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ABSTRACT

A modified He’s homotopy perturbation method is used to calculate the periodic solutions of a
nonlinear oscillator with discontinuities for which the elastic force term is proportional to sgn(x).
The He’s homotopy perturbation method is modified by truncating the infinite series
corresponding to the first-order approximate solution before introducing this solution in the second
order linear differential equation. We find this modified homotopy perturbation method works
very well for the whole range of initial amplitudes, and the excellent agreement of the approximate
frequencies and periodic solutions with the exact ones has been demonstrated and discussed. Only
one iteration leads to high accuracy of the solutions with a maximal relative error for the
approximate period of less than 1.6% for all values of oscillation amplitude, while this relative
error is 0.65% for the second iteration and 0.24% when the third-order approximation is
considered. Comparison of the result obtained using this method with the exact ones reveals that

this modified method is very effective and convenient.
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1. Introduction

The study of nonlinear problems is of crucial importance in all areas of Physics and
Engineering, as well as in other disciplines. It is very difficult to solve nonlinear problems and, in
general, it is often more difficult to get an analytic approximation than a numerical one to a given
nonlinear problem. There are several methods used to find approximate solutions to nonlinear
problems, such as perturbation techniques [1-7], harmonic balance based methods [8-12] or other
techniques [13-18]. An excellent review on some asymptotic methods for strongly nonlinear

equations can be found in detail in references [19] and [20].

In the present paper we obtain higher-order analytical approximations to the periodic
solutions to a nonlinear oscillator with discontinuities for which the elastic restoring force is an
antisymmetric and constant force. To do this, we apply a modified He’s homotopy perturbation
method [21]. This type of oscillator has been analyzed by Liu [22] and by Ozis and Yildirim [23]
applying the first-order homotopy perturbation method. They also make the comparison of two
distinct adaptations of the first-order homotopy perturbation method for determining frequency-
amplitude relation of the nonlinear oscillator with discontinuities. However, higher-order
analytical approximate solutions have not been obtained for this oscillator using He’s homotopy

perturbation method.

Applying the standard He’s homotopy perturbation method [24-40] to this nonlinear
oscillator with discontinuities, an infinite series is obtained for the first analytical approximate
solution and this series must be introduced in the linear differential equation to obtain the second-
order approximate solution. However, since it is difficult to work with an infinite series, we
truncate this series before solving the subsequent linear differential equation considering only two
harmonics for the second order approximation. As we can see, the results presented in this paper
reveal that the method is very effective and convenient for conservative nonlinear oscillators for

which the restoring force has a non-polynomial form.

2. Solution procedure

The antisymmetric, piecewise constant force oscillator, is governed by the following
differential equation

@

17 +sgn(x)=0 )



with initial conditions

x0)=4 and 9%0)=0 2)
dt

and sgn(x)is defined as

sgn(x)=-1, x<0

3

sgn(x)=+1, x>0

Equation (1) models the motion of a punctual ball rolling in a “V” shape trough in a constant
gravitational field. The arms of the “V” make equal angles with horizontal plane and the origin of
the (horizontal) x coordinate is taken to the point of interaction of the two arms [1]. In a suitable

set of units, the equation of motion can be written as Eq. (1).

All the solutions to Eq. (1) are periodic. We denote the angular frequency of these oscillations by

o and note that one of our major tasks is to determine @(A), i.e., the functional behaviour of @
as a function of the initial amplitude A.

There exist no small parameter in Eq. (1), so the traditional perturbation methods can not
be applied directly, moreover the equation involves discontinuity. Due to the fact that the
homotopy perturbation method requires neither a small parameter nor a linear term in a differential
equation, we can approximately solve Eq. (1) using the homotopy perturbation method. In this
method, an artificial perturbation equation is constructing by embedding an artificial parameter
p € [0,1], which is used as expanding parameter. This technique yields a very rapid convergence
of the solution series; in most cases, only one iteration leads to high accuracy of the solution. This
method provides an effective and convenient mathematical tool for nonlinear differential equations
[20].

