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Abstract. The purpose of this paper is to study modified two-step iteration process for a pair
of quasi-nonexpansive mapping and asymptotically quasi-nonexpansive mapping in the inter-
mediate sense. We also establish some strong convergence theorems and a weak convergence
theorem for this iteration scheme and mappings in the framework of real Banach spaces. The
results presented in this paper extend, improve and generalize some previous results from the
existing literature (see for example [1,3,5-7,9-13]).
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1. INTRODUCTION

Let K be a nonempty subset of a real Banach space E. Let 7: K — K be a map-
ping, then we denote the set of all fixed points of 7" by F(T). The set of common
fixed points of two mappings S and 7 will be denoted by F = F(S)N F(T). A
mapping 7: K — K is said to be:

(1) nonexpansive if

ITx =Tyl <lx—yl
forall x,y € K.

(2) quasi-nonexpansive if F(T) # & and
ITx—=pl < llx—pll
forall x €e K and p € F(T).
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(3) asymptotically nonexpansive if there exists a sequence {k,} € [1,00) with
limy, o0 kn = 1 and
IT"x =T"y|| < knllx =y

forall x,y e K andn > 1.

(4) asymptotically quasi-nonexpansive if F(T) # @ and there exists a sequence
{kn} €[1,00) such that lim, -0 k, = 1 and

IT"x = pll < knlx—pl
forallx e K, pe F(T)andn > 1.

(5) uniformly L-Lipschitzian if there exists a constant L > 0 such that
IT"x=T"y|| < Lllx—yll

forall x,y € Kandn > 1.

(6) uniformly quasi-Lipschitzian if there exists L € [1,+o0) such that
IT"x—pll < Llx—pl
forallx e K, pe F(T)andn > 1.

Remark 1. It is clear that every nonexpansive mapping is asymptotically non-
expansive and every asymptotically nonexpansive is uniformly Lipschitzian. Also,
if F(T) # @, then a nonexpansive mapping is a quasi-nonexpansive mapping, an
asymptotically nonexpansive mapping is an asymptotically quasi-nonexpansive, a
uniformly L-Lipschitzian mapping must be uniformly quasi-Lipschitzian and an
asymptotically quasi-nonexpansive mapping must be uniformly quasi-Lipschitzian
mapping but the converse is not true in general.

The class of asymptotically nonexpansive mappings was introduced by
Goebel and Kirk [4] as a generalization of the class of nonexpansive mappings. Re-
call also that a mapping 7: K — K is said to be asymptotically quasi-nonexpansive
in the intermediate sense [17] provided that T is uniformly continuous and

limsup  sup  (I7"x = pll—llx—pll) <0.
n—>o0 xekK, peF(T)

From the above definitions, it follows that asymptotically nonexpansive mapping
must be asymptotically quasi-nonexpansive and asymptotically quasi-nonexpansive
mapping in the intermediate sense. But the converse does not hold as the following
example:
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Example 1. Let X = R be a normed linear space and K = [0, 1]. For each x € K,

we define
kx, ifx#0,

T =1 0" ifx=o.

where 0 < k < 1. Then
IT"x—=T"y|=k"|x =y < [x =]
forall x,y € K andn € N.

Thus T is an asymptotically nonexpansive mapping with constant sequence {1}
and
limsup{|T"x —T"y|—|x —y|} = limsup{k” |[x —y|—|x—y|} <0
n—oo n—oo

because lim, o0 k" =0as0 <k < 1,forall x,y € K, n € N and T is continuous.
Hence T is an asymptotically nonexpansive mapping in the intermediate sense.

Example 2. Let X =R, K = [—%, %] and |k| < 1. For each x € K, define
| kxsin(1/x), ifx #0,
T = 0, if x = 0.
Then T is an asymptotically nonexpansive mapping in the intermediate sense but

it is not asymptotically nonexpansive mapping.

Since 1972, many authors have studied weak and strong convergence problem of
the iterative sequences (with errors) for asymptotically nonexpansive mappings in
Hilbert spaces and Banach spaces (see,for example, [4,6,7,9-12, 16] and references
therein).

In 2007, Agarwal et al. [1] introduced the following iteration process:
x1=x¢€Kk,
Xpt1 = (L—an)T"xpn +0nT" yn.
yn==Bn)xn+PnT"xpn, n>1 (1.1)

where {o,} and {8,} are in (0, 1). They showed that this process converge at a rate
same as that of Picard iteration and faster than Mann for contractions.

