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1. INTRODUCTION

The original method of monotone iterative technique provides an explicit analytic
representation for the solution of nonlinear differential equations which yields point-
wise upper and lower estimates for the solution of problem whenever the functions

involved are monotone nondecreasing and nonincreasing [ 13,8, 10-13]. As aresult,
the method has been popular in applied areas [1, 2],[4—-0],[9, 12, 13]. The monotone
iterative technique [2, 6—8], uncoupled with the method of upper and lower solu-

tions, offers monotone sequences that converge uniformly and monotonically to the
extremal solutions of the given nonlinear problem. Since each member of such a
sequence is the solution of a certain (ODEs) which can be explicitly computed, the
advantage and the importance of this technique needs no special emphasis. Moreover,
this method can successfully be employed to generate two sided pointwise bounds on
solutions of initial value problems of ODEs from which qualitative and quantitative
behavior can be investigated. In this paper especially we employed monotone iterat-
ive technique for ODEs with initial time difference.

2. PRELIMINARIES

In this section we will give some basic definition and theorems by [4] which are
very useful to use in our future references.

© 2015 Miskolc University Press
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We consider the following initial value problem

x'(t) = f(t,x(t)),x(tg) = xo fort > tg,t9 € R+ 2.1
where f € C[R+ X R,R]and t € [to,t0 + T].
Definition 1. (i) Let r(¢) be a solution of the (2.1) on ¢ € [tg,to + T]. Then r(t)

is said to be a maximal solution of (2.1) if, for every solution x (¢) of (2.1) existing
on [tg,to + T] the inequality

x(t) <r(t).t €to,to+T] (2.2)
holds.
(ii) Let p(t) be a solution of the (2.1) on t € [tg,to + T]. Then p(¢) is said to be

a minimal solution of (2.1) if, for every solution x(¢) of (2.1) existing on [tg, %9 + T]
the inequality

x(t) = p(t).t € [to,to + T (2.3)
holds.
Definition 2. (i) A function 8 € C![[to.to + T], R] is said to be an upper solution
of (2.1)if
B'= f(t.B).B(to) = xo.t € [to.to + T] (24)
(ii) A function o € C![[tg,t0 + T, R] is said to be a lower solution of (2.1) if
o < f(t,@),a(to) < xo,t € [to,t0 + T (2.5)

Theorem 1 ([4]). Let o, B € C[[to.to + T], R] be lower and upper solutions of
(2.1) respectively. Suppose that x >y, [ satisfies the inequality

f(l,x)—f(t,y)fM(x—y) (26)

where M is a positive constant .Then «(tg) < B(to) implies that a(t) < B(t),t €
[fo.t0 +TT].

Remark 1 ([4]). Let the assumptions of Theorem 1 hold. Then every solution x (¢)
of (2.1) such that a(zg) < x(f9) < B(to) satisfies the estimate

a(t) <x(t) < p@).t €[to.to+T]. (2.7

Theorem 2 ([4]). Let f € C[[to,to+T]x R, R] and |f(t,x)| < L. Then there
exist a solution of the IVP (2.1) on [to,to + T].