Equation (1) can be re-written in the form

—x+x=x—sgn(x) “4)



For Eq. (4) we can establish the following homotopy

@

T tx= plesgn()] (5)

where p is the homotopy parameter. When p = 0, Eq. (5) becomes a linear differential equation for
which an exact solution can be calculated; for p = 1, Eq. (5) then becomes the original problem.
Now the homotopy parameter p is used to expand the solution x(f) and the square of the unknown

angular frequency @ as follows

X(0) = xo (D) + px, (D + p* x,(D +... (6)

=0’ - pay,— p'at, —.. (7

where o, (i=1,2, ...) are to be determined.

Substituting Egs. (6) and (7) into Eq. (5)

(xé’+pxl"+pzxg’+...)+(a)2—poc1 —pZO(z—...)(xO+px1 +p2x2+...)= ®)

= pl(xy+ px, + p°x,+..) —sgn(x, + px, + p°x, +...)]

and collecting the terms of the same power of p, we obtain a series of linear equations, of which

we write only the first four

x[+@'x, =0,  x,(0)=4, x}(0)=0 )
X} +@’x, = (1+0,)x, —sgn(x,),  x,(0)=x/(0)=0 (10)
Xy +®°x, = 0,x, +(1+0)x,, x,(0)=x5(0)=0 (11)



Xy + @ x; = 0x, +0x, +(1+0a)x,,  x,(0)=x5(0)=0

In Egs. (9)-(12) we have taken into account the following expression

(12)

S =[x+ px,+ pPxy+..0= f(x) + px, f/(x0) + p{xzf'oco) +%xff”(xo)}+ o(p’)  (13)

where f’(x)=df(x)/dx and

dsgn(x) _ d? sgn(x) _

. i ...=0 for x#0

and

sgn(x, + px, + pzx2 +...) =sgn(x,)

The solution of Eq. (9) is

xo(t) = Acos ot

Substitution of this result into the right side of Eq. (10) gives

x!+o° x, = (1+ 0 ) Acos ot —sgn( A cos wr)

It is possible to do the following Fourier series expansion

sgn(cos wr) = Zazm cos[(2n+1)wt] = a, cos wt +ay cos3wrt +...

n=0

where

4 (n/2
Ay =% -[o sgn( Acos6) cos[(2rn+1)0]d6

(14)

(15)

(16)

(7



The first term of the expansion in Eq. (16) is given by

/2
a, =i.[ sgn( Acos 0) cos@d@zi (18)
T-0 /4
Substituting Eq. (16) into Eq. (15), we have
” 2 _ N
X[+ x, =[(1+0,) A= a]cos @i = Y. ay,, cos[(2n+ D] (19)

n=1

No secular terms in x,(¢) requires eliminating contributions proportional to cosa¢ on the

right-hand side of Eq. (19)

(I+o)A—a, =0 (20)

From this equation we can easily find that the solution ¢, is

o =—1+2 Q1)

where a, =4/x (Eq. (18)). From Egs. (7), (18) and (21), writing p = 1, we can easily find that the

first order approximate frequency is

a 2 _1.128379

(A= == (22)
“ A A NA
and the first-order approximate period 7;(A4) = 27t/ w,(A4) is given as follows
T(A) =11 =5.568328+/4 (23)



which agrees exactly with Liu’s solution obtained by He’s modified Lindsted-Poincaré method

[22] and with low-order harmonic balance method [41].

Now in order to obtain the correction term x; for the periodic solution x, we consider the

following procedure. Taking into account Egs. (19) and (21), we re-write Eq. (19) in the form

X[+’ X, == Y ay,,, cos[(2n+1) o] (24)

n=1

with initial conditions x,(0)=0 and x;(0)=0. The periodic solution to Eq. (24) can be written

x,(¢) :ibzm cos[(2n+1)wr] (25)

n=0

Substituting Eq. (25) into Eq. (24) gives

@ Y An(n+ Dby, cos[(2n+ D@ =— Y. ay,., cos[(2n+ o] (26)

n=0 n=1

and then we can write the following expression for the coefficients b,,,

a
b — 2n+l 27
2l 4n(n+ l)a)2 @7)

for n > 1. Taking into account that x,(0) = 0, Eq. (25) gives
Bh=-2 b (28)

