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Prologo

Hoy en dia, conseguir una comunicacion fiable y eficiente se ha convertido en
uno de los problemas centrales para la sociedad de la informacién en que vivimos.
La transmision de informacion implica el uso de canales de comunicaciéon. Tanto
si nos comunicamos a través del teléfono, de Internet, por ondas de radio o direc-
tamente de persona a persona, utilizamos canales que sufren los efectos de ruidos
y perturbaciones. Esto afecta a los mensajes que enviamos y por ello, la informa-
cion correctamente generada por el emisor puede llegar distorsionada al receptor. La
teoria de codigos aparece como solucion a este problema. Por una parte, los codi-
gos detectores y correctores de errores determinan si el mensaje recibido difiere del
que fue enviado originalmente, y por otra parte, intentan recuperar la informaciéon

original a partir de la secuencia recibida, posiblemente alterada.

En el proceso de codificacion, cierta informacion adicional o redundancia es ana-
dida al mensaje original de forma 6ptima de modo que cualesquiera dos mensajes
son codificados de forma substancialmente diferente. Asi, bajo la presencia de un
numero relativamente pequeno de errores, el receptor es capaz de diferenciar entre
dos mensajes distintos, y més atn, los errores pueden ser detectados, y en muchos
casos, corregidos.

El esquema del proceso de comunicaciéon se puede ver representado en la figu-
ra 1. En primer lugar, el emisor genera la informacién que desea transmitir y la
envia al codificador. En el codificador la informacién es dividida y transformada en
palabras cédigo siguiendo el método de codificacion asociado al codigo concreto que
se esté utilizando. Después, las palabras cddigo son enviadas a través del canal y
llegan al decodificador; estas pueden verse afectadas por errores debido al ruido en
la transmision. El dispositivo de decodificacion analiza el mensaje recibido e intenta

determinar si han ocurrido errores en la comunicaciéon. Cuando estos ocurren, trata

xiii



xiv Prologo

emisor receptor

A
4 Y

ruido

codificador » canal »  decodificador

Figura 1: Proceso de comunicacién

de corregirlos para obtener las palabras cédigo originales que fueron enviadas. Des-
pués invierte el proceso de codificacion y recupera el mensaje original. Finalmente,

el mensaje se envia al receptor.

Gracias a la teoria matemaética sobre la que se han desarrollado los c6digos correc-
tores, actualmente podemos disfrutar de muchos dispositivos y sistemas digitales,
como son las memorias RAM de los ordenadores, los CD, los discos duros, la co-
municacion inalambrica, los sistemas de sonido digital, la comunicacion via satélite,

etc.

Los codigos detectores y correctores de errores se pueden dividir fundamental-
mente en dos clases: codigos bloque y codigos convolucionales. Los cédigos bloque
dividen la informacion en bloques de longitud fija que después son codificados de
forma independiente y siguiendo continuamente el mismo procedimiento. Ademas,
estos codigos transforman siempre un cierto bloque de informacién en la misma pa-
labra codigo. Es por ello que podemos interpretar un cédigo bloque como una caja
negra con un mecanismo fijo, en la que la informacién es transformada utilizando
siempre el mismo algoritmo. La estructura algebraica de los c6digos bloque ha si-
do ampliamente estudiada y se sabe que tienen muy buena capacidad correctora y

algoritmos de decodificacion algebraicos faciles de implementar.

Los codigos convolucionales, sin embargo, consideran la informacién como una
secuencia completa. Aunque también dividen la informacion en bloques de una lon-
gitud fija, tienen en cuenta la posicidon relativa de cada bloque en la secuencia.
Ademés, los bloques no se codifican de forma independiente, sino que bloques de
informacion anteriores afectan a bloques que se codifican posteriormente, es decir,

existe solapamiento. De este modo, al contrario que en el caso de los cdédigos bloque,
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una cierta informacién no se codifica siempre como una palabra codigo determinada,
yva que esto depende de cudl es su posicion en el mensaje completo. A pesar de que
en los dltimos anos muchos autores se han interesado por el estudio de la estructura
algebraica de los codigos convolucionales, hay muchos aspectos que no se conocen

tan profundamente como en la teoria de codigos bloque.

Los codigos convolucionales fueron introducidos en 1955 por Elias [20] y desde
entonces se han estudiado bajo distintos puntos de vista. Utilizando nociones de &lge-
bra lineal, se pueden considerar como subespacios vectoriales del cuerpo de las series
de Laurent (véase |20, 12, 59, 65]). Segun la teoria de sistemas dinamicos simbolicos,
son subespacios vectoriales, compactos, irreducibles e invariantes por desplazamien-
tos del anillo de las series de potencias formales F[[z, z71]] (véase [13, 53, 57]). Otros
autores como Willems (véase [35, 806, 87]) los definen como trayectorias o compor-
tamientos (del término en inglés, behavior) completos, lineales e invariantes en el
tiempo. Si se trabaja desde el punto de vista de médulos obtenemos la representacion
introducida por Fornasini y Valcher |25, 81] y Rosenthal y otros autores |71, 73, &1]
donde un c6digo convolucional es considerado como un submoédulo del moédulo F"[z].
Esta caracterizacion basada en la teoria de modulos requiere que las palabras codigo
tengan soporte finito y esta relacionada con los mencionados behaviors mediante la
dualidad de Pontryagin (véase [70]). Bajo el punto de vista de la teoria de siste-
mas lineales, existen varias representaciones de primer orden asociadas a los codigos
convolucionales. En esencia, se considera un sistema lineal para describir el com-
portamiento del cédigo convolucional a lo largo del tiempo. Kalman y algunos de
sus coautores |13, 11] demostraron que la funcion de codificacion se puede factorizar
como una realizacion de la matriz generadora del codigo. Mas tarde, Fuhrmann [25]
refind este proceso de realizacion. Utilizaremos varias de estas representaciones a lo

largo de la tesis.

Este trabajo esta organizado como sigue. Dedicamos el capitulo 1 a la intro-
duccién de los conceptos bésicos necesarios para el entendimiento del resto de la
memoria. En primer lugar, presentamos algunos preliminares sobre codigos bloque.
Estos no son el tema central de esta tesis, pero aparecen en numerosas ocasiones
al ser comparados con los coédigos convolucionales, tanto por su comportamiento
sobre canales de borrado, como por las analogias en sus estructuras. Las secciones
1.3 y 1.4 presentan las diferentes representaciones de codigos convolucionales que

utilizamos en el resto de capitulos. La primera es la descripcién basada en la teoria
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de modulos donde los codigos convolucionales son considerados como submodulos
del modulo F"[z]. Utilizamos esta descripcion a lo largo del capitulo 3. La segunda
representacion esta basada en la teoria de sistemas lineales y es conocida como la
representacion entrada-estado-salida o representacion (A, B, C, D). En este caso, las
matrices (A, B,C, D) describen un sistema lineal que gobierna la evolucion del co-
digo convolucional en el tiempo. Esta descripcion aparece en los capitulos 4 y 5 de

la memoria.

En el segundo capitulo estudiamos la generaciéon de matrices superregulares y
superregulares-reversas. Las matrices superregulares son un tipo especial de matri-
ces necesarias para la construccion de coédigos convolucionales con perfil de distancia
méaximo (MDP). Son matrices triangulares inferiores con estructura Toeplitz, de di-
mension finita y con elementos sobre cuerpos finitos, que tienen la propiedad de que
todos los menores de cualquier tamano que tienen la posibilidad de ser distintos
de cero, es decir, que no incluyen demasiados ceros por encima de la diagonal, son
distintos de cero. Estos son llamados menores no trivialmente nulos. Los codigos
convolucionales MDP son una clase de c6digos con muy buena capacidad correctora
por intervalo de tiempo, gracias a que las matrices de paridad asociadas a los mismos
en cada instante son equivalentes a las matrices de paridad de un coédigo bloque con
méxima capacidad correctora, esto es, un cédigo bloque de méxima distancia sepa-
rable (MDS). Esta optimalidad se debe a que cualquier menor de tamano méaximo
de las matrices de paridad tiene rango completo. En las construcciones de codigos
MDP presentadas hasta ahora, los menores no trivialmente nulos distintos de cero
de matrices superregulares se traducen directamente en que las matrices de paridad
mantienen el rango completo de sus menores de tamano méximo. Esta relacion di-
recta convierte a las matrices superregulares en una pieza clave para la construccion
de codigos MDP.

Sin embargo, poco se conoce sobre la construccion directa de estas matrices.
Existe un método conocido para la generaciéon de matrices superregulares sobre I,
(véase [33]), pero la cardinalidad del cuerpo empleado es demasiado grande, siendo
ademés imposible predecir el tamano de cuerpo minimo necesario para construir
una matriz de tamano n x n. Por ello es necesario el desarrollo de métodos directos
de construccion de matrices superregulares que mantengan un tamano de cuerpo
menor evitando asi las exhaustivas busquedas por ordenador, cuya complejidad es

elevada.
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En esta memoria analizamos las matrices superregulares en conexién con la teo-
ria de secuencias totalmente positivas. Edrei, junto con otros autores [2, 17, 18],
introdujeron este concepto en los anos 50. Las secuencias totalmente positivas tie-
nen la capacidad de generar matrices de ntimeros reales cuyos menores de cualquier
orden son no negativos. Dichos autores caracterizaron los tres tipos de factores que
generan estas secuencias. En nuestro trabajo consideramos los polinomios genera-
dores de matrices superregulares como una subclase de las secuencias totalmente
positivas. De esta forma, utilizando los mismos tipos de factores podemos generar
estas matrices. En la seccién 2.2, presentamos un método para la construccion de
matrices superregulares basado en la eleccién de un generador de F,, o de un genera-
dor de F» que depende del polinomio irreducible utilizado para definir dicho cuerpo
a partir de F,, (el unico conocido hasta el momento sobre este tipo de cuerpos), asi

como diversas transformaciones que mantienen la superregularidad.

Sin embargo, las condiciones suficientes propuestas para secuencias totalmente
positivas de niimeros reales no son directamente transferibles al caso de polinomios
generadores con coeficientes en un cuerpo finito. Esto es debido a que la aritmética
sobre cuerpos finitos no satisface las mismas propiedades que la aritmética de nu-
meros reales, como por ejemplo, que la suma de dos niimeros positivos es distinta
de cero, o que el concepto de limite no esta claramente definido. Es por ello que la
eleccion correcta del elemento generador o del polinomio irreducible no puede ser

hecha a priori.

A pesar de esto, nuestro método reduce drasticamente las biisquedas exhaustivas
ya que no es necesario comprobar cualquier combinaciéon de elementos en el cuerpo,
sino simplemente comprobar los diferentes elementos generadores o polinomios irre-
ducibles, cuyo nimero es mucho inferior. Ademas, el tamano minimo necesario para
nuestra construccion es menor que el obtenido en [33]. Junto con las transformacio-
nes que conservan la superregularidad y proporcionan nuevas matrices, este método

se convierte en una potente herramienta para generar matrices superregulares.

En este capitulo introducimos también un nuevo concepto: matrices superregula-
res-reversas. Estas son matrices que siguen siendo superregulares cuando la posicion
de sus elementos esta invertida rescepto a una determinada diagonal inferior. Las
matrices superregulares-reversas juegan un papel importante en la construccion de
los llamados cédigos convolucionales MDP-reversos, que constituyen un nuevo tipo

de codigos convolucionales y son introducidos en el capitulo 3. Las propiedades par-
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ticulares de estas matrices hacen que su busqueda sea mas complicada. Sin embargo,
en la secciéon 2.3 probamos que, de hecho, nuestra construccion genera este tipo de
matrices y presentamos transformaciones que preservan la superregularidad-reversa.

Esto pone de nuevo de manifiesto la utilidad del método aqui presentado.

Por altimo, hacemos una comparativa de los tamanos de cuerpo necesarios en ca-
da caso y detallamos, para matrices de tamano hasta 9x 9, los elementos generadores

y polinomios irreducibles que podemos utilizar para el calculo.

En el capitulo 3 estudiamos la decodificacion de cédigos convolucionales sobre
canales con borrado como alternativa a los codigos bloque. Debido a su mayor difu-
sion nos referiremos al canal con borrado con el término en inglés erasure channel.
Este tipo de canal de comunicacion fue introducido por Elias [20] en 1955. En aquel
entonces fue un simple ejemplo tedrico, sin embargo, 40 anos mas tarde, con el

desarrollo de Internet, cobré incalculable relevancia.

El erasure channel es un canal de comunicaciéon en el cual los simbolos transmi-
tidos, bien son recibidos correctamente, o bien son borrados, debido a que no se han
recibido o a que han sido alterados por errores en la transmision. Es decir, en este
tipo de canal so6lo pueden ocurrir borrados, no errores; si un simbolo es recibido, el
receptor tiene la certeza de que ese simbolo es correcto. Un ejemplo concreto es el
binary erasure channel en el que los bits son transmitidos a través del canal y la
probabilidad de que uno sea borrado es 7. Otro caso mas general de erasure channel
es aquel en que el alfabeto I, tiene mas de 2 elementos, ¢ > 2, y cada uno de ellos

puede ser no recibido con probabilidad 7 (véase la figura 2).

Dependiendo del escenario de comunicacion, estos vacios o elementos borrados
pueden suceder por diferentes motivos, pero es habitual en canales estructurados
como erasure channels, que no ocurran aisladamente sino en rafagas o bloques. Esto
quiere decir que la probabilidad de que un elemento sea borrado aumenta si el
elemento anterior no ha sido recibido. Por ello, un erasure channel puede entenderse
como una cadena de Markov de primer orden, donde la probabilidad de que un
borrado ocurra precedido de un elemento correctamente recibido es m, mientras que
la probabilidad de que éste ocurra después de que un elemento ha sido borrado es
6, donde 7 < 0 (véase la figura 3).

El ejemplo més representativo de erasure channel hoy en dia es, sin lugar a dudas,

Internet. La informacion se transmite a través de Internet en forma de paquetes, los
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Figura 2: Canal de borrado sobre alfabetos grandes

1-6

Figura 3: Representacion del canal de borrado como cadena de Markov

cuales van encabezados por secuencias numéricas que permiten al receptor conocer
la posiciéon del paquete en la secuencia de informacion. De esta forma el receptor
conoce la situacion de los espacios vacios en el mensaje. En Internet, el borrado de
elementos suele ser provocado por desbordamientos en los buffers cuando reciben un
flujo continuo de datos o porque el ruido ha alterado los paquetes. La integridad de
los paquetes se suele controlar utilizando cédigos de comprobacién de redundancia
ciclica (codigos CRC).

Dado que los tamanos en bits de los paquetes de informacién transmitidos a
través de Internet son considerables, necesitamos alfabetos con gran ntimero de ele-
mentos para representarlos. De esta forma, tomando, por ejemplo, F' = Fsi000, si un
paquete tiene menos de 1000 bits lo representaremos utilizando el correspondiente
elemento en F, y si tiene mas de 1000 bits, combinaremos varios elementos para

representarlo.
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El hecho de que Internet sea el canal de comunicacion més usado hoy en dia
implica el procesamiento de un desbordante volumen de informacién. Esto dificulta
el mantenimiento de la calidad en la comunicacién. Los usuarios perciben las satu-
raciones en la red en forma de respuestas ralentizadas al utilizar las aplicaciones.
Esto es debido al protocolo TCP/IP utilizado en Internet. Este protocolo retrans-
mite los paquetes que no han sido recibidos y de esta forma evita las pérdidas de
informacion durante la comunicacion. Sin embargo, este procedimiento conlleva un
aumento del tiempo de transmision y ello tiene consecuencias negativas cuando se

trata, por ejemplo, de aplicaciones en tiempo real, como son las videollamadas.

Una de las técnicas utilizadas con el propoésito de reducir los retrasos en la trans-
mision es la correcciéon de errores hacia adelante, conocida en inglés como forward
error correction (FEC). Este es un mecanismo de correccion de errores que permite
su correccion en el receptor sin retransmision de la informacion original. Antes de
la transmision, el mensaje es codificado utilizando un cierto cédigo corrector. Las
propiedades estructurales del c6digo nos permiten después corregir el mayor niimero

de errores posible.

Hasta ahora los codigos més utilizados para este fin han sido principalmente
codigos bloque. De entre ellos, los cédigos que alcanzan una mayor capacidad co-
rrectora sobre este tipo de canal son los codigos MDS. Un [N, K] cédigo bloque
MDS puede corregir hasta N — K simbolos borrados en un bloque de longitud N.

En el capitulo 3 proporcionamos un anélisis detallado del comportamiento de los
codigos convolucionales sobre erasure channels. Utilizando la representacion basada
en la teoria de modulos introducida en la seccion 1.3, consideramos la informaciéon
recibida como polinomios o secuencias completas a lo largo de las cuales podemos
deslizarnos con gran libertad mediante el uso de ventanas deslizantes o corredizas.
Esta caracteristica nos permite agrupar la informacion recibida de diferentes formas
y asi adaptar nuestro proceso de decodificaciéon a la estructura exacta de la secuen-
cia. Al contrario que en el caso de los cddigos bloque, cuya longitud de bloque es
fija, el mensaje se puede dividir en ventanas de diferentes tamanos y, ademas, pode-
mos decidir la posiciéon de las mismas. Gracias a esto, el proceso de decodificacion
utilizando codigos convolucionales es mas flexible y, en muchas ocasiones, se pueden
recuperar simbolos no recibidos que un cédigo bloque MDS de la misma longitud

no podria recuperar.
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En la secciéon 3.2 demostramos que un (n, k, §)-codigo convolucional puede re-
cuperar d§(C) — 1 simbolos borrados en ventanas de longitud n(j + 1), donde d5(C)
representa la j-ésima distancia columna del codigo. Ademés, demostramos que la
subclase de c6digos convolucionales MDP optimiza este resultado y puede recuperar
secuencias completas en tiempo polinémico si en cualquier ventana deslizante de
longitud (L + 1)n son borrados no més de (L 4 1)(n — k) simbolos. Aunque esta
tasa de recuperacion es equivalente a la alcanzada por los c6digos bloque MDS, los
ejemplos presentados en la seccion 3.2 ponen de manifiesto que en muchas situacio-
nes la flexibilidad de los c6digos convolucionales permite recuperar informacion que

c6digos bloque MDS comparables no pueden.

A pesar de todo, siguen habiendo situaciones en las que gran cantidad de infor-
maciéon puede perderse. Con el propoésito de retomar el proceso de decodificacion
cuando ocurren rafagas de borrados demasiado grandes, introducimos en la sec-
cion 3.3 un nuevo tipo de cédigos llamados codigos convolucionales MDP-reversos.
Estos son codigos que son MDP en ambas direcciones, hacia adelante y hacia atrés,
es decir, sus distancias columna y por tanto, sus capacidades correctoras en cada
instante, son maximas tanto si avanzamos a lo largo de la secuencia como si retroce-
demos. Este hecho nos permite realizar un proceso de recuperacion inverso, esto es,
retrocediendo a lo largo de la secuencia, y recuperar informaciéon que ni un co6digo
bloque MDS ni un c6digo convolucional MDP podrian. Demostramos la existencia
de estos codigos y, en la seccién 3.4, presentamos una construccion concreta, basada
en matrices superregulares-reversas, para los casos en que los parametros (n, k, o)
cumplen que (n — k) |0y k> 6, 0bien, k|dy (n—k) > 0.

