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ABSTRACT

The nonlinear oscillations of a Duffing-harmonic oscillator are investigated by an
approximated method based on the ‘cubication’ of the initial nonlinear differential equation.
In this cubication method the restoring force is expanded in Chebyshev polynomials and the
original nonlinear differential equation is approximated by a Duffing equation in which the
coefficients for the linear and cubic terms depend on the initial amplitude, 4. The
replacement of the original nonlinear equation by an approximate Duffing equation allows us
to obtain explicit approximate formulas for the frequency and the solution as a function of
the complete elliptic integral of the first kind and the Jacobi elliptic function, respectively.
These explicit formulas are valid for all values of the initial amplitude and we conclude this
cubication method works very well for the whole range of initial amplitudes. Excellent
agreement of the approximate frequencies and periodic solutions with the exact ones is
demonstrated and discussed and the relative error for the approximate frequency is as low as
0.071%. Unlike other approximate methods applied to this oscillator, which are not capable
to reproduce exactly the behaviour of the approximate frequency when 4 tends to zero, the
cubication method used in this paper predicts exactly the behaviour of the approximate
frequency not only when 4 tends to infinity, but also when 4 tends to zero. Finally, a closed-
form expression for the approximate frequency is obtained in terms of elementary functions.
To do this, the relationship between the complete elliptic integral of the first kind and the
arithmetic-geometric mean as well as Legendre’s formula to approximately obtain this mean

are used.
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1. Introduction

Considerable attention has been directed towards the study of strongly nonlinear oscillators
and several methods have been used to find approximate solutions to nonlinear oscillators [1-
10]. In general, given the nature of a nonlinear phenomenon, the approximate methods can
only be applied within certain ranges of the physical parameters and to certain classes of

problems.

The purpose of this paper is to calculate analytical approximations to the periodic
solutions to the Duffing-harmonic oscillator. This oscillator is a conservative non-linear
oscillatory system modelled by a potential having a rational form for the potential energy
[11]. To do this, the Chebychev series expansion of the restoring force is used [12-14] and
the original nonlinear differential equation is approximated by a Duffing equation in which
the coefficients for the linear and cubic terms depend on the initial amplitude, 4. The
replacement of the original nonlinear equation by an approximate Duffing equation allows us
to obtain an approximate frequency-amplitude relation as a function of the complete elliptic
integral of the first kind. As we can see, the results presented in this paper reveal that the
method considered here is very effective and convenient for the Duffing-harmonic oscillator.
Finally, we present a closed-form expression for the approximate frequency in terms of
elementary functions. This expression is based on the relationship between the complete
elliptic integral of the first kind and the arithmetic-geometric mean and the last one is

approximately obtained using Legendre’s formula.

2. Solution procedure

The governing non-dimensional equation of motion for the Duffing-harmonic oscillator is

given as follows [11]
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Eq. (1) is a conservative nonlinear oscillatory system having a rational form for the
non-dimensional restoring force. It has been demonstrated that all the curves in the phase-
space corresponding Eq. (1) are closed, an all motions for arbitrary initial conditions give
periodic solutions [11]. We denote the angular frequency of these oscillations by w and one
of our major tasks is to determine w as a function of the initial amplitude 4. For small values

of the displacement x, the restoring force F does have a dominant term proportional to x and

Eq. (1) approximates that of a truly Duffing-type nonlinear oscillator 3%+ x* =0, whose

angular frequency is w = 0.847214 [11], which tends to zero when 4 decreases. While for

large values of x, Eq. (1) approximates that of a linear harmonic oscillator 3% + x =0, so, for

large A, we have w = 1. Consequently the angular frequency w increases from 0 to 1 as the

initial value of x(0) = 4 increases.

Eq. (1) is not amenable to exact treatment and, therefore, approximate techniques
must be resorted to. In order to approximately solve this equation by means a cubication
procedure based on the papers of Denman [12] and Jonckheere [13], in which the nonlinear

restoring force is expanded in terms of the Chebyshev polynomials instead of in a Taylor

series. To do we first introduce a reduced variable in Egs. (1) and (2)

d2y 1 A3y3
el =0, =7
+—f(y) ) I+ A%

Ry €)

and %(0)4) @)

It is well known that it is possible to expand a function f in terms of powers of x (Taylor
series) but also using other type of expansions. Denman [12] and Jonckheere [13] proposed
the determination of the period of nonlinear oscillators by means the Chebyshev

polynomials. Taking this into account, it is possible to expand the function f{y) in terms of

Chebyshev polynomials of the first kind as follows [13]
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FO)= X bt (DT, () (5)

n=0

where the first polynomials are [13]

L(») =0 () =4y =3y, T(y) = 16y° —=20)° + 5y ... (6)
and [13]
2 p+
Baet(A) == [ (=322 F ()T () (7)
18 .

which are amplitude dependent. In Eq. (5) we have taken into account that f{x) is an odd

function of x. Substituting Eq. (5) into Eq. (3) it follows that

%y

1 o e}
T3 2P (A, () =0 (8)

n=0

We can approximate Eq. (5) retaining only a finite number of terms and then different

approximate equations to Eq. (3) can be obtained

N

d—y E Bt (DT () =0 9)

If only the first term (N = 0) is retained in Eq. (9), the nonlinear differential equation can be

2 Vi . . .
then approximated by the linear differential equation d—§+wz0 (‘linearization’
dr A

method [14]). A series expansion in terms of the Chebyshev polynomials converges much
faster than the Taylor expansion [13] and due to this we can obtain a better approximation to

Eq. (5) if we retaining the first two terms (N =1 in Eq. (9)) as follows
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The nonlinear differential equation in (1) is then approximated by the Duffing differential

equation

d2

——+ a(A)x + [J’(A)x =
dz?

