Metadata, citation and similar papers at core.ac.uk

Provided by Repository of the Academy's Library

Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 14 (2013), No 1, pp. 233-243 DOI: 10.18514/MMN.2013.604

Some common fixed point results for weakly
compatible mappings in cone metric type
space

Hamadreza Rahimia, Pasquale Vetro, and Ghasem
Soleimant Rad


https://core.ac.uk/display/163101569?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 14 (2013), No. 1, pp. 233-243

SOME COMMON FIXED POINT RESULTS FOR WEAKLY
COMPATIBLE MAPPINGS IN CONE METRIC TYPE SPACE

HAMIDREZA RAHIMI, PASQUALE VETRO, AND GHASEM SOLEIMANI RAD
Received 18 September; 2012

Abstract. In this paper we consider cone metric type spaces which are introduced as a generali-
zation of symmetric and metric spaces by Khamsi and Hussain in 2010. Then we prove several
common fixed point for weakly compatible mappings in cone metric type spaces. All results are
proved in the settings of a solid cone, without the assumption of continuity of the mappings.
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1. INTRODUCTION

In 1922, Banach proved the famous contraction mapping principle [4]. Afterward,
other authors considered various definitions of contractive mappings and proved se-
veral fixed and common fixed point theorems [0, 13, 19,25]. In 1976, Jungck [18]
proved a common fixed point theorem for two commuting mappings. This theorem
has many applications but it requires the continuity of one of the two mappings. In
1996, Jungck [16] defined a pair of self-mappings to be weakly compatible if they
commute at their coincidence points. In the sequel, Jungck and Rhoades [17] pro-
ved some fixed and common fixed point theorems for noncommuting and compatible
mappings in metric spaces.

In 2007, Huang and Zhang [ 4] introduced cone metric spaces and proved some
fixed point theorems. Several fixed and common fixed point results in cone metric
spaces are proved in [1,5,9-12,21,22,24,26,27].

In 1931, Wilson [28] introduced symmetric spaces, as metric-like spaces lacking
the triangle inequality. Recently, Khamsi and Hussain [20,21] defined a new type of
spaces which they called cone metric type spaces. Afterward, other authors proved
fixed point theorems in metric type space and cone metric type spaces [7,15,23]. The
purpose of this paper is to generalize and unify the common fixed point theorems
for weakly compatible mappings of Abbas and Jungck [!], Abbas and Rhoades [2],
Arshad et al. [3], Huang and Zhang [14], on cone metric type spaces.

(© 2013 Miskolc University Press
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2. PRELIMINARIES

We recall some definitions and results that we will use in the sequel. Throughout
this article we denote by R the set of all real numbers and by N the set of positive
integers.

Definition 1 (See [28]). Let X be a nonempty set. Suppose that the mapping
D : X xX — [0, +00) satisfies

(S1) D(x,y) =0¢=x=y;

(S2) D(x,y) = D(y,x),
forall x,y € X. Then D is called a symmetric on X and (X, D) is called a symmetric
space.

Definition 2 (See [8, 14]). Let E be a real Banach space and P a subset of E. Then
P is called a cone if and only if
(a) P is closed, non-empty and P # {0};
(b)a,beR,a,b>0and x,y € P imply thatax + by € P;
(c)ifx € P and —x € P, then x = 0.

Given a cone P C E, we define a partial ordering < with respect to P by
X<y<=y—xeP.

We shall write x < y if x <y and x # y. Also, we write x < y if and only if
y—x €intP (where int P is the interior of P). If intP # &, the cone P is called solid.
The cone P is called normal if there is a number k& > 0 such that for all x,y € E,

0<x=<y= x| <klyl.

The least positive number satisfying the above condition is called the normal cons-
tant of P. In the sequel we always suppose that E is a real Banach space, P is a solid
cone in E, and < is a partial ordering with respect to P.

Example 1. (See [24])
(i) Let E = CR[0, 1] with the supremum norm and P = {f € E : f > 0}. Then, P
is a normal cone with normal constant k = 1.
(ii) Let E = Cg[0,1] with the norm || f || = || f lloo + || /'l and consider the cone
P ={fe€E: f >0} Then P is a non-normal cone.