Aunque los codigos convolucionales MDP-reversos son més potentes, el tiempo
para reanudar el proceso de decodificacion puede ser considerable, ya que necesi-
tamos observar una ventana o parte de la secuencia donde no se produzca ningtin
borrado. En la secciéon 3.5 reducimos el tiempo de espera permitiendo, en la reanu-
dacion, un cierto ntimero de simbolos borrados por ventana. Para ello introducimos
otro nuevo tipo de codigos llamados codigos convolucionales MDP-completos. Los
menores de tamano maximo de la matriz de paridad parcial de estos c6digos son no
nulos y esto hace que cualquier patron de borrados en la ventana sea recuperable
siempre que no sobrepase el rango de dicha matriz. En otras palabras, ya no tenemos
que esperar hasta recibir una ventana completa de simbolos correctamente recibi-

dos, sino simplemente hasta observar una parte de la secuencia donde no ocurran
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muchos borrados. De nuevo, ilustramos con ejemplos el tipo de situaciones que estos
c6digos son capaces de resolver. Las simulaciones realizadas ratifican que la capa-
cidad correctora de estos codigos supera la de los codigos bloque MDS. Ademas, y
puesto que no hemos encontrado todavia ningin contraejemplo, tendemos a creer
que nuestro método de generaciéon de matrices superregulares-reversas junto con la
construccion de codigos convolucionales MDP-reversos, propuesta en la seccion 3.4,
genera de hecho c6digos MDP-completos; pero esta conjetura no ha sido probada

todavia.

En el capitulo 4 realizamos un estudio similar al anterior, pero en este caso
utilizamos la representacion entrada-estado-salida de la secciéon 1.4. En la seccion 4.2
probamos de forma alternativa, utilizando la descripcion de sistemas lineales, que los
c6digos convolucionales MDP alcanzan una capacidad correctora méxima sobre el
erasure channel. Para resolver el problema del tiempo de espera cuando intentamos
restablecer el proceso de recuperacion, presentamos tres posibles estrategias a seguir

dependiendo de las caracteristicas de nuestro codigo.

En primer lugar, y haciendo uso de la observabilidad del sistema, establecemos
la longitud de la ventana de simbolos correctamente recibidos que debemos observar
para poder continuar con el proceso de decodificacion. En este caso no sabemos de
antemano cuéles son las filas de la matriz de observabilidad que nos proporcionan

un sistema con matriz de coeficientes de rango completo.

En segundo lugar, reducimos el tamano de esa ventana imponiendo méas condi-
ciones sobre las matrices. Si la matriz de observabilidad de nuestro cédigo coincide
con la matriz de paridad de un codigo bloque MDS, cualquier combinacién de o
filas de la matriz tiene rango §. De este modo podemos restringir nuestro sistema
a las primeras filas de la matriz y conocer a priori cuéles seran las ecuaciones de
nuestro sistema. En el ejemplo 4.1 mostramos un caso concreto donde las matrices

(A, B,C, D) representan un c6digo con estas caracteristicas.

En dltimo lugar, presentamos una soluciéon para el caso en que no recibimos una
ventana completa de simbolos correctamente recibidos, sino que el receptor observa
es una ventana con no demasiados elementos borrados. El tiempo de espera hasta
recibir una ventana donde ningin simbolo haya sido borrado puede ser mucho mayor
que el esperado hasta observar una ventana en la que algunos borrados ocurren.

Por ello este caso reduce de nuevo la pérdida de informacién hasta reanudar el



Prélogo xxiii

proceso de decodificacion. Anadimos condiciones més fuertes sobre el codigo con
el fin de obtener una solucién tnica a nuestro problema. El teorema 4.3 establece
que si los subespacios generados por cualquier combinacion de (L + 1)(n — k) — ¢
columnas de la matriz [—1 | F] son espacios suplementarios del espacio columna
generado por la matriz de observabilidad del c6digo C entonces podemos recalcular
el estado del sistema cuando recibimos una ventana con (L + 1)n simbolos donde
no hay méas de (L + 1)(n — k) — d simbolos borrados. En esta situacién se pueden
obtener al mismo tiempo los simbolos borrados en esa parte de la secuencia. Este
resultado nos permite volver al proceso de recuperacion sin necesidad de controlar las
posiciones de los borrados. Es decir, ya no es necesario observar un niimero minimo
de simbolos correctamente recibidos en posiciones contiguas. Proporcionamos un

codigo que satisface las hipotesis del teorema en el ejemplo 4.2.

El capitulo 5 de esta memoria esta dedicado a la construccion de cédigos con-
volucionales variantes en el tiempo periédicos estudiados desde el punto de vista de
sistemas lineales. La idea de alterar la representacion estatica de los codigos y trans-
formarla en una descripcion variante en el tiempo ha interesado a muchos investiga-
dores y se han obtenido muchos resultados interesantes. Costello [1 1], proporciond
una cota inferior para la distancia libre de c6digos convolucionales no sistematicos
variantes en el tiempo que es mayor que la cota superior para la distancia libre de
codigos convolucionales sisteméticos, tanto invariantes como variantes en el tiempo,
para cualquier tasa de transmision. Esto significa que existen codigos convoluciona-
les no sistematicos variantes en el tiempo que tiene una distancia libre mayor que la
de cualquier codigo convolucional sistematico, variante o invariante, de parametros
comparables. Las grandes implicaciones de este resultado provocaron un especial
interés y se profundizé en el estudio de las propiedades particulares y estructuras
de estos codigos. Lee [51], constaté empiricamente que el nimero de codigos con-
volucionales variantes en el tiempo y periddicos aumenta exponencialmente con el
periodo para cualquier conjunto de parametros y ademas, algunos de ellos, aumentan
la distancia libre con respecto a codigos fijos. En [60], Mooser demostrd que existen
codigos convolucionales variantes peridodicos que proporcionan una tasa de error en
la decodificacién menor que la de cualquier cédigo convolucional fijo de parametros
comparables. También se han estudiado condiciones necesarias y suficientes para
asegurar la no catastroficidad del codigo, asi como algoritmos computacionalmente

eficientes para comprobarla (véase [3, (1]).
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En este capitulo proporcionamos una construccion de codigos convolucionales
variantes en el tiempo periddicos utilizando la representacion (A, B, C, D) del codi-
go, donde las matrices A y D son fijas y s6lo B y C varfan. En particular, nuestra
construccion mantiene el grado o complejidad del codigo, 9, fijo. Esto evita que
la complejidad en el proceso de decodificacion aumente. Ademés, se trata de una
generalizacion de la construccion propuesta por Ogasahara, Kobayashi y Hirasawa
en [02]. Los teoremas 5.1 y 5.2 aseguran respectivamente la controlabiliadad y ob-
servabilidad (minimalidad y no catastroficidad, respectivamente) de nuestro codigo
variante periddico basandonos en las matrices que representan el coédigo invariante
equivalente obtenido. Las pruebas de estos teoremas son constructivas y la cons-
truccion de un codigo variante periddico con estas caracteristicas se ilustra en el

ejemplo 5.1.

Motivados por la existencia de ejemplos en los que la combinacion de codigos
fijos con distancia libre no 6ptima proporciona como resultado c6digos convolucio-
nales variantes en el tiempo periddicos cuya distancia libre si lo es, estudiamos en la
seccion 5.2.2 el comportamiento de las distancias de los c6digos obtenidos. El teore-
ma 5.4 proporciona una cota inferior para la distancia libre del co6digo resultante si
la matriz de controlabilidad del sistema representa la matriz de paridad de un codi-
go bloque MDS. Después estudiamos las distancias columnas del cédigo, las cuales
estan directamente relacionadas con los codigos convolucionales MDP, parte central
en capitulos anteriores. En este caso, aunque las condiciones para que un codigo
convolucional sea MDP son las mismas en el caso variante e invariante, el hecho
de que las matrices de nuestros codigos periddicos varien en el tiempo nos da més
flexibilidad y nos permite combinar cédigos convolucionales que no son MDP para
obtener codigos que si lo son (véase el ejemplo 5.2). Realizamos el estudio detallado
del caso donde los subcodigos que forman el c6digo convolucional variante peridédico

son (n, 1,1)-codigos convolucionales.

Por dltimo, incluimos las referencias necesarias para el desarrollo de esta tesis,

que han sido citadas a lo largo de la misma.

Este prologo constituye un resumen detallado del contenido de la memoria es-
crito en una de las dos lenguas oficiales de esta Comunidad Auténoma, siguiendo lo
dispuesto en el Acuerdo del Pleno de la Comisién de Doctorado celebrado el dia 22

de marzo 2002. El resto de la memoria esta escrito en inglés.
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Chapter 1

Preliminaries

1.1 Introduction

The transmission of information brings implicit the use of communication chan-
nels. Usually these channels are imperfect and suffer the effects of noise and pertur-
bations. This affects the messages sent, therefore, information correctly expressed
at the source can arrive altered to the receiver. Coding theory appears as a so-
lution to this problem. Error detecting and correcting codes add redundancy to
the information in order to achieve reliable communication (see Figure 1.1). Before
being transmitted, the original message is encoded in an optimal way, such that the
additional redundancy makes the encoded messages different enough. As a result,
the receiver is able to distinguish two different messages when not too many errors

occur, that is, the errors can be detected and, in some cases, corrected.

Thanks to the development of error control coding as a mathematical theory we

can nowadays enjoy many digital systems, such as computer RAM memories, CDs,

sender receiver

A

noise

Y

encoder channel > decoder

Figure 1.1: Communication process
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hard disks, wireless communication, digital sound systems, satellite communication,

etc.

Error detecting and correcting codes can be divided into two main types: block
codes and convolutional codes. Block codes divide the information in blocks of a
given length and encode them following always the same procedure. These blocks
are encoded independently and the fixed machinery of the code always transforms
a certain information into the same encoded message. Block codes have been long
studied and its algebraic structure is well known. It is proved that they have good
error correcting properties and moreover, algebraic decoding algorithms easy to
implement have been given. In Section 1.2 we introduce some preliminaries on

block codes.

Convolutional codes consider the information as a whole sequence. Even though
they split the information into blocks of a fixed length too, the relative position of
each block in the sequence is taken into account. In addition, the blocks are not
encoded independently, previous information makes an effect over the next encoded
blocks, or in other words, there is overlapping. In this way and oppositely to block
codes, a certain information will not always be encoded into the same message since
it depends on which is its position within the complete sequence. Although during
the last years the algebraic structure of convolutional codes has interested many

authors, the knowledge in many aspects is still not as deep as in block code theory.

Convolutional codes have been defined using different points of view. Using linear
algebra notions they are studied as linear subspaces of the field of formal Laurent
series (see, e.g., [20, 12, 59, 65]). In the literature of symbolic dynamics they are
considered as linear, compact, irreducible and shift-invariant subsets of F[[z, 27!]],
where F[[z, 271]] represents the ring of formal power series (see, e.g., [13, 53, 57]).
And other authors, like Willems (see, e.g., [35, 806, 87]) define them as complete,

linear, time-invariant behaviors.

In this chapter we introduce the two descriptions of convolutional codes that
we use along the dissertation. The first one is the module-theoretic point of view
proposed by Fornasini and Valcher |25, 81] and Rosenthal and some of his coauthors
[71, 73, 84]. This definition requires that codewords have finite support and is related

to the previously mentioned behaviors by Pontryagin duality (see [70]).

From a systems theory point of view there are several first-order representations
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associated to convolutional codes. Kalman [13, 11] showed how the encoding map
can be factored resulting in a realization of the generator matrix and later on,
Fuhrmann [28] refined this realization procedure. In Section 1.4, we present the
systems theory representation that will be relevant for us in this work, the input-

state-output representation.
Along the dissertation we consider

e [F a finite field,

e 0 a zero vector (of the appropriate size when not indicated),

e O a zero matrix, I the identity matrix (both of them of the appropriate sizes
when not indicated),

e deg(p(x)) the degree of a polynomial p(z),

e M’ the transpose of a matrix M,

e colspa(M) the vector space generated by the columns of a matrix M.

1.2 Linear block codes

Definition 1.1: We say that an [N, K] linear block code C over F is a K-
dimensional linear subspace of the vector space F¥. K and N are called the dimen-
sion and length of C, respectively. An N x K matrix G is said to be a generator
matrix of the code C if its columns form a basis of C. Then an [V, K] linear block

code C is described as
C={GuecF" |ucF~}

The information vector u of length K is encoded into the code vector or
codeword v of length N, then we say that the code has rate R = K/N.

Note that the fact that G is a constant scalar matrix makes us think about
the encoding process as an invariable mechanism that transforms the information
vectors into codewords using always the same algorithm. This perception is one of
the main differences that one can find between block codes and convolutional codes
(see Section 1.3). Another important distinction is the idea that in block coding
any information vector is only related to the corresponding code vector generated at

that instant. We show in the next section that this is not the case for convolutional
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codes.

Another way to describe this linear subspace is through a kernel representation.
Indeed, there exists an (N — K) x N matrix H called a parity check matrix of
C, such that v € C if and only if Hv = 0. In general, G and H are not unique due

to the fact that one can write many different bases for a subspace (see, e.g., [50]).

One of the most important concepts of a block code is the minimum distance,
denoted by dpin(C). If v € FY the Hamming weight of v, wt(v), is defined as the
number of nonzero components of v, then the minimum distance of C is given by

the following expression
Apin (C) = min{wt(v) |v #0 with v € C}.

One way of computing this parameter is using the parity check matrix of the code.
If any combination of s columns of H is linearly independent but there exist s + 1

columns that are linearly dependent, then dpyi,(C) = s+ 1 (see, e.g., [68]).

The minimum distance is directly related to the error correction and detection
capabilities of the code. If dy,;,(C) = d then the code can detect at most d — 1 errors
occurring during the transmission of a codeword and can correct at most L%J
of them (see, e.g., [09]). Therefore, in order to achieve reliable communication,
is important to focus on the construction of codes with large minimum distance.

However, dpyin(C) cannot attain any value since we have the following upper bound.

Theorem 1.1 (Singleton bound): IfC is an [N, K| linear block code then dy,(C)
satisfies
dpin(C) < N — K + 1. (1.1)

If dwin(C) = N—K+1, then C is said to be mazximum distance separable (MDS).

MDS block codes have the capacity of correcting the maximum number of errors
among all the block codes of rate K/N. Further details and examples of these types
of codes can be found in the literature (see, e.g., [35, 52, 68] and the references

therein).
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1.3 Convolutional codes: module point
of view

In this section we introduce the central concept of this dissertation, the concept
of convolutional code. We present in detail the main results and properties needed
for the rest of the discussion. The approach followed is that of module theory and
it will be the one used in Chapter 3.

The previous section was dedicated to block codes. We saw that those can be
thought as black boxes where the information goes in, is transformed, and then is
sent out, and this process is invariably made in the same way, that is, the same
information will always be encoded into the same codeword. This fact suggests the
question of what happens if this process varies, in other words, if time matters. If
we introduce a variable z, usually called the delay operator, to indicate the instant
in which each information arrived or each codeword was transmitted, then we can

represent the message as a polynomial sequence

u(z) = ug + w2z + - + w2t € FF[z]
and the codeword in a similar way

v(z) = vy +viz+ -+ 2t € F'2].
A block code is now described as the following set

C = {Gu(z) | u(z) € F¥[2]} = img,,G.

In this representation the encoding process is still static because the generator
matrix G is fixed. To make possible that a certain input is not encoded as the same
codeword at two different instants we allow the generator matrix to be a polynomial

matrix instead of a scalar matrix,

Then we obtain the notion of convolutional code (see [32, 70, 71]).
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Definition 1.2: A convolutional code C of rate k/n is a submodule of F"[z] that

can be described as
C = {v(2) € F'[2] | v(2) = G(2)u(z) with u(z) € F[2]*}

where G(z) is an n x k full rank polynomial matrix called a generator matrix of
C, u(z) is the information vector and v(z) is the code vector or codeword. m

is called the memory of the generator matrix.

The idea is that a convolutional code remembers past inputs and those affect to
the new messages bringing variations on the encoding process. The memory specifies

for how long the information has influence on the outputs.

Two generator matrices G(z) and Gy(z) generate the same convolutional code
C if there exists a unimodular matrix U(z) € F**[z], that is, the determinant of
U(z) is a nonzero element of F, such that G1(z) = Ga(2)U(2).

An important invariant of a convolutional code is the degree or complexity of
C, denoted by 0 and defined as the maximum of the degrees of the determinants of
the k x k submatrices of any generator matrix of C. Since the equivalence relation
between generator matrices presented above preserves the degrees of these determi-
nants, this definition makes sense. Then we say that C is an (n, k, §)-convolutional

code [59].

If G(2) = [94j(2)] then the column degrees of the generator matrix are defined
as
0; = max{deg(g;;(2)), i =1,2,...,n}, for j=1,2,... k.

The index §; is also called the constraint length for the j-th input of the matrix
G(z) (see [12]).

The high-order coefficients matrix of G(z), G, is the matrix whose j-th
column is formed by the coefficients of 2% in the j-th column of G(z). If G4 has
full rank, then G(z) is called a minimal generator matrix. If G(z) is minimal
the column degrees {d;}*_; are called the Forney indices of the code (see, e.g.,
[9]) and it holds that § = E?Zl d;. The matrix is called minimal because ¢ attains
in this case the minimal possible value. Note that the Forney indices of a code are

unique; if G1(z) and Gy(z) are two minimal generator matrices of C then both have
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the same column degrees (see, e.g., [90]).

We say that a code C is observable (see, e.g., [70, 73]) if the generator matrix
G(z) is right-prime, that is, if its k X k minors are nonzero and they only have

" with r € N, is considered a trivial factor). This

nontrivial common factors (z
avoids the type of so-called catastrophic situations in which an information vector
u(z) with an infinite number of nonzero coefficients can be encoded into a code vector
v(z) with an infinite number of zero coefficients. If this would be the case finitely
many errors on the received vector could translate into infinitely many errors when
recovering the original information. Therefore, only observable codes are regularly
considered. We assume this condition on the codes appearing in the rest of the

dissertation.

If C is an observable code then it can be equivalently described as the right F[z]-
kernel of an (n — k) x n full rank polynomial matrix H(z). C is now described as
the set

C={v(z) e F'[z] | H(z)v(z) =0}.
where H(z) is called a parity check matrix of the code. If we rewrite H(z) as a

matrix polynomial
H(z)=Hy+ Hiz+---+ H,2"

where H; = O for i > v, we can expand the kernel representation in the following

way
v i r
Vo
H, --- H,
V1
=0 (1.2)
Hl/ HO
(%
L Hl/

where the matrix has size (I+v+1)(n—k) x (I+1)n. Equation (1.2) will be relevant
in Chapter 3.

Identically to the case of block codes, distance measures are of main importance.

In order to define the distance concepts that concern us in our discussion, we first
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need to define the weight of a code vector v(z). This is denoted by wt(v(z)) and

is the sum of the Hamming weights of the coefficients of v(z), that is, wt(v(z)) =
Y ico WH(v).

We define the free distance, d,..(C), of a convolutional code as
diee(C) = min{wt(v(z)) | v(z) €C and v(z)#0}.

