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Abstract. A general strategy for proving completeness theorems for quantified modal
logics is provided. Starting from free quantified modal logic K, with or without identity,
extensions obtained either by adding the principle of universal instantiation or the converse
of the Barcan formula or the Barcan formula are considered and proved complete in a
uniform way. Completeness theorems are also shown for systems with the extended Barcan
rule as well as for some quantified extensions of the modal logic B. The incompleteness
of Q°.B+BF is also proved.

In this paper we consider all free and classical quantified extensions of the
propositional modal logic K obtained by adding either the axioms of identity or
the Converse of the Barcan Formula or the Barcan Formula or the Extended Bar-
can Rule. Quantified extensions of the propositional logic B are also examined.'
The lack of “... a common completeness proof that can cover constant domains,
varying domains, and models meeting other conditions...” has often been felt,
see [3], p.132. In [4] and [5], p.273, we read “Ideally, we would like to find a
completely general completeness proof.” The production of such a proof is the
aim of this paper. We proceed by presenting a completeness proof for the system
Q°.K, Kripke’s original one? with the addition of individual constants, we then
show that such a proof yields completeness results for extensions of Q°.K such
as those characterized by models with increasing or constant domains, with or
without non-existing objects, with or without identity. Our main goal is to offer
a clear framework in which each completeness result considered, old or new, will
find its natural place. Sometimes we will follow through the proof of a known
result just to show how it fits into our framework. In the first part of the paper
we will deal with the systems mentioned in the diagram below:

This paper was written in the Fall 2001 during my visit to the Institute of Logic, Language
and Computation in Amsterdam. I am very grateful to Prof. Dick de Jongh who made my stay
at ILLC profitable and enjoyable. His comments to the present paper have been most valuable.
My thanks also to the Netherlands Institute for Advanced Study, NIAS, who provided me, even
if indirectly, with a very pleasant place to live near the Wassenaarseslag.

1The first part of this paper was presented at the workshop “Methods for Modalities 27,
Amsterdam, 29-30 November 2001.

2See [7].
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Q°.K
Q°.K + CBF
Q°.K + CBF + BF
Q.K
Q.K + BF
In the second part we will consider systems containing the identity relation.
As we will see, Q°.K (Q.K) is obtained by adding to the normal propositional
modal logic K the quantificational axioms and rules of free (classical) logic. The
main feature of Q°.K is that the principle of Universal Instantiation, U1, is not
a theorem, but only its universal closure, UI°, is. Semantically this fact has
the important consequence that each world w of a model for Q°.K is endowed
both with an inner domain, D,,, that represents the set of objects existing at w
and coincides with the domain of variation of the quantifiers, and with an outer
domain U,, 2 D,, that also contains non-existing possible objects and coincides
with the domain of interpretation at w of the variables, the predicates and the
individual constants. Once the full axiom of Universal Instantiation is present,
no distinction is made between existing and non-existing objects and only one
domain is associated with each world. Here are the four formulas we shall be
most concerned with:

Uure Vy(VzA(z) — A(y/z))
Ul VrA(z) — A(t/z)
CBF OvxA — VxOA

BF VeOA — OVzA

81. Modal systems without identity.

FIRST ORDER MODAL LANGUAGES AND KRIPKE SEMANTICS. The alphabet of
first-order modal language £ (without identity) contains the unary connective
O (box) in addition to the Boolean connectives — (not) and V (or) and the
quantifier 3 (there is). Moreover £ contains a countable set, Var, of variables,

Z1,%2,x3, ..., the symbol of falsehood, 1, and the following two sets, at most
countable, of, respectively, individual constants a,b,c,d,ay,b1,c1,d1,..., and
predicate symbols, P Q", R",... of arity n, 0 <n < w.

A term is either a variable or an individual constant. s, s1, sa, ... t, t1, to, ...

are metavariables for terms.

Well formed formulas (wffs)

1. 1 is a wif,

2. If P" is an n-ary predicate symbol and ti,...,t, are n terms, then
P™(ty,...,t,) is a wif,

3. If A and B are wiffs and x is a variable, then —=A, OA, AV B,3zA are
wils,

4. Nothing else is a well formed formula.

The formulas AAB, A — B, 0A,Vz A are defined in the usual way. By A(t/s) we
denote the formula obtained from the wif A(s) by replacing all free occurrences
of s by t, changing the name of bound variables, if necessary, to avoid rendering
the new occurrences of t bound in A(t/s). A(t//s) denotes that some (all,
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none) free occurrences of s are replaced by t. A(si,...,t/s;,...s,) stands for
A(S1,y ey SiyoeSn)(t/50)-

A Kripke-frame, K-frame, is a quadruple F = (W, R, D,U) where

W is a non-empty set,

R is a binary relation on W, the accessibility relation,

D is a function which associates to each w € W a set D,,. D, is the inner
domain of w, and it can be empty,

U is a function which associates to each w € W a set U, such that:

Uy,#® and if wRv than U, CU,. U, is the outer domain of w.

The fact that U, C U,, if wRv, does not prevent D,, from being disjoint from
D,. In [7], Kripke stipulates that for all v € W, U, = |, cy Dw. We generalize
Kripke’s original semantics by allowing U, C U, if wRv, and J, ey Uw 2
Uwew Pw- Upew Uw may contain individuals that never happen to come into
existence.

When no condition is imposed on the domain function D, F is said to have
varying domains, when wRv implies D,, € D, (D, 2 D,, D,, = D,), F is
said to have increasing (decreasing, constant) domains. The outer domains are
always increasing.

A K-model M is given by a K-frame F plus a function I that together with
every w € W determines an interpretation I, of the descriptive symbols of the
language. In particular,

I,(P™) C (Uy)™ and I,(c) € Uy.

Whenever M = (F,I), M is said to be based on F. For each w € W, a w-
assignment is a function o : Var — U,. Let o and 7 be two w-assignments. T
is said to be an z-variant of o if o and 7 agree on all variables except possibly
on the variable z. If o is a w-assignment, it is also a v-assignment for any v
such that wRwv, because U,, C U,. Given a w-assignment o, we can interpret all
terms of the language, by letting I9(c) = I,(c) and I (z) = o(x).

The notion of a formula being satisfied by a w-assignment o at w in a K-model
M is defined so:

MES PPty .. ty) i (I9(8),..., 19(ts)) € Lu(P™)

M L

M = B if M B

MEZBVC it MEZBor MESC

M =9 3B iff  for some x-variant 7 of o, such that 7(x) € D,,
M T B

M E¢ OB iff ~ for all v such that wRv, M =5 B.

M satisfies a set of formulas A iff for some w and w-assignment o, M =2 D,
for all D € A.

A formula B is true in a K-model M at w, M =, B, iff for all w-assignments
o, M =5, B.

A formula B is valid on a K-model M, M |= B, iff for all w e W, M |=,, B.
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A formula B is valid on a K-frame F, F = B, iff for all K-models M based on
F, M E B.

A formula B is K-valid iff for all K-frames F, F = B.

M is a model for a logic L iff M | A, for all theorems A of L.

As is well-known, the following formulas are not K-valid:
VzOA — OVzA (BF) Jr0A — O3zA (GF) Ve A(x) — A(t/x)
OVzA — VzOA (CBF) 03zA — Jz0A (CGF) VeA(x) — JzA(z)

Denotation, existence and rigidity. In the K-semantics just introduced, every
constant is denoting, in fact for all w € W and for all constants ¢, I,(c) is
defined, but nothing is said about whether it denotes an existing or a non-
existing individual, I,(c) can be in D,, as well as in (U, - D,,). Moreover it is
not assumed that constants are rigid designators, where an individual constant
c is said to be a rigid designator iff

wRv implies I, (c) = I,(c).

In a language without identity no formula expresses that a constant is a rigid des-
ignator. At the semantical level, rigidity corresponds to the classical correlation
between satisfaction and substitution as stated by the following lemma.

LEMMA 1.1. Let M be a K-model and o a w-assignment. An individual con-
stant ¢ is a rigid designator iff (M =9 A(c/z) iff M =l A(x)), for any w-
assignment T which is an x-variant of o such that T(x) = L, (c).

PROOF. Suppose c is a rigid designator. The proof is by induction on A, we
consider just one case. M =9 OB(c/x) iff for all v.wRv. M =7 B(c/x) iff, by
induction hypothesis, M |=I B(z), where 7 is a v-assignment and an z-variant
of o such that 7(z) = I, (c). Since c is a rigid designator, 7(z) = I,,(c), whence
T is a w-assignment and so M =7, OB(z).

Suppose ¢ is not a rigid designator. Take a model M based on two worlds w
and v such that wRv, moreover let D,, = {u1}, D, = {ui,us}, Ly(c) = uy,
I,(¢) = ug, I,(P) = I,(P) = {u1}, where P is a unary predicate letter. Then
M S OP(c/x) and M =7, OP(x). !

A particular case of Kripke semantics which has been widely studied in the
literature is the one we will call Tarski-Kripke semantics, T'K-semantics, in order
to stress the fact that a Tarski-Kripke model is just a family of classical models
interconnected by the accessibility relation. A T K-frame is a K-frame in which
for all w € W, U,, = D,,, so each world w is endowed with just one domain, D,,,
which is both the domain of variation of the quantifiers, of the free variables and
the domain of interpretation of the constant and predicate symbols. Of course
D,, # 0 and wRv implies that D,, C D,. TK-models are defined exactly as K-
models. Each world of a TK-model is a Tarskian model, and so classically valid
formulas such as Ve A(z) — A(x) or Ve A(x) — A(c/x) or Ve A(z) — JxA(x) turn

3As to the role of the Ghilardi formula (GF) in counterpart semantics, see [2].
4The equivalence stated in the lemma corresponds to the equivalence between de dicto and
de re readings of substituted formulas, OP(c) versus (c)OP(z), see [2].
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out to be valid. Moreover CBF and GF are T K-valid too. On the contrary BF
and CGF are not T K-valid.

A comparison with the semantics as presented in Kripke, 1963.

