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Abstract
This paper investigates the inherent irreversibility in a buoyancy induced magnetohydrodynamic (MHD) couple stress

fluid through non-Darcian porous medium. It is assumed that the fluid exchanges heat with the ambient following Newtonian
law. The governing Navier-Stoke and energy equations are formulated and non-dimensionalied, the approximate solutions for
the velocity and temperature profiles are obtained via Adomian decomposition method. The results are used to calculate the
entropy generation rate, and Bejan number. The effects of Buoyancy force, suction/injection, Hartman number and other flow
parameters on velocity, temperature, entropy generation rate, and Bejan number are analyzed and discussed graphically. The
results show that increase in Buoyancy force and suction/injection increases fluid velocity and temperature.Entropy generation
rate becomes higher as the values of Buoyancy force, suction/injection parameter, and Hartman number increases.
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1. Introduction

The study of fluid flow and heat transfer in a vertical porous channel have been given considerable
attention in the past few decades due to its wide applications in areas such as the design of cooling sys-
tems for electronic devices, chemical processing equipment, microelectronic cooling and solar energy, see
Jamalabadi et al. [16]. Numerous authors have conducted investigations on such flow; Mutuku-Njane et
al. [21] investigated the combined effects of buoyancy force and Navier slip on MHD flow of a Nanofluid
over a convectively heated vertical porous plate and submitted that increase in Grashof number decreases
the fluid velocity. In the work of Jamalabadi et al. [16], optimal design of Magnetohydrodynamic mixed
convection flow in a vertical channel with slip boundary conditions and thermal radiation effects using
an entropy generation minimization method was studied. It was concluded that Grashof numbers to
Reynolds number ratio are better for maximizing the exergy of the system. Adesanya et al. [4] presented
the study of thermodynamic analysis for a third grade fluid through a vertical channel with internal heat
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generation, among the submissions is that increase in the Grashof number depletes the exergy level of
the thermal system. In addition, heat transfer dominates the channel with increase in Grashof number.
Also Sharma et al. [29] investigated radiative and free convective effects on MHD flow through a porous
medium with periodic wall temperature and heat generation or absorption. It was reported that increase
in Grashof number increases the skin-friction coefficient at the wall. Other studies on buoyancy force are
found in [7, 15, 17, 27].

Magnetohydrodynamic flow plays a significant role in numerous engineering and industrial processes.
Some of these are MHD generators, plasma studies, nuclear reactor, geothermal energy extractions, pu-
rifications of metal from non-metal enclosures, polymer technology, and metallurgy, Noor et al. [22].
Excellent researches on MHD flow include Ferdows et al. [14] where the scaling group transformation for
MHD boundary layer free convective heat and mass transfer flow past a convectively heated nonlinear
radiating stretching sheet was carried out, they observed that increasing magnetic field strength leads to
an increase in the shear stress whereas it decreases the rate of heat and mass transfer from the radiate
vertical stretching sheet. Sheikholeslami et al. [30] investigated the influence of induced magnetic field
on free convection of Nanofluid considering Koo-Kleinstreuer-Li (KKL) correlation, and concluded that
velocity profile reduces with rise in the magnetic Prandtl and Hartmann number but it increases with
addition of nanoparticles. Adesanya et al. [2] considered the thermodynamics analysis of hydromagnetic
third grade fluid flow through a channel filled with porous medium and concluded that increasing mag-
netic field parameter leads to a reduction in fluid velocity with an increasing effect on fluid temperature.
Other related studies on electrically conducting fluid are [11, 18, 19, 31].