To determine the second-order approximate solution it is necessary to substitute Eq. (25)

into Eq. (11). Then secular terms are eliminated and parameter ¢, can be calculated. However, it



is difficult to solve the new differential equation because, as x,(#) has a infinite number of

harmonics (see Eq. (25)). At this moment we consider a modification in He’s homotopy

perturbation method to simplify the solution procedure. x,(¢) has an infinite number of harmonics,
however we can truncate the series expansion at Eq. (25) and write an approximate equation

xM(#) in the form

N
xM=3b,. cos[2n+ D] (29)
n=0
where
v N
bV ==3b,., (30)

n=1

Equation (29) has only a finite number of harmonics. Comparing Eqs. (25) and (29), and Egs. (28)
and (30), it follows that

lim ™ (0) = x, (1) 31)

and
lim 5 = b (32)
In the simplest case we consider N=1 (r =0, 1) in Eq. (29) and Eq. (30), we obtain
xl(l)(t) = b, (cos 3wt —cos wr) (33)

which has a similar form than the second order approximate solution considered in harmonic

balance methods.

From Eq. (27) the following expression for the coefficient b, is obtained

b= (34)



where

a, = 4 Jﬂ/zsgn(Acos 0) Cos30d9=—i 35)
w0 3n

Therefore, the first approximation to the periodic solution is given by

X, (0 =x, () +xD(0) =§—jAcos(a)lt)—§Acos(3a)lt) =1.04167 Acos(wt) —0.04167 Acos(3w,?)

(36)
where @,(A4) is given by Eq. (22).

Substitution of Eq. (29) (with N = 1) into Eq. (11) gives the following equation for gives

the following equation for x, (¢)
xJ+ @' x, = ox, +(1+0;) x!” (37)
and taking into account Egs. (14), (21), (33) and (34), Eq. (37) becomes

a,a
xJ+w*x, =, Acos ot +—=-(cos 3wt - cos wr) (38)
8Aw

The secular term in the solution for x,(#) can be eliminated if

aa; _

o, A— = 39
7 840 39)
which can be solved for «, , thatis
a,a
“

10



From Egs. (7), (21) and (40), and taking p = 1, one can easily obtain the following expression for

the second-order approximate frequency is

a, 1 [2d>+aa, _ [6++/30 1.103527
O (A) =L+~ = = (41)
24 24 2 3n4 N4

and the second-order approximate period 7,(A4)=27m/®,(A) is given as follows

T,(A)=5.693731\/4 (42)

With the requirement of Eq. (39), we can re-write Eq. (38) in the form

” 2 _ a1a3
X, +W X, = cos 3wt 43
2 2 8 2 ( )

with initial conditions x,(0)=0 and x5(0)=0. The solution of this equation is

a,a
X, (1) =—13—(cos wf —cos 3wt 44
,(1) 8Aw4( ) (44)

which has only a finite number of harmonics.

Therefore, the second approximation to the periodic solution is given by

x,,(£) = X (£) + x"(£) + x,(£) = 1.03787 Acos(w, ) — 0.03787 Acos(3w, £) (45)
where @,(A4) is given by Eq. (41).

If Egs. (14), (21), (33), (40) and (44) are substituted into Eq. (12), then the following

equation is obtained for x;(¢)

2 2
3

aa
cos 3@t —cos wt)— —3—(cos 3wt —cos wt 46
( ) 4 Aza)4( ) (46)

aa

4 A0

X]+@"x; = 01 Acos it +
6

11



Following the same procedure used for calculating x,(¢) and x,(¢), the secular term in the

solution for x;(¢) can be eliminated if

2 2
4945 &4 a3
o A— = 47
T eadet 4Lt 40
which can be solved for ¢, that is

aa; —aja
— 173 173 48
P64t 49

Considering Egs. (7), (21), (40) and (48), and imposing p = 1, give for the third-order

approximate frequency the following value

1 223 13 1.108030
D= a+7— = 1[2(29+4/155)] =227 49
*D M\/ " (29+ﬁ)1/3+[( +153) V4 @

and the third-order approximate period 75(A4) = 2m/w;(A) is given as follows

T,(4) =5.6705904/ 4 (50)

With the requirement of Eq. (48), we can re-write Eq. (46) in the form

2 2
a,a; —a, a,

Py cos 3wt &)

” 2 _
X3 +@ X3 =

with initial conditions x;(0) =0 and x}(0) = 0. The solution of this equation is

2 2
a\d; —a, a

S Lo (cos wt—cos3wr) (52)

x3(t) =

12



Therefore, the third approximation to the periodic solution is given by
X,5(8) = x,(1) +xf1)(t) +x,(#) +x;(2) =1.03858 Acos(w,t) —0.03858 Acos(Bwyt)  (53)

where @, (A) is given by Eq. (49).