We will use the expression original Kripke semantics, O K-semantics, to refer
to the semantics of Kripke, [7], 1963. An OK-model is a quadruple (W, R, D, I)
where W, R and D are defined as in K-semantics. The interpretation function I,
on the other hand, differs for now I is such that I,(P™") CV and I,(c) €V,
where V' = (J,,cy Dw. Analogously, the codomain of any assignment function
is V. At first sight, O K-models look more general than K-models because both
the assignment and the interpretation functions are not world-bound, in the sense
that the interpretation at w of, say, a unary predicate P need not be a subset of
D,,, and the interpretation at w of a constant ¢ need not be an element of D,,.
A way of looking at this semantics is that each world has an ‘inner’ domain, D,,,
the domain of variation of the quantifiers, that varies from world to world and
can be empty, and an ‘outer’ domain, V', which remains fixed and is the domain
of interpretation of the variables, the predicates and the individual constants. V'
is the global domain of discourse, the set of all things of which we are entitled to
say at each world if a predicate is true or false of them at that world. Moreover
each element of V is bound to exist in some world. Keeping the outer domain
V fixed is a heavy limitation in building canonical models, for suppose that we
want to define a model based on a frame with two worlds, w and v, and that we
want to define first D,, and I, and then, D, and I,. In defining the function
I,,, we are bound to establish once and for all what the set V is like, so that
there will be no way to add new individuals when we come to define either D,
or I,. A further and most important advantage of K-semantics is that T K-
models are particular cases of K-models, just let U,, = D,,. This is particularly
relevant in the present context since we aim at a wunique semantic framework
that can accommodate both OK-models and TK-models.® This has induced
us to generalize OK-semantics by allowing the outer domains to increase and
at the same time to have world-bound interpretations and assignment functions.
But this is no limitation because in K-semantics, as we have defined it, the
codomain of I, as well as of any w-assignment is U,,, the outer domain, and
nothing prevents each U, from including (J,, ¢y Duw-

THE SYSTEM Q°.K AND SOME OF ITS EXTENSIONS.

The system Q°.K contains the following axioms and inference rules.%

Axiom schemata: truth-functional tautologies,
0(A — B) — (0A — OB) Vy(VxA(z) — A(y/x)) VaVyA < Vyvz A
Vz(A — B) — (VaA - VzB) A — VzA, z not free in A

Inference rules : Modus Ponens (from A and A — B infer B), Necessitation
(from A infer OA), and Universal Generalization (from A infer VzA).

5Hughes and Cresswell’s models with undefined formulas, [6] pp.277-280, are equivalent to
T K-models.
6We follow Fitting and Mendelsohn, [3], for the choice of this axiom system.
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The system @Q.K is just the system Q°.K with Vy(VzA(z) — A(y/z)) replaced
by VzA(z) — A(t/x).”

DEFINITION 1.2. Let L be any quantified modal logic which extends Q°.K,
L D Q°.K. A proof in L is a sequence of formulas such that each of them is
either an axiom of L or it is obtained from preceding formulas in the sequence
by application of an inference rule.

A wif A is a theorem of L, b, A,iff there is a proof in L whose last formula is A.
A wif A is derivable in L from a set A of formulas, A - A, iff for some finite
number of formulas Aq,..., A, in A, Fp AiN...NA, — A

LEMMA 1.3. Theorems of Q°.K that we will use in the sequel (often without
mentioning them,).

) Vy(AW) — FeA@/), (BI°).

(i) Yyi .. Yy Vy[VeA(yr .. yn, ) = A(Y1 - - Yn, /)],
(y may or may not occur in A(yy ... Yn,x)).

(ii*)  NwiVy, .. Yy Yo VY, VAW - Yns ) — A(yr .. Yn, y/T)], where
Wiy v, } S{y1...yn}t and wy ... wy, do not occur in A(y1 ... Yn,T).

(iii)  IfFgor Ay A A Ay — B, then Fooi YZAL A -+ AVEA, — V2B,
where VT = V1 ...Vxyi, for some k > 0.

(iv) (AVVyB(y)) < Vy(AV B(y)), where y is not free in A.

(v) (A — VyB(y)) < Yy(A — B(y)), where y is not free in A.

(vi) Vz(A(z) — B) < (3zA(z) — B), where y is not free in B.

(vii)  VxA < VyA(y/z), where y doesn’t occur in VzA.

(viii) VzA(z) AJyB(y) — Jy(A(y/z) A B(y)), where y doesn’t occur in VrA.

LEMMA 1.4. Here is a list of well-known soundness results.

qg-m.l. s sound w.r.t. the class of K-frames with domains
inner outer

Q°.K varying mcreasing
Q°.K+CBF increasing ncreasing

Q°.K+BF decreasing nereasing
Q°.K+CBF+BF  constant mereasing

Q.K mcereasing = inner

Q.K+BF constant = inner

COMPLETENESS RESULTS

The main idea behind the completeness proof we are going to present stems from
a simple observation: the affinity of meaning between CBF and UI. Take an
instance of UI, VxP(x) — P(z). The falsity at a world w of YxP(z) — P(x)
under a w-assignment o, implies that the individual o(z) does not belong to
the domain of variation of the quantifiers, so o(x) does not exist at w. The
falsity of an instance of CBF, OVzP(x) — VzOP(z), at a world w implies
that VxP(z) is true at some future moment v, whereas P(x) is false at v under
some w-assignment o such that o(z) € D,,, and so at v under o it is false that

7To rule out empty domains add to Q°.K the axiom VYxA — A, where z is not free in A.
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VzP(x) — P(x). UI discriminates between existing and non-existing individuals
in the current world, whereas C'BF' discriminates between existing and non-
existing individuals in future worlds. Falsifying C BF has fatal consequences for
some individual: any u which is a witness for 3xO—-P(z) at a world w where
OVzP(z) is true, is bound to die in some subsequent world. This induces us to
stipulate that

an individual constant ¢ denotes an ezisting individual at w iff
for all sentences VzxA(x), Ve A(x) — A(c/x) is true at w.

So, no wonder that validity of C BF yields that existing individuals never die. We
would like to stress that in this way we are able to distinguish between existing
and non-existing individuals without having recourse to the identity relation (or
the existence predicate), as is usually the case,

¢ denotes an ezxisting individual at w iff Jz(x = ¢) is true at w,

and so without becoming entangled in problems linked to identity, modalities
and rigid designators.

Notational convention. By L we shall denote any q.m.l. which extends @Q°.K. If
L is a q.m.l. with language £ and C is a denumerable set of individual constants
not occurring in £, then £ denotes the language obtained by adding all the
constants of C to £, and LC denotes the logic L in the language £¢. From now
on we agree that £ is the language of L and £ is the language of L¢. Moreover,
Const(L) denotes the set of individual constants of L.

DEFINITION 1.5. A set A of formulas is L-consistent iff A t/p L.

Note. It might well be that a set of sentences A is L-consistent and at the same
time A bp Vuy ... VugL, for some k > 1. Take A = {VzA A - A}, where © does
not occcur in A or A = {Vzr_L}.

LEMMA 1.6. on constants.
(i) If bFre Alcr,y...,cp) thenbre A(wi/er, ... wn/cn),

where w1, ... wy, are variables not occurring in A(cy,...,cn).
(ii) If Frc A and no constant of C occurs in A, then by, A.
(iii) If A is an L-consistent set of sentences and no constant of C' occurs

in A, then A is LC -consistent.

PROOF. (i) As for classical logic, by choosing variables wy, ..., w, not oc-
curring in the proof D of A(ey,...,¢,) and by replacing uniformly in D, ¢; by
w;, 1 <i <mn. (i7) follows from (i), and (ii¢) from (7). 4

Let C' be a not-empty set of individual constants. Now we define a set of sen-
tences, which if true, guarantee that C' is a set of constants denoting ’existing’
individuals.

DEFINITION 1.7. £(C) =4 {VzA(z) — A(c/z) : ¢ € C and VzA(x) is a
sentence of LE}.

LEMMA 1.8. Let C be a not-empty set of constants. If A is an L-consistent set
of sentences and no constants of C' occur in A, then either A Fre Vz1..¥zp L,
for some h > 1 or £(C) U A is L -consistent.
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PrOOF. Assume that A o Vz1..Vz, L, for any h > 1 and suppose by reduc-
tio that E(C)UA Fpc L. Then (*) Fpec ExA---AEj — [DiA---ADy — 1],
where {E,,...,E;} C £(C) and {D1,..., Dy} € A. Let € = c1,...,c, be all
the individual constants of C' occurring in (*). Then Frc E1(€) A--- A E;(C) —
[D1A---ADy, — 1]. (By E;(¢) we mean that the constants of C' actually occuring
in E; are among c1,...,Cp.)

If n = 0 then j = 0 too, and so A would be L-inconsistent, contrary to the
hypothesis.

If n > 1, let 2=z ...z, be variables not occurring in (*), so by lemma 1.6(4),
Fre Ei(Z/&) A--- AN Ej(Z/6) — [D1 A--- A Dy — L], where (Z/¢) stands for
(z1/c1 ... 2n/Cn, z/c). Then, by lemma 1.3(i47),

bro YZE((Z) A+ AVZE;(Z) — VZDy A -+ AVZDy, — VZ 1],

Now, each VZE;(Z), 1 <14 < j, is of the form VZ(Vz A(Z,z) — A(Z, z/x)), for
some 1 <1 <n and wif A(Z,2) (2 may or may not occur in Yz A), so by lemma
1.3(i1*), VZ(Vz A(Z,2) — A(Z,z/z)) is a theorem of L. Consequently
Fro VZD1 A--- ANVZDy — VZL. Since D ... Dy are sentences, A o VZD; A
-+ AVZDyg, so A bpe VZ1, contrary to the assumption. -

When the principle of Universal Instantiation is present, lemma 1.8 is nothing
but lemma 1.6(¢47).

LEMMA 1.9. Let A be a set of sentences of LS not containing the individual
constant ¢ € C. Then E(C)UA e A(c) only if E(C)UA e VzA(z/c), where
z doesn’t occur in A(c).

PROOF. First observe that since C # (), all vacuous universal instantiations
VxB — B, where x doesn’t occur free in B, are derivable from £(C). In fact
let T(z) be any tautology containing the free variable . Then Vz(B A T (z)) —
B AT(c/x) € £(C), hence E(C) FVYx(BAT(z)) — B, so £(C) -VzB — B.