Entropy generation analysis is of considerable importance due to its destructive effect. Optimal per-
formance of industrial and engineering flow processes cannot be achieved due to entropy production. It
is therefore imperative to analyze the factors responsible for this irreversibility. The current trend of en-
tropy generation analysis is the application of second law of thermodynamics introduced by Bejan [9, 10].
Several other investigations on irreversibility in a system reported in literature under various flow con-
figurations include: Opanuga et al. [25] considered second law analysis of a reactive MHD couple stress
fluid through porous channel, the study showed that increase in magnetic field and Frank-Kameneskii
parameters increases the entropy generation. Also Opanuga et al. [26] investigated the effect of thermal
radiation on the entropy generation of hydromagnetic flow through porous channel, it was stated that
entropy generation rises with the increase in the radiation parameter. Adesanya et al. [3] analyzed the
effects of couple stresses on entropy generation rate in a porous channel with convective heating. It was
reported that increase in couple stress parameter lowers the entropy generation while a rise in Brinkman
number increases the entropy generation rate prominently in the middle of the channel than at the walls.
Das et al. [12] analyzed entropy generation due to MHD flow in a porous channel with Navier slip. In
their report, they stated that entropy generation increases with an increase in magnetic parameter. Other
studies on the analysis of entropy generation in various fluid flows can be found in [1, 5, 6, 8, 13, 20, 28].

In this present work, the objective is to analyze the inherent irreversibility in a buoyancy induced MHD
couple stress fluid through porous medium. Two semi-analytical techniques, ADM [23] and DTM [24]
which have been noted for their high accuracy and rapid convergence are applied. The rest of the work
is organized as follows. Section 2 presents the formulation of the problem and non-dimensionalisation.
In Section 3 the proposed method of solution to the boundary value problems, Adomian decomposition
method is presented. In Section 4 results are graphically discussed while Section 5 contains the concluding
remarks.

2. Model Formulation

The following assumptions are made:

1. the flow is steady, electrically conducting, and incompressible;
2. the fluid is viscous and flow through vertical porous medium;
3. the channel walls exchange heat with the ambient surrounding following the Newton’s cooling law;
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4. a uniform magnetic field of strength B0 is applied;
5. hall effect and induced magnetic field (since magnetic Reynolds number is very small for most fluid

used in industrial applications) will be neglected;
6. there is injection at the plate where y = 0 and suction at the plate where y = h at the same velocity.

Figure 1: Schematic diagram of the problem.

Then the governing equations for the momentum, heat balance and entropy generation rate can be
written as (Adesanya et al. [3])
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The boundary conditions are
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where u
′

is the axial velocity, µ is the dynamic viscosity, ρ is the fluid density, T
′

is the fluid temperature,
T0 is the initial fluid temperature, Tf is the final fluid temperature, k is the thermal conductivity of the
fluid, cp is the specific heat at constant pressure, v0 is the constant velocity of fluid suction/injection, v is
the kinematic viscosity, σ is the electrical conductivity of the fluid, η is the fluid particle size effect due
to couple stresses, B0 is the uniform transverse magnetic field, ζ is volumetric expansion coefficient and
g is acceleration due to gravity, EG is the local volumetric entropy generation rate, and γ1,2 are the heat
transfer coefficients.

Now we introduce the following dimensionless variables
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Substituting equation (2.5) into equations (2.1)-(2.4), the following dimensionless equations are obtained
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with the boundary conditions

u(0) = 0 =
d2u(0)
dy2 ,

dθ(0)
dy

= Bi1(0)(θ− 1); u(1) = 0 =
d2u(1)
dy2 ,

dθ(1)
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where u is the dimensionless velocity, s is the suction/injection parameter, θ is the dimensionless tem-
perature, a is the couple stress parameter, Pr is the Prandtl number, Br is the Brinkman number, Ω is the
parameter that measures the temperature difference between the two heat reservoirs, H2 is the magnetic
field parameter, Ns is the dimensionless entropy generation rate, Be and Bi1,2 are the Bejan number and
Biot numbers respectively, G is the axial pressure gradient and Gr is the Grashof number.

3. Method of solution

The integral form of equations (2.6) and (2.7) are of the form
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where a1, a2, a3, a4 are the parameters to be determined later. By ADM, we define an infinite series
solution of the form
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From equation (3.4)-(3.5), the zeroth order term can be written as
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∞∑
n=0
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while other terms can be determined using the recurrence relations
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The nonlinear terms in equation (3.9) are written as

Bn = u2,Cn = u3, (3.10)

while the Adomian polynomials are computed as
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Substituting equation (3.10) in (3.9) yields
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Solving equations (3.6)-(3.8) and (3.11) at n = 0, 1, 2, 3, . . . gives the series solution of the boundary value
problems.