(16)

in which fa(A) and depend on the initial amplitude 4. In Figure 1 we have plotted
la(A) and as a function of 4 por 0 < 4 <5. From Egs. (14) and (15) it is easy to verify

that

A—0

lim a(A) = 0], lim B(A) =1
A—0

7)
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lim a(A) =1, lim B(A) =0 (18)
A—sco Ao

and [a(A) = 0l and {3(A) = 4 for all values of 4.

As the cubication procedure consists in approximating the nonlinear differential (1)

by Eq. (16) —which is the nonlinear differential equation for the Duffing oscillator—, the
approximate frequency and solution for the initial equation will be the exact frequency and

the exact solution for the Duffing equation [3,4], which are given as follows

o (4) = nya+ AT n\/8+8A2+A4 + A% —(8+4A%)W1+ A? (19)
‘ 2K (m) 2 A2+ A2 K[ 44+347)-4aea2 )1’
8+4A%2-(8+A* W 1+A2
L BAT 44434744+ AT+ A (20)
2(a+ﬁA2) 8+4A2—(8+A4)\/1+A2
2,
x,(1) = Acn[t_\/m/o’A ;myY (21)

where a and f are given in Egs. (14) and (15), cn[t\/a+ BA%;m} is the Jacobi elliptic

function and K(m) is the complete elliptic integral of the first kind defined as follows

Kmy= 790 22)

. 2 ]
0 1-msin“ 60

3. Comparison with the exact and other approximate solution

We illustrate the accuracy of the approach by comparing the approximate solutions

previously obtained with the exact frequency and the exact solution of Eq. (1).
Calculation of the exact angular frequency, proceeds as follows. By integrating Eq.

(1) and using the initial conditions in Eq. (2), we arrive at [15,16]
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Afl du
0 A2 (1= u?) +logl(1+ A%u®) /(1 + A%)]

T
w,(A) = 5 (23)

For small values of the amplitude A4 it is possible to take into account the following

power series expansions [15,16]

W, (A) ~—~ A ..=0847213A - . (24)
2K(172)
2
0, (A= C g T 4 08472134 . (25)
N 2K(1/2)

For very large values of the amplitude A4 it is possible to take into account the

following power series expansions [15,16]

1
w,(A) zl,_F+ (26)
1
wa(A)zll—F+.. (27)
Furthermore, we have the following equations
lim L _ ) lim P _; (28)
4-0 @, (A) A—w 0,(A)

It is important to point out that the exact behaviour of the approximate frequency
when 4 tends to zero is not obtained when other approximate methods as used including the
harmonic balance method [17-19], the homotopy perturbation method [15,16], the energy
balance method [20], the variational iteration method [21], a modified iteration procedure

[22] or the Ritz procedure [23].
In Figure 2 we plotted the relative error for the approximate frequency (Eq.

(19)). For comparison, we have also plotted the relative errors for the approximate

frequencies [@;;py,,(A) and lw,,,,(A) obtained by Beléndez et al [16] and by Lim and Wu
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[17] using the second-order homotopy perturbation method (HPM) and the second-order
harmonic balance method (HBM), respectively. As we can see from Figure 2, the relative
errors for are lower than 0.071% (which is the maximum value for the relative error
and corresponds to the oscillation amplitude 4 = 1.1) for all the range of values of amplitude
of oscillation 4, and these relative errors tend to zero not only when 4 to infinity as those for
other approximate frequencies, but also when A4 tends to zero (see Eq. (28)). Figure 2
indicates that provides excellent approximations to the exact frequency for the
whole range of values of oscillation amplitude and reproduce the behaviour of the exact

frequency not only for large values of the oscillation amplitude 4 but also for small values of

A.

The exact periodic solutions x.(¢) achieved by numerically integrating Eq. (1), and the
proposed normalized approximate periodic solution x,(¢) in Eq. (21) for one complete cycle
are plotted in Figures 3, 4, 5 and 6 for oscillation amplitudes 4 = 0.5, 1.1 (value of 4 for
which the relative error for the approximate frequency w, is maximum), 5 and 50. In this

figure parameter 4 is defined as follows th = 2n7/w,(A). All these figures show that Eq. (21)

provides a good approximation to the exact periodic solution. The results presented here
illustrated very good agreement of the approximate frequency, fw, (A), obtained in this paper
using a cubication procedure, with the exact frequency It is clear that the result

obtained in this paper is better than those obtained previously by other authors.