This is the analogue of minimum distance in the case of block codes.

Rosenthal and Smarandache 72| showed that the free distance of an (n,k,d)-

convolutional code is upper bounded by

dee(C) < (0 — k) Q%J + 1) +0+1. (1.3)

This bound is known as the generalized Singleton bound since it generalizes
in a natural way the Singleton bound for block codes. If we let 6 = 0, that
is, we assume C is a block code, then we obtain the expression (1.1). Moreover,
an (n, k,d)-convolutional code is defined to be a maximum distance separable
convolutional code (MDP) if its free distance achieves the generalized Singleton
bound.

A more local distance measure, but the crucial one in big part of this thesis, is

the j-th column distance of C (see [11]) given by the expression
d5(C) = min {wt(vp(2)) | v(z) € C and v, # 0}

where vy j1(z) = vo + v1z + -+ 4+ v;2/ represents the j-th truncation of the code
vector v(z) € C. It is related with the d,..(C) in the following way

0pee(C) = lim &5(C). (1.4)
j—oo
If we define the matrix
Hy
H, H,
Hi=1 . (1.5)
L H] ijl AR HO ]

then the following theorem characterizes the column distances of a convolutional

code.
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Theorem 1.2 ([ '], Proposition 2.1): Let d € N. The following properties are
equivalent.
(a) d§ = d;
(b) none of the first n columns of H; is contained in the span of any other d — 2
columns and one of the first n columns of H; is in the span of some other d—1

columns of that matrix.

The j-th column distance is upper bounded,
d;(C) < (n—k)(j+1)+1, (1.6)

and the maximality of any of the column distances implies the maximality of all the
preceding ones [33], that is, if d$(C) = (n — k)(j + 1) + 1 for some j, then

d(C)=m—-Fk)(i+1)+1 forall i<j.
The (m + 1)-tuple (d5(C), dS(C),...,dS,(C)) is called the column distance profile

of the code [12]. Since no column distance can achieve a value greater than the

generalized Singleton bound, the largest integer j for which that bound (1.6) can be

o [f] )

We define now a subclass of convolutional codes that holds our attention along

attained is for j = L, with

the thesis. An (n, k, §)-convolutional code C is said to have a maximum distance
profile (MDP) (see, |33, 39]) if d5(C) = (n — k)(L + 1) + 1. df(C) is maximal,
therefore all the previous column distances attain the bound (1.6). One can say
that the column distances of an MDP code are maximal until is no longer possible.
These codes are very interesting since its maximum possible growth in the column
distances means that they have the potential to correct a maximal number of errors
per time interval. MDP convolutional codes are similar to MDS block codes within
windows of size (j 4+ 1)n. Therefore we consider MDP codes a more appropriated

analogue of MDS block codes than MDS convolutional codes.
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Let us define the matrix

= 97/

Go
G, Gy
g= . . : (1.8)
i Gj Gj,1 s GO ]

The following result characterizes the maximality of the column distances of C and
hence, for j = L, provides us with an algebraic description of MDP convolutional

codes.

Theorem 1.3 ([ '], Theorem 2.4): Let C be an (n,k,d)-convolutional code. Let
G; and H; be like in (1.8) and (1.5). Then the following are equivalent:
(a) 5(C)=(n—FK)(j+1)+1;
(b) every (j + 1)k x (5 + 1)k full-size minor of G; formed from the columns with
indices 1 <ty < -+ <t(y1)r, where tgy > sn for s =1,2,...,7, is nonzero;
(c) every (j+1)(n—k)x(j+1)(n—Fk) full-size minor of H; formed from the columns
with indices 1 < 1y < -+ < r(iy1)(n—k), where ryp_gy < sn fors=1,2,...,7,

1S NONZETO.

In particular, when j = L, C is an MDP convolutional code.

Note that the index conditions in parts (b) and (c¢) mean that the minors under

consideration are those which have the possibility to be nonzero.

1.4 Convolutional codes: systems theory
point of view

In this section we review an additional representation of convolutional codes ne-
cessary in Chapters 4 and 5. We consider a linear systems theory description known
as the input-state-output representation. This description was adopted by Massey
and Sain [58]. In order to introduce it we show the connection between different

first order representations.

As presented in 73] we have the following existence theorem.
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If we perform the suitable similarity transformations and permutations of the

components of v(z) we may rewrite the (K, L, M) triple in the following way

where A € F9 B € Fo*k C e Fkx9 and D € FRxk  If we partition

the vector v; into v, = Y , where y, has n — k components and u,; has k
Uy

components, then the convolutional code is equivalently described by the familiar-
looking (A, B, C, D) representation

x = Ax; + Bu
o ! Cl D t=01,2,..., xy=0. (1.9)
Y, = Cmt + D'U,t

This system is known as the input-state-output representation of C. We call
x, € F? the state vector of the system and y, € F"~* the parity vector. The
encoding that results from the equations in (1.9) is a so-called systematic encod-
ing; this means that the information vectors appear in the code vectors (see, e.g.,
[71, 73, 90] for more details).
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Let j be a positive integer, then we define the matrices

cA
cpj(A,B):[B AB ... AI2B AR | and Q(A,C) = : . (1.10)
CAI2
cAI

They are called the controllability and observability matrices of the system,
respectively. In that case we say that (A,B) is a controllable pair if rank ®5(A, B) =
5. Then the smallest integer x such that rank ®,(A, B) = § is called the controlla-
bility index of (A, B). In a similar manner, (A, C) is called an observable pair if
rank Qs5(A, C') = 6 and the smallest integer ;1 such that rank Q,(A,C) = ¢ is called
the observability index of (A, C).

If (A, B) is a controllable pair, it is possible to drive a given state vector to any
other state vector in a finite number of steps. If (A4, C') is an observable pair, then
it is possible to calculate the state vector of the system at time tq by observing a
finite number of outputs starting with ¢y,. This notion will be important later on in

this work.

If (A, B) is a controllable pair and (A, C) is an observable pair, then the input-
state-output representation (A, B, C, D) is called a minimal realization, ¢ is called
the McMillan degree of the system and it attains its minimum value. For simplic-
ity, we assume that (A, B) forms a controllable pair and (A, C') forms an observable
pair.

We can now define the already mentioned distance measures from a systems

theory point of view. The free distance is expressed now as

dieo(C) = min {Zwt(yt) + Zwt(ut)} :

where the minimum is taken over all possible nonzero codewords. Truncating the
codewords at the j-th iteration of the system we obtain the expression for the j-th
column distance

d;(C) = min zjzwt(yt) + ijwt(ut) .
uo#0

t=
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In Chapter 4 we focus our attention again on the subclass of MDP convolutional
codes and we use then the (A, B,C, D) representation. The algebraic characteri-
zation of MDP codes using linear systems theory can be found in [37, 39| and it
is developed in the following way. Let m € {1,2,...,min{y(n — k),vk}} and let
I ={i,...,im}, with i3 < --- < i, be a set of row indices, and J = {ji,...,jm},
with j; < -++ < j, be a set of column indices. We denote by Al the m x m subma-

trix of a matrix A formed by intersecting the rows indexed by the members of I with

the columns indexed by the members of J. Then we have the following definition.

The minors related to proper submatrices are called not trivially zero minors.
The rest of minors are said to be trivially zero. If 7 is a lower triangular matrix, that
is, if n = 2 and k = 1, we say that 7 is superregular if every proper submatrix
has a nonzero determinant. A deeper study of this notion will be developed in
Chapter 2.

Iterating the equations defining system (1.9) we obtain the following relation

Y C
Yot CA
= T,
Y1 cA !
Y, cAt
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_ 5 - y -
CB D Ut+1
+ : L. (1.11)
cA—t2 CcAT3 ... D Uyq
cA-tlp cA**B ... CB D U,

This expression is known as the local description of trajectories and together

with the evolution of the state
Uy
zy=A""z+[ AR oo AB B | A=t+1t+2,0+], (1.12)
Ux—1
describes the behavior of the system starting at any instant t.

The block Toepliz matrix appearing in equation (1.11) is important in the rest

of the discussion. We denote it by

ja D
I F CB D

F=|" | = ' ' : (1.13)
F, F_, - F CA-'B CAI2B ... D

The following theorem establishes the relation between the maximality of the column
distances of C and the matrix in (1.13). This is a first step toward the characteriza-

tion of MDP convolutional codes.

Theorem 1.5 ([ '], Theorem 2.4): Let C be an (n, k,§)-convolutional code des-
cribed by matrices (A, B,C, D) and consider the block Toepliz matriz F; introduced
in (1.18). Then C has j-th column distance d$(C) = (n — k)(j + 1) + 1 if and only
if there are no zero entries in F;, 0 < i < j, and every minor of F; which is not

trivially zero is nonzero.

Finally, making use of the fact that the maximality of d$(C) implies the maxi-
mality of all the column distances, we have an algebraic criterion for a convolutional
code to be MDP (see, e.g., |33, 39]).



1 Preliminaries 15

Corollary 1.1 ([+"], Corollary 2.5): Let L = |2| + |-2.|. Then, the matrices

(A, B,C, D) generate an MDP (n, k,)-convolutional code, if and only if, the matriz

F1 has the property that every minor which is not trivially zero is nonzero.

Note that Corollary 1.1 studies the nonsigularity of the not trivially zero minors
of all sizes in F;,. However, the result presented in the previous section, Theorem 1.3,
referred only to the full size minors of matrices G, and Hj, in equations (1.8) and
(1.5). A similar setting can be obtained making use of the following description.
Taking into account that &y, = 0 and making some transformations on equation
(1.11) we obtain

Yo
r 7 Y1
D
CB D
1| ¢cAB  ¢B D Y | o (1.14)
Uo
U,
CAL'B CAY 2B ... CB D
ury,

Then Corollary 1.1 translates into the property that C is an MDP convolutional
code if and only if each of the (L + 1)(n — k) x (L + 1)(n — k) not trivially zero full

size minors of matrix [—/ | F,] in (1.14) is nonzero.
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Chapter 2

Generation of superregular and

reverse-superregular matrices

2.1 Introduction

Edrei [17, 18] and Aissen et al.[2] introduced the concept of totally positive
sequences. These are infinite real sequences {a,} such that its corresponding 4-way

infinite matrix

apg a—1 a_9
aq Qo a_q

Gz ax Qo

has all the minors of all orders non-negative. These matrices are called totally

positive matrices (totally nonnegative for some authors [22, 19]).

It was proved [19] that the functions that generate totally positive sequences

such that a, = 0 for n < 0 and ay = 1 providing with the 2-way infinite matrix

1 0 0 0
ap 1 0 O
a ap 1 0 (2.1)
as as a; 1

17
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are of the form

o0

[[1+e2)

g(z) =14 a1z +ay2® +az2® + - = E—— exp(y2) (2.2)

[T —m2)

i=1

with v > 0, eiZO,mEO,Zei<ooandZm<oo.
i=0 i=0

Totally positive matrices appear in contexts like control sets [7], stochastic pro-
cesses and approximation theory [30, 15|, coding theory [37, 71|, convexity [79],
distribution of zeros of entire functions [13] and its geometric theory point of view
[32], oscillation in mechanical systems [29], planar resistor networks [14] or Polya
frequency sequences [75]. (For further references see, e.g., [3, 15]). Sufficient con-
ditions and efficient ways to test total positivity have been considered as well (see,
e.g., [12, 24, 16]).

The matrices that hold our attention in this chapter are the so-called super-
regular matrices. They can be considered as the correspondent of totally positive
matrices for finite fields since they are finite totally positive matrices with elements
over a finite field F whose minors having the possibility to be nonzero, are nonzero.

Recalling the notion of proper submatrix mentioned in Definition 1.3 we have the

following definition.

From now on we will refer to the finite sequence ag + a1z + - - - + a;2' associated
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to the matrix A as the generator polynomial of the matrix.

Superregular matrices with elements over finite fields appear in the context of
coding theory. They are of special interest when constructing MDS block codes
[71] or MDP convolutional codes (see definitions in Chapter 1). In [39], the exact
relation between this type of matrices and the algebraic characterization of MDP
convolutional codes is given and later on a concrete construction of MDP codes

using superregular matrices is presented [37].

The minimum field sizes required for the existence of these matrices have been
obtained using computer algebra programs and upper bounds on the required field
size have been proved in [37]. Some actions preserving superregularity were pre-
sented as well. In [33], a construction for n x n superregular matrices over F,, is
given. However, p must be considered large enough and this results in a field size
much larger than the minimum required. It is not clear how one can find a good
bound about how large p must be for a given n. It was conjectured that for every
[ > 5 one can find a superregular (I x [)-Toeplitz matrix over Fy—2, but this is still an
open question and a construction has never been given. Very little is known about

how to generate this kind of matrices.

In this chapter, we introduce a construction of superregular matrices which allows
us to generate these matrices over fields of the form F = [F,,» and we provide actions
that preserve this property. The fact of considering these kind of matrices as the
corresponding objects of the totally positive ones over finite fields produces very

powerful tools to develop a straight forward generating method. We compute the
-1

generator polynomial of the matrix as a product H(l + €;2), where the value of ¢;
i=1
depends on the choice of a generator element o € [F, or an irreducible polynomial

in the case F = F,». Although we cannot a priori decide which is the irreducible
polynomial over F» or the generator element over [, that one must choose in order
to construct the generator polynomial of the matrix, our method reduces drastically
the exhaustive computer searches, since the number of irreducible polynomials or
generator elements in a field is much smaller than the number of combinations
of elements one should check. Thus, the method given in Section 2.2.1 can be

considered as the first direct one that generates superregular matrices over [Fn.

Procedures used to test efficiently the total-positivity of a matrix are not valid
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in our case since many of them are based on decompositions that use the Cauchy-

Binet formula for the determinant of the product of two nonsquare matrices, that

is, det(AB) = Zdet(AS) det(Bg) where A is a k X n matrix, B is a n X k matrix,
S

S =(s1,82,...,8k), 1 <81 <89 <+ <5, <mn,runs through all such multi-indices,
A% denotes the matrix formed from A using the columns with indices in S in that
order and Bg denotes the matrix formed from B using the rows with indices in S in
that order. Since the arithmetic given over the real numbers does not hold the same
properties as the arithmetic over finite fields, such as that the sum of two nonzero
elements is different from zero, these tests are not useful in our situation. Due to
this reason it is an important task to find mechanisms to reduce the size and effort

of computer searches and superregularity tests.

In Section 2.3, we prove that this construction produces matrices that have twice
the superregular property, in a forward and backward sense. We call them reverse-
superregular matrices. The particular properties of these matrices have already
been used in the construction of special codes, such as reverse-MDP convolutional
codes (see Chapter 3), and suggest the idea that they could apply for obtaining

other codes with good characteristics.

To conclude, in Section 2.4 we compare the minimum field sizes required for
superregularity and reverse-superregularity and show that our construction approx-
imates better to this minimum when compared with the construction given in [33].
In addition, we give lists of irreducible polynomials and generator elements that

provide with superregular matrices when using our method.

2.2 Construction of superregular matrices

In this section a method to generate superregular matrices is presented. The
motivation for this construction is the idea of considering superregular matrices as
the corresponding objects over finite fields of totally positive matrices. We base our
construction on the same kind of factors that generate totally positive sequences
(see expression (2.2)). From the three type of factors, the one of the form exp(7yz)
cannot be translated into the context of finite fields and therefore we do not consider

it for our construction. Hence we divide our study into two types of factors
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(a) H(1 + €2)
(b) =——
H(l - Uiz)

In Subsection 2.2.1, we present a procedure to construct superregular matrices
from generator polynomials obtained with factors of type (a). In Subsection 2.2.2 we
show how the two types of factors are directly related. We prove that a generator
polynomial given by the product of factors of type (b) generates a superregular
matrix if and only if the corresponding polynomial obtained with factors of type (a)

does. In Subsection 2.2.3 we introduce some actions that preserve superregularity.

00
2.2.1 Factors of type H(l + €;2)
i=0
Since superregular matrices are finite, we consider a finite product instead of an

infinte one to calculate the generator polynomial

g(z) = 1:[(1 + €;2)

1=0

of the superregular matrix. Let p(z) be an irreducible polynomial of degree n over
F,» and let a be a root, p(a) = 0. Then we define ¢; = o', for i = 0,1,...,1 — 1.

We compute the generator polynomial

-1
g(z) = [ +a'z) =go+ g1z + - + g2
=0

and we construct the matrix in the following way

[ % 0 - 0 0 |
g1 g - 0 0
G = (2.3)
gi-1 Gi—2 -+ go O
| 9 91 91 Yo |
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This matrix is superregular with the appropriate choice of p(x). Unfortunately, we
cannot decide in advance which is the irreducible polynomial that one should take.

Due to the fact that the concept of limits over finite fields is not well defined, we
o0
cannot translate the condition Z €; < 0o given in expression (2.2) and we cannot

=0
decide a priori which are the irreducible polynomials that provide a superregular

matrix.

Example 2.1: Let us choose p(z) = 1 + x® + 2, an irreducible polynomial over

F = Fyi. If we let a be a root of p(x), we can generate the following polynomial
g(2) = (1+2)(1+az)(1 +a?2)(1 +a’2) =1+ a2+ a?2* + a2 + b2

The matrix corresponding to this generator polynomial

1 0 0 0 0
as 1 0 0 0
G=1a>a 1 0 0
a o> o® 1 0
| % o o® af 1]
is a 5 x 5 superregular matrix. [ |

When working over I, the same construction can be used. In this case we choose
a € T, a generator element of the field. In the same way, one cannot predict which

generator element should be selected.

Example 2.2: To obtain a 4 x4 superregular matrix over F; we can use the element

a = 3 to compute the generator polynomial
h(z) = (1+2)(1432)(1 +3%2) = 1 + 62 + 42° + 62°.

The following 4 x 4 matrix associated to h(z) is superregular

(100 0]
6100
H =
46 1 0
_6461_ m
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Although one cannot predict which are the generator elements or irreducible
polynomials that provide a superregular matrix, the computational effort is ex-
tremely reduced. In Theorem 2.3 we present an action that preserves the superreg-

ularity and again reduces the computer searches by half.

2.2.2 Factors of type — |
H(l — 1i%)
=0
The following result proves that if we choose n; = 3¢ fori = 0,1, ...,l—1, where 3

is the root of an irreducible polynomial then the obtained matrix F' is superregular

if and only if the matrix resultant from the product of factors of type (a), using

€; = (3, is superregular, too.

PROOF: It is already known that the inverse H ! of an [ x [ superregular matrix H
is a superregular matrix (see [33]). If h(z) is the polynomial associated to H then

we define the I-th truncation of f(z) = ﬁ in the following way

fu) = fo+ fiz+--+ fiz.

fuy(2) is the generator polynomial of H~'. Therefore, to proof our result we will
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show that the matrix H generated by the polynomial

-1

h(z) =[] - 52)

i=0
is a superregular matrix if and only if the matrix GG generated by

-1

g(z) =[]+ 52)

i=0
is superregular. The conclusion will follow from the fact that H~! = F is a super-
regular matrix.