Table 1: Computation showing convergence of solution for s = 0.1, H = a = Br = Bi1 = Bi2 = G = 1, β = 0.01, α = 0, Gr = 0.
y Exact solution UDTM UADM ADM Abs Error DTM Abs Error
0 5.55 ×10−17 0.000000000 0.000000000 5.55×10−17 5.55×10−17

0.1 0.003679982 0.003679982 0.003679982 1.88×10−12 1.08 ×10−11

0.2 0.006958985 0.006958985 0.006958985 3.72×10−12 2.13 ×10−11

0.3 0.009523084 0.009523084 0.009523084 5.47 ×10−12 3.11 ×10−11

0.4 0.011150296 0.011150296 0.011150296 7.12×10−12 3.99 ×10−11

0.5 0.011708189 0.011708189 0.011708189 8.66×10−12 4.73×10−11

0.6 0.011152495 0.011152495 0.011152495 1.01 ×10−11 5.30 ×10−11

0.7 0.009526717 0.009526717 0.009526717 1.15 ×10−11 5.66 ×10−11

0.8 0.006962734 0.006962734 0.006962734 1.28 ×10−11 5.79 ×10−11

0.9 0.003682379 0.003682379 0.003682379 1.42 ×10−11 5.63 ×10−11

All the computations of the integral equations (3.6)-(3.8) and (3.11) are done by coding the equations
in an algebra symbolic package-Mathematica. Only graphical results are presented in Figures 2-13 due to
the large size of the results. The accuracy of the result obtained via ADM is validated using the DTM and
the exact solution. The comparison is presented in Table 1. In the result section, the results obtained for
the velocity and temperature fields are used to compute the entropy generation rate.
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3.1. Entropy Generation

The expression for entropy generation Bejan [11] in equation (2.3) given below suggests five sources of
entropy production. The first term is irreversibility due to heat transfer, the second term is irreversibility
due to fluid friction while the last three terms are entropy generation due to couple stresses, magnetic
field and porosity respectively.
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where N1 is irreversibility due to heat transfer and N2 represents fluid friction irreversibility with couple
stresses, magnetic field and porosity. To describe the contribution of heat transfer irreversibility to the
overall entropy generation the Bejan number Be is employed, it gives the ratio of heat transfer and viscous
dissipation with magnetic field within the channel as

Be =
N1

Ns
=

1
1 +Φ

, (3.12)

whereΦ = N2
N1

is the irreversibility ratio. Equation (3.12) indicates that Bejan number takes values between
0 and 1, i.e., 0 6 Be 6 1. The value Be = 1 signifies the limit at which heat transfer dominates entropy
generation, Be = 0 gives the limit at which viscous dissipation and magnetic field dominate while Be = 0.5
represents equal contribution of both heat transfer and viscous dissipation to entropy production.

4. Results and discussion

In this present study, inherent irreversibility in a buoyancy induced MHD couple stress fluid through
porous medium has been investigated using the rapidly convergent Adomian decomposition method.
The velocity and temperature profiles are obtained and used to compute the entropy generation rate.
The effects of various parameters are considered on velocity, temperature, entropy generation, and Bejan
number to provide insight to the problems, and the results are graphically displayed in Figs. 2-13.

4.1. Effect of parameters variation on velocity profile

Figs. 2-4 present the variations of velocity for different flow parameters. Fig. 2 represents the effect
of variation in Grashof number on velocity profile. There is a rise in the velocity of the fluid as Grashof
number increases. It is observed that buoyancy force speeds up fluid velocity. Fig. 3 presents the effect of
suction/injection on fluid velocity. The plot shows a rise in fluid velocity as suction/injection parameter
increases, the rise in fluid velocity is due to the reduction in fluid kinematic viscosity as more hot fluid
is injected into the channel. In Fig. 4 the effect of magnetic field parameter on fluid velocity is depicted,
it is observed that an increase in the magnetic field parameter retards fluid velocity. The is caused by the
applied magnetic field which clusters fluid particles and thus impedes the free flow of the fluid.
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Figure 2: Effect of Grashof number (Gr) on velocity profile.