Now let E(C)UA Fre A(e). Then
(*) Frpe ExAN---ANEj — (D1 A--- A Dy — A(c)), where {Eq,...,E;} CE(C),
{D1,..., D} C A. Let @ = ¢1,...,¢pn,c be all the constants of C' occurring
in (*), then Fre E1(6) A--- A Ej(€) — (D1(€) A -+ A Di(6) — A(C)). Let
Z=z1,...,%n, % be variables not occurring in (*), so by lemma 1.6(¢),

Fre Ev(Z/E)N--- NEj(Z/€) — (D1(Z/€) A --- N D(Z/¢) — A(Z/E)). Then
Fre VZEL(Z) A --- AVZE;(Z) — YZ[D1(Z) A -+ A Di(2) — A(2)].

Now, each E;(c), 1 <4 < j,is of the form Va A(c;, ... ¢, x) — A(ci, - Ciys iy ),
where {c;, ...ci, iy} € {c1,...,cn,c}, so VZE;(Z) is a theorem of L by
lemma 1.3(#*), consequently ¢ VZ[D1(Z2)A---ADg(Z) — A(Z)]. Since z doesn’t
occur in Dy (Z)A---ADy(2), Fre Vz1...V2,[D1(21, ... 2n) A+ - *ADg(21, ... 25) —
VzA(z1,...2n,2)]. Then, by Modus Ponens with sentences of £(C) or with
vacuous universal instantiations (derivable from £(C)), it obtains £(C') Fpc
Vzo...Vzp[D1(e1/z1,22 .. 2n) A - -ADg(c1 /21, 22 . . . 2n) — V2 A(c1/21,22 . . - 2n, 2)],
E(C)bpo Vzg.. . Vzu[Di(c1/z1,¢2/22, 23 . .. 2n) A - "ADg(c1/ 21,2/ 22,25 . . . 2p) —

VzA(c1/z1,¢2/ 22,23 - . . Zn, 2)],
E(C)Fpe Di(ey...cn) Ao~ ADy(er...cn) = Y2zA(cq - . . Cn, 2), therefore
E(CYUAFLe VZA(2). =
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When the principle of Universal Instantiation is present, lemma 1.9 is an imme-
diate corollary of lemma 1.6(¢).

DEFINITION 1.10. Let A be a set of sentences of £ and Q C Const(L).
A is L-deductively closed iff for any sentence A of £, Aty Aiff A€ A.
A is L-complete iff for any sentence A of L, either A € A or =A € A.

A is L-mazimal iff A is L-consistent and L-complete.

Let A(x) be any wff of L with one free variable, then

A is Q-universal iff if VzA(xz) € A, then A(c/x) € A, for all individual
constants ¢ € Q.

Ais Q-ezistential  iff if A(c/x) € A for some constant ¢ € @), IxA(x) € A.

A is Q-inductive iff if A(c/x) € A for all constants ¢ € Q, VzA(z) € A.

A is Q-rich iff if JxA(x) € A, then A(c/x) € A, for some individual
constant ¢ € Q.

A is L-saturated iff A is L-maximal and for some set ) C Const(L),
A is Q-universal and Q-rich.

LEMMA 1.11. Let A be a set of sentences of L and QQ C Const(L).

(i) If A is Q-universal and Q* C Q, then A is Q*-universal.

(ii) If A is Q-rich and Q* D @, then A is Q*-rich.

If A is L-maximal, then

(iii) A is Q-universal iff A is Q-existential,

(iv) A is Q-inductive iff A is Q-rich.

DEFINITION 1.12. Let A be a set of sentences.

Clp(A) ={A: At A}, Clp(A) is said to be the L-deductive closure of A.
When no confusion can possibly arise, we write CI(A) instead of Clp(A).

O (A)={A:04€ A}

LEMMA 1.13. Let A be a set of sentences.

(i) A is L-consistent iff Clp(A) is L-consistent.

(i) 1If A is L-consistent and OB € A, then O~ (A) U {B} is L-consistent.

(iti) If A is L-deductively closed, then O~ (A) is L-deductively closed.

(iv) If O (A)Fp A, then Ay OA.

LEMMA 1.14. For any L-consistent set of sentences A there is an L-mazimal
set I' such thatT' O A.

LEMMA 1.15. Let A U {3yA} be a set of sentences of L not containing the
constant c € C. If E(CYUAU{3yA} is LC-consistent, then E(C)UAU{A(c/y)}
is L -consistent.

PROOF. Suppose by reductio that £(C) U A U{A(c/y)} Fre L, then £(C)U
A Frec —A(c). Hence by lemma 1.9, £(C) U A Fre Vz-A(z/c), where z doesn’t
occur in —A(c), so £(C) U A Fpc —3zA, contrary to the LE-consistency of
E(C)UAU{3yA}. —|

LEMMA 1.16. Let A be an L-consistent set of sentences of L. Then for some
not-empty denumerable set C' of new constants, there is a set Il of sentences of
LC such that A C 11, I is LE -mazimal, 11 is Q-universal and Q-rich for some
set Q C Const(LY).
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PROOF. (a): A Fp Vz1..Vzy L, for some h > 1. Let II be an L¢-maximal
extension of A. By induction on h we see that if an existential sentence JxA(x)
is in II, then L € II, therefore no existential sentence is in II. Let JzA(x) € II, for
some A(z). Then by lemma 1.3(viii), Jx(A(z)AVze..Vzp L) € II, FxV2q..V2, L €
II, V29..Vz, L € II (from axiom A — VzA, where x does not occur in A), and so
by induction hypothesis, | € w contrary to the L-consistency of II. Let Q = ().
Trivially IT is (-universal and @-rich.

(b): AV Vz1..¥z, L, for any h > 1. Let Hy, Ha,... be an enumeration of all
the existential sentences of L. Define the following chain of sets of sentences of
LC.

Ty=AUEC).

Suppose the set I';, has already been defined and the constants of C occurring in
T, are ¢y, ..., cg. Choose the first sentence in the given enumeration (and cancel
it) which from C' contains at most the constants cy, ..., c,. Let it be JxF(z).
Case(1). T,U{3zF(z)}is LY-consistent. Take a constant ¢ € C not occurring
in LU{cq,...,cx} and define T’y 41 =T, U{F(c¢/x)}.

Case(2). T, U{3zF(x)} is not LC-consistent. Define '), 1 = T,.

Then let I' = | J,, oy CI(T'y).

Ty is L€-consistent in virtue of lemma 1.8 and so is Cl(Ty). Each T'yyq is
L¢-consistent in virtue of lemma 1.15, and so is CI(I',,41), consequently I is
L€-consistent. T is C-universal because it includes I'g, and C’-rich for some
C’ C C by construction, therefore I' is C-rich by lemma 1.11(iz). In virtue of
lemma 1.14, T can be extended to a set IT which is L¢-maximal. Therefore IT is
Q-universal and Q-rich for some Q C Const(LY). 4

DEFINITION 1.17. Let a g.m.l. L O Q°.K be given with language £. Let V be
a set of constants of cardinality R such that V' 2 Const(L) and |V —Const(L)| =
Ro. A canonical model MY = (W, R, D, U, I) for L is defined as follows:

o W is the class of all L,,-saturated sets of sentences w, where £,, = £, for some
set C of constants such that Const(LY) # 0, C C V and |V — Const(LY)| = N,

wRy iff 07 (w) Cw, for any w,v € W,

Dy, ={c€ Const(Ly) : VeA — A(c/x) € w, for all sentences VzA of L},
Uy = Const(Ly),

L,(c) = ¢,

I,(P™) = {{c1,...,cn) : P"(c1,...,cn) € w}.

O O O O ©o

Let us check that every canonical model is based on a K-frame. If a logic L
is consistent, then the empty set of sentences is L-consistent, so by lemma 1.16
there is an L¢-saturated set of sentences for some set C' of constants, therefore
W #£ (. Const(L,,) # 0 by definition of W, so U,, # 0. If wRv then U,, C U,, for
if A(cy...cp) is a tautology containing the constants c¢;...c,, OA(c1...c,) €
w and so A(ey...c,) € v; therefore Const(L,) C Const(L,). D, C U, by
definition.

Fact 1.18. (a) Every w € W is D,,-universal and D,,-rich. For, by the defi-
nition of D,,, w is D,,-universal and D,, is the greatest Q* with respect to which
w is @Q*-universal. Therefore w is Q-universal and Q-rich for some Q C D,,,
whence by lemma 1.11(4¢) w is D,,-rich.
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(b) If Vzy...25 L € w, for some h > 1, then D,, = (). For, if D,, # (), then for
some tautology T(x) and constant ¢ € D,,, Va—T(z) — =T (¢/z) € w and so
J2T(x) € w, contrary to the L,-consistency of w, as we saw in (a) of the proof
of lemma 1.16.

LEMMA 1.19. Let MY = (W, R, D, U, I) be a canonical model for L O Q°.K
Ifwe W and OA € w, then there is a v € W such that O~ (w) Cv, A € v and
Const(Ly) C Const(L,).

PROOF. By lemma 1.13(éi), O~ (w)U{A} is Ly,-consistent. Since, by definition

of canonical model, |V — Const(L,)| = N, there exists a countable set C' of
constants such that (Const(L£,,)NC) =0, C C V and |V —(Const(L,UC))| = No.
Let £, = £S. By lemma 1.16, there is an L,-saturated set of sentences v such
that v 2 (O~ (w) U {A}). -

LEMMA 1.20. Let M¥ be a canonical model for L O Q°.K. For all formulas
A(xy,...,x,) of L and for any w-assignment o,

MES Aay, o) il Alo(e)fas. .. olen) /o) € w,

where x1,...,T, are all the variables occurring free in A.