The above process deals with one mapping only. The case of two mappings in
iterative processes has also remained under study since Das and Debata [3] gave and
studied a two mappings process. Later on, many authors, for example Khan and Taka-
hashi [6], Shahzad and Udomene [13] and Takahashi and Tamura [14] have studied
the two mappings case of iterative schemes for different types of mappings.
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Recently, Khan et al. [5] studied the modified two-step iteration process for two
mappings as follows:

x1=x€Kk,
Xnt1 = (1—ap)T"xp +anS" yu,
yn=0=Bn)xn+PnT"xn. n > 1 (1.2)

where {&,} and {8, } are in (0,1). They established weak and strong convergence
theorems in the setting of real Banach spaces.

Inspired and motivated by Agarwal et al. [1], Khan et al. [5] and many oth-
ers, in this paper we introduce the following iteration scheme for a pair of quasi-
nonexpansive and asymptotically quasi-nonexpansive mapping in the intermediate
sense. The proposed iteration scheme is as follows:

Definition 1. Let S: K — K be a quasi-nonexpansive mapping and 7: K — K be
an asymptotically quasi-nonexpansive mapping in the intermediate sense on a closed
convex subset K of areal Banach space E with K + K C K. Let {x,} be the sequence
defined as:

x1=x€ek,
Xnt1 =1 —ap)T"xp +anSyn +uy,
Yyn=1=PBn)xn+BnT"xXn +vn, n > 1 (1.3)

where {a,} and {8,} are sequences in (0,1) and {u,} and {v,} are two sequences
in K. The iteration scheme (1.3) is called modified two-step iteration process with
errors for a pair of mappings.

The aim of this paper is to establish some strong convergence theorems and a
weak convergence theorem for newly proposed iteration scheme (1.3) in the frame-
work of real Banach spaces. The results presented in this paper extend, improve
and generalize some previous known corresponding results from the literature (e.g.
[1,3,5-7,9—13] and many others).

2. PRELIMINARIES

For the sake of convenience, we restate the following concepts.

A mapping T: K — K is said to be demiclosed at zero, if for any sequence {x,}
in K, the condition {x,} converges weakly to x € K and {7 x,} converges strongly
to 0 imply Tx = 0.

A mapping T: K — K is said to be semi-compact [2] if for any bounded sequence
{xn} in K such that ||x, — Tx,|| = 0 as n — oo, then there exists a subsequence
{Xn, } C{xn} such that x,, — x* € K strongly.
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We say that a Banach space E satisfies the Opial’s condition [8] if for each se-
quence {x,} in E weakly convergent to a point x and for all y # x

liminf ||x, —x|| <liminf|x, —y]|.
n—o00 n—oo

The examples of Banach spaces which satisfy the Opial’s condition are Hilbert
spaces and all L?[0,2x] with 1 < p # 2 fail to satisfy Opial’s condition [£].
Now, we state the following useful lemma to prove our main results:

Lemma 1 (see [15]). Let {o, )52, and {Bn}o—, be two sequences of nonnegative
numbers with Y = | Bn < co. If one of the following conditions is satisfied:

(i) Up+1 = Up +,8n, n=>1,

(ii) an+1 < (1 + Bu)an, n > 1,
then the limit limy, — oo &ty exists.

3. MAIN RESULTS

In this section, we prove some strong convergence theorems and a weak conver-
gence theorem of the iteration scheme (1.3) for a pair of quasi-nonexpansive and
asymptotically quasi-nonexpansive mapping in the intermediate sense in the frame-
work of real Banach spaces.

Theorem 1. Let E be a real Banach space and K be a nonempty closed convex
subset of E with K+ K C K. Let S: K — K be a quasi-nonexpansive mapping and
T: K — K be uniformly L-Lipschitzian asymptotically quasi-nonexpansive mapping
in the intermediate sense such that F = F(S)N F(T) # @. Let {x,} be the sequence
defined by (1.3) with the restrictions Y _peq |[un| < 00 and Y pe; ||vn| < 0o. Put

Gn =max{ sup (||T”x—q||—||x—q||>\/0, Vnzl} (3.1)
x€K, qeF

such that Z;’;l Gy < o0o. Then {x,} converges to a common fixed point of the map-
pings S and T if and only if liminf, o d (X, F) = 0, where
d(xa F) = inprF d(x’ p)

Proof. The necessity is obvious. Thus we only prove the sufficiency. Let g € F'.
Then from (1.3) and (3.1), we have
1vn —qll = |(1 = Bn)Xn + BnT" xn + v —ql|
< (I=B)lIxn =gl + BullT" xn —qll + vall
< (1 =Bw)llxn —qll + Balllxn —qll + Gu] + ||l
= (1=Bullxn —qll + Bullxn —qll + BnGn + ||vnl|
<|xn =gl + Gn+ |vall. (3.2)
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Again using (1.3), (3.1) and (3.2), we obtain