Let [ be the root of an irreducible polynomial p(x) over F,». Then there exist
an integer 4, with 0 < ¢ < p" —2, such that —1 = 3. We can rewrite the polynomial
h(z) in the following way

h(z) =(1—2)(1—B2)(1 — %) ---(1—5"'2)
=(14F2)(1+ B'B2) 1+ 8%)---(1+ 87 '2)
=go + g1z + (6222 + - + (8) g2

The minors of the matrix

9o 0 0 e 0
B 9o 0 e 0

H= (6)g B'g1 9o - 0

B (B g B Pg2 0 g0

are the corresponding minors of the matrix G' multiplied by factors of 3*. Therefore

the not trivially zero minors in H are nonzero if and only if the corresponding minors
in G are. In other words, H is a superregular matrix if and only if G is superregular.
Since f(z) = ﬁ, its {-th truncation fyj(z), is the generator polynomial of H~'.
Therefore, H~! is a superreguar matrix if and only if H is superregular, thus, if and

only if G is superregular. O

Note that over finite fields with characteristic p = 2, h(z) = g(z) and the rea-

soning gets simplified.



2 Generation of superregular and reverse-superregular matrices 25

We showed how generator polynomials of superregular matrices constructed us-
ing factors of type b) are directly related with the class obtained from factors of type
a), that is, they have the same behavior. If the root of an irreducible polynomial
generates a superregular matrix with factors of class a), it will do with the kind of
factors b) too. In section 2.2.3 we show that this case can be seen as a composition

of two actions.

2.2.3 Actions preserving superregularity

We already mentioned that operations like the inverse of a matrix preserve su-
perregularity. The following actions preserve this characteristic, too. The first two

where introduced in [35], the third is a particular one for the construction presented

above.

If we translate Theorem 2.1 in terms of our generator polynomial we get that

the polynomial associated to o e A is

1-1

g(z) = H(l +a2) = (14 az)(1+a%2) - (1 +al2),

i=0
so in each factor we multiply the term in the variable z by a factor of o. Another
way to obtain the superregular matrices generated in Subsection 2.2.2 with factors
of type b) is to compose the action in Theorem 2.1 for a = 3* and the inverse of a
matrix, (' e A)~L.
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PROOF: Let us consider the minors of G and K as polynomials in « and let vy(«)

denote the minors of G and k(«) be the minors of K. The following relation holds

a) = & (%) .

The superregularity of G implies that its minors are nonzero and therefore, the

minors of K are different from zero, too. O

The last action again reduces computer searches when using our construction.
The roots of an irreducible polynomial p(x) are the inverse of the roots of its re-

ciprocal polynomial ¢(z) = z"p(x~!), which is to be irreducible as well. So both
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polynomials will conduct similarly: if the generator polynomial obtained from a root
of p(x) generates a superregular matrix, then so does any root of g(x). This means
that only half of the irreducible polynomials in a field need to be tested. For F = F,,,

a generator element and its inverse will perform in the same way.

2.3 Reverse-superregular matrices

In this section we introduce reverse-superregular matrices. These are ma-
trices that remain superregular when we invert the position of its elements. This
fact provides us with another method to produce a double amount of superregular
matrices. Moreover, the 2-direction-superregularity of these matrices has already
proved as a very potent tool in the construction of codes which have special forward
and backward flexibility, such as reverse-MDP convolutional codes (see Chapter
3). Reverse-superregular matrices point out as very good candidates for obtaining
other codes with good characteristics. We prove that the construction proposed in

Subsection 2.2.1 generates matrices of this type.

Definition 2.2: A superregular matrix A is a reverse-superregular matrix if the

matrix o -
a; 0 0O --- 0
ap—1 ap 0o --- 0
Arev = | a2 ;-1 a -+ 0
Qo ap G2 -

is superregular.

The generator polynomial of A, is g(z) = zlg(%) =a+a_12+ -+ ap?.

The following example shows that these matrices can be harder to find since this

is a more restrictive condition than simple superregularity.

Example 2.3: Not every superregular matrix is a reverse-superregular matrix. For

example, the following 5 x 5 matrix
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(1000 0]
11000
A=]2110 0
62110
(2621 1

is superregular over ;. However, its reverse matrix

(2000 0]
6 200 0
Aev=126 2 0 0
12620
(1126 2

is not superregular since the minor formed extracting the rows 2, 3, 5 and the

columns 1, 2, 3 is zero
6 2 0

2 6 2|=0.
1 1 2 u

Although these matrices might be hard to find, Example 2.4 reveals that we are

not as restricted as one could think.

Example 2.4: It is clear that superregular matrices that are symmetric with re-

spect to a lower diagonal are reverse-superregular, like in this matrix

1 0 0 0
a2 1 0 0
B—
a2 o> 1 0
i o o 1|

B is superregular over F = Fys, where o® +a +1 = 0. Since B = B, B is

reverse-superregular. But the following matrix shows us that this is not a necessary
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condition. )
1 0 0
a 1 0
ad a1
| o® o«

and both are superregular matrices.

IF23 .

The following theorem proves that the construction we propose in Subsection 2.2.1

gives a very efficient mechanism to generate reverse-superregular matrices.

0
0
0
1

:C#Crev:

PROOF: By construction we know that

-1
To = ]—a r = E aja T2
7=0

T3 =

>

odakal, L,

0<j<k<h<l—1

related in the following way

0 0
a® 0
o? «

a o

So C' is a reverse-superregular matrix over

oo

0<j<k<i—1
-1

Ty = H o’ .
Jj=0

Let p(a) be the minors of R and denote by p(«) the minors of R.,. They are

Aa) = alp (g) |
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where the power ¢ depends on the size of the minor. Then it is clear that if the

minors of R are different from zero, so are the minors of R,e,. O

In this case computer searches for reverse-superregular matrices are reduced since

superregularity only needs to be tested once.

The actions presented in Theorems 2.1, 2.2 and 2.3 preserve reverse-superregu-
larity as well. In Theorems 2.1 and 2.2 the minors of A, are only transformed by
factors of o' or powers of p’, so the property is maintained. If we apply Theorem
2.3 to matrix the Gyey, then the minors of Giey, (), and the ones of Koy, (),

still hold the relation
_ At
Y(a) =F (E)

so Theorem 2.3 preserves reverse-superregularity, too.

However, not all actions preserving superregularity preserve reverse-superregu-

larity, as we show in the last example.

Example 2.5: The inverse of a superregular matrix is a superregular matrix, too,
but the same does not occur with reverse-superregularity. This happens because the

reversed matrix of the inverse is not necessarily a superregular matrix.

The following matrix is reverse-superregular over F = Fos with 1 + a2 +a? =0

(1.0 0 0 0]
a® 1 0 0 0
Y=1a%>a® 1 0 0
a o a% 1 0

i ab o o of 1 ]

However its inverse is not a reverse-superregular matrix since in

(o 0 0 0 0|
atl a0 0 0
Y =1 a" o o 0 0
ab o o' ab 0
o a7 ol of
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the minor
al a% 0
o ol o =0
o a7 ol -

2.4 Necessary and sufficient field sizes:
a comparison

In this section we give an overview of the minimum field sizes necessary for
superregularity and reverse-superregularity and compare them with the ones ob-
tained in our construction, which are just sufficient to find a superregular or reverse-
superregular matrix. The tables mentioned in this section can be found at the end

of the chapter.

In Table 2.3 we present the minimum field sizes necessary to find a superregu-
lar and a reverse-superregular matrix obtained by computer search. The fields for
reverse-superregularity are larger than the ones obtained for superregularity since,
as we explained before, reverse-superregularity is a more restrictive condition. One

can notice that the minimum field size for reverse-superregularity grows faster.

If we compare the field sizes obtained by the construction given in [33] for super-
regular matrices versus the ones obtained for our construction we see that we obtain
smaller field sizes, closer to the minimum necessary field size computed. This can
be observed in Table 2.4.

Using the construction proposed here to generate matrices over F = F» one can
check the triangular scheme that we obtain in Table 2.5. Although it is not proved,
the trend indicates that one could always generate this kind of [ x [ matrices over
F,» using a field size of p" = ¢?, for ¢ the (I — 3)-th prime. If this conjecture is
right this would beat the one done in [33]. In [33] it was conjectured that there
always exists an [ X [ superregular matrix over Fy 2. But for [ > 11 we know that
¢®> < 272, as one can see in Table 2.1. In Table 2.6 the irreducible polynomials
that generate reverse-superregular matrices using our construction over fields of

characteristic p = 2 are presented. In the last column one can find the reciprocal of
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those polynomials, which generate reverse-superregular matrices, too. In Table 2.7

a similar description is made for fields with characteristic p = 3.

In Table 2.2 we detail the generator elements that one should choose over I,
in order to obtain reverse-superregular matrices using our construction. The corre-
sponding inverse elements that also generate reverse-superregular matrices can be
found in the last column. The field sizes shown in the table are the first ones where
a reverse-superregular matrix of that size can be generated using the procedure pro-
posed in this work. For instance, over F13 a 5 X 5 reverse-superregular matrix can

be constructed but not one of size 6 x 6.

It is clear that if an [ X [ reverse-superregular matrix can be obtained over F, or

F,» using our method, then j x j matrices for 7 <[ can be generated too.

One should notice that the field size is always smaller if we generate matrices

over [F,, than if we do it over [Fn.

In the Table 2.8, and as an interesting case to study, we present the results
of a modification on our method. Instead of multiplying [ — 1 factors in order to
obtain the [ elements of an [ x [ matrix, one can multiply many more factors and
truncate the obtained polynomial at its [-th iteration. In this way the appearance
of superregular matrices in smaller fields is provoked. These new field sizes are
much closer to the necessary minimum than the ones observed in Table 2.4. In the
3rd column we indicate how many factors we need to multiply in order that the
obtained matrix is superregular. As an effect of these added multiplications the
reverse-superregularity of the matrix is not guaranteed anymore. It is not clear how
one can predict this behavior and decide in advance how many factors should be
multiplied to obtain a superregular matrix. The study of this occurences could help

to reduce the minimum field sizes in the previous constructions.

2.5 Conclusions

In this paper, we propose a method for the generation of superregular matrices.
We use similar techniques as the ones for obtaining totally positive sequences. We
demonstrate that the different types of factors used for the generation of these
sequences are indeed reduced to only one type. We give some actions preserving

superregularity in general and a specific one for our construction. Moreover, we prove
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that the matrices generated in this way are actually more sophisticated, having twice
the superregular property. We call these matrices reverse-superregular matrices since

they satisfy the property in the inverted direction.

In the last section we compare the field sizes given by the different constructions
with the minimum ones calculated using computer search programs. We show how
our construction can generate superregular matrices using smaller fields than the
ones obtained in previous proposed constructions and we point out a conjecture

that could overcome the threshold proposed in a previous conjecture done in [33].

[ 5] 6| 7] 8 9 10 | 11 12 13
> | 9|25]49 121|169 | 289 | 361 | 529 | 841
2072 18 116 | 32| 64 | 128 | 256 | 512 | 1024 | 2048

Table 2.1: Comparison between ¢> and 2!2

Field | Matrix | Generator | Inverse

size size element | element
5 3x3 2 3
7 4 x4 3 5
11 5x5 2 6
7 8
17 6 x 6 5 7
37 Tx7 2 19
73 8 x 8 13 45
149 | 9x9 3 20

Table 2.2: Generator elements that generate reverse-superregular matrices

over [}, using our method
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2.5 Conclusions

l Min. field size superregularity | Min. field size rev-superregularity
4 x4 5 D
DX D 7 7
6 x6 11 13
TxT7 17 19
8 x 8 31 29
9x%x9 59 <149
10 x 10 <127

Table 2.3: Minimum necessary field sizes

Matrix size | Construction in [33] | Our construction
4 x4 7 7
5X5 11 11
6 x 6 23 17
Tx7 43 37
8§ x 8 79 73
9x9 211 149

Table 2.4: Minimum field sizes obtained with the construction given in [33]

and with our method over [,

l Fon Fsn Fsn Fon Fyin Fygn
4x4| 22=8
5x5| 2t=16 | 32=9
6x6| 2°=32 | 33=27 | 52=25
Tx7| 26=64 | 3'=81 | 53=125 | 72=49
8x8|21=128 |3°=243 | 5 =625 | 72 =343 | 112 =121
9x9 |28 =256|36="729 |55 =3125| 7" =2401 | 113 = 1331 | 132 = 169

Table 2.5: Field sizes obtained with our construction over Fpn
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+2° 4+ 2+ 1

Field | Matrix Irreducible Reciprocal
size size polynomial polynomial
23 4 x4 241 2+ +1
24 5 XD 4 +1 et +ad 1
2° 6 x 6 R | 4341
3?4+l 4t a3+ 22 +1
20 7T oS+t +1 S+ S+t 1
20+ a® at 422 +1 S+t 2441
27 8 X8 o'+ttt 1 428+t +1
' +28+1 24+l
"+ 28 + 2% + 2* x4 2% 25 423
+z?+z+1 +2? +z+1
'+t 42241 4+l r+1
28 9x%x9 28 + 2% + 25 + 2* 28+ 27 + 25 + 2t

+x3 4+ 22 +1

x8 + 28 + 2% + 2*

+2? 42 +1

x8+x7+x6+x4

23 + 22 +1

28 + 7 + 26 4+ 28

+rt+r+1

2+ "+ 2t 4 28

+2 4+ +1

28 + 2% 4+ 2t + 23

+z? 4+ x4+ 1

28 + 27 4+ 26 4+ 2P

+at a3+ 1

ac8—|—936—|—m4+x3

+2 4+ +1

x8—|—m7+x6+x5

+rt a2+ 1

Bl +ad+ar+1

BT+t 42?41

BT+ 42+ P+ 1

B+ +r+1

B4t rad+22 41

B+ b+t 41

B+t ad+r+1

BT+ a2t 41

Table 2.6: Irreducible polynomials that generate reverse-superregular matri-

ces over Fon using our method
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Field | Matrix Irreducible Reciprocal
size size polynomial polynomial
32 5 X b >+ +2 %+ 22 + 2
33 6 x 6 23+ 222+ 1 22+ 2r+1
2+t r+2 3+ 227 + 21 + 2
P+t +2r+1 22222 o+ 1
34 7T t 4+ 22% + 2 otz +2
4202 42042 | P+t 2042
i+ 2% +2 xt + 22+ 2
ot e+ 2 xt 4222 + 2
423 +2r+1 203 o1
3° 8% 8 2+ 2+ +2 x® + 223 4 222 + 2
2® + ot + 2 2° + 221 + 23
+z2+ 2z +1 +r2 42 +1
20+ 23+ 2 25+ a2t 42
Pttt +r+1 P+ttt +r+1
2%+ 22 + 3 x° + 22t + 223
2 + 2+ 2 +22% + 2 + 2
2° + 224 + 23 2’ + ot + 2
+22% + 22 + 2 +222 + 2 +2

4+ 202+ 20+ 1
2+t 2041

25+ 22 + 223 + 22 + 1
54+ 20t 4+ 1

x® +at+ a3
+222 + 2+ 1
25+ 20t + 223 + 22 + 2

20+ 2t + 223
422+ x+1
P+ 2+t +2

Table 2.7: Irreducible polynomials that generate reverse-superregular matri-

ces over F3n using our method
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Field | Matrix | Number of | Generator | Inverse
size size factors element | element
5 3x3 2 2 3
7 4 x4 3 3 5
11 5x5 4 2 6
7 8
17 6 x 6 5t 5 7
8 3 5
6,10 10 12
8 11 14
23 TxT 11 15 20
11 17 19
41 8§ x 8 20 24 12
107 | 9x9 9,97 26 70

Table 2.8: First appearance of superregular matrices with different number

of multiplications



Universitat d’Alacant
Universidad de Alicante



Chapter 3

Performance of convolutional

codes over the erasure channel

3.1 Introduction

The erasure channel was introduced by Elias [20] in 1955 as a toy example of
communication channel. It was not until 40 years later, with the development of

the Internet, when it was considered more than a theoretical channel model.

The erasure channel is a communication channel where each sent symbol is either
correctly received or considered as erased; this can happen because the symbol was
corrupted or simply not received. In the concrete case of the binary erasure channel
(BEC) each bit is erased with probability 7, while it is received correctly with
probability 1 — 7, where 0 < m < 1. If we choose a larger alphabet, F, with ¢ > 2,
then the situation is as illustrated in Figure 3.1, where X represents an erased

symbol.

Depending on the communication scenario these erasures occur due to different
reasons, but it is quite usual that they are clustered together in groups or bursts.
This is a phenomena observed about many channels modeled via the erasure channel.
This means that the erasure probability of a symbol is not constant and it increases
after one erasure has already occurred, in other words, the chance that another
erasure occurs right after one symbol is erased increases. Therefore, a much better
way to model this situation is by means of a first order Markov chain as shown in
Figure 3.2, where 0 < m < # < 1 and b represents a symbol of the alphabet.

This behavior can be observed, for instance, in optical or magnetic storage de-

39
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Figure 3.1: Erasure channel over large alphabet.

1-6

Figure 3.2: Representation of the erasure channel as a Markov chain.

vices like CDs, DVDs or hard disks, where scratches or thermal acerbities can make
unreadable contiguous blocks of symbols generating the above mentioned bursts
(see, e.g., |78, 88]). Another example are space communication systems where in-
correctly decoded frames of data are removed from the information stream before
being handed up to higher layers, and the result is a sequence of correctly decoded

data containing bursts of erasures (see, e.g., |1, 10]).

The channel that can better illustrate this situation is the Internet. On the Inter-
net, the information is transmitted in the form of packets. Since these packets have
headers and number sequences describing their position within a given stream, the
receiver knows where the erasures have happened. Packet sizes are upper bounded
by 12,000 bits - the maximum that the Ethernet protocol allows (that everyone uses
at the user end). In many cases, this maximum is actually used. Due to the nature
of the TCP part of the TCP/IP protocol stack, most sources need an acknowledg-



3 Performance of convolutional codes over the erasure channel 41

ment confirming that the packet has arrived at the destination; these packets are
only 320 bits long. So if everyone were to use TCP/IP, the packet size distribu-
tion would be as follows: 35% — 320 bits, 35% — 12,000 bits and 30% — in between
the two, uniform. Real-time traffic used, e.g., in video calling, does not need an
acknowledgment since that would take too much time; overall, the following is a
good assumption of the packet size distribution: 30% — 320 bits, 50% — 12,000 bits,
20% — in between, uniform. This explains that the alphabet size we use to model
the Internet is normally very big. We can represent each packet as an element or
sequence of elements from the alphabet, for instance, the finite field F' = Fy1,000. If &
packet has less than 1,000 bits then one uses simply the corresponding element of F.

If the packet is larger one uses several alphabet symbols to describe the packet.

The occurrence of bursts over the Internet is mainly provoked by buffer overflows
at routers due to a continuous data flow, such as HI'TP or FTP, and bit errors caused

by noise, usually tested using cyclic redundancy check (CRC) codes.

The growing number of users of this channel has made the Internet one of the
most important communication infrastructure nowadays. However, this increase of
the traffic volume makes difficult to maintain the quality of communication. When
congestion occurs, users see it as a delay in the response time of applications and
this is due to the TCP/IP protocol used on the Internet. In order to warrant reliable
transmission of data the TCP /TP protocol applies the retransmission of lost packets
[64].  This ensures the reception of the information by the receiver, however it
enlarges the transmission time and has unsatisfactory performance when data need
to be transmitted from one server to multiple receivers or in real-time applications

like video-calling.