3. COMPARISON THEOREMS AND EXISTENCE RESULTS RELATIVE TO INITIAL
TIME DIFFERENCE

In this section, we will give some basic comparison theorems and existence results
relative to initial time difference.
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Theorem 3 ([5]). Assume that f € C [R4+ X R, R] and
(i)a e CY[rg, 10+ T].R].70=>0,T >0,8€ C[n0.n0+T].R],no >0, and
o (1) < f(t,a(t)) fort € [t9,70+ T} (3.1)
B'(t) = f(t.B(1)) fort € [no,no+T] (3.2)
with (7o) < B(10);
(@) f(t,x)= f(t,y) <M(x—y),x>y,M > 0;
(iii) to <to <no and f(t,x) is nondecreasing int for each x.
Then (A) a(t) < B(t + (0 +§)) fort > 19 where 0 = to— 10, = 1o —1o.
(B) a(t—o0) < Bt +E&) fort = to,where 0 = tg— 10 and & = no —to.
(C) a(t—(o+§&) < B(t).t = no where o = to—10,§ = 1o — to.
Proof of Theorem 3. Please see [5] for the details of the proof by simple modific-
ation of (A4), (B) and (C). O
The following theorem is the existence result in the closed sectors.
Theorem 4. Assume that f € C [R4+ x §2, R] and
(i)a e C[to.10+T].R].70>0,T >0, € C'[[no.no+T].R]. 1m0 >0
o (t) < f(t.a(t)) fort € [to. 70+ T]
B'(t) = f(t.B(t)) fort € [no,no +T]
with a (o) < B(n0);
(ii) o <to < no and f(t,x) is nondecreasing in t for each x;
i) a(t—o) <P +E)forto<t<to+T where 0 =t9—10,& =19 —1o.
Then there exist a solution of initial value problem (2.1) satisfying
a(t—o) =x(1) = p(r +$)
forto <t <to+T.
Proof of Theorem 4.  Let Bo(t) = Bt + &) and «ao(t) = a(t — o) for
t € [to,to+ T] = I. Then we get Bo(to) = B(no) > ao(to) = a(tp) and
Bo(t) = f(t+&,Bo(1),ap(t) < f(t—0,a0(1)).
Assume that ao(f9) < x¢ < Bo(to) and p : [tg,t0 + T] x R — R such that
p(t.x) = maxao () ,min[x, Bo (1)]]

Then f(¢, p(t,x)) defines a continuous extension of f to [fg,fo + 7] x R which is
also bounded since f is bounded on §2, where

R={(tx)eRtxR:a(t—0)<x=<B@t+§ forto <t <to+T}.  (3.3)

Therefore, the initial value problem x” = f(z, p(t,x)), x(t9) = x¢ according to The-
orem 2 has a solution on /. For sufficiently small ¢ > 0, consider

oo, (1) = op(t) —e(1+1) (3.4)
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Bo. (1) = Bo(r) +&(1 +1). 3.5)
Clearly
ao, (t0) < ao(to) < xo < Bo(to) < Bo. (to)
and hence o, (fp) < xo < Bo, (to). We wish to show that
ap, (1) < x(t) < Bo.(r) on I
Suppose that it is not true, then there exists a t; € (¢g, o + 7] such that
to, (1) < x(t) < Po. (1) on [to,11) and Bo, (t1) = x(11).
Then x(¢1) > Bo(t1) and so
p(t1,x(t1)) = Bo(r1)
Also ag(71) < p(t1,x(71)) < Bo(t1). Hence
Bo(t1) = f(t1.Bo(t1)) = f(t1. p(t1.x(t1))) = x'(t1)

Since B (1) > By(t1) = x'(t1) we have B4 (t1) > x"(#1) . This contradicts x(¢) <
Bo.(t) for t € [to,t1). The other case can be proved similarly. Consequently, we
obtain wg, () < x(¢) < Po,.(¢) on I. Letting ¢ — 0 we get

ag(t) = x(t) < Po(t) on I.
Therefore the proof is completed. g

Remark 2. Assume that f € C [R4 X R, R], assumptions (i), (ii) of Theorem 4
hold and

{ii)*a(t) <Bt+(0+E&)) forrg <t <19+ T where o0 =ty—10,E =19 —1lo.
Then there exist a solution satisfying

a(t) <x(t+o) B+ (0+¥§))
forto <t <ty+T.

Remark 3. Assume that f € C [Ry x R, R], assumptions (i), (ii) of Theorem 4
hold and

@ii)* at—(0+€&) <B@)fornyg <t <no+T where o =ty—10,& =10 —1o.
Then there exist a solution satisfying

a(t —(0+§) =x(t—§) = p)
for ng <t <no+T.
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4., MONOTONE ITERATIVE TECHNIQUE WITH THE DIFFERENT INITIAL DATA

In this section we have applied the monotone iterative technique for the nonlinear
initial value problem of (2.1) by choosing lower and upper solutions with known at
the different initial data.

Theorem 5. Assume that f € C [R4+ X R, R] and
(i)a e C[to,t0+ T, R].,70>0,T >0,8€ C[[no,no+T],R].no >0

o' (t) < f(t,a(t)) fort € [tg, 70+ T]
B'(t) = f(t.B(t)) fort € [no,no+T]

with & (o) < B(no);

(ii) 19 <to < no and f(t,x) is nondecreasing in t for each x;

(iii) a(t—o) <Pt +&) forto <t <to+T,0 =to—70,& = 10 —o;

(iv) f(t,x)— f(t,y)>—M(x—y)where M >0anda(t —0) <y <x <B(t+§&)
fort € [tg,to + T].