PRrROOF. For simplicity’s sake we will write in the following A(o(z1),...,0(zy))
instead of A(o(xz1)/x1,...,0(xn)/zy).
ME Fo Pk(x“, sy Ly Ciggg g e C'Lk) ft (o (z4,), - - (Izn) I7U(Ciﬂ,+1)7 e ’Iw(cik)> €
L, (Pk) iff by the deﬁn1t1on of I, in ML, (o le) (xln) Cipgrr---1Ciy) €
I,,(P*) iff, again by definition of I, in M% P k(a(x“) s 0(Ziy)s Cingyr -5 Ciy,) €

w.
1 ¢ w, since w is L,-consistent.

If ML 9 OB(z4, ..., 2,), then there is a v, such that O~ (w) C v and M% }£9
B(z1,...,x,). Hence by induction hypothesis, B(c(z1),...,0(z,)) ¢ v, and so
OB(o(x1),...,0(zn)) ¢ w.

IfO0B(o(x1),...,0(xn)) ¢ w, then, by the L,,-maximality of w, >=B(o(z1),...,0(zy)) €
w. By lemma 1.19, there is av € W such that O~ (w) C vand ~B(o(z1),...,0(zy)) €

v, 80 B(o(x1),...,0(z,)) ¢ v. By induction hypothesis, M’ }£9 B(xy,. .., 2,).
Moreover, by definition of R, wRv holds, so MY [£9 OB(z1,...,z,).

Before examining the case of the quantifiers, let us recall that in canonical models
individual constants are rigid designators, for I,,(c) = ¢, for all w € W.

If MY =2 32B(z,7,...,7,) then MY =T B(x,xq,...,7,), for some w-
assignment 7 which is an z-variant of o such that 7(z) = d for some d € D,,.

By lemma 1.1, MY =% B(d,z1,...,2,), therefore by induction hypothesis,
B(d,o(z1),...,0(xy)) € w, consequently FzB(x,0(z1),...,0(zy)) € w, since w

is D,,-existential.

If 3xB(z,0(x1),...,0(x,)) € w, then B(d,o(z1),...,0(xn)) € w, for some
constant d € D, since w is D,-rich. By induction hypothesis, ME =9
B(d,xy,...,z,) and by lemma 1.1, MY =7 B(z,71,...,2,), where 7 is an
z-variant of o such that 7(x) = d, therefore M% =2 JxB(z, x1,...,2,). 4

LeEMMA 1.21. Let MY = (W, R, D, U, I) be a canonical model for L O Q°.K
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(i) If A is an L-consistent set of formulas, then for some w € W and some
w-assignment o, MY =9 D, for all D € A.

(i) If A is an L-consistent set of sentences, then for some w € W,
MY =, D, for all D € A.

(i) MY is a model for L.

(iv) If t/r A, then MFE |£= A.

PRrROOF. (i) Let C = {c1,c9,¢3,...} be a set of constants not occurring in
L and z1, 29, 23, ... be all the variables occurring free in formulas of A. Then
A = {D(ci,/ziys---s¢i,/zi,)  D(ziyy.. o 2:,) € Aand ¢, ...c;, € C}is LC-
consistent by lemma 1.6(i). Then by lemma 1.16 there is a set IT O A® which is
LCYC” _saturated, for some set C* of new constants. Consider a canonical model
MY for L such that V' O Const(LEYC") and |V — Const(LEYC")| = Rg. Then
II is a world, say w, of M and so A® C w. Given a w-assignment o such that
o(zi,) = ¢i;, MV S D(zi,,...,2,) for any D(z;,,...,2,) € A, in virtue of
lemma 1.20. -

The standard pattern to show that a logic L O Q°.K is complete with respect
to a class H of frames goes as follows. Take any wif A which is not a theorem of
L, so {—A} is L-consistent. By lemma 1.21(4), there is a world w of a canonical
model MT for L and a w-assignment o, such that M £ A, therefore ML (£ A.
If M% is based on a frame of H, then L is complete with respect to .

Now, lemma 1.19 allows us to build canonical models of the most general kind:
nothing is said about the inner domains and the outer domains are increasing.
In order to prove that M’ is based on a frame of a given class H, we need to
prove variations of lemma 1.19 to the effect that the inner and outer domains
fulfill the specific conditions of the frames of H.

Actually, all the completeness proofs we shall present yield that the logics
L under consideration are strongly complete, in fact we shall prove that every
L-consistent set of wifs is satisfied on a model based on a frame for L.

Since no condition is required on frames for Q°.K, lemma 1.19 yields

THEOREM 1.22. Q°.K is strongly complete with respect to the class of all K-
frames.®

Q°.K+CBF

The core fact to notice is that for any world w of a canonical model for Q°.K +
CBF, O~ (w) is Dy-universal. So individuals ’existing’ at w, are bound to exist
in all accessible worlds. The following lemma elaborates this fact.

LEMMA 1.23. Let w be a world of a canonical model for L O Q°.K + CBF.

8Hughes and Cresswell in [6], pp.306-309, present, to our knowledge, the first completeness
proof for a Kripke’s style system, LPCK, without individual constants, characterized by the
class of K-frames with varying not-empty domains (and outer increasing domains!). The
present approach is more general and leads, as far as we can tell, to new completeness results
such as those for Q°.K+CBF, Q°. K+CBF+BF, Q2 .K, Q2. K+CBF, Q2. K+BF, Q2.B
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(i) VzA(x) — A(d/x) € O (w), for all sentences VrA(z) € Loy and d € D,,.
(1) VZNVzA(Z,z) — A(Z,d/x)) € O (w), for all for all wffs A(Z,z) € L, and
de D,.

PRrROOF. .

(ii) Fookycpr  VYVZ(VzA(Z,z) — A(Z,y/x)), by lemma 1.3(i*),
Foo.kyopr  OVYVZ(VzA(Z,z) — A(Z,y/x)) by Necessitation,
Fookropr  VyOVZ(VzA(Z,z) — A(Z,y/xz)) by CBF, consequently

VyOvZ(Vz A(Z,x) — A(Z,y/x)) € w. Since w is D,,-universal, for all d € D,,,
OVZ(VzA(Z, z) — A(Z,d/x)) € w and so VZ(VzA(Z,z) — A(Z,d/z)) € O (w),
for all d € D,,. =

LEMMA 1.24. Let w be a world of a canonical model for L O Q°. K + CBF
and C be a set of constants disjoint from Const(Ly,). If Vz1...2nL & w, for any
h>1, and OB € w, then £(D,, UC)U O™ (w) U {B} is LS -consistent.

PROOF. We recall that £(D,, U C) = {VzA(z) — A(b/x) : VzA(x) € LS and
be (D, UQ)}.
Suppose by reductio that £(D,, UC) U O~ (w) U {B} is not L{-consistent, then
(*) }—Lg EiN-- '/\Ej — [Dl/\- --ADy — ﬁB], where {El, R ,Ej} - 5(DwUC)
and {Dy,..., Dy} C O (w). Letd=dy ...dp (€= c1...cy) be all the individual
constants of £,, (C) occurring in Ey A --- A Ej. Then
Fre Er(d,@) A+ NEj(d,@) — [Dy A+ A Dy — —B]. Bach Ey(d, @), 1 <i < j,
is of the form Va:A(cZ éx)— A(J: ¢, b) with either b € dorbeé
If n = 0, then each E;(d,é), 1 < i < j is of the form VzA(d, z) — A(d,b) with
b e dandsob e D,, therefore, as we saw in lemma 1.23(3), it is in O (w).
Consequently O~ (w) Frc =B contrary to the fact that O~ (w) U {B} is LS-
consistent.
If n > 1, let 21 ...z, be variables not occurring in (*), so by the lemma 1.6(i),
Fre Ey(d,Z/&) A+ A Ej(d, £/&) = [Dy A+ A Dy — —B],
Fre VZE(d,Z) A -+ AVZE;(d, 2) — [VZDy A -+ AVZD), — VZ-B].
Now, each VZE;(d,Z), 1 < i < j, either is of the form VZ[VzA(d,Z,z) —
A(d, Z, /)] for some k, 1 < k < n, (this is the case when b € &) and so it is a the-
orem of Q°.K by lemma 1.3(ii), or is of the form VZ(Vz A(d, Z,z) — A(d, Z,dp, /x))
for some h,1 < h < m, (this is the case when b € d) and so it is in O~ (w), by
lemma 1.23(4i). Hence
07 (w) Fre VZD1 A -+ AVZDy, — VZ=B. Since Dy, ..., Dy are sentences,

_( ) Fre YZDy A -+ - ANVZDy, therefore

0~ (w) Fpe VZ2=B. Then by lemma 1.13(iv), w Fre OVZ=B, w ko VzZO0-B

by CBF. But ©B € w, hence w e VZOB, so w }—Lc VZ 1, contrary to the
hypothesis of the lemma. -

LEMMA 1.25. (CBF-variation of lemma 1.19) Let MY = (W, R, D, U, I) be a
canonical model for L O Q°.K + CBF. If w € W and OA € w, then there is a
v € W such that O~ (w) Cv, A € v, Const(L,,) C Const(L,) and D,, C D,,.
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PRrROOF. As for lemma 1.19 provided that in lemma 1.16 at point (b), I'y =
E(Dy, UC)UD™ (w) U {A}. Ty is LS-consistent by lemma 1.24 and, trivially,
D, C D,. 4

THEOREM 1.26. Q°.K 4+ CBF is strongly complete with respect to the class of
K-frames with increasing inner and outer domains.

Consider the system Q.K obtained from Q°.K by adding the axiom of Universal
Instantiation. As is well known, CBF is a theorem of Q.K,” so by lemma 1.25,
if wRv, D, € D,. Moreover, because of axiom UI, each w is Uy,-universal,
consequently U,, = D,,, therefore

THEOREM 1.27. Q.K 1is strongly complete with respect to the class of TK -
frames with increasing domains.

|Q°.K + CBF + BF |

Let us now turn our attention to the Barcan Formula and consider canonical
models for systems L O Q°.K+CBF+BF. The core fact to notice is that for
any world w of a canonical model for Q°.K + BF (CBF is not needed), O~ (w)
is D,,-inductive.