As a consequence, other type of methods have been proposed in order to avoid
these retards [17, 76, 91|. Forward error correction is a coding based solution. Before
transmission, data are encoded using some linear error correcting code which will
later allow us to correct as many erasures as possible based on its special structural

properties.

Until now mainly block codes have been used for such a task. Luby [5] proposed
a first realization of a class of erasure codes called L'T codes. These are rateless codes
generated on the fly as needed. Shokrollahi, Lasse and Luby [77] added an outer
code to LT codes and introduced the so-called Raptor codes, studying its behav-



42 3.1 Introduction

ior over the erasure channel. Low-density-parity-check (LDPC) codes have been
studied for application on the BEC as well [55, 66]; degree distributions achieving
the channel capacity have been introduced (see, e.g., [03, 70]). In [I], a generalized
iterative decoder valid for any linear block code and adaptable to system specifica-
tions was presented. Moreover, the consultative Committee for Space Data Systems
(CCSDS), motivated by the need of efficient solutions to the burst erasure channel
problem, studied the design of irregular repeat-accumulate (IRA) codes, generalized
IRA codes, Tornado codes and protograph-based codes (see, e.g., [10, 16, 55]). How-
ever, the use of convolutional codes over this type of channel has been much less
studied.

In this chapter we propose convolutional codes as an alternative to block codes
over the erasure channel and we provide a more detailed development than the ones
made untill now (see, e.g., [6, 21, 50]). In this chapter we use the module theoretic
representation introduced in Section 1.3 and we understand the received symbols as
a polynomial, so we look at it as if it was a complete sequence and we can slide up
and down along it. This is known as the sliding window characteristic and provides
convolutional codes with much more flexibility than block codes. The received infor-
mation can be grouped in blocks or windows in many ways, depending on the erasure
bursts, and then be decoded by decoding the easy blocks first. This flexibility in
grouping information brings certain freedom in the handling of sequences; we can
split the blocks in smaller windows, we can overlap windows, etc., we can proceed
to decode in a less strict order. The blocks are not fixed as in the block code case,
i.e., they do not have a fixed grouping of a fixed length. We can slide along the
transmitted sequence and decide the place where we want to start our decoding. In
oder words, we can adapt the process to the pattern of erasures we receive. With
this property we are able to correct in a given block more erasures than a block code

of that same length could do.

An [N, K] block code used for transmission over an erasure channel can correct
up to N — K erasures in a block of length N. The optimal recovering capability
of N — K is achieved by an MDS [N, K]-code. In this chapter we prove that an
(n, k, 6)-convolutional code can recover d5(C) —1 erasures in windows of size n(j+1).
The subclass of convolutional codes that can recover a maximal amount of erasures
per window size is that of MDP convolutional codes. We analyze the behavior of

MDP codes and we move one step forward to improve the recovering process. To do
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so we construct a new type of codes called reverse-MDP convolutional codes. These
codes are able to invert the direction of the decoding to be done from right-to-left.
Due to this fact one can recover through a backward process erasures that would be
already considered as lost by an MDP code. We prove the existence of reverse-MDP
codes and give a particular construction based on the reverse-superregular matrices
introduced in Chapter 2. As a final step we add stronger and more restrictive
conditions to reverse-MDP codes in order to achieve an optimum performance. We
obtain what we call complete-MDP convolutional codes. These codes help to reduce
the waiting time produced when a large burst of erasures occurs and we get lost
in the recovering process. Simulations results show that these codes can decode
extremely efficiently when compared to MDS block codes. Thus, they provide a

very attractive choice when transmitting over the erasure channel.

3.2 Decoding over an erasure channel

Let us suppose that we use a convolutional code C to transmit over an erasure

channel. Then we can state the following result.

Theorem 3.1: Let C be an (n,k,d)-convolutional code with d the jo-th column
distance. If in any sliding window of length (jo + 1)n at most dj, — 1 erasures occur

then we can recover completely the transmited sequence.

PROOF: Assume that we have been able to correctly decode up to an instant ¢t — 1.
Then we have the following homogeneous system:

Vi—v
H, H,y -+ H,j, - H
V-1
H, - Hyjo41 - H Hy
* =0 (3.1)
*
| H, H;, Hj,_1 Ho_
L * -

where x takes the place of a vector that had some of the components erased. Let



44 3.2 Decoding over an erasure channel

the positions of the erased field elements be iy, ..., i., where iy,...,1s, s < n, with
s<n<e< djo, are the erasures occurring in the first n-vector erased. We can
take the columns of the matrix in equation (3.1) that correspond to the coefficients
of the erased elements to be the coefficients of a new system. The rest of the
columns in (3.1) will help us to compute the independent terms. In this way we get
a nonhomogeneous system with (jo + 1)(n — k) equations and e, at most d5, — 1,

variables.

We claim that there is an extension {9, ..., 0,1, } such that the vector
(Vs 5 V415 By - -+, Vi)

is a codeword and such that v, is unique.

Indeed, we know that a solution of the system exists since we assumed that only
erasures occur. To prove the uniqueness of v, or equivalently, of the erased elements
Uiy, - -, U;,, let us suppose there exist two such good extensions {¥, ..., 0,1, } and
{o, ... ,1:Jt+j0}. Let h;,,...,h; , be the column vectors of the sliding parity-check

matrix in (3.1) which correspond to the erasure elements. We have
ﬂilhil —+ 4 77i5hi5 —+ e+ ﬁiehie = i)

and

Ui hiy + o+ by, 4+ -+ 0, by, = b,

where the vectors b and b correspond to the known part of the system. Subtracting
these equations and observing that b = b, we obtain:

(i, — Vi Yhay + -+ (B3, = 0i )i, + -+ (B3, — V3, )hi, = 0.
Using Theorem 1.2 we obtain that, necessarily,
'171'1—’1:12‘1 - 0, ceey 'ﬁis - éis - O,

This concludes the proof of our claim.

In order to find the value of this unique vector, we solve the full column rank
system, find a solution and retain the part which is unique. Then we slide n bits to

the next n(jo + 1) window and proceed as above. U
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The best scenario happens when the convolutional code is MDP. In this case full

error correction ‘from left to right’ is possible as soon as the fraction of erasures is
n—k

not more than =% in any sliding window of length (L + 1)n.
Corollary 3.1: Let C be an MDP (n,k,d)-convolutional code. If in any sliding
window of length (L + 1)n at most (L + 1)(n — k) erasures occur in a transmitted

sequence then we can completely recover the sequence in polynomial time in 6.

The decoding algorithm requires only simple linear algebra. In the optimum case
of an MDP convolutional code, for every (L + 1)(n — k) erasures a matrix of size at
most (L + 1)(n — k) has to be inverted over the base field F. This is easily achieved

even over fairly large fields.

Theorem 3.1 is optimal in a certain sense: One can show that for any (n, k,d)-
convolutional code there exist patterns of (L+2)(n— k) erasures in a sliding window

of length (L 4+ 2)n which cannot be uniquely decoded.

One must notice that although in Theorem 3.1 we fix the value j = jj, other
sizes of window can be taken during the process in order to optimize it. For any
value of j, at most d; — 1 erasures can be recovered in a window of size (j + 1)n. In
the MDP case, the parameter L gives an upper bound on the length of the window
we can take to correct. For every j < L in a window of size (j + 1)n we can recover
at most (j+1)(n—k) erasures. This means that we can conveniently choose the size
of the window we need at each step depending on the distribution of the erasures
in the sequence. This is an advantage of these codes over block codes. If we receive
a part of sequence with a few errors we do not need to wait until we receive the

complete block, we can already decode after very small windows.

This property allows us to recover the erasures in situations where the MDS block
codes cannot do it. The following example illustrates this scenario. We compare
an MDP convolutional code with an MDS block code of the same length as the

maximum window size taken for the convolutional code.

Example 3.1: Let us take an MDP (2,1, 50)-convolutional code to decode over
an erasure channel. In this case the decoding can be completed if in any sliding
window of length 202 there are not more than 101 erasures; 50% of the erasures can

be recovered.
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The MDS block code which achieves a comparable performance is a MDS
[202,101] block code. In a block of 202 symbols we can recover 101 erasures, that is
again 50%.

Assume that we use the previously mentioned codes to transmit over an erasure
channel. Suppose we have been able to correctly decode up to an instant ¢ and then

we receive the following pattern of erasures

(A)60 (B)8O (C)60
—— —
...vv|**...**m>k*...**vv|vv...,

where each * stands for a component of the vector that has been erased and v
means that the component has been correctly received. In this situation 120 erasures
happen in a block of 202 symbols and the MDS block code is not able to recover
them. In the block code situation one has to skip the whole window losing that

information, and go on with the decoding of the next block.

However, the MDP convolutional code can deal with this situation. Let us frame
a 120 symbols length window; in this window we can correct up to 60 erasures. We
can take 100 previously decoded symbols, then frame a window with the first 60
erasures from A and 60 more clean symbols from B. In this way we can recover the
first block of erasures.

100 (A)60 (B)60
——
VUL U0 |k kR LD

Then we slide through the received sequence of 120 symbols window until we frame

the rest of the erasures in the same way.

C)60 60
(A+B)100  (O) A

VUL 00K K.k xvv|vn.
After this we have correctly decoded the sequence. [ |

Remark 3.1: There are situations in which the pattern of erasures that is men-
tioned in Theorem 3.1 or in Corollary 3.1 does not happen nor can not recover

choosing smaller window sizes. Then we get lost in the recovering process.
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When using the parity check matrix we know that

Vt—v
—Hy H,y -~ H,,; - H 1
H, - H,jy1 - H Hy vy .
Vi+1 o
I H, -+ Hj Hjy --- Hp |
L Vi+j

Then, in order to continue our recovering process once we get lost, we need to
find a block of vn symbols without erasures (v;_, to v;_1) preceding a block of
(j +1)n symbols (v; to v;y;) where not more that d$ — 1 erasures occur, or d§ —1 =
(7 + 1)(n — k) in the case of MDP codes. In other words, we need to have clean

memory. In that way we can solve again our system and recover v; to v ;.

We define the recovering rate per window as R, = —Zorasues recovered =y o) o]
#symbols in a window

notice that the above mentioned condition to go back to the recovering process is a

sufficient condition for R, to be maintained. For any generic (n, k, §)-convolutional

code R, = —(jiz)ln In the MDP case when the number of possible recovered erasures
is maximized, we have R, = % -

3.3 The backward process and reverse-MDP

convolutional codes

In this section we introduce a new class of codes called reverse-MDP convo-
lutional codes which have the MDP property both forward and backward, i.e., if
we truncate sequences with vy # 0 either in the beginning to obtain |vy,...,v] or
at the end of a length L window, for vy # 0, the minimum weight of the segment
obtained is as large as possible. This fact will help us to solve situations for which
an MDP code fails.

In Remark 3.1 we showed necessary conditions to restart recovering once we
get lost, i.e., once the number of erasures is too large finding a window of clean or
“almost” clean memory. However, finding a whole block of clean memory can end

up in a long waiting time, together with a loss of a long part of the sequence until a
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vn block of clean symbols is found. The following example illustrates this situation.

Example 3.2: As previously, assume we use a (2, 1,50) MDP convolutional code to
transmit over an erasure channel. Suppose that we are able to recover the sequence
up to an instant ¢, after which we receive a part of a sequence with the following

pattern
(A)22 (B)180 (C)202

—~ N ——
ok kKR VUK KVV kK. VU KK DU 0D

(D)80 (E)62 (F)60 (G)202

— e e —A | A
Ak KDV 0 Kx.x | DULD

where as before x means that the symbol has been erased and v that the symbol
has been correctly received. This is a situation in which we cannot recover the
sequence because we either do not have enough clean memory in between the blocks
of erasures (we need 100 clean symbols) or when we do have clean memory, the
size of the error patterns surpasses the recovering rate per window. Therefore, the
decoding algorithm for MDP convolutional codes needs to skip over these erasures,
leading to the loss of this information. A [202,101] MDS block code would not be a
better choice either since in a block of 202 symbols there would be more than 101

erasures making that block undecodable. [ |

This example shows that even with enough clean memory between bursts of
erasures, we cannot always decode if the bursts are too large relative to a given
window. Let us imagine the folowing scenario. In the places where clean memory
appears we change our decoding direction from left-to-right to right-to-left. Suppose
that we could split the sequence into windows starting from the end, such that
erasures are less accumulated in those windows, i.e., such that reading the patterns
right-to-left would provide us with a distribution of erasures having an appropriate
density per window to be recovered. Moreover, suppose that the code properties are
such that inversion in the decoding direction is possible. Then, we would possibly

increase the decoding capability leading to less information loss.

Convolutional codes consider the information as a complete sequence where z
indicates in which instant did each coefficient arrive. The sliding window property
allows convolutional codes to move along the sequences and frame different sizes of
window providing them with a lot of flexibility. In order to apply a process where we

can slide from right-to-left we will construct codes that are able to generate these
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sequences in inverted order, that is, from instant [ to 0. Therefore, these codes
will be able to execute a recovering process that starts at the end of the sequence
and progresses up till the beginning. From now on we will refer to this inverted
recovering process as backward decoding and to the normal left-to-right process as

forward decoding.

We will show how this forward and backward flexibility of convolutional codes
allow to recover patterns of erasures that block codes cannot recover. In order to

do so we recall the following results.

Proposition 3.1 (['], Proposition 2.9): Let C be an (n, k,J)-convolutional co-
de with minimal generator matriz G(z). Let G(2) be the matriz obtained by replacing
each entry gi;(2) of G(2) by Gi;(2) = 2% g;;(271), where &; is the j-th column degree
of G(z). Then, G(2) is a minimal generator matriz of an (n, k, d)-convolutional code

C, having the characterization
voF+vizH St v, 12 N v, €C

if and only if
Vo + V12 + - +v12°F +v92° €C.

We call C the reverse code of C. Similarly, we denote by H(z) = > H;z*
the parity check matrix of C. The reason for introducing C is that it allows us to
invert the time of our sequence allowing us to describe the backward process we are

looking for.

Although C and C have the same d,,.., they may have different values for the

s

column distances since the truncations of the code words v(z) = Y7 jv;z" and

S

— o i : ; .
V(z) =Y ;_ovs—iz" do not involve the same coefficients:

d5(C) =min {wt(vi(2)) | v(z) €C and v, # 0}
= min {Z wt(v;) | v(z) € C and vy # 0}
dS(C) = min {wt(Vjo;(2)) | V(2) € C and v, # 0}

s—j+1
:min{ Z wt(vs—;) | v(z) € C and vs # 0} :

=0
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Similar to the forward decoding process, in order to achieve maximum recovering
rate per window when recovering using backward decoding, we need the column

distances of C to be maximal up to a point. This leads to the following definition.

Definition 3.1: Let C be an MDP (n, k, §)-convolutional code. We say that C is a

reverse-MDP convolutional code if the reverse code C of C is an MDP code as well.

As previously explained, reverse-MDP convolutional codes are better candidates
than MDP convolutional codes for recovering over the erasure channel. We will
prove that the existence of this class of codes is guaranteed over fields with enough
number of elements. For this we recall that set of all convolutional codes from a
quasi-projective variety [34]. This quasi-projective variety can be also seen as a
Zariski open subset of the projective variety described in [67, 72]. In [39] it was
shown that MDP codes form a generic set when viewed as a subset of the quasi-
projective variety of all (n, k, §)-convolutional codes. Following similar ideas to the
ones in the proof of the existence of MDP convolutional codes [39] we will show that
reverse-MDP codes form a nonempty Zariski open set of the quasi-projective variety
of generic convolutional codes and moreover, that the components of the elements

of this set are contained in a finite field or a finite extension of it.

Remark 3.2: The proof for the existence of generic MDP convolutional codes given
in [39] is based in the systems theory representation of convolutional codes intro-
duced in Section 1.4, the (A, B, C, D) representation. Since this one is closely related
with the submodule point of view that we consider and a convolutional code can
be represented in either way we will use in our proof the same notions as in [39].
See [70, 71, 73] for further references and details on systems theory representa-
tions. In [39] the set of MDP convolutional codes is described by sets of matrices
{Fo, Fy, ..., F} that form a matrix 7; with the MDP property. The matrices
{Fo, Fy, ..., Fr} are directly related with the representation (A, B, C, D) and have
its elements in F, the closure of certain finite base field F. F is an infinite field. Based
on the minors that must be different from zero in 77, for C to be MDP a set of finitely
many polynomial equations is given. This set describes the codes that do not hold
the MDP property. The zeros of each of these polynomials describe a proper alge-
braic subset of FIUAD™=kE The complement of these subsets are nonempty Zariski

(L+1)(n—

open sets in Kk whose intersection is a nonempty Zariski open set because
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there is a finite number of them. Thus, the set of MDP codes forms a nonempty

Zariski open subset of the quasi-projective variety of convolutional codes. [ |

Theorem 3.2: Let k, n and § be positive integers. A reverse-MDP (n, k, §)-convo-

lutional code exists over a sufficiently large field.

PROOF: Let F be a finite field and F be its algebraic closure. Following a similar
reasoning as in [39] we will show that the set of reverse-MDP convolutional codes
forms a generic set when viewed as a subset of the quasi-projective variety of all
(n, k, d)-convolutional codes since it is the intersection of two nonempty Zariski

open sets: the one of MDP codes and the one of the codes whose reverse is MDP.

As proved in [39], there exist sets of finitely many polynomial equations whose
zero sets describe those convolutional codes that are not MDP. Each of these sets

L+D)(n=kk and its complement is a nonempty Zariski open

is a proper subset of F(
set in FUADM=RE - et {Wj}gzo denote those complements, where 6 is a positive
integer. With a similar set of finitely many polynomial equations one can describe
those codes whose reverse ones are not MDP. These zero sets are proper algebraic
sets over FUEADM=RE and the complements of those, for instance {U; }?:0, with ¢ a
positive integer, are again nonempty Zariski open sets in FUEADM=RF Tet V be the

~(en(ie)

Thus V' is a nonempty Zariski open set since there are finitely many sets in the

intersection of all of them

intersection. V' describes the set of reverse-MDP codes. If we take one element in
V', i.e., we select the matrices {Fy, Fi,... F} that present a certain reverse-MDP
code C, then we have finitely many entries and either all of them belong to I or to a
finite extension field of IF that contains them all. Thus, choosing F or the extension

we can always find a finite field where reverse-MDP codes exist. O

Remark 3.3: The equations characterizing the set of reverse-MDP convolutional
codes can be made very explicit for codes of degree 9§, where (n — k) | 6 and the
code has a parity check matrix H(z) = Hy + Hiz + --- + H,z". In this case the
reverse code has parity check matrix H(z) = H, + H,_1z+ --- + Hyz" and H(z) is
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reverse-MDP if and only if the conditions from Theorem 1.3 hold and in addition

every full size minor of the matrix

HV Hy—l e HV—L
Hl/ T Hl/—L—l
H,
formed from the columns with indices ji, jo, ..., j(r41)(n—k) With Jsp—g)41 > sn for
s=1,2,..., L, is nonzero. |

Example 3.3: Let C be the (2,1, 1)-convolutional code over F = GF(2?) given by
the parity check matrix

H(z)=|14+a% 1+z

where « satisfies o + o +1 = 0. We show that C is a reverse-MDP code. Observing
matrix
1 1

Hy =
@t M

one can see that all the 2 X 2 minors, except the one formed by columns 3 and 4,

are non zero, so C is an MDP code. Moreover, the reverse code C is defined by the

matrix
ﬁ(z): 2+ a? Z—Fl]:ﬁo-i-ﬁlz.
and
_ o? 1
Hy =
1 1 o 1

where again only the minor formed by columns 3 and 4 is zero. This shows that C

is an MDP code and therefore C is a reverse-MDP convolutional code. |

One can apply the backwards process directly to the received sequence moving
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right-to-left, taking into account that

— _ _ _ _ -— v .
H, H,_, -~ H,,; - H, b+
- — — — Vitj-1
H, v—j+1 1 Ho ’ —0 (32
— — = — Vi41
H, H; Hjy --- H,
i i v,
if and only if
- - Drrs
S, S,1 - S, o So B I
Vip i
S, o+ Sy -+ S Sy ts-1
=0 (3.3)
Vi1
S, 4/8.83 N So -
i i T,

where S; = \ﬂn,k)ﬁijn fori=0,...,v,v; =v;J, for j =0,1,2,... and J, is an
r X r matrix of the form

0 0 01
00 - 10
Jr=1: : for r=1,2,...,n.
01 0 0
10 0 0

Since both matrices are related by permutations of rows and columns, then the
matrix in expression (3.2) satisfies the reverse-MDP property if and only if the
matrix in expression (3.3) does. So one can work with the last one to recover the

erasures without making any transformation on the received sequence.