Then there exist monotone sequences {02:1} and { B n% which converge uniformly and

monotonically on [to,to + T such that Up — pand B, — r as n — 0o. Moreover, p
and r are minimal and maximal solutions such that p is the minimal solution of the
initial value problem of x' = f(t,x),x(t9) = xo on [t9.70 + T'] and r is the max-
imal solution of the initial value problem of X' = f(t,x),x(n9) = xo on [no,no + T

respectively where Eo(t) =B+ S),&o(t) =a(t—o0).

Proof of Theorem 5. Since Bo(t) = Bt +8). Bolto) = Blto+8) = Bl0) = to(t0)

~! ~
and Bo(t) > f(t +£.Bo(t)).ag(t) < f(t —o0,00(t)).t € [to,to+ T]. Consider the
following linear initial value problems

o () = F(E—0.0n(0) = M@ns1 () —@n (D) Gni1(to) =%0 (A1)
Brir(O) = F(t+EBy() = MBpir ()= Bp(0) Brsi(te) =x0  (42)

Setting p(t) = El () —,évo(t) where p(fg) <Ofort e I.

P(6) = B1(6)— Bo(t)
= f(t+EBo()) — M(B () — Bo(1) — Bo (1)

< (48 Bo(0) — M(B1 (1) — Bo (1)) — f(t +E.Bo(1))
(1) < —Mp(1)
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This shows that p(¢) < p(to)e ™! < 0 since we have p(fy) < 0. Hence 1 (t) < Bo(t)

on /. Similarly we can show that &o(t) < &1(t) on [. Setting p(t) = &1(Z) —&O(Z)
and p(to) >0 fort € [to,t0+ T].

P =a,(H) =g
= [(t=0,60(0) = M(er (1) ~Go(1)) ~ (1)
> f(t —o.00(t)) — M(@1(t) —ao(t)) — £t —0.a0(1))
p'(t) = —Mp(t)
This shovwvs that p(t) > p(tg)e M? > O.Pence &0(1) <aq (t) on I. Now we can show

a1 (t) < By(t). Setting p(r) = a1 (1) — B, (t) where p(to) <0 fort € [tg, 10+ T].
PO =@y~ By ()
= f(t —0.00(1) — M(@1(t) —@o(t)) — /(¢ +£.Bo(0)) + M(B1 (1) — Bo (1))
< f(1.G0(1)) — M(@1 (1) = o()) — £ (1. Bo(1)) + M(B1 (1) — Bo(1))
= f(t.20(t) — f(t. Bo(1)) — M(@1 (1) — do(1)) + M(By (1) — Bo (1)
<- [—M(Eo(r) —&o(t))} — M(@1(1) = a0(1) + M(By (1) — Bo(0))
= M(B, (1)~ a1 (1))
p'(0) < —Mp(r)

This shows that p(z) < p(to)e ™* <0 on I. Hence &1(t) <B,(@)on [to,to+T].
Consequently, we have

ao(t) <ay(r) < ,El(t) < Eo(t) on 1.

To employ the method of mathematical induction, assume that for some k > 1

Qo1 (6) <@k (6) < Br(t) < By () on 1

we then show that
(1) < G (1) < Brar(t) < Br(t) on 1.
where k+1(t) and Bk 11(1) are the solutions of the linear IVPs
g1 (1) = f(1 = 0,65 (1)) = M(@g 41 (1) — @k (1)), Qg1 (f0) = Xo

Bar () = F(t +E Br(6) = M(Bysr (1) = B (), Brsr (t0) = xo.
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As we have done before, we set p(t) = &k+1 (3] —&k(t) where p(t9) > 0.
P(0) = Gy (1)~ 1)
= f(t —0.0r (1) = M(ajs1(t)
— (1) = f(t =0, 0p—1 (1)) + M(a (t) — a1 (1))
= f(t —o.x (D)) = f(t =0, 0p_1 (1))
— M(@g41() — g (1)) + Mo (1) — ot—1 (1))
> —M (o (1) — 0g—1 (1)) — M (@1 (1) — 0 (1)) — Mo (1) — 0tg—1 (£))

= — M@y (t) — g (1))
p'(t) = —Mp(1)

This shows that p(t) > p(to)e ™M? > 0 on I. Hence &k(t) < &kﬂ(t) on /. Setting
p(t) = B11(1) — By (t) where p(to) < 0.