LEMMA 1.28. Let w be a world of a canonical model for L O Q°. K +BF'.
(i) O (w) is Dy-inductive.
(i) If{Bi,...,Bn} is a finite set of sentences of L and O~ (w)U{By,...,Bp} L
A(c), for all ¢ € Dy, then O~ (w) U {By,...,B,} Fr, YzA(z). Consequently,
Cl(O~ (w) U{Bu,...,Bn}) is Dy-inductive.

w

ProoF. 10 (i) If A(c) € O~ (w) for all ¢ € D,,, then OA(c) € w for all ¢ € D,,,
50, since w is Dy,-inductive, VeOA(x/c) € w, and by BF, OVzA(x) € w, whence
VzA(z) € O (w).

(#4) Suppose that O~ (w) U {B,..., By} Fr, A(c), for all ¢ € D,,, then where
B=ByA---ABp, 0 (w) kg, B— A(c), for all ¢c € D,,, hence w b, O(B —
A(c)), forall c € D,,. SoO(B — A(c)) € w, for all ¢ € D,,. (The constant c could
occur also in B and D,, could be a finite set.) Take a variable y not occurring
either in B or in A(c) and consider the wif VyO(B — A(y/c)). Since, O(B —
A(c)) € w, for all ¢ € Dy, and w is Dy,-inductive, then VyO(B — A(y/c) € w,
and by BF, OVy(B — A(y/c)) € w. Therefore, O(B — VYyA(y/c)) € w,
(B — VyA(y/c)) € O (w), O (w)U{Bi,...,Bn} Fr, YyA(y), and so O~ (w)U
{B1,...,Bn} Fp, YZA(z). .

w

Now, if w is a world of a canonical model for L O Q°.K+CBF+BF and CA € w,
then C1(O~ (w) U{A}) is Dy,-universal because of C BF (lemma 1.23), and D,,-
inductive because of BF (lemma 1.28). This leads to the following lemma.

9Q.K - VzA(z) — A(z), Q.K - OVzA(z) — DA(z), Q.K - OVzA(z) — YzOA(x).
10This proof is standard and it is due to Thomason [8].
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LEMMA 1.29. (CBF+ BF-variation of lemma 1.19) Let MY = (W, R, D, U, I)
be a canonical model for L O Q°.K +CBF + BF. If w e W and OA € w, then
there is a v € W such that O~ (w) C v, A € v, Const(L,,) = Const(L,) and
moreover v is Dy, -universal and D.,-rich, therefore D,, = D,,.

PROOF. As for lemma 1.19 with C' = @) and the set v constructed as follows.
Let Hy, H, Hs... be an enumeration of all the existential sentences of £,,. Define
the following chain of sets of sentences of L,,.

Io=0"(w)U{A}.

Suppose the set I';, has already been defined. Consider the sentence H,,41. Let
it be JxF(z).

Case(1). T,U{3xF(x)}is Ly-consistent. Define I', 1 =T, U{F(c/x)}, where
¢ is a constant of D,, such that I",, U {F(¢/x)} is L,-consistent.

Case(2). T, U{3zF(x)} is not L,-consistent. Define I'y11 = T'p.

Then let I' = | J,,c y CI(T'y). Extend I to a set v which is L,-maximal.

The existence of a ¢ € D,, such that I'yy1 =T, U{F(c/x)} is L,-consistent is
guaranteed by the fact that otherwise I',, F =F(c/z) for all ¢ € D,,. But I';, is
O~ (w) united with a finite set of sentences, say, {A, By,... By}, so by lemma
1.28, Ty, = Vz—F (z/c), contrary to the fact that I',, U{3zF(x)} is L,-consistent.
Therefore F(c/x) € Clp(T'y,), for some ¢ € D,, and so I' is D,-rich. Trivially
Const(L,,) = Const(L,). Because of CBF, O (w) is D,-universal (lemma
1.23), therefore v is D,,-universal. B

THEOREM 1.30. Q°.K + CBF + BF is strongly complete with respect to the
class of K-frames with constant inner and outer domains.

Let L O Q.K + BF. Since Q.K F CBF and each w is U,-universal thanks to
UlI, lemma 1.29 yields

THEOREM 1.31. Q.K + BF is strongly complete with respect to the class of
T K -frames with constant domains.

Theorems 1.22 and 1.26 can be improved to the effect that any model for Q°. K
(Q°.K + CBF) can be transformed into one with constant outer domains.

THEOREM 1.32. Q°.K (Q°.K +CBF) is strongly complete with respect to the
class of K-frames with varying (increasing) inner domains and constant outer
domains.

PROOF. Take any K-model M = (W, R, D,U,I) and build the model M* =
(W,R,D,U*,I), where for all w € W, Uy, = U,cw Uyp- Then for any w € W
and w-assignment o of M, M % A iff M* =2 A. In fact, o is a w-assignment
in M* too, and moreover any x-variant of ¢ in M* such that o(x) € D,, is also
an z-variant of o in M since the inner domains of the two models are identical.
Now, if Q°.K t/ A, then, by lemma 1.22, for some M, and w-assignment o in
M, M [£8 A, and so by the construction above, for some M* with constant
outer domains, M* 7 A. =
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Note The fact that the outer domains are constant, say they are equal to V,
doesn’t imply that V' = J,, D. Just consider a model for a set of sentences like
{0L1,VxP(x),~P(a)}. Therefore K-frames with constant outer domains differ,
in general, from original Kripke frames.

The following table summarizes the completeness results obtained so far.

q.m.L is strongly complete w.r.t. the class of K-frames with
domains
mner outer

Q°.K varying constant

Q°.K + CBF increasing constant

Q°.K + CBF + BF  constant constant

Q.K increasing = inner

Q.K+BF constant = inner

82. Modal systems with identity. We will start by examining the systems
of the diagram below.
QLK
Q°.K + CBF Q°.K + BF

Q-.K Q°.K + CBF + BF
Q.K= + BF

Let us add to Q°.K the identity predicate ’ = ’ together with the following three
axioms and let Q°.K be the resulting system.!!

REF t=t
SUBS s=t— (A(s//z) — A(t//x)).
ND s#t— O(s#1).

LEMMA 2.1. Some theorems about identity.
' s=t—0O(s=t), Necessity of Identity, NI

(3 |_Q°=K

it Fgo.rx VrIy(z=y)

i Fgo.x Fy(y=c) — (VeA(z) — A(c/x)), for all wffs A(x)

v boex Jyly=2z2)NA(z/x) — JzA(x)

v kgexk Fyly=c) if Fgo. .k VrA(x) — Alc/x), for all wffs A(x)

vl FQi.KdFCBF VmDEy(;U = y)

vii koo kyBF Cy(r =y) — O(z =1y)

viii Fgo kipr  OJylz =y) — Jy(z =y)

PRroor. .
(i) Foex s=t—(B(s=s)(s//s) = DO(s

Fe.x s=1t—(O(s=s) —0O(s=1))
FQ;K s§=S
"Qi'K D(S = 8)
Foo x s=t—0(s=t).

= 5)(t//5))

1 The system Q2 .K is often called in the literature FK, free quantified K.
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(i) Foe.x Vyly=y— Jz((y =y)(x//y))] by 1.3(7)
Foex Yyly =y — 3x(z =y))
Foo.x Vyly=y) — VyIo(z =y)
Foo .k Vydz(z =y).

(i11) Foe.x Jyly=c) — [Fyly = c) AVy(VzA — A(y/))]
ook Fyly =) — Fylly =) A (VoA — Ay/a))] by 13(viii)
Foexk y=c—[(VzA — A)(y//z) — (VoA — A)(c//z)]
Foo.x y=cA(VzA — A(y/z)) — (VzA — A(c/x))
Fo.x Fyly=cA (VoA — A(y/x))] — (VoA — A(c/z))
Foo.x Fy(y =c) — (VoA — A(c/x)).

(iv) Foe.x Jyly=2z)— (Va-A — -A(z/2)) by (iid)
Foo .k y(y = 2) N A(z/x) — Tz A.

(v) Fge.x Vrdy(r =y) — Jy(c=y), let A(z) be Jy(x = y)
VaIy(z =y) (i)
Foe.x  Fylc=y).

Fqo.

=

(vi) Fqe.x+cpr  Vadylz =y) by (i)
Foo k+cpr  OVzdy(z =vy)
Foo k+cpr  YazOIy(z =y) by CBF.
(vii) FQe k+Br T=Yy—o T =Y

Fqo . k+BF Oz =y) = Oz =y)
Fqo k+BF JyO(r =y) — Iyo(z =y)

Foo . k4+BF Cy(z =y) — WO(z =v) by BF.
(vidi)Fge keBr Oz =y) — (x=y) by ND

Fqo k+BF JyO(r =y) — Jy(r =y)

Foe.kypr Oyl =y) — yO(z =y) (vii)

Fqo k+BF Cy(r =y) — Jy(xr =y).
_|

Again on rigidity In a language with identity the fact that a constant c is a rigid
designator is expressed by the formula © = ¢ — O(z = ¢). Therefore, thanks
to lemma 2.1(4), all the systems of q.m.l. with identity we are going to discuss
are bound to be systems with rigid terms. Notice however that this is the case
given general features of the K-semantics. The main feature is that universes of
accessible worlds are related by the inclusion function: U, C U,. Therefore if we
think of individuals of U, as counterparts of individuals of U,,, each individual
has one and only one counterpart in each related world (in fact it is the very same
individual). It is because of this correlation that rigidity corresponds to NT or
to the equivalence between de dicto and de re readings of substituted formulas,
as pointed out in the footnote of lemma 1.1. For a more general semantics in
which these notions are shown to be distinct from one another, see [2].
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DEFINITION 2.2. Let M = (W,R,D,U,I) be a K-model. M is said to be
normal iff
(a) for all w e W, I,(=) = {{d,d) : d € Uy}, and
(b) for all individual constants ¢, wRv implies I,,(c) = I,(c).

LEMMA 2.3. FEach of the logics mentioned in the diagram at the beginning of
this section is sound with respect to the class of normal K-models based on frames
with respect to which the corresponding system without identity is sound.

