a cantilever composite beam (I/by = 10)

with respect to modulus ratio change.
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TABLE I Material properties and geometric characteristics of a cantilever composite box beam for verification.

Parameters

Value

Material properties
E1, psi (GPa)

Es, psi (GPa)

G12 = G13, psi (GPa)
Gas, psi (GPa)

V12

p.Ibs? /in’ (kg /m?)

20.59 x 10°(141.9)
1.42 x 10°%(9.78)
0.89 x 105(6.13)
0.696 x 10°(4.80)
0.42

0.1352 x 1073(1445)

Geometry properties
Length, in.(mm)

Outer width, in.(mm)
Outer depth, in.(mm)
Wall thickness, in.(mm)
Ply thickness, in.(mm)

Number of layers

33.25 (844.5)
0.953 (24.21)
0.537 (13.46)
0.03 (0.762)

0.005 (0.127)

6
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TABLE II Comparison of theoretical and experimental natural frequencies (Hz) of a cantilever composite box beam with CAS

and CUS lay-ups.

Lay-up Flanges Webs Mode Ref.[8] Ref.[10] Ref.[21] Present
Top Bottom Left Right

CAS2 30]6 [—30]6 30/ — 305  [30/ — 30]5 1TV 20.96 21.80 22.07 21.80

CAS3 [45]6 [—45]6 [45/ — 45)5  [45/ — 45]3 1TV 16.67 15.04 15.13 14.86

CUs1 [15]6 [15]s [15]6 [15]6 1VB 28.66 30.06 38.65 32.02

CUs2 0/30)  [0/30]s 0/30]5 0/30]5 1VB 30.66 34.58 35.53 34.47

CUS3  [0/45)5  [0/45]s [0/45)5 [0/45]3 1VB 30.00 32.64 32.52 32.41
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TABLE III Natural frequencies (Hz) of a cantilever composite box beam with [0/90]4 lay-up.

Mode Ref.[16] Ref.[21] Present
No shear With shear ANSYS
1 31.06 31.02 30.99 31.30 31.04
2 49.34 49.17 49.19 49.86 49.54
3 194.57 192.55 187.22 196.16 194.06
4 308.75 301.63 298.13 312.48 304.79
7 862.40 817.54 794.24 874.97 826.46
11 1757.35 1642.38 1680.80 1779.29 1659.92
12 2107.33 2107.28 2111.70 2145.28 2145.09
14 2619.31 2381.89 2349.40 2657.98 2437.71
15 2771.02 2409.78 2418.00 2834.36 2440.04

16 3321.34 3220.05 3198.00 3419.13 3262.88




41

TABLE IV Nondimensional natural frequencies respect to the fiber angle change in the flanges and webs with ratio I/b; = 20.

Fiber Orthotropy solution FEM

angle We, Wy, Wo, Was w1 w2 w3
0 26.759 32.442 41.594 63.252 26.759 32.442 41.594
15 25.959 33.911 71.530 65.630 25.941 33.903 65.581
30 16.215 21.716 57.085 43.242 16.202 21.709 43.209
45 9.354 12.593 33.801 25.358 9.350 12.591 25.348
60 7.041 9.486 25.574 19.163 7.041 9.486 19.161
75 6.439 8.669 23.367 17.531 6.439 8.669 17.530
90 6.327 8.516 22.944 17.226 6.327 8.516 17.226
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TABLE V Nondimensional natural frequencies respect to the fiber angle change in the left web and bottom flange with ratio

/by = 20.

Fiber Orthotropy solution FEM

angle We, Wy, we, Wy w1 wWo w3
0 24.151 30.711 48.031 59.286 24.027 30.390 47.507
15 23.584 30.882 63.220 59.742 20.595 28.316 51.170
30 18.760 25.229 64.379 49.079 15.730 23.330 41.511
45 14.798 21.075 54.203 39.166 13.163 21.049 35.045
60 13.511 19.798 50.769 35.820 12.157 20.346 32.405
75 13.192 19.448 48.327 34.952 11.814 20.082 31.474
90 13.132 19.372 47.393 34.780 11.737 20.007 31.255