PO = Bar B0
= F(+EBe0) = MBi () —Bi (1))
— F(+E B (1) + MB(®) = i1 (1)
— fU+EBL) = +E By (1))
— MBrir ()= Bi(0) + MB ()= Br_1 (1))
<= [ MG =) |~ M By (0= Bl + M) = )
P(t) < —Mp(t)
This shows that p(f) < [i(tg)e_Mt <0 on I. Hence EkH(t) < Ek(t) on /. Now

setting p(1) = @41 (1) — By1 () where p(19) <0.

~/

P(0) = Gy ()= By ()
= flt =0,k (1) — M@k 11 () —ax (1))
— U+ E B+ MBir () =B (1)
< F(aR(0) = F1 (D) = M@gr1 (D) = G () + M(By 1 (1) = B (1)
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<- [—M(Ekm — (z))} = M@y (1) = 0 (1)) + M (Bt (1) — B (1))
(1) < —Mp(0)

This shows that p(¢) < p(to)e ™M? <0 on I. Hence &k_H(t) < PBrs1(t)onI. Con-
sequently, for all k € N and for t € I. We get

(1) < pg1(t) < Bregr (0) < Br(t) on 1.
Hence it follows that foralln € N and t € I, we have

ao(t) a1(t) < ... <an(t) <P (1) < ... < B1(1) < Bo()onl.  (4.3)
It is clear that the sequences {&n} and { B, ¢ are uniformly bounded and equicon-
tinuous sequence of functions on [fg,zo + 7] and consequently by Ascoli-Arzela’s
theorem there exist subsequences {&n k} and { Bn k} that converge uniformly on
[to,to + T] . In view of (4.3) it follows that the entire sequences {&n} and {,Bn§

converge uniformly and monotonically to ; and 7 ,Jrespectively, as n — co. We have
obtained the following corresponding Volterra integral equation for (4.1) and (4.2)

Gns1() = X0+ / (f (5 — 0,00 () — M(@ns1(5) —an(s))ds

t
Bt () = xo0+ / (F (5t B (5) = M(Bp 1 (5) — By (5))ds.
to

Therefore, we get
p'(t) = f(t—0,p(t)), p(to) = xo (4.4)

() = £+ ET 1)) (o) = xo 4.5)

as n — oo where E(t) =p(t—o0)and 7(t) =r(t + ), respectively. Finally, we must
show that ;5 and 7 are the minimal and maximal solutions of the TVP (4.4) and (4.5),
respectively. Let x(¢) be any solution of (2.1) such that

Go(r) < x(t) < Bo(t) on [to.t0 +T.

Then we need to prove

ao()<p<x(t)<r< Eo(t) on [to.t0+ T].
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Suppose that for some 7,

an(t) < x(1) < By (0).
Then, we set p(t) = &n+1([) —x(t) where p(t9) = 0. Thus
P = Gy ()= 5'(0)

= [t —0.0n(t)) = M(atn+1(1) —n (1)) — f (2, )

< f(t.0n(0)) = f(t,X) = M(@n+1(1) = an (1))

< =M (an(t) = x(1) = M(@n41(1) = on(1)

= —M(en+1(1) = x(1))

=—Mp(t).
This shows that p(f) < p(to)e ™% < 0 on I since we have p(fo) < 0,; Hence

&n+1(l) < x(t) on I. In a similar manner, we can show that x(¢) < B,(z) on

[to,?o + T]. This proves by induction that an(t) < x(1) < Bn () for all n taking limit

as n — oo we arrive at }; <x(t)<Tr on [to,to + T]. Therefore the proof is com-
pleted. U

Corollary 1. If in addition to the assumption of Theorem 5, we assume
f([’x)_f(t’y) = M(X—J’),Ol([—a) Ey =x Sﬁ([-i_é)’M >0

then we have unique solution of (2.1) such that ;5 =x=r.