3. Results and discussion

We illustrate the accuracy of the modified approach by comparing the approximate
solutions previously obtained with the exact solution.

For this nonlinear problem, the exact period and periodic solution are [41]

2
xe(t):_t_+A’ OStS£
2 4
2
xe(t)=t——2\/2At+3A, £<[g£ (55)
£ 3T
xe(t)=—3+4 24t-154, Te<f§Te

The period values and their relative errors (RE) obtained in this paper applying a modified

He’s homotopy perturbation method to this nonlinear oscillator with discontinuities are the

following
T.(4)=5.568328+/4 RE=1.6% (56)
T,(A)=5693731WA  RE=0.65% (57)
T,(A)=5.67059004  RE=0.24% (58)

13



where the percentage errors (RE) were calculated using the following equation

T(4)-T.(4)

o) =1
RE (%)=100 T.0A)

‘ j=123 (59)

It can be observed that these equations provide excellent approximations to the exact
period regardless of the oscillation amplitude 4. It is also clear that at the third approximation
order, the accuracy of the result obtained in this paper is very good.

The normalized exact periodic solution x,/A4 in Eq. (55) and the first-, second- and third-
order approximate periodic solutions, x,/A in Egs. (36), (45) and (53), are plotted in Figure 1, 2

and 3, respectively. In these figures parameter / is defined as follows

2Tt
,(A4)

h=T,(A)t= (60)

It can be observed that the third-order approximate solution provides excellent approximation to

the exact periodic solution.

An easy and direct calculation gives the following series representation for the exact

solution x,(¢) (Eq. (55))

R4 (="
x, ()= = %(2”1)3 cos[(2n+ 1)@, 1] 61)
where
0,(4) = om n 1110721 )

T(4) 224 4

Also the condition x,(0) = A4 gives the result

N i = n_3 (63)
=@2n+D)* 32

14



The first terms of the Fourier expansion in Eq. (61) are

x,(¢) =1.03205A4cos w,t—0.03822 Acos 3w, +0.008256 A cos 5w, —0.003009 Acos Tw,t +...

(64)

If we compare the approximate solutions for the first, the second and the third analytical

approximations with the Fourier expansion of the exact solution (Eq. (64)), we can see that x_,(¢)
is the best approximation. If we compare x,(¢) (Eq. (52)) with the first two terms of the Fourier
expansion of x,(#) (Eq. (64)) we can see that the relative errors for these terms are 0.63% and
0.93%, respectively. If we compare x,(¢#) (Eq. (45)) with the first two terms of the Fourier
expansion of x,(#) (Eq. (64)) we can see that the relative errors for these terms are 0.56% and
0.93%, respectively. As we can see, these errors are similar to those obtained for x ;(#). However
x,;(?) is a better approximation than x_,(f) because the approximate period obtained using the
third-order homotopy perturbation method, 7;(A4) (Eq. (58)), is better than the period obtained by
means of the second-order homotopy perturbation method, 7,(4) (Eq. (57)). Finally, if we
compare x,,(#) (Eq. (36)) with the first two terms of the Fourier expansion of x,(¢) (Eq. (64)) we

can see that the relative errors for these terms are 0.93% and 9.0%, respectively.

4. Conclusions

The homotopy perturbation method has been used to obtain three approximate frequencies
for a conservative antisymmetric, constant force nonlinear oscillator for which the elastic force

term is proportional to sgn(x). Excellent agreement between approximate periods and the exact

one has been demonstrated and discussed, and the discrepancy of the third-order approximate
period with respect to the exact one is as low as 0.24%. Finally, we can see that the method
considered here is very simple in its principle and we think that the method has great potential and

can be applied to other strongly nonlinear oscillators with non-polynomial terms.
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Figure captions

Figure 1.- Comparison of the approximate first-order periodic normalized solution (dashed line

and circles) with the exact solution (continuous line).

Figure 2.- Comparison of the approximate second-order periodic normalized solution (dashed line

and circles) with the exact solution (continuous line).

Figure 3.- Comparison of the approximate third-order periodic normalized solution (dashed line

and circles) with the exact solution (continuous line).
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FIGURE 2
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FIGURE 3
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