4. A closed-form expression for the approximate frequency in terms of
elementary functions

The approximate frequency in Eq. (19) is expressed in term of the complete elliptic integral
of the first kind, K(m). However, it is also possible to express the approximate frequency in a
closed-form in terms of elementary functions. To do this we take into account that the
complete elliptic integral of the first kind K(m) (Eq. (22)) cannot be expressed in terms of
elementary functions, but can be numerically evaluated with high precision by a simple
procedure based on the arithmetic-geometric mean because the arithmetic-geometric mean is

the basis of Gauss’ method for the calculation of elliptic integrals [24-26]. Because the
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convergence of the arithmetic-geometric means is quadratic, an agreement of about 2" digits

between the means is expected after n iterations [24].

The arithmetic-geometric mean of two numbers p and g, M(p,q) can be expressed in

closed form in terms of the complete elliptic integral of the first kind as [25]

M(p.q)=LrDT (29)

ak(2)
pq

which allows us to write K(m) in Eq. (22) as follows [24,25]

1
K(m)= ———F— 30
0D = i (30)
The Legendre form of the arithmetic-geometric mean is given by [25]
1
MQQx)=]| | =(+k, 31
(1.%) ]1 S+ k) 31)

where and

Koy =240k, /(1 + K, ).

From Eq. (31) it is possible to approximately

calculated the arithmetic-geometric mean by choosing a finite number of terms in this

equation as follows

N
M(1,x) ~ 1_[%(1 +k,) (32)
n=0

From Egs. (19), (30) and (32) we obtain the following expression for the approximate

frequency of the Duffing-harmonic oscillator

10



A. Beléndez, D. I. Méndez, E. Fernandez, S. Marini and 1. Pascual, “An explicit approximate solution to the Duffing-harmonic
oscillator by a cubication method”, Physics Letters A, Vol. 373, N° 32, 2805-2809 (2009). DOI: 10.1016/j.physleta.2009.05.074

2

1/4
w;’g’"(A)=ﬁ 8-4A+ A" 48 1+A2) +[

1/4
8+8A%+ A% + A° —4(1+A2)\/1+A2)
2

1+ A?

(33)

where only two iterations (N = 1) have been considered in Eq. (32)

1+ k,

2
I I I 2k 1
M(l,x)zl:)[E(Hkn)=§(1+k0)(1+kl)=§(1+k0)(1+£)=§(1+x+2\/;) (34)

where [k, =x = V1-miand m is given in Eq. (20).

For small values of the amplitude 4 it is possible to take into account the following

power series expansion

wzg’”(A)z%(2+23/4)2A—...=O.847225A—... (33)

and for very large values of the amplitude A4 it is possible to take into account the following

power series expansion

agm 1
;8" (A) zll—p+ (36)
Furthermore, we have the following equations
agm agm
lim %Y _1 000014, lim Lo _, (37)
a—0 @, (A) A—x @, (A)

The maximum relative error for the frequency given in Eq. (33) is also 0.071% as the

frequency given in Eq. (19) and it is also obtained for 4 = 1.1.

11
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5. Conclusions

A cubication method for the Duffing-harmonic oscillator on the Chebyshev series expansion
of the restoring force considered previously by Jonckheere [13] has been analyzed and
discussed and an approximate frequency-amplitude relationship has been obtained. In this
procedure, instead of approximately solve the original nonlinear differential equation, this
one is replaced with a Duffing equation which is exactly solved. Excellent agreement
between the approximate frequency and the exact one has been demonstrated. The
discrepancy of this approximate frequency with respect to the exact one is as low as 0.071%
and tends to zero not only when 4 tends to infinity but also when 4 tends to zero. This last
behaviour can’t be reproduced using other approximate methods commonly used. We think
that this cubication method has great potential and can be applied to other strongly nonlinear
oscillators with non-polynomial terms. Finally, using the relationship between the complete
elliptical integral of the first kind and the arithmetic-geometric mean a closed-form
expression for the approximate frequency is obtained in terms of elementary functions. As

Carvalhaes and Supes pointed out, ‘this approach is not new, but is not widely known’ [24].
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Figure captions

Figure 1.- Coefficients for the linear (i%) and cubic ) terms of the approximate Duffing

equation as a function of the oscillation amplitude.

Figure 2.- Relative errors for approximate frequency obtained in this paper (CUB) and the
second-order approximate frequencies obtained using the homotopy perturbation method

(HPM) and the harmonic balance method (HBM).

Figure 3.- Comparison of the approximate solution, Eq. (21) (dashed line and triangles) with

the numerical exact solution (continuous line and circles) for 4 = 0.5.

Figure 4.- Comparison of the approximate solution, Eq. (21) (dashed line and triangles) with

the numerical exact solution (continuous line and circles) for 4 = 1.1.

Figure 5.- Comparison of the approximate solution, Eq. (21) (dashed line and triangles) with

the numerical exact solution (continuous line and circles) for 4 = 5.

Figure 6.- Comparison of the approximate solution, Eq. (21) (dashed line and circles) with

the numerical exact solution (continuous line and circles) for 4 = 50.
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