Figure 3: Effect of suction/injection (s) on velocity profile.

Figure 4: Effect of magnetic field (H2) on velocity profile.

4.2. Effect of parameters variation on temperature profile

The influence of different governing parameters on temperature are presented in Figs. 5-7. Fig.
5 portrays the effect of Grashof number on fluid temperature. Fluid temperature is enhanced across
the channel as the value of Grashof number increases due to increase in fluid volumetric expansion.
Fig. 6 displays the effect of suction/injection parameter on fluid temperature; the Figure reveals that
temperature increases as suction/injection parameter increases. This is true since injection of hot fluid
into the channel will definitely increase fluid temperature. The effect of magnetic field parameter on fluid
temperature is shown in Fig. 7. It is clear from the plot that fluid temperature increases as magnetic field
parameter increases. The Lorentz heating effect is attributed to the rise in temperature.
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Figure 5: Effect of Grashof number (Gr) on temperature profile.

Figure 6: Effect of suction/injection (s) on temperature profile.

Figure 7: Effect of magnetic field parameter (H2) on temperature profile.

4.3. Effect of parameters variation on entropy generation rate
The influences of various parameters on Entropy generation rate are presented in Figs. 8-10. Fig. 8

describes the effect of Grashof number on entropy generation rate. The plot depicts that entropy genera-
tion registers an increase as Grashof number rises in values. Recall that in Figs. 2 and 5, it is presented
that fluid velocity and temperature increased as Grashof number increases due to the impact of buoyancy
force as well as rise in fluid volumetric expansion respectively. The net effect is the increased randomness
of fluid particles which results in increased entropy production. Furthermore Fig. 9 depicts the influence
of suction/injection on entropy generation rate, from the plot it is observed that entropy generation in-
creases considerably as suction/injection parameter varies. This is because of the injection of hot fluid
into the channel which resulted in increased velocity and temperature as revealed in Figs. 3 and 6.

Figure 10 displays the effect of magnetic field parameter on entropy generation. Entropy production
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becomes higher at the upper wall as magnetic field parameter rises. This is explained in Fig. 7 that
increase in Hartman number has a corresponding increase in fluid temperature because the applied
magnetic field clustered fluid particles together thereby enhancing viscous dissipation. Consequently,
fluid velocity is reduced and the temperature rises leading to a rise in entropy generation.

Figure 8: Effect of Grashof number (Gr) on entropy generation rate.

Figure 9: Effect of suction/injection (s) on entropy generation rate.

Figure 10: Effect of magnetic field parameter (H2) on entropy generation rate.

4.4. Effect of parameters variation on Bejan number
This section presents the effect of variation in parameters on Bejan number in Figs. 11-13. Fig. 11

depicts the effect of Grashof number on Bejan number, the plots indicate that Bejan number decreases



J. A. Gbadeyan, A. A. Opanuga, J. Math. Computer Sci., 18 (2018), 411–422 420

as the values of Grashof number increases. Therefore entropy generation due to viscous dissipation
dominates over heat transfer. Figs. 12 and 13 display the plots of Hartman number and suction/injection
parameters respectively on Bejan number, the plots show that Bejan number increases as the values of the
parameters increase. This is an indication that heat transfer dominates entropy generation for Hartman
number and suction/injection.

Figure 11: Effect of Grashof number (Gr) on Bejan number.

Figure 12: Effect of suction/injection (s) on Bejan number.

Figure 13: Effect of magnetic field parameter (H2) on Bejan number.
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5. Conclusions

In this study inherent irreversibility analysis in a buoyancy induced MHD couple stress fluid has been
analyzed, the study shows among other things that:

i increase in buoyancy force and suction/injection parameter increases fluid velocity;
ii increase in buoyancy force, magnetic field, and suction/injection parameters raises fluid tempera-

ture;
iii entropy generation rate becomes higher as the values of Grashof number, suction/injection param-

eter, and Hartman number increases;
iv increase in buoyancy force reduces Bejan number while suction/injection parameter and Hartman

number increases Bejan number indicating that both heat transfer and viscous dissipation contribute
to entropy production.
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