Definition 3 (See [14]). Let X be a nonempty set. Suppose that the mapping
d : X x X — E satisfies
(d1) 0 <d(x,y) forall x,y € X and d(x,y) = 0 if and only if x = y;
(d2)d(x,y)=d(y,x) forall x,y € X;
(d3)d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.
Then, d is called a cone metric on X and (X, d) is called a cone metric space.
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Example 2. (See [14])Let E =R?, P ={(x,y) € E|x,y >0} CR?, X = Rand
d : X x X — E such that d(x,y) = (|Jx — y|,a|x — y|), where « > 0 is a constant.
Then (X, d) is a cone metric space.

Definition 4 (See [7,20,21]). Let X be a nonempty set, K > 1 be a real number
and E a real Banach space with cone P. Suppose that the mappingd : X x X — E
satisfies
(cdl) d(x,y)>=0forall x,y € X and d(x,y) = 0if and only if x = y;
(cd2)d(x,y)=d(y,x)forall x,y € X;

(cd3)d(x,2) < K{d(x,y)+d(y,z)) forall x,y,z € X.

Then (X,d, K) is called a cone metric type space. Obviously, for K = 1, a cone

metric type space is a cone metric space.

Example 3. (See [7]) Let B ={e;|i =1,...,n} be an orthonormal basis of R” with
inner product (-,-) and p > 0. Define

1
sz{[x]|x:[0,1]—>[R",/0 [(x(2).ej)|Pdt € R, j=1,2,....n},

where [x] represents the class of equivalence of x with respect to relation of functions
equal almost everywhere. Let E = R" and

Pp={yeR"(y.e)=0, i=12,..n}
be a solid cone. Define d : X, x X, — Pp C R" by

n 1
d(f.g) = Zei/O (f -9 e)lPdt,  figeX,.

i=1
Then (X,,d, K) is a cone metric type space with K = pLa
We define convergence in cone metric type spaces as in the cone metric spaces.

Definition 5 (See [20]). Let (X,d, K) be a cone metric type space, {x,} a sequ-
encein X and x € X.
(i) {xn} converges to x if for every ¢ € E with 0 < ¢ there exists ng € N such that
d(xp,x) K ¢ for all n > ngp, and we write lim,,—, 1 oo d(x,,x) =0
(ii) {xn} is called a Cauchy sequence if for every ¢ € E with 0 < ¢ there exists ng €
N such that d(x,, x,) < ¢ for all m,n > ng, and we write limy, ;- 400 d(Xn, Xm) =
0.

Lemma 1 (See [7]). Let (X,d, K) be a cone metric type space over-ordered real
Banach space E. Then the following properties are often used, particularly in dealing
with cone metric type spaces in which the cone need not be normal.

(P1) Ifu <vandv < w, thenu K< w.
(P2) If 0 <u K ¢ for each ¢ € intP, then u = 0.
(P3) Ifu < Auwhereu € Pand0 <A < 1, thenu = 0.
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(P4) Let x, > 0 in E and 0 < c¢. Then there exists a positive integer ngy such that
Xp L ¢ foreach n > ny.

Definition 6 (See [17]). Let f and g be two self-mappings defined on a set X.
If fw= gw =z for some z € X, then w is called a coincidence point of f and
g, and 7 is called a point of coincidence of f and g. The mappings f and g are
said to be weakly compatible if they commute at every coincidence point, that is, if
fegw = gfw for all coincidence points w.

Lemma 2 (See [1]). Let f and g be weakly compatible self-mappings on a set X .
If f and g have a unique point of coincidence 7 = fw = gw, then Z is the unique
common fixed point of f and g.

3. MAIN RESULTS

The following theorem, that extends and improves Theorem 2 of [3] and Corollary
2.10 of [2] in a cone metric type space, is our main result.

Theorem 1. Let (X,d, K) be a cone metric type space with constant K > 1 and
P a solid cone. Suppose that f, g and T are three self-mappings on X, satisfying
f(X)Ug(X) C T(X), and

d(fx,gy) =p,y)d(Tx,Ty)+q(x,y)d(fx,Tx)

(3.1)
+r(rp)d(gy. Ty) +21 (x, y)[HLRIFAERT0),

forall x,y € X, where p,q,r,t : X x X — [0, %) are real functions such that
sup {Kp(x,y)+ (K +1)max{g(x,y),r(x,»)} + (K> + K)t(x,y)} <2 < L.

x,yeX
(3.2)
If one of f(X), g(X) or T(X) is a complete subspace of X, then { f, T} and {g, T}
have a unique point of coincidence in X. Moreover if { f,T} and {g, T} are weakly
compatible, then f, g and T have a unique common fixed point.