[xXn+1—qll = |1 =an)T" Xy + 0ty Syn +un —q|

< (L—an)IT"xn —qll +onllSyn —qll + llunl

< (I—=an)lllxn —qll + Gul +onllyn —qll + llux|

< (I—=an)llxn —qll +anlllxn —qll + Gn + [vnll]

+ (1 —0n)Gn + [lun||

< Nxn—qll+ Gn + lunll +anlvnll

= [|xn —qll + 6n (3.3)
where 6, = Gy + |[un | + @ [|vn || Since by assumption of the theorem Y ;= ; G, <
00, Y po i lunll < oo and >"5%; |lvall < oo, it follows that

Y o2 1 0n < 0. Thus by Lemma 1 we know that the limit lim,— o0 || — ¢ || exists.
Also from (3.3), we obtain

d(xn-i—l»F)fd(xn,F)‘f‘en» (34)
for all n > 1. From Lemma 1 and (3.4), we know that lim,,, o d (x5, F') exists. Since
liminfy, o0 d(xp, F') = 0, we have that limy, oo d(x,, F) = 0.

Next, we shall prove that {x,} is a Cauchy sequence. Therefore, for any m,n > 1

and for given p € F, from (3.3), we have

IxXn4+m — Pl < 1 Xn+m—1— Pl + Opntm—1

< xnem-—2—Pll + Ontm—2 + Ontm—1
<.
n+m—1
<lx—pl+ > 6. (3.5)
j=n
Since
(o, ¢]
lim_d(xy, F) =0, Zl 6, < oo (3.6)

n=

for any given ¢ > 0, there exists a positive integer n such that
€ d e
d(xn, F) < o, ;e,«z Vn>ny. (3.7)

Hence, there exists ¢ € F such that

P
lxn —qll <Z VYn>ni. (3.9)
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Consequently, for any n > n; and m > 1, from (3.5), we have

||xn+m —xn” =< ”xn—i-m _QH + ||xn _CI”
n+m—1
<lxa—qll+ Y 6 +lx—ql
J=n
n+m—1
<2xa—qll+ > 6

j=n
€
- =e. 39
1 (3.9)
This implies that {x,} is a Cauchy sequence in £ and so is convergent since E is
complete. Let limy, o0 X, = ¢*. Then ¢* € K. It remains to show that ¢* € F. Let

€1 > 0 be given. Then there exists a natural number 7, such that

e
<2x—-4+2x
4+

xn —q*|l < Vn>ns. (3.10)

€1
2(L+1)°
Since limy, 00 d (X, F) = 0, there must exists a natural number n3 > n, such that
for all n > n3, we have

e1
dixp, F)< —, 3.11
(xn, F) 3(L+1) ( )
and in particular, we have
&1
d F) < —. 3.12
(xXn3, F) 3L+ 1) ( )
Therefore, there exists z* € F such that
&1
L < —————., 3.13
||xn3|| z 2L+ 1) ( )
Consequently, we have
ITq* —q*Il = 1Tq" — 2" + 2" —Xn3 + Xn; — 4"
<ITq" =z + 12" = xnsll + 205 — ¢
< Llg* =¥l + 12" = Xns | + |Xn; — ¢ |
< LIG" = Xny +Xny =25+ 127 = Xns | + 1Xn; — 47|
< L{llg™ =3l + 1xns = 2" 1]+ 12" = X3 | + 1xn; — ¢
f(L+1)||q*_xn3”+(L+1)||Z*_xn3”
&1 &1
<(L+D)Xx——+(L+1)x——— <ey. 3.14
L+ x5y TEF D55y <o (3-14)

This implies that ¢* € F(T'). Similarly, we can show that ¢* € F(S). Since S is
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quasi-nonexpansive, so it is uniformly quasi-1 Lipschitzian (by Remark 1), so here
taking L = 1, we have
ISg™ —q™ = 1Sq™ —2* + 2" = Xn3 + Xn; —¢" |
<18q* =z + 12" = xns |l + 305 — ¢
<Ng* =z + 12" = xnsll + xns — ¢
< g™ —xns +xny =25 + 127 = Xns | + 1Xn; — ¢ |
<[g™ —xnsll + 1xns — "M + 12" = X3 | + n — "
<2[1q" = Xns |l +2[127 —xns |
&1
4
<ej. (3.15)

<2><81 +2x
4

This shows that ¢* € F(S). Thus ¢* € F, that is, ¢* is a common fixed point of the
mappings S and T'. This completes the proof. U

Theorem 2. Let E be a real Banach space and K be a nonempty closed convex
subset of E with K+ K C K. Let S: K — K be a quasi-nonexpansive mapping and
T:K — K be uniformly L-Lipschitzian asymptotically quasi-nonexpansive mapping
in the intermediate sense such that F = F(S) N F(T) # @. Let {on} and {Bn} be
sequences in [8,1— 48] for some 6 € (0,1). Let {x,} be the sequence defined by (1.3)
with the restrictions Y oo 1 [un || < 00 and Y o2 | ||va|| < co. Put

Gy :max{ sup (||T”x—q||—||x—q||)\/0, Vnzl}
xekK, geF

such that Z;OZI G, < 00. Suppose that the mappings S and T satisfy the following
conditions:

(C1) limp— o0 || Xn — Sxnll = 0 and limp o0 | Xp — T'Xn || = 0,
(C») there exists a constant A > 0 such that
{12 = S %l + 1w = Txall} = Ad (. F)
foralln > 1.