We revisit the situation of Example 3.2 and show how reverse-MDP convolutional
codes can recover the erasures that were rended undecodable by MDP convolutional

codes.
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Example 3.4: Assume that the (2,1, 50)- convolutional code that we use to trans-
mit in example 3.2 is a reverse-MDP convolutional code. The reverse code C has

the same recovering rate per window as C.

Recall that we were not able to recover the received sequence using a left-to-right

process. We will do this by using a backward recovering.

Once we have received 100 symbols of C' we can recover part of the past erasures.

If we take the following window

(B)180 (C)100

7\
—
DU K KVV Kk k... VU KK |[DUL D

and we use the reverse code C to solve the inverted system then we can recover the
erasures in B. Moreover, taking 100 clean symbols from G, the 60 erasures in F
and 60 more clean symbols from E

(E)60  (F)60  (G)100
—

DU 0%k K. k| DU D
we can in the same way recover block F. Like this we recovered 150 erasures that

is more than 59% of the erasures happened in that concrete part of the sequence.ll

In the previous example we showed how reverse-MDP convolutional codes and
the backward process make possible to recover information that would already be
considered as lost by an MDS block code, because it is happening in a previous block,
or by an MDP code, because it cannot move backward. We use a space of clean
memory, not only to recover the next bust of erasures, but additionally to recover
the previous one. We can do this as soon as we received enough clean symbols and

we do not need to wait until we receive a whole new block.

If we would allow this backward process to be complete, that is, to go from the
end of the sequence up to the beginning, we would recover much more information.
In this case we do not consider this situation since it would imply that we need to
wait until the whole sequence was received in order to start recovering right-to-left

and that would not give better results than the retransmission of lost packets.

In Algorithm 1 we present the recovering algorithm for a sequence of length .
The value 0 represents a packet that has not been received; 1 represents a correctly
received packet; 1, a vector of ones, represents a clean window; findzeros(v) is a

function that returns a vector with the positions of the zeros in v, and forward(C, j, v)
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Algorithm 1: Recovering Algorithm

Data: [vg,v1,...,v;], the received sequence.
Result: [vg,v1,...,v;], the corrected sequence.
begin

1=0

while 7 <[ do
forwardsucces = 0

backwardsucces = 0

if v; =0 then
if [U(i_yn), N 7Ui—1] =1 then
j=1L

while forwardsucces =0 and j > 0 do
if length(findzeros([v;, ..., Vit (j11)n—1])) < (j +1)(n — k) then
[Vi—vny - s Vig(j+1)m—1] = forward(C, j, [Vi—un, - - -, Vit (j+1)n—1])
[Vicuns - Vig(j+1)n—1) = forward(C, 4, [Vi—un, - - -, Vig (j+1)n—1])
forwardsucces = 1
i=i+(G+1n-1
end
J=J-1
end
if forwardsucces # 1 then
k=1
while backwardsucces =0 and k <[ do
if [vg, ..., Vk+pn—1] =1 then
j=1L
while backwardsucces =0 and 7 > 0 do
if length(findzeros([v_(j41)ns - - - vk—1])) < (§ 4+ 1)(n — k)

then
[ka(j+1)n7 e ,Uk+un71] =
backward(C, 7, [Vk—(j+1)ns - - - > Vktwn—1])
backwardsucces = 1
i=k+wvn-—1
end
j=j-1
end
end
k=k+1
end
end
end
i=1+1
end
end

end
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and backward(C, j,v) are the forward and backward recovering functions, respec-
tively. They use the parity check matrices of C and C to recover the erasures that

happen in v within a window of size (5 + 1)n.

Remark 3.4: Notice that the first and the last blocks of length (j + 1)n of the
sequence (when using C and C, respectively) do not need the use of previous clean
memory since we assume that v, = 0 for ¢ < 0 and ¢ > [, so we can solve the

following systems

H() ()
H1 HO (%1
= 07 .] = 07 17 7L7
| HJ Hj—l H(] 1L V; i
Hyp, - HijH Hij Vi—j
: ; Vi—j-1 .
=0, j=0,1,...,L.
Hp Hp
i Hyp 1L Y| [ ]

3.4 Construction of reverse-MDP convolu-

tional codes

As we showed previously, reverse-MDP convolutional codes exist over sufficiently
large fields and they give a good performance when decoding over the erasure chan-
nel. Unfortunately we do not have a general construction for this type of codes
because for certain values of the parameters we do not know which is the relation
between the matrices H; and the matrices H;, i = 0,1,...,v. In this section we
construct reverse-MDP codes for the case when (n — k) | § and £ > § —when com-
puting the parity check matrix— (or k | § and (n — k) > § —when constructing the

generator matrix—).

Since reverse-MDP codes are codes satisfying both the forward and the back-

ward MDP property, we could try to modify MDP convolutional codes such that
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the corresponding reverse codes are also MDP. Recall from [37] that in the construc-
tion of MDP covolutional codes superregular matrices play an essential role. The
construction in [37] is based on the use of superregular matrices (see, Chapter 2) in
such a way that the nonzero minors of any size of a superregular matrix translate
into nonzero full size minors of the parity check matrix of the code. This property

characterized MDP convolutional codes (see, Theorem 1.3).

Motivated on this idea we propose a construction for reverse-MDP convolutional
codes based on the use of reverse-superregular matrices (see, Chapter 2). These are
specific matrices that are superregular forward and backward. The minors of these

matrices will translate into full size minors of the parity check matrices of C and C.

Due to the importance that these matrices have in our construction we refer the

reader to Chapter 2 where we provide with several tools in order to generate them.

Once we have generated the necessary matrices we can proceed to construct

our codes. If we let (n — k) | 6 and k > 0 and extract appropriate columns and

rows from a reverse-superregular matrix we can obtain the parity check matrix of a
reverse-MDP code C, that is, C and C satisfy the MDP property.
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Then every (L + 1)(n — k) x (L + 1)(n — k) full size minor of A formed from the
columns with indices 1 < iy < -+ < {(p41)(n—k) Where i) < sn fors=1,2,... L,

s nonzero. Moreover, the same property holds for Asey.

PROOF: The proof follows from the fact that every full size minor of A formed
from the columns with indices 1 < 41 < -+ < 4(p41)(n—k) Where iyt < sn for
s=1,2,...,L, is a not trivially zero minor of the former reverse-superregular ma-
trix A and, therefore, is nonzero. If we take grev, the mentioned minors are related
to proper submatrices of A,.,. Since A is a reverse-superregular matrix, the corre-

sponding not trivially zero minors of A,., are nonzero. O

The condition (n — k) | 6 and k > ¢ ensures that L = v = ﬁ. In this way
H, = Hj, and all the matrices of the expansion of H(z) appear in H; and we can

completely define H(z).

Let p; be the maximum degree of all polynomials in the j-th row of H(z) and
let H,, be the matrix whose j-th row is formed by the coefficients of z#/ in the j-th
row of H(z). One can note that in general H,, # H,, but since (n — k) | §, H,
has full rank, then both matrices coincide. Therefore, H; = H,_; fori = 0,...,v
and the expression for the parity check matrix of C is H(z) = H, + H,_1z2 +--- +
Hiz"=1' + Hyz".

In this way, the blocks of A are the appropriate matrices H; and we can construct

H(z) and H(z). We illustrate the process with some examples.

Example 3.5: We can construct the parity check matrix of a reverse-MDP (3,2, 1)-
convolutional code C over F = [Fys using a 6 x 6 reverse-superregular matrix. Assume

a® 4+ a? +1 = 0 and we have the reverse-superregular matrix

1 0 0 0
a® 1 0 0
0621 Oél5 1 0

1

23 21 15

21 23 21 15

0
0
0
0
a” o o « 1

10 21 23 21 15

- o O o o O
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Applying Theorem 3.3 we can extract the corresponding blocks and obtain the

matrix
Hy O a?t a® 10 0 0
HL: =
H, H, ald o2l o2 o2l o
leading to the parity-check matrix of C

H(z) = [ a2 +al% a®+a?z 140?32

The parity-check matrix H(z) for C, which is given by
1

1
H(z)=) Hiz' = Z Hy_2',
0 =0

1S now
H(z) = [ a0 4 a2y o2l 4ald, o284,

The matrix

which we would have obtained applying Theorem 3.3 to the matrix Pie,. |

Example 3.6: We can use a 8 X 8 reverse-superregular matrix over ' = Fyr to
construct a reverse-MDP (4,3, 1)-convolutional code in the following way. If we

apply Theorem 3.3 to the matrix

0448 Oé45 0432 a12

1 0 0 0 0 0
a? 1 0 0 0 0
a2 a2 1 0 0 0
o 432 a2 10 0

1 0
1

Oé41 0648 @45 Oé32 0512

0527 O{41 0148 O/LES 0432 a12

_ o O O o o o

a?l Oé27 Oé41 Oé48 0545 0632 a12

_ o O o o o o o
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where o’ + a® + 1 = 0, we obtain the matrix

" Hy O a® % a2 1 0 0 0 0
L= H, H, T a2l 02T ot ot o 032 o122

Then the parity check matrix of C is
H(z) = [ ¥ L aly 032402, ql2 4oty 14 afss ]

and the parity check matrix of C is

H(z) = [ 0?4 a®s 0?10, oMl Lol o8, } -

The same kind of construction can be applied in order to obtain the generator

matrix of a code. Transposing the reverse-superregular matrix and changing the

sizes for the extraction of rows and columns we obtain the following theorem similar
to Theorem 3.3.
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PrOOF: Every full size minor of B formed from the columns with indices 1 < i; <
<o < i(r41)k Where ig,1 > sn for s = 1,..., L, is a not trivially zero minor of the
former transposed reverse-superregular matrix B and, therefore, is nonzero. Taking

Biev, those full size minors correspond to the not trivially zero minors of Bi.,, which

by assumption are nonzero. [

In this case we take k | 6 and (n — k) > & so that L = m = £. Then all the
matrices in the expansion of matrix G(z) appear in Gy. Like this we can completely
define G(z). As in the parity check matrix case, in general G, # G,,, but with
k| 6, G, has full rank and G, = G,,. Now G, =G,,_; fori=0,...,m and the

generator matrix of C looks like G(z) = Gy + Gpuo12 + -+ + G12™ 1 + Goz™.

Extracting the blocks from B we can construct the generator matrix of the code

as shown in the example below.

Example 3.7: We can construct the generator matrix of a (3,1, 1)-convolutional
code over F = GF(2°). For this we use the transpose of a 6 x 6 reverse-superregular
matrix. Let o® 4+ a* +a® + a? +1 = 0. We can apply Theorem 3.4 to the matrix

1 o a6 420 o5 o6
0 1 a% alf 20 of
0 0 1 a9 alf 20
g —
0 0 0 1 o of
0 0 0 0 1 ot
000 0 0 0 1 |
obtaining
[ 16 16 ]
al®  ob
Go Gy _ 1 a2
0 G| T o e
0 alf
L O 1 .
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The generator matrices of C and C are

a6 4 16, alb 4+ 16,
G(z)=| o'+ and G(z2) = | o +al%
14+ a?z a®0 + 2 u

3.5 Complete-MDP convolutional codes

We explained earlier how reverse-MDP codes can improve the recovering process
in comparison to MDP codes of the same parameters. However, the waiting time is
still not reduced; after getting lost in the middle of a sequence, even though we are
able to move in any direction with our decoding, we still need to come to a complete

clean window of vn symbols before being able to start again the decoding process.

In this section we introduce complete-MDP convolutional codes. These codes
assume stronger conditions on the parity check matrix of the code which reduce the
number of clean symbols per window that one needs to observe to go back to the
recovering process. R, decreases only at that concrete step and the waiting time
gets shorter avoiding the loss of more information.

From now on we make the simplified assumption that (n—k) divides the degree §
of the code, and the code C has a parity check matrix H(z) = Hy+Hyz+-- -+ H,2".
In other words H, has full rank and § = v(n—k). Recall the definition of L = |2|+v.

The following matrix

will play an important role in the following. For this reason, we will call it the partial

parity-check matriz of the code. Then we have the following definition.
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Definition 3.2: A rate £ convolutional code C with parity check matrix H(z) as
above is called a complete-MDP convolutional code if in the (L +1)(n — k) x (v +
L + 1)n partial parity check matrix every full size minor which is not trivially zero,

1S nonzero.

Remark 3.5: A full size minor of the partial parity check matrix formed from the
columns ji, jo, . . ., j(L+1)(n—k) 1S Dot trivially zero if and only if for s = 1,2,..., L+1,

the following conditions are satisfied

o js(nfk)Jrl > sn,
® Jon—k) < SN+ un. |

Based on many small examples, like Example 3.8, we conjecture the existence of

complete-MDP convolutional codes for every set of parameters.

Example 3.8: The following parity check matrix represents a complete-MDP

(3,1, 1)-convolutional code over F = Fyr with o’ + a® +a® +a+1=0.

H(2) A +az a2+ 14+a"2
Z =
aB+a%z a+az a%? +a®z

Note that in this case n — k = 2 does not divide § = 1. The partial parity check
matrix holds the condition that all its full size minors that are not trivially zero,

that is, the ones that do not include columns 1, 2 and 3 or 7, 8 and 9, are nonzero.

Oé77 0485 Oé76 Oé76 0462 1

&13 0577 0485 0673 0476 &82

0177 0485 a76 0576 (162 1

OélS 0477 Oé85 a73 Oé76 0682 n

Lemma 3.1: Every complete-MDP convolutional code is reverse-MDP.
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Proor: It follows from the fact that the matrices

HO HV Hzlfl e HI/*L

H1 H() Hy Hu—L—i—l
and

H, H;,_, --- Hy H,

are included in the partial parity check matrix of the code. The not trivially zero
full size minors of these matrices are not trivially zero full size minors of the partial
parity check matrix and by Definition 3.2 they are nonzero as well. Therefore, the
code is reverse-MDP. O

Note that the converse is not true in general, as we can see in the following

example.

Example 3.9: The following matrix represents the parity check matrix of a reverse-
MDP (3, 1, 1)-convolutional code over F = Fyr where o’ +a®+a’+a*+a?+a+1 = 0.

a®+aPz o+ a2 o™+ a2
H(z) =

Oéﬁl—f—Oéng 0693+04492 Oélg—i-O[SOZ

The code does not hold the complete-MDP condition because columns number 1, 5,

6 and 7 of the partial parity check matrix

0449 Oé30 0135 a93 Cy19 Oé75

a19 Oé49 0430 Oé61 a93 0[19

0549 0430 Oé35 a93 0619 0675

a19 Oé49 QBO 0461 0193 a19

form a zero minor. [ |

The use of this class of codes over the erasure channel gives some significant
improvement to the recovering process. When we receive a pattern of erasures that
we are not able to recover, by using complete-MDP codes, we do not need to wait
until a complete clean window is received. Since all the full size minors of the partial

parity check matrix are non zero, these codes behave locally, in a given (appropriately



3 Performance of convolutional codes over the erasure channel 65

sized) window, like an MDS block code in that bigger window size. It suffices to have
a window with a certain percentage of clean symbols to continue with the recovering
process. In addition, thanks to the sliding window property of a convolutional code,
we can place that window where we find it convenient, in contrast to a block code,
for which the blocks are fixed. This fact makes complete-MDP codes more powerful
than MDS block codes.

The next theorem expresses more clearly the advantage of complete-MDP con-
volutional codes, visible in situations where the decoder gets lost because of an

accumulation of too many erasures.

Theorem 3.5: Let C be a complete-MDP (n, k,d)-convolutional code. If in a win-
dow of size (v+ L+ 1)n there are not more than (L+1)(n— k) erasures, and if they
are distributed in such a way that between position 1 and sn and between positions
(v+L+1)nand (v+L+1)n—s(n—k), fors=1,2,...,L+1, there are not more

than s(n — k), then full correction of all symbols in this interval will be possible.

PROOF: Assume we receive a window of size (v + L + 1)n with erasures in the
positions {41, %a, ..., 141y k) }, With 1 < iy <is < <id(rq1ynop) < (v+L+1)n.
By assumption, the erasures are not too accumulated at the beginning or at the end

of the window, that is,

® ig(n—k)+1 > sn and

® is(nk) S SN+ UN

for s =1,2,..., L+ 1. Therefore, the columns from the partial parity check matrix

with indices {z’l, 19, .. . J(L+1)(n—k)} form a not trivially zero minor (see Remark 3.5).
We can write the following equation
Ut
_ 1 *
HI/ Hu—l e HO
V2
H, H, H,
=0.
*
Hu Hzxfl HO
B T | Vttv+L+1
*
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We have then a system where the coefficient matrix is obtained from the partial
parity check matrix extracting the columns {z’l,i2, e ,i(L+1)(n_k)} and the rest of
the columns together with the correctly received symbols provide the independent
terms. Since C is a complete-MDP convolutional code, the coefficient matrix of the
system is full rank and we can compute the solution, in other words, we can recover
all the symbols in that interval. After this we can continue with the recovering

process. 0

Complete-MDP convolutional codes have maximum recovering rate per window
at any instant of the process, forward and backward, since they behave like a reverse-
MDP code. However, when we find a pattern of erasures that we cannot recover

these codes can get back to the process as fast as possible. The recovering rate per

(L+1)(n—k) _ (A (n=k) .
T (L+Dn to Rw = WTittom o since

we need to observe a bigger amount of correct information. However, the waiting

window at that instant decreases from R, =

time becomes shorter avoiding gaps in the sequence since we don’t need anymore to

observe a completely clean window.

The following example points out the kind of situations that make these codes

more powerful than MDS block codes.