Proof. Suppose xg is an arbitrary point of X. Since f(X) C T(X), there exists
x1 € X such that fxg = Tx; = y;1. Since g(X) C T(X), there exists xo € X such
that gx; = T'xp = y,. If we continue in this manner, then

Ixon+1 €X such that Yont1 = fxon = TXon41
Ixon2 € X such that Yon+2 = gX2n+1 = T'X2n+2,
forn=0,1,... .

In the sequel we denote p(x,y),q(x,y),r(x,y),t(x,y) respectively with p,q,r,z.
Now, we have
d(y2n+1.y2n+2) = d(fX2n.8X2n+1)
< pd(Tx2n,Tx2n+1) +qd(fx2n,TX2p)
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+rd(gxan+1,Tx2n+1)

+1[d(fx2n, Tx2n+1) +d(gX2n+1, T x20)]

= pd(y2n,y2n+1) +qd(Y2n+1,y2n) +rd(Yan+2, Y2n+1)

+t[d(y2n+1,Y2n+1) +d(yan+2, y2n)]

< pd(yan,yan+1) +qd(yan+1,y2n) +rd(yan+2, yan+1)

+1K[d(y2n+2, y2n+1) +d(y2n+1, y2n)]

=(p+q+tK)d(y2n,y2n+1) + (r +1K)d(y2n+1,Y2n+2),
which implies that

p+q+tK

d(Yan+1,Y2n+2) < e d(Y2n,Y2n+1)-

T l-r—t
Similarly,

+r+itK
d(Y2n+3.Y2n+2) < P

- d , .
e Py (V2n+2,Y2n+1)

Since A < 1, from

Kp(x,y) + Kq(x,y) +Ar(x,y) + K?t(x,y) + AKt(x,y) <A
and
Kp(x,y)+Aq(x,y)+ Kr(x,y)+ K?t(x,y) + AKt(x,y) < A,
that holds by relation (3.2), we have
p(x.y)+q(x,y)+ Ki(x,y)
1—r(x,y)—Kt(x,y)

<A

and

px,y) +r(x,y)+ Ki(x,y) _ 5

I—q(x,y) = Kt(x,y)
holds for all x,y € X. Therefore

A
d(Yn.yn+1) < Ed(yn—hyn) foralln € N

and hence

A A
d(Yn,yn+1) < —d(Yn—1,yn) <+ < ()"d(yo, y1)-
K K
Now, for m > n we have

d(Vn»ym) < Kd(Yn, yn+1) + K2d(Vn+1, ynt2) + -+ K" d(Ym—1, Ym)

1 _
et A AT 27 d (o, 1)
A’l’l

<
—Knl1-

=

d(y0,y1) >0 inEas n— 4oo.
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Now, by (P1) and (P4), it follows that for every ¢ € intP there exists a positive
integer ng such that d(y,, ym) < ¢ for every m > n > ng, so {y,} is a Cauchy
sequence. Suppose that 7'(X) is a complete subspace of X, then {y,} is convergent
in T(X) and there exists v € X such that lim,— o0 T X2, = limy— 400 Yo = V.
Since T is a self-mapping, there exists u € X such that Tu = v. Now, we prove that
fu =v. By (3.1), we obtain

d(fu,v) < K[d(fu,gxan+1) +d(gx2n+1,0)]
< K[pd(Tu,Tx2pn+1) +qd(fu,Tu)+rd(gx2n+1.TX2n+1)
+t[d(fu.Tx2n41) + d(gx2n+1, Tu)]| + Kd(gx2n+1.v)
= K[pd(v.y2n+1) +qd(fu.v)+rd(yant2.y2n+1)
+1[d(fu.yan+1) +d(yant2.0)]]+ Kd(y2n42.v)
= pKd(v,y2n+1) +qKd(fu,v) +rKd(y2n+2,y2n+1)
+ 1K [d(fu,v) +d(, y2n4+0)] +1Kd (yan+2,0) + Kd(y2n+2,0)
= (pK +1K*)d(v,y2n+1) +rKd(y2n+2. y2n+1)+
K(t +1)d(yan+2,v) + (gK +1K*)d(fu,v),

which implies
(1—gK —tK?)d(fu,v) < (pK +1K*)d (v, y2n+1) + rKd(Y2n+2. y2n+1)
+ K+ 1)d(y2n+2,v).
Now, using (3.2), we have that