Then {x,} converges strongly to a common fixed point of the mappings S and T .

Proof. From conditions (C1) and (C3), we have limy, o0 d (x5, F') = 0, it follows
as in the proof of Theorem 1, that {x,} must converges strongly to a common fixed
point of the mappings S and 7'. This completes the proof. O
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Theorem 3. Let E be a real Banach space and K be a nonempty closed convex
subset of E with K+ K C K. Let S: K — K be a quasi-nonexpansive mapping and
T:K — K be uniformly L-Lipschitzian asymptotically quasi-nonexpansive mapping
in the intermediate sense such that F = F(S) N F(T) # @. Let {on} and {Bn} be
sequences in [8,1— 48] for some 6 € (0,1). Let {x,} be the sequence defined by (1.3)
with the restrictions Y _peq |[un| < o0 and Y g, v < co. Put

Gp, = max{ sup <||T”x—q|| — ||x—q||> V0, Vn> 1}
xeK, qgeF
such that thil G, < 0o. Suppose limy_soo ||Xn — Sxp|| = 0 and limy - || X7 —
T x| = 0. If at least one of the mappings S and T is semi-compact, then the se-
quence {x, } converges strongly to a common fixed point of S and T .

Proof. Without loss of generality, we may assume that 7' is semi-compact. By
Theorem 1, {x,} is bounded and by assumption of the theorem limy, o0 || X — Sxx || =
0 and limy, o0 || X — T X5 || = 0. This means that there exists a subsequence {x,, } C
{xn} such that x,, — x* € K as ny — oo. Now again by the hypothesis of the
theorem, we find

Ix* = Tx*|| = ol flxn, =T xn, || =0

and

% = Sx* = lim [, = S || =0.

This shows that x* € F. According to Theorem 1, the limit limy,— oo [|Xn — x*||
exists. Then

lim ||x, —x*||= lim [x,, —x*|| =0,
n—00 nj—00

which means that {x,} converges to x* € F. Thus the sequence {x,} converges
strongly to a common fixed point of the mappings S and 7. This completes the
proof. U

Theorem 4. Let E be a real Banach space satisfying Opial’s condition and K
be a weakly compact subset of E with K+ K C K. Let S:K — K be a quasi-
nonexpansive mapping and T: K — K be uniformly L-Lipschitzian asymptotically
quasi-nonexpansive mapping in the intermediate sense such that F = F(S)N F(T) #
@. Let {ay } and {Bn} be sequences in [6,1—6] for some § € (0,1). Let {xp} be the se-
quence defined by (1.3) with the restrictions Y e 1 |[un| < 0o and Y oo |lva| < oc.
Put

Gp = max{ sup (||T”x—q|| — ||x—q||) vo0, VYn> 1}
x€eK, geF
such that Z;ozl G, < oo. Suppose that S and T have a hybrid fixed point, I — S
and I — T are demiclosed at zero and {x,} is an approximating fixed point sequence
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for S and T, that is, limy oo || Xn — Sxu || = 0 and limy, s || X, — T Xy || = 0. Then
{xn} converges weakly to a common fixed point of S and T .

Proof. First, we show that wy, (x,) C F. Let x,, — x weakly. By assumption, we
have lim, oo || X7 — Sxz || = 0 and limy, 00 || X — Txp|| =0. Since I — S and I — T
are demiclosed at zero, x € F. By Opial’s condition, {x,} possesses only one weak
limit point, that is, {x, } converges weakly to a common fixed point of S and T. This
completes the proof. 0

Remark 2. Our results extend, improve and generalize many known results from
the existing literature to the case of more general class of mappings and modified
two-step iteration scheme with errors considered in this paper.

4. CONCLUSION

We proved several results on the iteration scheme (1.3) for a pair of
quasi-nonexpansive and asymptotically quasi-nonexpansive mapping in the interme-
diate sense. This class is more general than the classes of nonexpansive, quasi-
nonexpansive, asymptotically nonexpansive and asymptotically quasi-nonexpansive
mappings. Thus our results provide improvements and extensions of the results of
the existing literature.
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