Example 3.10: Suppose that we use a MDS [75,50] block code to transmit a se-
quence over an erasure channel. This code has R, = % Assume that we are not
able to recover the previous blocks of the sequence and let the following be the

pattern received immediately after

(A)14 (B2l  (C)12  (D)28

()19 (F)13 ()30  (H)13
VUL 0Kk Kk KOU L 0% KK
(130 (J))6 ()17 (L)22

————
|20 0%, .. DU 0K kx| Kk

In this case the block code can not recover any of the erasures happened missing 80

information symbols.

Note that if we use an MDP or a reverse-MDP convolutional code with parame-
ters (3,2, 16), in order to have the same recovering capability per window, we would
neither be able to recover the erasures since one cannot find enough clean memory

in between the bursts, that is, a space with at least 48 clean symbols.
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Assume now that we use a complete-MDP (3,2, 16)-convolutional code. The

maximum recovering rate per window of this code is R, = % and the following rate
for smaller window sizes %, 7 =0,1,...,23. We know as well that due to the

complete-MDP property, if we get lost in the process we can start recovering again
once we find a window of size (L + 1+ v)n = (24 + 1 + 16)3 = 123 where not more

than 25 erasures occur.

For the above pattern, a possible such window is the following

(B)21  (C)12  (D)28 (E)19  (F)13  (G)30

—
VU...Vk*...x0V0...V|VV... Vk*k...x0VV...0V.

Once we have recovered this part we can go on with the next one

(H)13 (1)30

—
VUL VKKK | DU

and finally recover
(J)6 (K)17

VUL VKK LR | UL LD

Although we cannot recover block A with 14 erasures and block L with 22 we were
able to recover more than 50% of the erasures ocurred in that part of the sequence,
which is better than what an MDS block code could recover. |

After this detailed analysis we present the results obtained from simulations. For
these experiments we worked over erasure channels with increasing erasure proba-
bility. As we mentioned in Section 3.1 the probability that an erasure occurs after
a first erasure has occurred increases, so if we denote by F,. the probability that
an erasure occurs after a correctly received symbol, and P, the probability that an
erasure occurs after another erasure has already happened, then the following table

shows examples of values taken for the simulations.

Py | 016 022|034 | 04
P | 029 0.4 | 048|049

Figure 3.3 reflects the behavior of MDS codes over the erasure channel when

choosing codes with different rates and over channels with different erasure proba-

__ #erasures recovered
#erasures occurred °

bilities. The recovering capability is expressed in terms of ®
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Figure 3.3: Recovering capability (®) of MDS block codes with different

rates in terms of the erasure probability of the channel (p).
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Figure 3.4: Recovering capability (®) of complete-MDP convolutional codes

with different rates in terms of the erasure probability of the channel (p).

In Figure 3.4 we can see the performance of complete-MDP convolutional codes.
The codes were chosen to have equal transmission rate and recovering rate per

window to the ones of the MDS block codes used in the simulations of Figure 3.3.



3 Performance of convolutional codes over the erasure channel 69

Observing the results one can see how complete-MDP convolutional codes give
much better performance than MDS block codes. Even though the rate decreases for
convolutional codes when we increase the erasure probability the behavior is better
than in the MDS block case.

For this reason we propose this kind of codes as a very good alternative to MDS
block codes over this channel. Moreover, we believe that our proposed way of gener-
ating reverse-superregular matrices in Theorem 2.4 together with the construction
for reverse-MDP convolutional codes given in Section 3.4 generates complete-MDP
convolutional codes since so far we did not find any evidence of the opposite. Unfor-
tunately we were not able yet to prove this conjecture and this remains as an open

question.

3.6 Conclusions

In this chapter, we propose reverse-MDP convolutional codes as an alternative
to MDS block codes when decoding over an erasure channel. We have seen that the
step-by-step-MDS property of the MDP codes doubled by the reverse MDP capacity
of reverse-MDP convolutional codes, lets us recover a greater number of erasures in
situations in which MDS block codes will skip a whole sequence. Even over large
field sizes, the complexity of decoding is polynomial for a fixed window size, since
the decoding algorithm requires only the solving of some linear systems. Moreover,
the sliding window property of convolutional codes allows us to adapt the decoding
process to the distribution of the erasures in the sequence. We have shown how the
possibility of taking smaller windows lets us recover erasures that MDS block codes

cannot recover.

We prove the existence of reverse-MDP convolutional codes and give an attempt
on their construction. These codes give a better performance than MDP codes when

working over the erasure channel.

In the last section we add stronger conditions to reverse-MDP convolutional
codes to obtain complete-MDP convolutional codes. We show how, by taking ad-
vantage of the more powerful properties of these codes one can avoid getting stuck in
the recovering process reducing the waiting time. Simulations show that complete-
MDP convolutional codes perform better than MDS block, which makes the first an
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attractive alternative to the latter. The properties of this new class of codes point

them out as good candidates to achieve efficient algebraic decoding for convolutional

codes.



Chapter 4

The erasure channel and the

system theory representation

4.1 Introduction

The achievement of an efficient decoding of convolutional codes under the ap-
pearance of errors is still an open problem. Viterbi’s algorithm [27, 83, 89], list
decoding |3, 92] or iterative methods |31, 10] have been implemented and even some

algebraic decoding procedures |70] have been proposed, but it is still not clear how
this should be done.

On the other hand, as shown in Chapter 3, an interesting case to study is that
of when only erasures occur. In this chapter we focus on the performance of convo-
lutional codes over the erasure channel and we consider now the input-state-output
representation given in Section 1.4. Convolutional codes are very powerful and

adaptable when using this description as well.

Corollary 1.1 provides a main tool to recover a maximum amount of erasures
when we use an MDP convolutional code to encode the information. In Section 4.2

we give an equivalent proof for Corollary 3.1.

In order to avoid the interruption of the recovering process for a long period
of time and, therefore, the loss of big amounts of information, we provide three
different possibilities to recalculate the state of the system. Firstly, we explain how
the observability property helps us to recover x; if too many erasures occur. Like
that we can proceed with the decoding of our message when we observe a window

of correctly received symbols. As a second option, if the observability matrix of the

71
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system coincides with the parity check matrix of an MDS block code this result gets
improved. To conclude, we impose conditions on the intersections of the column
spaces generated by the matrices of the input-state-output representation. Thanks
to these new assumptions, we can recover the state and part of the sequence at the

same time after a big burst of erasures occurs.

4.2 Recovering a sequence over the

erasure channel

In this section we use the mentioned properties of MDP convolutional codes
to recover the maximum number of nonreceived symbols when transmitting over an
erasure channel. We study this situation using the input-state-output representation

of the code. We give an alternative proof of Corollary 3.1 in terms of this description.

Remark 4.1: Note that a minor formed by the columns with indices

{ib i27 s 7i(L+1)(n—k)}
from matrix
D
CB D
[—]‘]—“L]: 1| CAB CB D
CAL-'B CAL 2B CAL3B ... D

is not trivially zero if and only if when we select the same minor out of the reordered

matrix
_ 5 , _
CB 0] D -1
CAB O CB 0] D -1
CAL-1B O CAL2B O CAL3B O --- D —I

(that is, we take exactly the same columns which now are in a different position)
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then the new indices {2’1, ity ... ’i,(L—i-l)(n—k)} satisfy that

Z;(n—k) SSTL, fOI‘ 82172,,(_[1—"1)(”—]{7) .

PROOF (COROLLARY 3.1): Assume we corrected, or we received correctly, the infor-
mation sequence up to instant ¢t — 1. Equations (1.11) and (1.12) show that knowing
the information sequence is equivalent to knowing the state of the system at a given

instant. Then we can assume that x; is known and we can write

Y,
Yito

C D
CA CB D “
CA2 | @+ | —I| CAB  CB D Y. | =0,

CAL CAM='B CAM2B CA'3B ... D Uit

U1

*

where % represents blocks that have some erased components. Based on the MDP
property of the code, matrix [—1 | F7] holds that each of its (L + 1)(n — k) x (L +

1)(n — k) full size minors that are not trivially zero are nonzero (see Remark 4.1).

Let E = {j1,j2,---,4s}, with s < (L 4+ 1)(n — k), be the set of indices that
denote the positions where the erasures occur. We can extract the columns given
by the indices in E from matrix [—I | F] to form the coefficient matrix of a new
system. The independent terms are calculated using the rest of the columns. Since
we assume that only erasures happen, then the system has a unique solution and we
can easily calculate it. As explained in the proof given in Chapter 3, we retain the
part of the solution that is unique, that is, the first block, we slide down another n
symbols along the sequence to frame the next window of length (L + 1)n and repeat

the process. O
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Note that in the encoding process only information symbols affect the rest of
the sequence, hence, in the recovering process it is not necessary to pay attention
to nonreceived parity symbols y, such that ¢ < t. Observing the form of matrix
[—1 | F1] we can see that previous parity symbols are not related with the rest of the
equations in the system and they are neither necessary to compute the current state
x;. Therefore, a window is framed starting at an instant when an erased information
symbol occurs. This erasure is placed in order that its column of coefficients in the

system correspond to one of the first k£ columns of matrix Fy.

As stated in Chapter 1, the maximality of the L-th column distance of the
code implies the maximality of all the previous ones. Thus, the window size in the
process is not necessarily fixed and can be adapted to the distribution of erasures
in the sequence, that is, we can frame smaller windows and solve smaller systems
using [—1 | F;], for j < L. This fact allows to start the decoding before a complete
block has been received showing again that convolutional codes have in this sense

more flexibility than block codes (see, Chapter 3).

4.2.1 State recovery

When too many erasures happen at a certain point in the sequence the systems
presented in the previous section do not have a unique solution and we cannot
recover the erased information. Since the knowledge of the sequence is equivalent
to the knowledge of x;, we are not able to compute the state of the system after
this point. As a consequence, the recovering process cannot continue and we can
lose of information. Below we present three situations in which one can compute
x; under this kind of undesirable conditions. For this we use concrete properties
of the code together with added assumptions that become more restrictive at each
step. In the first case, we make use of the observability property of the code to
recover x; after observing a big enough amount of correctly received symbols. In a
second situation, we let {2¢(A, C') represent the parity check matrix of an MDS block
code for a certain value of £&. Then we have a better scenario and we can recover
the state of the system observing a smaller clean window. We conclude the section
with a more refined result. After some assumptions on the column subspaces of
matrices Q(A,C) and [ | ] we recover simultaneously @; and the erasures in

the sequence.
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4.2.1.1 Observability

In Section 1.4 we explained that if the pair (A, C') is observable one can compute
x; after observing for a certain period the input and the output of the system. The
following result states exactly which is the amount of inputs and outputs that we

need to observe until we are able to recover the state.

Theorem 4.1: Let (A, B,C, D) represent an (n, k, §)-convolutional code. If ju is the
observability index of (A,C'), then we can recalculate the state of the system when

we observe a clean window of length (u+ 1)n.

PROOF: Assume a big burst of erasures not possible to be recovered occurred at
instant ty < t. If we slide down along the sequence, or in other words, if at instant

t we receive blocks
Y, Y Yirp
Uy Ui4+1 Uity

such that all the symbols have been correctly received, then we can write the fol-

lowing equation

C -
*
CA
*
CA?
*
cArt | b
Y:
r T Yir
D :
CB D
+| -1| caB  cB D Y | _o, @)
Uy
Ut
CA*2B CA*3B CA** ... D
| Ytrp
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where the x-vector represents the unkown state of the system, x,. Since Q,(A,C)
has full rank §, there exists a combination of ¢ rows {j1, js,...,js} from Q,(A,C)
such that the associated 0 x J minor is nonzero. We restrict expression (4.1) to

the equations corresponding with the row indices and we use the necessary blocks

Yilto compute the independent terms. The resultant nonhomogeneous system
u;

with 0 equations and  variables has a unique solution. Therefore, we can calculate

x;. Moreover, we can compute any state x; , for t < t; < t,., where ¢, denotes

the instant when the following erasure occurs. Using x; we can go on with the

recovering process, repeating the previous procedure as many times as needed. [

Notice that, similarly to the situation explained in Chapter 3, some information
can be lost until we receive a clean window of size (u + 1)n. Theorems 4.2 and 4.3
add hypothesis on the input-state-output representation of C in order to reduce the
amount of information symbols that we can lose. This minimizes the waiting time

to continue with the recovering process.

4.2.1.2 MDS condition

In equation (4.1), the observability index g ensures that rank(,(A,C) = 0,
however, we do not know a priori which are the rows that form the equations of our
system. Imposing some conditions on the observability matrix of the code we can
control which are the rows which provide with a nonzero minor. In this way, the
number of correct symbols that we need to observe in order to solve the system in

expression (4.1) decreases.

Theorem 4.2: If there exists an index & such that Q¢ (A, C) represents the transpose
of the parity check matrix of an MDS block code, then we can recalculate the state

of the system when we observe a clean window of length § + ]—ﬁ-‘ k.

PROOF: Assume that the recovering process was interrupted at instant ty < ¢ be-
cause a block with too many erasures was received. Let Q¢(A, C) be the transpose

of the parity check matrix of an MDS block code. Then any combination of § rows
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of the matrix has rank 0. We can restrict ourselves to the first § equations

C o
*
5 CA
*
C A?
*
C AL - -
- - Y,
D
Y1
CB D
—Ig(n—k) CAB CB D
" Yive —0
: : : . s
CAS2B CA3*B CAS*B --- D
L - Ui41
~— . .
o =L
i Wi ]

Given the dimensions of the matrices we need to observe (ﬁw k correct informa-
tion symbols, u; ;, together with its corresponding ¢ parity symbols, y; ; to compute
the independent terms of the nonhomogeneous system with § equations. Since the
coefficient matrix is formed by the first 6 rows of the parity check matrix of an MDS

block code, is full rank. Therefore, we can recover ;. 0

Thanks to the MDS condition of the observability matrix we are able to recover
the state of the system using less clean symbols. This reduces the amount of missed
information until we can proceed with the recovering process. In the following

example we present a convolutional code holding the hypothesis in Theorem 4.2.



78 4.2 Recovering a sequence over the erasure channel

Example 4.1: Let F = Fyr and let the matrices

(1 100 0]
10100
A=|l10010]|, B C:[1oooo and D,
10001
(10000

with B and D any matrix. These matrices represent an (n, k, 5)-convolutional code
with n — k = 1. Then Qg(A, C') represents the transpose of the parity check matrix

of a repetition code. [

4.2.1.3 Direct sum of subspaces

As presented above, the MDS assumption on the observability matrix of the
system helps us to diminish the length of the clean window that we need to receive
in order to recover x;. But this implies to wait until a certain number of contiguous
nonerased symbols happen. Since not only bursts of erasures can occur, the waiting
time for a clean block can become considerable. If we allow some erasures in a

window we can earlier find appropriate scenarios to recover the state of the system.

Theorem 4.3 assumes stronger conditions on the subspaces generated by the
matrices (A, B,C, D). As a result, &; can be recovered when we find a window
where not too many erasures occur. The nonreceived symbols are recovered and the

process is faster retaken.

From now on, let @ = (L+1)(n—k)—¢ and let x < ((L”;l)”). Denote by Uj, jj.....jn
the subspace generated by the columns with indices {j1, jo, - . . , jo} from the matrix
[—1 | Fr], where 1 < j; < jo < -+ < jo < x and

{1 g2, s dat C {ityin, oo ity e } »

with i) < snfor s =1,2,..., (L +1)(n — k). In other words, the columns with
indices {j1,J2, ..., ja} are part of a not trivially zero minor of the matrix [—1 | F]

(see Remark 4.1). Then we can state the following result.
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Theorem 4.3: Let V = colspa(Qp1(A,C)). If for all such subspaces Uj, ;... .,
the condition Uy, j,. . ®V = FEFNO=R) ys satisfied, then we can recalculate the
state of the system when we observe a window of length (L 4+ 1)n where not more
than (L + 1)(n — k) — 0 erasures occur.

PROOF: Assume that part of the transmitted information was not recovered due
to the excessive number of erased symbols and we try to compute the state of the

system at time ¢. For instance, let the following
Y, * * * *
* Ui41 * U1 Uit L

be the part of sequence received at that instant, where x represents a block with
some erasures. Note that the nonreceived symbols are not necessarily in adjacent
positions. Let {j1, jo, ..., jo} denote the positions of the erasures. We can write the

following equation

Y

C |r D
CA CB D N
cA> | | |+|-1| cAB OB D « | =0

CAE | = - CAM-1B CA'2B CA'3B ... D Uit

*
Utrr—1

Uit

Therefore, if U @V = FEDE=F) then we can take the columns with

indices {j1,jo, ..., Ja} from [—I | F] and the columns in .41(A,C) to form the

1,J25Ja

coefficient matrix of a new system. The rest of the columns in [—1 | Fy] together
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with the correctly received symbols provide the independent terms of the system.
The coefficient matrix of the system is full rank and we can compute the solution.

This will determine the state of the system and the erased symbols in the sequence.

I Uj, 4yio @V = FEADE=E) for all such subspaces Uj, j, ., then any pattern
of erasures corresponding to the columns with indices {ji, j2, ..., ja} can be recov-
ered simultaneously with the state. Once we have correctly recovered x; we can go

on with the recovering process. 0

The result presented in Theorem 4.3 allows us to recover the state of the system
and the part of the sequence involved in that window at the same time. Moreover,
it is not necessary anymore that the nonerased symbols appear together in the

sequence, that is, we do not need to observe a complete clean block.

In order that the hypothesis of the theorem are satisfied we need that the columns
in Q741(A, C) and any a columns of [—I | Fy] are linearly independent. If we choose

our matrices in such a way that

C D

CA CB D
[0 |7 =

CAL CAFY CAF2 ... D

is a proper submatrix of a superregular matrix, then the assumptions are already
fulfilled. On the one hand, any combination of the columns in Q4(A,C) with
a columns from Fj, is directly a proper submatrix of the superregular matrix and
therefore, the columns are linearly independent. On the other hand, any combination
of columns which includes columns of the matrix —I form a minor whose determinant
can be reduced to the determinant of a proper submatrix of the superregular matrix,
which again is nonzero. The details of how one should extract the columns and rows

from a superregular matrix are presented in the theorem below.

Theorem 4.4: Let M be an r X r superregular matriz with r =0 + (L +1)(n —1).
For j =0,1,...,L let I; be sets of row indices

L={0+k+jn—-1),0+k+jn—-1)+1,...,6+(G+1)(n—-1)},
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PRrROOF: The claim follows from the fact that the full size minors of M which contain

the first 0 columns correspond with proper submatrices of the superregular matrix

M and therefore, are nonzero. 0

In the example below we illustrate how one can construct a code satisfying the

assumptions of Theorem 4.3.

Example 4.2: We construct a (5, 3, 2)-convolutional code. Then

o[-

Taking into account the dimensions of the matrices (A, B, C, D), we can use Theo-

rem 4.4 to extract
cC | D

CA|CB D
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from a 10 x 10 superregular matrix. Let F = F39;. We have the following 10 x 10
superregular matrix over [F

1
10 1
15 10 1

130 15 10 1

181 130 15 10 1

231 181 130 15 10 1

345 231 181 130 15 10 1

83 345 231 181 130 15 10 1

279 83 345 231 181 130 15 10 1
202 279 83 345 231 181 130 15 10 1

Therefore, we have

181 130 15 10 1
¢ | D 231 181|130 15 10
CA|CB D 279 83 |345 231 181 15 10 1
202 279 83 345 231 130 15 10 |

Computing the corresponding realization (see, e.g., [5]) we obtain the (A, B,C, D)
representation of our code

380 87 272 237 1 181 130 15 10 1
A=  B= C= D= .