As to canonical models for systems L O Q2.K, if w is an L-saturated set of
sentences, the relation
a~b iff (a=b)ecw
is an equivalence relation and hence divides Const(L,,) into disjoint partitions.
A problem presents itself immediately: the standard canonical model tecnique
does not, in general, satisfy both the conditions (a) and (b) of definition 2.2. In
fact, one way of matching condition (a) is to interpret each constant ¢ in w on
its equivalence classs [c],, and to define U, as the set of equivalence classes of
the constants mentioned in w. But by so doing we, in general, violate condition
(b), because it might well happen that wRuv, [c|,, € U,, and that a new constant
¢* belongs to [c],, i.e. (¢ = c*) € v, with the consequence that [c], # [c],. We
show how to overcome this difficulty by constructing canonical models where W
is a class of sets satisfying the following condition:

(#) if wRv then [c], = [c]y, for all constants ¢ € Const(Ly,).

This can be achieved because each time we need to introduce a new constant c,
we add that c is different from all the constants present so far.

Fact 2.4. If Const(L,,) = Const(L,), then condition (#) always holds. For,
if b € [c]w, then(b=c) € w, so O(b=c) € w by NI, hence (b = ¢) € v, therefore
b e cy. IfbeE [y, then (b=c¢) € v,s0 O(b=c¢) € w since b € Const(Ly), so
by ND, (b=c) € w, hence b € [c],,.

DEFINITION 2.5. Let L O Q2.K be given with language £. Let V be a set of
constants of cardinality Ry such that V' O Const(L£) and |V — Const(L)| = No.
A normal canonical model for L is a quintuple N* = (W, R, D, U, I) such that

o W is the class of all L,-saturated sets w, where £,, = £€ for some set C
of constants such that Const(LY) # 0, C C V and |V — Const(LY)| = Ry,
o wRy iff O (w) Cwv and for all ¢ € Const(Ly), [clw = [c]v, where
[c]o = {b € Const(L,) : (c =) € v},

o Dy =A{[cw: yly =) € w},
o ?’w {[e Eu], c € Const(Ly)},
0 IZ( P = {{[er)us oo [enluw) PP (et s cn) € wh.

It is easy to see that canonical models so defined are normal K-models. That
W # () is due, as before, to lemma 1.16. Each w is D,,-universal thanks to lemma,
2.1(#43). Condition (#) is trivially satisfied, so wRv implies that U,, C U, and
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I,(c) = I,(c) for all constants ¢ € Const(L,,). Moreover I,(=) = {{u,u) : u €
Uw)}.

Q2K Q2.K+CBF Q_.K|

To make sure that (#) holds also when Const(L,,) # Const(L,), we prove
the following lemma:

LEMMA 2.6. (Variation of lemma 1.19 for systems with identity) Let N'* =
(W, R, D,U,I) be a normal canonical model for L O Q%K. Ifw € W and CA €
w, then there is a v € W such that A € v, O~ (w) C v, Const(L,,) C Const(L,)
and for all ¢ € Const(Ly,), [c)w = [c]o-

PRrROOF. As for lemma 1.19 with the set v constructed as follows. Let C' be a
countable set of new constants and let Hy, Hs,... be an enumeration of all the
existential sentences of LS. Define the following chain of sets of sentences of LS.

Py = O~ (w) U {A}.

Suppose the set I';, has already been defined and the constants of C' occurring in
T, are cy, ..., c. Choose the first sentence in the given enumeration (and cancel
it) which from C contains at most the constants cy, ..., ¢x. Let it be JzF(x).
Case(1). T, U{3zF(x)} is LS-consistent.

Case(1.1)  For some constant b of L, U{c1,...,cx}, T U{F(b/x)}U{3y(y =)}
is LS -consistent. Define I',, .1 = I, U{F(b/x)} U {3y(y = b)}.

Case(1.2)  For all constants b of L, U{cy,...,cr}, To U{F(b/z)} U{3y(y =b)}
is not LS -consistent. Take a constant ¢ € C' not occurring in £, U {c1, ..., cx }
and define I'yy1 =T, U{F(c¢/2)} U{3y(c = y)} U {c # b : for all constants b of
Lw U {Cla ey Ck}}'

Case(2). T, U{3zF(x)} is not L{-consistent. Define '), 41 = T,.

Then let I' = |,y CI(T'y) and Q = {c: Jy(y = c¢) € I'}. Extend I to a set v

which is LE-maximal.
I is Q-rich by construction and @Q-universal because of lemma 2.1(#i), so is v.
Let us show that condition (#) holds. In virtue of the way in which I" has been
defined, every constant occuring in formulas of T',, 1 either belongs to Const(L,,)
or has been introduced as a witness for an existential sentence containing no
variables of C' other than those occurring already in I',,. In addition, v is L3-
maximal, so no constants occur in v which do not occur also in I'. It follows that
for all b € Const(L,), either b € Const(Ly,) or (b # ¢) € v for all ¢ € Const(Ly,).
Consequently, b € (Const(L,) — Const(L,)) only if b & [c],. Moreover, if
b € Const(Ly), then, as we saw in fact 2.4, b € [c]y iff b € [c]y. So (#) is
proved.

What remains to be proved is that I',;; as defined in case (1.2) is LS-
consistent. First we prove that T',, U {F(c/x)} U {3y(c = y)} is LS-consistent,
where ¢ doesn’t occur in I'y. Suppose not, then I';, Frc Jy(y = ¢) — —F(c). So
for some variable z not occurring in =F(c), 'y, o 3y(y = z) — —~F(z/c). Since
[y is a set of sentences I'y, e Vz(Jy(y = z) — —F(2)), so I'y, Fro Vz3y(y =
z) — Vz=F(z), then by lemma 2.1(#i) I'y, Fpc V2=F(z), contrary to the LS-
consistency of I',, U {3z F(x)}. Suppose now that I',,;; is not L¢-consistent,
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then Ty, Fre Jy(y = ) AF(c) — [(c # b1 A... Ac # by) — L], for some constants
bi...bn € Ly U{cr, . e}, 80 Ty bpe 3y(y =) AF(c) = (c=b1V...Vc=bp).
Therefore I', U {Jy(y = ¢)} U {F(c)} U {c = b;} is LS-consistent for some j,
1 < j < h, consequently I',, U {Jy(y = b;)} U{F(b;/c)} is LS-consistent, con-
trary to the fact that for no b € £, U{c1,...,cx}, Tn U{F ()} U{3y(y =b)} is
L& -consistent. -

DEFINITION 2.7. For each equivalence class [¢|, € Uy, f[c|w is the canonical
representative of [c],,. When no confusion can possibly occur, we write f[c].

LEMMA 2.8. Let N'F be a normal canonical model for L O Q°.K. For all
formulas A(xq,...,x,) of L and for any w-assignment o,

NL ’:Z; A(xla"'vxn) Zﬁ A(fo—(xl)/xlavfo—(xn)/mn) € w,

where T1,...,T, are all the variables occurring free in A.

PROOF. NL ):Z) Pk(l'il, ceny xin,ciwl yeeny Cik) iff <0($i1), ceey O'(l'in), Iw(cin+1)
o Lw(ci)) € Tn(P*) it (o(2i), .y 0(2i,), [Cinya ]y oos [€3]) € Lw(PF) i
since ~ is a congruence relation, P*(fo(x;,), ..., fo(zi, ), i, \ys - Cip) € w. The
other cases are as in lemma 1.20. .

THEOREM 2.9. (i) Q2.K is strongly complete with respect to the class of
normal K-models based on all K-frames with constant outer domains.
(ii) Q2.K+CBF is strongly complete with respect to the class of normal K-
models based on all K -frames with increasing inner domains and constant outer
domains.
(iii) Q=.K is strongly complete with respect to the class of normal K-models
based on T K -frames with increasing domains.

PRrROOF. (i) Lemmas 2.6 and 2.8 yield that Q2.K is complete w.r.to the
class of all K-frames and by the construction of theorem 1.32 it obtains that
Q2 .K is complete w.r.to the class of all K-frames with constant outer domains.
(5) Dy C D,. For if ¢ € D, then Jy(y = ¢) € w, so by lemma 2.1(vi),
O3y(y = ¢) € w, therefore Jy(y = ¢) € v, so ¢ € D,. Whence Q2. K+CBF
is complete w.r.to the class of all K-frames with increasing inner domains and,
by the construction of theorem 1.32, with constant outer domains. (i) follows
from (ii) and the fact that Q—.K + Jy(y = ¢), for all constants c. 4

]Q;.K+BF Q2. K+CBF+BF Q:.K+BF\

LEMMA 2.10. (BF-variation of lemma 1.19) Let Nt = (W, R, D,U,I) be a
normal canonical model for L O Q2. K+BF. Ifw € W and CA € w, then there
is av € W such that O~ (w) C v, A € v, Const(Ly) = Const(L,) and moreover
v 18 Q-uniwversal and Q-rich for some Q C D,,.

PROOF. The proof is the same as that of lemma 1.29 except that,
Case(1.) Iy, U {3zF(z)} is Ly-consistent. Define I',1; = T'y, U {Fy(y =
¢)}U{F(c/x)} for some constant ¢ € D,, such that I',, U{Iy(y = ¢)} U{F(c/z)}

is L,,-consistent.
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We show that such a constant c is always available. Suppose not, then I',,
Jy(ly = ¢) — —F(c), for all ¢ € D,. But Cl(T,) is D,-inductive by lemma
1.28, so Ty, 1, V2(3y(y = z) — —F(z/c)), where z does not occur in —F(c),
then Ty, Fr, Vz3y(y = 2) — V2-F(z), I'y k1, Vz-F(z)), contrary to the
L,,-consistency of T',, U {JzF(x)}. .

Since Const(L,,) = Const(L,), it always holds that for all ¢ € Const(L,,),
[clw = [c]u, see fact 2.4.

Let us show that, in general, D, C D,, if wRv. Since CBF is not a theo-
rem of Q2.K + BF, the set {OVxP(z), Jx>-P(x)} is Q2. K + BF-consistent,
therefore there is a world w of the canonical model for Q2.K + BF such that
{OVzP(z),IzO-P(z)} C w. Then for some [d] € D,, ¢-P(d) € w. But
then there is a v, related to w, such that {VxP(z),-P(d)} C v, so [d] € D,
consequently v is bound to be D,-universal and D,-rich for some D, C D,,.