(1=A)d(fu,v) < Ad(v, yan+1) +Ad(y2n+2, yan+1) + (A + K)d(y2n+2,v)

holds for all » € N. Since {y,} converges to v and d(y2,+2,V2n+1) — 0 in E as
n — +o00, for every ¢ € int P there exists ng € N such that for any n > ng, we have
(1-=X)c

30
(1-=2)c

30
(1—=2A)c
3A+K)

It follows that d( fu,v) < ¢ for every ¢ € intP, and by (P2) we have d( fu,v) =0,
thatis, fu = v. So, we have fu = Tu = v, that s, v is a point of coincidence of the
mappings f and T, and u is a coincidence point of the mapping f and T'.

Similarly, by (3.1) and (3.2) we conclude d(v,gu) < ¢ for every ¢ € intP, and
we have d(gu,v) = 0 by (P), that is, gu = v. So, we have gu = Tu = v, that is,
v is a point of coincidence of the mappings g and 7', and u is a coincidence point of
the mappings g and 7. Hence fu =gu =Tu = v.

d(,y2n+1) <

d(yan+2.y2n+1) <

d(y2n+2,v) <
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Now we shall show that v is the unique point of coincidence of the pairs { f, 7T}
and {g,T}. Let v’ be also a point of coincidence of these three mappings, then
fu' =gu' =Tu' =v' foru’ € X. From (3.1), we have

d(v.v') = d(fu,gu’)

< pd(Tu,Tu")+qd(fu,Tu)+rd(gu’,Tu)

+t[d(fu,Tu')+d(gu’',Tu)]

= pd(v,v") +qd,v) +rd( V') +t[d@,v") +d', v)]

= (p+20)d(v,v')

<Ad(v,v'),
and (by (P3)) it follows that v = v’. If the pairs { /,T} and {g, T} are weakly com-
patible, then v is the unique common fixed point of f, g and 7 by Lemma (2). [

The following result is a consequence of Theorem 1.

Theorem 2. Let (X,d, K) be a cone metric type space and P a solid cone. Sup-
pose that f, g and T are three self-mappings on X, satisfying f(X)Ug(X) C T(X),
and

d(fxng)faMx,y(f»gs T)’ (33)

where a € (O,min{ﬁ, m})for K > 1and
Moy (£8.T) € Jd(Tx. Ty).d(fx.Tx).d(gy. Ty), "L H TN T AT
(3.4
forall x,y € X. If one of f(X), g(X) or T(X) is a complete subspace of X, then
{f,T} and {g, T} have a unique point of coincidence in X. Moreover if { f,T} and
{g, T} are weakly compatible, then [, g and T have a unique common fixed point.

Proof. First, we consider the following subsets of X x X:
A ={(x.y) e X xX :d(fx.gy) =d(Tx,Ty)};
B ={(x,y) e XxX\A:d(fx,gy) =d(fx,Tx)};
C={(x.») e XxX\(AUB):d(fx.gy)=d(gy.Ty)},
and we define the functions p,q,r.t : X x X — [0,1/K) as following

e, if (x,y)eAd o, if (x,y)eB
plx.y) = { 0, otherwise ’ q(x.y) = 0, otherwise ’
oo, if (x,y)eC /2, if (x,y)e(AUBUC)®
r(x,y) = { 0, otherwise (X, y) = 0, otherwise

Now, the mappings f, g and T satisfy the conditions (3.1) and (3.2) with respect
to the previous functions if @ < min{ﬁ, m} and so Theorem 2 follows by
Theorem 1. 0
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Remark 1. Proceeding as in the proof of Theorem 1, we can prove that Theorem
2 holds for o < m also when 1 < K < 2. So Theorem 2 extends Corollary 2.5
of [2] in the setting of a cone metric type space.