93 191 24 307 0O 231 181 130 15 10
One can check that the combination of any (L 4 1)(n — k) — 0 = 2 columns from

15 10 1
130 15 10
345 231 181 15 10 1
83 345 231 130 15 10

[_I|FL}: —I
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together with the columns in

181 130
231 181
QLJrl(AvC) =
279 83
i 202 279 |

results in a full rank matrix. In other words, the subspaces generated are linearly

independent. u

4.3 Conclusion

In this chapter we analyze the behavior of convolutional codes over the erasure
channel focusing our interest on the input-state-output representation of these codes.
As presented in Corollary 3.1, MDP codes achieve equal correcting capability to that
of MDS block codes and turn out to be more flexible in many situations. We give a

proof of this result using the (A, B, C, D) description in Section 4.2.

Like in Chapter 3, we study one of the main encountered problems: how to get
back to the recovering process when this is interrupted. When too many erasures
are received we cannot calculate the next state of the system. We propose three
solutions that make possible the compute the state of the system, avoiding the loss
of information. Each of these solutions makes use of certain characteristics of the
code. The first one uses the observability property of the system. We show how we
can recover x; when we observe a certain amount of correct symbols. For the second
one it is needed that the observability matrix of our system represents the parity
check matrix of an MDS block code. As showed in Example 4.1, the MDS hypothesis
is not a very restrictive assumption and one can find codes that satisfy this condition.
In this case the number of necessary clean symbols decreases. The third solution
requires stronger conditions on the subspaces generated by the matrices in order
that we have a unique solution for our problem. Here some erasures per window
are allowed and the waiting time is reduced. Both, the state and the erasures
are recovered simultaneously. Even though the conditions are more restrictive, we
explain how one can construct such codes using superregular matrices and we present

in Example 4.2 a (5, 3, 2)-convolutional code fulfilling the hypothesis.
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Chapter 5
Periodically time-varying

convolutional codes

5.1 Introduction

As we explained in Chapter 1 convolutional codes can be represented as time-
invariant discrete linear systems over finite fields (see, e.g., [15, 12, 59]). However
the idea of altering these systems and turning them into time-varying ones has inter-
ested many researchers and interesting results were already obtained. Thommesen
and Justesen [30] realized that, for rates up to 4, time-varying codes of period 2
sufficed to get the best distance bounds. In [11], Costello proved a lower bound on
the free distance of time-varying nonsystematic convolutional codes that is greater
than the upper bound on d,,.. for time-invariant and time-varying systematic con-
volutional codes over all rates. This implies that nonsystematic time-varying con-
volutional codes exist which have a larger free distance than any time-invariant and
time-varying systematic convolutional codes with comparable parameters. These
results led to the study of its special properties and structure. In combination with
wavelets [23] time-varying convolutional codes provided with unique trellis structures
that resulted in fast and low computational complexity decoding algorithms; this
type of time-varying codes can be decoded faster than comparable time-invariant
convolutional codes. It was empirically shown that the number of good periodi-
cally time-varying convolutional codes increases exponentially with the period for
any set of code parameters and some of them improve the free distance over fixed
codes [51]. Mooser [60] showed that some periodically time-varying convolutional

codes exist that result in decoded error rates that are less than those of any fixed

85
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code with comparable parameters. In addition, necessary and sufficient conditions
for noncatastrophicity and computational efficient algorithms to test it have been

developed using the polynomial representation of the codes |9, (1].

In this chapter we construct periodically time-varying convolutional codes using
a first order representation. This particular construction maintain the degree o of the
system which helps not to increase decoding complexity. Moreover, the minimality
of the (A, B, C, D) representation is guaranteed and therefore the noncatastropithity
of the system. Examples show that the combination of nonoptimum subcodes can
result in time-varying convolutional codes which have good distance characteristics,
therefore we analyze its distance measures in the last section. We study the distance
properties of the time-varying code and give a lower bound on the free distance. To
follow the flow of the dissertation, where we have been mainly interested on the
column distances of the code and the MDP property, we show that, even though the
MDP conditions are the same for time-varying codes, the variability of the matrices
in the different systems allows us to combine nonoptimal codes to obtain MDP ones.

This fact points out time-varying codes as another tool to generate MDP codes.

5.2 Periodically time-varying convolutional
codes

In this section we define periodically time-varying convolutional codes and ex-

plain the concrete characteristics of our construction.

Let us assume that the matrices A;, By, C; and D, at time t are of sizes § x 4,
d Xk, (n—Fk)xd and (n — k) X k, respectively. A time-varying convolutional

code can be defined by means of the system

x = Ax, + Bmu
i e S 1=0,1,2,..., x=0. (5.1)
y, = Cxy + Doy

If the matrices change periodically with periods 74, 78, 7¢ and 7p respec-
tiVely, (that iS, ATA+t = At7 BTB+t = Bt, CTc+t = Ct and DTDth = Dt for all
t) then we have a periodically time-varying convolutional code of period

T = lem (74,78, 7, Tp). For each fixed t, € {0,1,...,7 — 1} we say that the code
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represented by (A, By, Ct,, Dy,) is a subcode of the time-varying convolutional
code.

Any periodic time-varying convolutional code is equivalent to an invariant one
(see, e.g., [9, 60, 61]). Relating every state and every output to previous states, we

can always rewrite any block of 7 iterations starting at a given time j as the system

Xj+1 — Q[Xj —|— %U]

(5.2)
Y, = e¢X, + DU,
where
A= AT—].,O? B = [ AT—l,lBO A'r—172B1 e AT—l,T—lBT—2 BT—l ] )
- ] [ Dy 0 0 0
Co
C1 By D; e O O
C1hAop
CQAI,IBO (CyBy e O O
¢= Cah 0 ; D=
Cr2A; 31By Cr2A; 32B1 --- D; @
C‘rflA‘er,O
- B | Cr—1Ar 1By Cr1Ar92B1 -+ CrBrp Drg
yTj uTj
Yrj Urjt1
Xj =T, Yj= L = .
i y7j+771 ] L Urjtr—1 i
and
Ay A Ay, i A,
Ai,j -

System (5.2) is the time-invariant convolutional code equivalent to the periodic time-
varying system (5.1). Our particular construction replaces A; by a fixed matrix A

and D; by D for all t. Then, expression (5.1) turns into

T = Az, + Bu
o ! e t=01,2,... =0 (5.3)

Y

Y, = C’ta:t + D’U,t
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and matrices 2, B, € and ® of system (5.2) become

A=A, B=|AB, AB . AB, B |,
D O e O O
Co C1 By D O (0]
C1A CyAB, CyBy e O O
C= -
CT_lAT_l CT_2AT—3B0 CT_QAT_4B:[ s D O
CriA™ 2By C,4A™*By -+ C..1B,» D

5.2.1 Minimality conditions

In this subsection we study sufficient conditions to ensure the controllability
and observability of the time-varying code. For this we use the equivalent time-

invariant convolutional code obtained in (5.3). Note that Theorems 5.1 and 5.2 are

constructive.

PROOF: According to the form of the controllable matrix in (1.10) we have that
o(AB)=|® AB ... WB|=|E AE .. AL
which is clearly a full rank matrix. So, the system (5.2) is controllable. O

Similarly, we have the following result for the observability.
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Note that if we choose B; and Cj as in Theorems 5.1 and 5.2, then we ensure
the minimality and the noncatastrophicity of the system.

Moreover, taking A = I5, E as the parity check matrix of a block code, and F’
such that F} is the submatrix of J = [ I 1 1 - ]/ formed by the rows j(n—Fk)+!I
for l = 1,2,...,n — k, then we obtain the periodically time-varying convolutional
code proposed in [(2], in other words, our construction is a generalization of this

concrete case.

Example 5.1: Let o € F = Fys be a primitive element with o® + a4+ 1 = 0 and let

ot b
o 1 o

E= , F= 1 ot
o® o ol

o b

Following Theorems 5.1 and 5.2 we can obtain the (2, 1,2) subcodes
CO = (A, Bo,C(),D), C1 = (A, Bl,Cl,D> and C2 = (A, BQ,CQ,D)

given by the matrices

ol o«
e[ 2] olel
0 o?
a® ol a’®
BO - ) Bl s ) B2 == )
a o’ a?

CoZ[a4 oz5], 012[04 (16}, C’zz[oﬁ a4].

The time-varying convolutional code C of period 7 = 3 obtained from the combi-

nation of Cy, C; and Cy can be represented by means of the time-invariant equivalent

system
' ] [ ] A
ot ot o 1 o
Xj = 6 X+ 5 5 3 Uj
0 « a® o’
ot b o 0 0
Y} = a4 X] + a2 O./6 0 U]
o? b a2 o af
- - L - /
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This is a minimal representation for C.

Moreover, one can check that Cy and C; are not MDS codes and only the free

distance of Cy attains the generalized Singleton bound

dnee(C2) = dS(Cy) = 6 = (n — k)( EJ +1) 4041,

However, the (6, 3, 2) convolutional code C is an MDS code since dy,..(C) = d5(C) = 6.

Examples like this one show that the combination of codes whose d.. do not
attain the maximum value can provide with codes which have a good distance be-
havior. In section 5.2.2 we study sufficient conditions on the subcodes to obtain
optimum periodic time-varying convolutional codes in the sense of distance mea-

sures. [ |

5.2.2 Distances

We dedicate this Subsection to study the distance measures of the time-varying

convolutional codes contructed in this chapter.

If we recall the following result one can easily compute a lower bound on the

free distance of the periodic time-varying code by means of the free distance of the

invariant equivalent associated.

Then we can state the next theorem.
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PROOF: Let P = [ A'B, A?B;, --- B, ] . Taking into account the min-
imality conditions given by Theorems 5.1 and 5.2 one can check that the observability

index of our system is g = 1. The matrix
[ DAIIED) ) IR ) ((CR R Eatb) ;3 } = [ P AP ... AP

has size 6 X Tk(6 + 1) and therefore the parameters of the corresponding block code
are [N, K] = [tk(d + 1),7k(d + 1) — 6]. The MDS hypothesis tells us that the
minimum distance of the block code attains the Singleton bound which with the
previous parameters equals N — K +1 =0+ 1. As a direct consequence of Theorem
5.3 we have d;,..(C) > + 1. O

Concerning the column distances and MDP behavior of the time-varying con-
volutional codes we have constructed, we can say that the conditions for the maxi-
mality of the d5(C) and the MDP characterization remain as detailed in Section 1.4,
when observing the code as the time-varying code itself and not as the equivalent

time-invariant one. Notice that now equation (1.13) looks like

Fy
F
F; =
i }FJ -Fj—l ! FO |
Dy
C1By Dy
- (5.4)

CjAj_2’1BO Cj,lAj_ZQBl e Djfl

This change is crucial. Due to the fact that the matrices appearing in the products
in F; vary in each block we have more freedom when combining them. This means
that only the products need to make JF; hold the nontrivial minor condition, but
not that each of the former codes must satisfy it. In this way one has the possibility
to combine nonMDP codes to obtain MDP ones. This situation is presented in
Example 5.2. How one should choose the former nonMDP codes in order to obtain

an MDP one is not yet clear. We make the discussion of the conditions for the case
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when the former subcodes are (n, 1, 1)-convolutional codes in the next subsection.
The development for the cases with higher values of the parameters appear more

complicated.

5.2.2.1 MDP conditions for the case (n,1,1)

For this study we assume that we work over ), with p # 2. Let our time-varying

code be formed by 7 subcodes of parameters (n, 1,1). In this case we have

Ce1 dt,l
C¢2 dt,2
A =la], Bi=1[b), Ci= . , Di= . )
L Ct,n—l ] L dt,n—l ]
where all the elements in C}; and D, are different from 0 for t =0,1,...,7 — 1.

L attains the following values

[ - ) ) 1 1 )L n>2
K + n—k| |1 + n—1| 2, n=2.
Then we need to check the maximality of d5(C) and d$(C) if n > 2 and d§(C), d5(C)

and d5(C) if n = 2. If the column distances attain the upper bound then the code
is MDP.

For the fist column distance we have d5(C) < (n —1)(0+ 1) + 1 =n and

(€)= LI;;%{ZWt(Ui)_‘_ZWt(yi)}

= min {wt(wug) + wt(y,)}

uo#0

- g)l;% {wt(ug) + wt(Coxo + Doug)} .
Since we take the minimum over ug # 0, then wt(wug) = 1. Since &y = 0, then
Coxyg = 0 and since all the elements in D, are nonzero, then Dyug # 0 with
wt(Doug) = n — 1. So we have wt(Coxg + Douy) = n — 1 and hence d§(C) =
1+ n — 1 = n reaches the upper bound.
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For the next column distance we have df(C) < (n —1)(1+1)+1=2n—1 and

di(C) = g;%{zwt(uinwt(yi)}

1=0

= irol;é% {wt(uo) + wt(uy) + wt(y,) + wt(y,)}

= m;ér(l) {Wt(’u,o) + Wt(’u,l) + Wt(C()mo + DOUO) + wt(C’lazl —+ Dlul)} .
uo

Here 1 = [ao)xo + [bo]uo = [bo]Jug # 0. The elements in C) are different from
zero, then Cix; # 0 with weight n — 1. However, Dyu; can have weight O or
n — 1 depending on the value of u;. In the case the weight is 0 the bound is directly
attained, but adding both terms C 21+ Diu; can provoke cancellations and a weight

lower than desired. We study these 2 cases separately.

e uy # 0 and u; = 0.
Wt(’LLo) + Wt(’ul) o Wt(CgiBo + Douo) + Wt(Cl-’El + Dlul)
=140+(n—-1)+(n—-1)=2n—-1.

e ug # 0 and u; # 0. The column distance is maximized when the upper bound
is attained in both cases. In order to reach the bound in this second case, we

propose a concrete construction for the code in order that df(C) is maximal.
Wt(’u,g) —+ Wt(’u,l) =+ Wt(COCL'O —+ Do’u,o) —+ wt(Clml + Dlul)

For the column distance to be equal to 2n—1 we need that the term wt(Cyx; +
Djuy) satisfies
Wt(Clwl + Dlul) =n-—2.

In the sequel we discuss the necessary conditions to ensure this value.

We need that the following vector has at least n — 2 components nonzero

C1,1 dy C1,1 dy

C1,2 d1,2 C1,2 d172
T+ . u; — [bo] ) Ug + . U,

Cln—-1 dl,n—l Cln—1 dl,n—1
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If ii—] #* ii— for all 7,7 only one element of the vector can be zero at a time
»J )t

and, therefore, we have a minimum weight of n — 2. The column distance is

now maximized and the code is MDP for n > 2.
When n = 2 we need to test d5(C) in addition. The upper bound is
)< 2-1)2+1)+1=4.
Now C} = [¢;] and Dy = [d;]. The column distance is now

d5(C) = g;%{zwt(uinwt(yi)}

=0

= min {Wt('LLQ) -+ Wt(’ul) + Wt(’U,Q) + Wt(CO.’BO -+ DoUO)

up#0

+Wt(01$1 -+ Dlul) + Wt(OQJIQ + DQ’U,Q)} .

If u; # 0 and us # 0 it can happen that Cix; + Diyuy or Coxs + Dous suffer
cancellations and we obtain cases with lower weight. The following situations can

occur.

e uyg# 0, u; =0 and uy = 0. Here Coxy = Co A1 Byuy # 0.
wt(ug) + wt(wy) + wt(ug) + wt(Coxo + Do)
+ wt(Cix1 + Diuy) + wt(Coxy + Dous)
=14+0+0+14+1+1=4.

e uy # 0, u; # 0 and uy # 0. Both terms Cyx; + Diyu; and Chxy + Dous can
have weight 0 or 1. However, in this case it is not relevant since the maximum

minimum weight is always attained.
wt(wg) + wt(wy) + wt(ug) + wt(Coxo + Do)
+ wt(Crx1 + Diuy) + wt(Coxa + Doug)
=14+1+1+14+wt(Cixy + Diuy) + wt(Coxs + Doug) > 4.

e ug# 0, u; =0 and us # 0. The same occurs with Coxs + Dous. In this case,

this weight is not necessary to attain the bound.

Wt('U,O) + Wt('ll,l) + Wt(’u,g) + Wt(C()CBO + Douo)
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+ wt(Clazl + Dlul) + Wt(Ogmg + D2u2)

® uo%O,ul%Oand’@:O.

wt(wg) + wt(wy) + wt(ue) + wt(Coxo + Dow)
-+ Wt(Clwl + Dlul) + Wt(02$2 + DQ’U,Q)

=1+1+0+1+wt(Ciz1 + Diuq) + wt(Coxa + Douy).

In this situation we need that one of those two weights is nonzero. With
a similar reasoning to the one above we can check that to obtain this we
need 7+ # ¢1. Then both terms cannot be 0 at the same time and d5(C) is
maximized.

If we choose F, to have a large enough number of elements we can always con-

struct an MDP code C whose matrices satisfy the previous conditions.

Example 5.2: In this toy example we show how one can obtain an MDP time-
varying convolutional code from 2 time-invariant convolutional codes, not both op-

timal.

Let C be a time-varying code of period 7 = 2 over 5 constituted by the following
(4,1, 1) subcodes:

C():(A7BOaC()7D>7 Clz(AthCl?D)

where
2 2 4
a=[1].Bo=[3].B=]1].C=|3|.ci=|1].D=]3
2 1 4

di;
1,

for all 7, j. We have % #+ % #* %, so C is an MDP code. This condition is equivalent

In this case n = 4 so we only need to check the first condition we obtained, ‘2—] #+
2
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to check that all the 2 X 2 not trivially zero minors in

CiBy D

)
W W = B

are nonzero.

However, Cy is not an MDP code since d5(Cp) is not always maximal. The bound

says that d§(Cy) < 7. If we give inputs up = 1 and u; = 1 we have
wt(wg) + wt(wy) + wt(Coxg + Dug) + wt(Coxy + Duy) =1+1+3+1=6

which is lower than the bound. [ |

5.3 Conclusion

In this chapter we introduced a method for constructing periodically time-variant
convolutional codes where the degree  of the system and, therefore, the decoding
complexity of the code, do not increase. This fact gives a lower complexity of the

arithmetic circuits when implementing the model.

We study the minimality conditions of the new time-varying code and give con-
structive proofs in order to obtain controllable and observable systems. A lower
bound on the free distance is given in terms of the free distance of the equiva-
lent time-invariant code. We give comments about the maximality of the column
distances of the code and develop the MDP conditions for time-varying codes con-
structed using (n, 1, 1)-convolutional codes. In Example 5.2 we generate an MDP
convolutional code of period 7 = 2 where one of the former subcodes is not MDP.
In conclusion, it is not necessary that the former subcodes are all MDP in order to

obtain a time-varying MDP convolutional code.

As an open question, it remains to analyze the conditions on the former subcodes

in order to obtain an MDP code for higher values of the parameters.
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