THEOREM 2.11. (i) Q2.K+ BF is strongly complete with respect to the class
of mormal models based on K -frames with decreasing inner domains and constant
outer domains.

(ii) Q2.K+CBF+BF is strongly complete with respect to the class of nor-
mal models based on K-frames with constant inner domains and constant outer
domains.

(iii) Q=.K+BF is strongly complete with respect to the class of normal models
based on T K -frames with constant domains.

SYSTEMS WITH THE EXTENDED BARCAN RULE

Ag—0(A4A — - > 04, - 04,41)...) where z is not free
BR(n+1) in Ag, ..., A,

Ay —0(4 — - — 04, - OVzlpiq)...)

By EBR, Extended Barcan Rule, we denote the set of all rules BR(n+ 1),n >
0. The rule EBR was first introduced by R.Thomason in [8] and since then
discussed at various points in the literature.!?

LEMMA 2.12. EBR is valid on K-frames with constant outer domains, i.e.
for any K-model M with constant outer domains, if the premise of EBR is
valid on M, then the conclusion is also valid on M.

PROOF. Suppose that for some M, w and w-assignment o, M }£2 Ay —
0(A; — -+ — 0O(A, — OVzA,1(x))...). Therefore for some v, wR" v, M £
VaAn41(2), hence for some a-variant 7 of o such that 7(z) € D, C U,, M 7
Apy1(x). Since U, = U,, this is impossible because 7 is also a w-assignment
and, by hypothesis, M =l A9 — 0O(4; — - — O(A, — OA,41(2))...),
consequently, M =T A, 11(x). 4

If the outer domains of a given K-frame F are not constant, then it might
well be that, e.g., BR(1) is valid on F (just take K-frames in which wRv implies
D, CU,) and BR(2) is not. Here is an instance in case. Let F = (W, R, D, U),

20ur treatment of Q°.K + EBR has similarities with [6], pp.296-302.
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where W' = {wavaz}v R = {<U),’U>,<U,Z>}, Dy, =D, = {u}v D, = {uv’LL*}a
Uy, ={u}, U, =U, = {u,u*}. We can easily see that BR(1), i.e.

AO — DAl(l')

Ag — OVz A (x)

is valid on F. On the contrary, if M = (F,I) is such that I,(P) = [,(Q) =
I.(R) = {u}, I,(a) = I,(a) = I,(a) = u, then

M =y P(a),

My P(a), M, Q(a),

M, Pla), M E, R(a), M }~, VxR(x),

therefore the following instance of BR(2) is not valid on M:
P(a) — B(Q(a) — DR(z))

P(a) — 0(Q(a) — OVzR(z))

Let us add EBR to the systems considered so far.

LEMMA 2.13. (a)

Q°.K s equivalent to Q°.K+EBR,
Q°.K+CBF s equivalent to Q°.K+EBR+CBF,
Q2.K s equivalent to Q2.K+FEBR,

Q2. K+CBF s equivalent to Q%.K+FEBR+CBF.

(b)
Q.K+BF s equivalent to Q.K+FEBR.

Proor. (a) If Q°.K 1/ A, then by theorem 1.32 for some K-model M with
constant outer domains, M [~ A, consequently, by lemma 2.12, Q°.K+FEBR I/
A.

(b) Q. K+ EBR | VaOA(z) — OA(x), so Q.K + EBR F VaOA(z) — OVzA(z),
therefore adding EBR to Q.K gives a stronger system: @Q.K+BF. Consequently
Q.K+EBR is complete with respect to T K-frames with constant domains.

The following table summarizes the results obtained so far for systems with
identity.

q.m.l is strongly complete w.r.t. the class of normal models
based on K-frames with domains
mner outer

Q2.K varying constant

Q2. K+FEBR varying constant

Q2. K+CBF increasing constant

Q2. K+CBF+EBR increasing constant

Q2. K+BF decreasing constant
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QL. K+CBF+BF constant constant
Q=K increasing = inner
Q-.K+BF constant = inner

As a matter of fact, the construction of canonical models for Q°.K as described
in the first part of this paper, allows us to build models for Q°.K with increasing
outer domains and we do not know of any way of building canonical models for
Q°.K or Q°.K+FEBR with constant outer domains. When identity is present,
a second strategy, to be described below, is at our disposal and it provides us
with canonical models with constant outer domains. Both strategies are needed
since, for example, the completeness proof of Q—.K requires the first, whereas
the completeness proof of Q2.B (see lemma 2.21(b)) requires the second.

Building canonical models with constant outer domains requires going through
lemmas analogous to 1.16, 1.28 and 2.10.

LEMMA 2.14. (EBR-counterpart of lemma 1.16) Let L 2 Q2. K+EBR, and
let A be an L-consistent set of sentences. Then for some not-empty denumerable
set C of new constants there is an extension II of A which is LC-mazimal, Q-
rich and Q-universal, for some Q C Const(LS) and moreover 11 is &-LC -rich,
where 11 is O-LC -rich iff

if Ao ANCAL A AO(Ap AOTxAnpi(x))...) € II, where x is not free in
Ay, ..., Ap, then for somec € LE, AgANO(ALA- - NO(ANO AL 11(c/x))...) €11

PROOF. Let Hy, Hy, Hs, ... be an enumeration of all the sentences of £& which
are either of the form JzF(x), for some wit F'(z) or of the form Ay A O(A1 A
e ANO(Ap ANOTz Ayt () ... ) for some wifs Ag ... A4 such that 2 is not free
in Ag...A,. Define the following chain of sets of sentences of £C.

Iop=A.

Suppose the set T';, = AU{Bjy,..., B} has already been defined. Consider the
sentence H,11 in the given enumeration.

Case(1) T, U{H,1}is L¢-consistent.

Case(1.1)  Hpyq is JoF(x). Define Ty =T, U{Jy(c = y)} U{F(c/x)}, for
some ¢ € LY such that T',, U{Jy(c = y)} U{F(¢/z)} is LC-consistent.
Case(1.2)  Huyq1is AgAC(ALA - AO(ApAOCTzApy1(z)) ... ). Define 'y =
T U{Ag AO(AL A AO(Ay AN OAL1(c/x)) ... )}, for some ¢ € L such that
LoU{Ag AC(AL A~ ANO(A, ANOAL1(c/x))...)} is LE-consistent.

Case(2) T, U{H,.1} is not L-consistent. Define T',;; = I';,. Then let
I' = U,en CU(T) and let IT be an L -maximal extension of I'. It is easy to see
that IT is O-rich, Q-rich and Q-universal, where Q@ = {c € £ : Jy(y = ¢) € II}.
Now we show that in cases (1.1) and (1.2) the appropriate constant c is always
available.

Case(1.1) Suppose that T',, U{3y(c = y)} U{F(c/x)} is not L-consistent for all
c € L. Then, for any ¢ € L not occurring in I',,, T, Fre Jy(y = ¢) — =F(c),
therefore for some variable z not occurring in =F(c), 'y, Fre Jyly = 2) —
—F(z/c), hence, since I',, is a set of sentences, I'y, Fre Vz(3y(y = z) — —F(2)),
so I'y, Fre Vz3y(y = 2) — Vz—F(z), then by lemma 2.1(éi) Iy, Fre Vz—F(z),
contrary to the L%-consistency of I',, U {JzF(x)}.
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Case(1.2) Suppose that I',, 1 is not L%-consistent, then T',, = Ag A O(Ap A--- A
O(Ap A CApga(c/z))...) — L, for all ¢ € L. Therefore for some ¢ which
doesn’t occur either in B = (By A-+- A Bg) orin Ag...Ap, Abpe BAAg A
O(AL N ANO(Ap ANOAL41(e/x)) ... ) — L. Therefore for some conjunction D
of sentences of A, Fre DABAAGAO(AINA- - ANO(An ANOCApia(c/x))...) — L.
Let z be a variable not occurring in this last formula, then Frc D A B A Ag A
O(AINA - AO(ApAOCA41(2/¢))...) — L. Whence Fre DABAAy — O(4; —

= 0(A4, - 0-4,41(2))...), Fre DABAAy — 04 — - — 0O(4, —
OVz—A,41(z/z))...), via EBR. But then I'), U {Ag A O(A1 A - AO(Ap A
CArApii1(x))...)} F ©...0OL, therefore Ty, U {Ag A C(A1 A -+« A O(An A
O3rA,yi(z))...)} F L, contrary to the LE-consistency of I',, U {Ag A O(A; A
e ANO(A ANOTxApga (). ) ) o

LEMMA 2.15. Let L O Q2. K+EBR. If A is a set of sentences which is
L€ -mazimal and <-LC-rich, then it is O-LC -inductive, where A is said to be
0-£C -inductive iff if

Ay — O(A; — -+ = O(A, — OA,11(c))...) €A, for all ¢ € Const(LE), then
Ag— O(A; — -+ — 0(4, — OVzA,11(x))...) €A.

DEFINITION 2.16. Let L O Q2.K+FEBR. Let C be a set of constants such
that C D Const(L) and |C — Const(L)| = Rg. A normal canonical model N'*
=(W,R,D,U,I) for L is defined as follows:

W is the class of all L¢-saturated and O-£C-inductive set of sentences,
wRy iff O (w) Cw, for any w,v € W,

Dy ={[c]: y(y =¢) € w},

Usw = {[c] : ¢ € Const(L)},

Ly(c) = [d],

IL,(P™) = {{[e1]y - [en]) = P™(c1,y -y ) € W}

Lemmas 2.14 and 2.15 guarantee that W # ().

LEMMA 2.17. Let NV = (W, R, D,U, I) be a normal canonical model for L D
Q°.K+EBR. For allw € W, Cl(0~ (w) U{B,...,Bx}) is O-LC -inductive.