The following results is obtained from Theorem 1.

Corollary 1. Let (X,d, K) be a cone metric type space with constant K > 1 and
P a solid cone. Suppose that the mappings f, g and T are three self-maps on X,
satisfying
S(X)Ug(X)CT(X), and

d(fx,gy) <pd(Tx,Ty)+qd(fx,Tx)+rd(gy,Ty)+t[d(fx,Ty)+d(gy.Tx)],
3.5

forall x,y € X, where p,q,r,t €0, %) and
Kp+ (K + D)max{q,r}+ (K> + K)t < 1. (3.6)

If one of f(X), g(X) or T(X) is a complete subspace of X, then { f,T} and {g, T}
have a unique point of coincidence in X. Moreover if { {,T} and {g, T} are weakly
compatible, then f, g and T have a unique common fixed point.

Corollary 2. Let (X, d, K) be a cone metric type space with constant K > 1 and P
a solid cone. Suppose that f and T are two self-mappings on X, satisfying f(X) C
T(X) and

d(fx, fy) < pd(Tx,Ty)+qd(fx.Tx)+rd(fy. Ty)+t[d(fx,Ty)+d(fy.Tx)],
(3.7)

forall x,y € X, where p,q,r,t € [0, %) and
Kp+ (K +1)max{q,r} + (K*>+ K)t < 1. (3.8)

If one of f(X) or T(X) is a complete subspace of X, then { f, T} has a unique point
of coincidence in X. Moreover if { f,T} is weakly compatible, then f and T have a
unique common fixed point.

Proof. In (3.5), set f = g. It follows from Corollary 1 that { £, 7T} have a unique
common fixed point v. O

Corollary 3. Let (X, d, K) be a cone metric type space with constant K > 1 and P
a solid cone. Suppose that f and T are two self-mappings on X, satisfying f(X) C
T(X) and

d(fx, fy) <ard(Tx,Ty)+azd(fx,Tx)+a3d(fy.Ty)
+asd(fx,Ty)+asd(fy, Tx), (3.9)
forall x,y € X, wherea; > 0 fori =1,2,...,5 and
Kay + (K + 1)max{as,a3} + (K*> 4+ K)as < 1,
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Kay + (K + 1)max{as, a3} + (K*> + K)as < 1. (3.10)

If one of f(X) or T(X) is a complete subspace of X, then { f, T} has a unique point
of coincidence in X. Moreover if { f, T} is weakly compatible, then f and T have a
unique common fixed point.

Proof. See [7]. ]

Remark 2. Corollaries 2.11 and 2.12 in [2] can be generalized into cone metric
type space by Corollary 2. Also, some results in [7] can be obtained by our corolla-
ries.

The following corollary is obtained from Theorem 2.

Corollary 4. Let (X,d, K) be a cone metric type space and P a solid cone. Sup-
pose that | and T are two self-mappings on X, satisfying f(X) C T(X), and

d(fx, fy) <aMy,(f.T), (3.11)

where o € (O,min{ﬁ, m})for K >1and

d(fx.Ty)+d(fy.Tx)
2

My (£,T) € {d(Tx, Ty),d(fx,Tx).d(fy.T). ,
(3.12)
forall x,y € X. If one of f(X) or T(X) is a complete subspace of X, then { f,T}
have a unique point of coincidence in X. Moreover if { f, T} is weakly compatible,
then f and T have a unique common fixed point.

Proof. In Theorem 2, set f = g. O

Example 4. Let X = E = Rand P = [0, +00). Suppose that d(x, y) = |x —y|? for
all x,y € X. Then (X,d, K) is a cone metric type space with K = 2 by Minkowski
inequality. Let f, 7 : X — X be two mappings defined as follows

1
fx:ﬁ(2x+3) and Tx =2x+3,
where x € X. Since f(X) =T(X)= X, wehave f(X) C T(X). Also,
L _ L 2_1
d(fx,fy)—lﬁ(ZX+3) ﬁ(2y+3)| 14Tx.Ty)

and so (3.11) holds with o = %. According to Corollary (4), {f, T} have a unique

point of coincidence in X. Indeed v = 0 is the unique point of coincidence of { f, T}

and u = _73 is a coincidence point of the mappings f and 7.
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