Proof. Ifweset p=r—pthen p' =r'—p' = f(t,r)— f(t,p) < M(r —p), which
gives p’ < Mp and p(t9) = 0.Hence we get p(¢) < 0 on [tg,%o + T] which implies
r < p. Also , utilizing the fact that p < r, we have p = x = r is the unique solution
of (2.1). g

Corollary 2. If in addition to the assumption (i), (ii) of Theorem 5, we assume

i) a@)<B+(c+&)fortg<t<t19+T where 0 =ty—10,§ = 1o —1t0;

@@v) f@t,x)— f(t,y) = —M(x —y) where M > 0 and a(t) <y < x <
Bt + (0 +§)) fort €lro. 70+ T1.

Then there exist monotone sequences {0, } and { ﬂn} which converge uniformly
and monotonically on [tg,to + T] such that a, — p and B,, — 7 as n — oo. More-
over, p and r are minimal and maximal solutions such that p is the minimal solution
of the initial value problem of x' = f(t,x),x(t9) = xo on [t9.70 + T'] and r is the
maximal solution of the initial value problem of

X () = f(t +0.5(1)). ¥ (10) = X0.1 € [10.70 + T (4.6)
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respectively where :éo(t) =B+ (c+ S)),ao(l) = ag(?).

Corollary 3. If in addition to the assumption (i), (ii) of Theorem 5, we assume

({fii)a(t—(0+&) <B(t)forng <t <no+T where 0 =ty—10,& =1no—1o;

@@v) f(t,x)— f(t,y) = —M(x—y) where M >0anda(t —(0 +§)) <y <x <
B@) fort € no.no+TJ.

Then there exist monotone sequences {&n} and {Bn} which converge uniformly

and monotonically on [n9,n9 + T] such that Un — E and B, — r as n — co. More-

over, p and r are minimal and maximal solutions such that p is the minimal solution
of the initial value problem of

~! ~ ~
x (1) = f(t—=§.x(1)),x(no) = xo.1 € [no,no + T 4.7)
and r is the maximal solution of the initial value problem of x’' = f(t,x), x(n9) = xo

on [no,no + T] where ,EO(I) = ﬂo(l),&o(t) =ao(t—(0+§)).

5. EXAMPLES
Example 1. Consider the nonlinear initial value problem
x'(t) =e'x?, x(1)=—1fort > 1 (5.1)

where f(t,x) =e’x?> € C[Ry x R,R] and t € [1,4].
(En) a() = -2, a(0) = -2, a@t) € C'[[0.3]. R] and B(r) = —5L.
B(2) = —=15, B(t) € C'[[2,5]. R], then we get for T =3

T 2620

o (t) = e% and f(t,a) = ;it then o/ (¢) < f(t,«) for t €[0,3]

B'(t) = 2—; and f(t,8) = 4%” then B'(t) > f(t,a) fort € [2,5].

Therefore, «(¢) and B(¢) are lower and upper solutions, respectively and

1
@(t0) = a(0) = =2 < x(to) = (1) =1 < Bl10) = B2) =~ .
(E2) 0 <1 <2and f(t,x) is nondecreasing in ¢ for each x and (1) = _72 <
B = 2.

(E3) f(t,x)— f(t,y) > —M(x —y) where M = 4e* > 0 is the Lipschitz constant

fora(l) <y <x <pB(1), t €[0,5]. Also ao(t) = a(t—1) and Bo(t) = B(t+1) for
t e[l,4].

~

Therefore, &n—i-l is a lower solution and f,,,is an upper solution of (5.1) for

t €[1,3]. Thus @p41(t) < Bpyq(t) fort € [1,4].
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Consequently, we have for all 7,

Go(1) <a1(1) <+ < an(t) < Pult) <+ < By (1) < Polt) fort € [1.4]

Employing the standard monotone technique it can be shown that the monotone

sequence {&n (t)} converges to 5 which is the minimal solution of (5.1) as n — oo
and monotone sequence { B n(t)} converges to 7 which is the maximal solution of

(5.1) as n — oo. We arrive at ;5 <x() = 7 on [1,3]. In this example,since the

solution x (¢) = —m of (5.1) is unique, ; =x(t)=r.
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