O O O O O o

PROOF. Let B = By A--- A By. Suppose that for all ¢ € Const(L,,),
O (w)U{B}+F Ay —» 04 — --- — O(A, — O4,,.1(c))...), then O~ (w)
(BANAy) — O(A; — -+ — O(A, — OA,41(0))...), for all ¢ € Const(Ly,),
wt O[(BA Ay) — O(A; — -+ — O(A, — O04,.1(c))...)], but w is O-L£E-
inductive,'® so w - O[(B A Ap) — O(4; — -+ — O(A, — OVA,11(2))...)],
[(BAAy) — O — - — 04, — OVA,41(2))...)] € O (w), O (w) U
{Bl, ce 7Bk} F AQ — D(Al —> e D(An — DV.I‘AH_;'_l(;U)) e ) B

LeEvMA 2.18. (EBR-variation of lemma 1.19) Let N¥ = (W, R, D,U,I) be a
normal canonical model for L O Q2. K+FEBR. If w € W and CA € w then
there is a v € W such that O~ (w) C v, A € v and Const(L,,) = Const(L,).

13Being O-LC-inductive can be paraphrased as being EBR-closed. Now, in order to show
that O~ (w) U {B1,...,Bg} is BR(n + 1) closed, we need to make use of the fact that w is
BR(n + 2) closed. Therefore we cannot limit ourselves to any finite set BR(1) .... BR(n+ 1)
of rules.
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PrOOF. The proof is exactly as that of lemmas 1.19 and 1.16 except that,
Case(1.) T, U{3zF(z)} is Ly-consistent. Define T',,11 = T', U {Jy(y =
¢)}U{F(c/x)} for some constant ¢ € L,, such that I',, U{Jy(y = ¢)} U{F(c/x)}
is L,,-consistent.

We show that such a constant c is always available. Suppose not, then for all
¢ € Ly, O (w) F GAJy(ly = ¢) — —=F(c), where G is the conjunction of all
the sentences of (I', — O~ (w)), so w F O(G A Jy(y = ¢) — —=F(c)). Since w is
O-LCinductive, w - OV2(GAJy(y = z) — =F(z/c)), w - O(GAV23y(y = z) —
Vz=F(z)), w b O(G — Vz—F(z)), (G — Vz=F(z)) € O (w), T'y F Vz=F(2),
contrary to the fact that I",, U {3z F(x)} is L,-consistent. =

Again, since Const(L,,) = Const(L,), it always holds that for all ¢ € Const(L,,),
[c]w = [c]y. Lemmas 2.14-2.18 yield that

THEOREM 2.19. Q2.K + EBR is strongly complete with respect to the class
of normal models based on K -frames with constant outer domains.

QUANTIFIED EXTENSIONS OF THE PROPOSITIONAL MODAL LOGIC B.

By Q°.B, (Q.B, Q2.B) we denote the logic Q°.K, (Q.K, Q2.K) plus the propo-
sitional axiom B: A — OCA, i.e. the axiom characteristic of frames whose
accessibility relation is symmetric. The rule EBR is derivable in Q°.B. For the
reader’s sake, here is the proof of EBR as given in [6], p.295, for n = 2.

Foo.B Ap — O(A4; — O(A4y — OA43(x))) premise of BR(3),
FQO.B <>A0 — (Al — D(AQ — DA3($)))
Fqeo.B CAg N Ay — D(Az — DAz(2))
I—QO‘B <>(<>A0 A\ Al) — (A2 — DA;),(:C))
FQO.B <>(<>A0 VAN Al) ANAy — DAg(.T)
l_QO.B <>(<>(<>A0 A Al) AN AQ) — A3($)
l_QO.B <>(<>(<>A0 A Al) A AQ) — Vl‘Ag(J?)
FQO_B <>(<>A0 A Al) ANAy — DVmAg(’I)
Fqo.n O(CAg N Ar) — (A2 — DVzAz(x))
|_Q°.B (<>A0 — Al) — D(AQ — DViCAg .’E))
|_QO‘B <>A(] — (Al — D(AQ — DV(EAg(iC)))
Foo.B Ap — O(4; — O(Az — OVzAz(x)))

LEMMA 2.20. l_Qi.BfND ND and l_Qi.B+BF Hy(x = y) — Dﬂy(m = y)

PROOF. .

Foo.B r=y— 0O(x=y) NI
Fqe .8 Clx#y) — (x#y)

Fqe.B O0O(x #y) — O(x # y)

Fqe.B (x#y) — O #y) by B
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FoeByr =y —O(@=y) NI

FQ;BJ’_BF O(x:y)e(x:y) viaB

Foe.prpr  FyO(r=y) — Jy(z = y),

FqQe.B+BF Ody(z =y) — Jy(z =y) via BF

FqQe .B+BF D0O03y(z =y) — Ody(z =y),

Fqe e Fy(lr=y) — O3y(z =y) via B.

_|
LEMMA 2.21. .
qg.-m.l. is strongly complete w.r.t. the class of K-frames

where R is symmetric and the domains are
inner outer

(a) Q°.B + CBF constant constant

(b) Q2.B varying constant

(c) Q2.B + CBF constant constant

(d) Q2.B + BF constant constant

(e) Q.B constant = inner

(f) Q-.B constant = inner

ProOOF. That the accessibility relation R is symmetric is easily seen as for the
propositional case because the languages of all the worlds of a given canonical
model are equal.

(a) Since Q°.B+CBF + BF, the completeness proof of Q°.B + CBF is anal-
ogous to that for Q°.K+CBF+BF'. For the reader’s sake here is the proof of
BF as given in [3], p.138.

l_QO.B+CBF V.’IZ‘[VZ‘DA(Q}) — DA(Z‘)]

Fgo prcpr  OVz[VzOA(z) — OA(z)]

Fgoprcpr  VzOVzOA(z) — OA(x) by CBF,
Fgo.propr  V[OVzOA(z) — COA(z))

|_Q°.B+CBF Vx[OVxDA(x) — A(.’E)] via B
Fooropr  VeOVzOA(z) — Ve A(x)

FgoBropr  OVazOA(x) — Vo A(z)

FqQo.B+CcBF DOVLUDA(:U) — DV.’EA(.’E)

Fgorepr  VzOA(z) — OVzA(x), via B.

(b) Since, as we have seen, EBR is derivable in Q°.B, the completeness proof
of Q2..B is obtained through lemmas 2.14-2.18 as for Q2. K+ FEBR, see theorem
2.19.
(c) from (a).
(d) Since CBF is a theorem of Q2. B+ BF', the completeness proof of Q2. B+BF
is analogous to that for Q2. K+BF+CBF'. Hereis a proof of CBF in Q2.B+BF.
FQo .B+BF Jy(x =y) — OFy(z = y) lemma 2.20,
Fqo B+BF —[Fy(z = y) A OVy—(z = y)].
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Let A be any wif and let B = A(xz/y), where x is a variable not occurring in A.
Trivially y doesn’t occur free in B. Then
Fe.prpr —[Fy(z =y) AO[BA (B — Vy-(z =y))]|
Foe.prr —[Fy(z =y) A[OBAD(B — Vy-(z = y))]]
Foe.p+pr —[Fy(r =y) NOBAOVY(z =y — ~B)]
Fe.s+Br —[Fy(z =y) A OB A DBVy-A(y)] since ~A(y) — (z =y — —A(z/y)),
FQ;BJ’_BF —Ely(x = y) VOBV <>E|yA( )
Fqe.s+Br ~(Fy(z =y) A OB) VvV OIyA(y)
Fqe.prpr ~IYOA(y) v OIyA(y) since IyCA(y) — (Fy(z = y) A CA(z/y)),
Fqo.BrBr JYOCA(y) — OFyA(y).

(e) Since CBF, BF and UI are all theorems of Q.B, @Q.B is complete with
respect to the class of T K-frames with constant domains. B

(f) from (e).
Q°.B+BF 18 K-INCOMPLETE

Here is a model for Q°.B+BF in which CBF fails.'* The model is based on a
counterpart Kripke frame. For details about counterpart semantics, see [2]. A
counterpart Kripke frame, € K-frame, is a quintuple F = (W, R, D, U, €), where
(W,R,D,U) is a K-frame and €, the counterpart relation, is such that

€ =4r Wy vew {€(ww) }, where for any w,v € W such that wRv, €,y C (U X
U,).
It can be easily shown that Q°.K formulated in a language with types is valid

with respect to the class of all €K-models, where the notion of satisfaction is
defined thus:

(a1, .y apn) Ew P"(n:xy,...,x,) Mff (a1,..,an) € L,(P™)

<a1, > ):w (n 81,y.--9 8 k>B iff <a1, ,an>[n S1y--45 S k]w ':w B

(al,...,an> E, C iff (a1, .., an) Fw C

(a1, ...,an) Ew CV D iff  (aq, ...,an> Eu Cor (ay,...,an) Fuw D

(a1, ...y ap) Ew 201G iff for some b € D, (a1,...,an,b) Fuw G

(a1, .y an) Ew OC iff for all v such that wRv and for all
counterparts aj,...,a; in D, of aq,...

an, respectively, (aj,...,a%) =, C

A counterpart frame is said to be symmetric iff both R and € are symmetric.
A counterpart relation is said to be surijective iff if wRv, then for all b € U,
there is an a € U,, such that a€b holds. From [2] we know that BF is valid on
a counterpart K-frame iff the counterpart relation is surijective.
Consider the following counterpart K-frame F = (W, R, D, U, €), where

W = {w,v},

R = {(w,v>7 <U’w>}

D, ={a,b}, D, = {a*}

Uy = {a,b}, U, = {a*,b*}

¢ = {{a,a*), (b,a*), (b,b°), (a*,a), (a*, b), (b*, )}

14 This answers a question raised in [3], p.138, whether CBF is a theorem of Q°.B+BF.
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Both R and € are symmetric relations and € is surijective, so F is a frame for
Q°.B+BF. Consider now a model M = (F,I) such that I,,(P) = {a,b} and
I,(P) = {a*}. Then M |=,, OV P(z) because a* € I,(P) and M [, VeOP(x)
because b&€b* and b* ¢ I,(P), so M (-, OVxP(z) — VaOP(z). Therefore
Q°.B+BF I/ CBF. But CBF is valid on all K-frames for Q°.B+BF since each
of them is bound to have inner constant domains, whence

THEOREM 2.22. Q°.B+BF is not characterized by any class of K-frames.
OPEN PROBLEMS Completeness property of Q°.K+BF and Q°.B.
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