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Abstract. In this paper we consider the practical stability for a class of functional differential
system with impulses. By making use of the analysis techniques, specially, the Bernoulli in-
equality, we obtain some criteria to guarantee the practical stability of our system, including the
finite-time stability and infinite-time stability.
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1. INTRODUCTION AND PRELIMINARIES

Since the system of functional differential equations with impulses can better de-
scribe the erupted process such as population, economics, control models and so on,
there have been many research activities concerning the qualitative theory for the
equations of this type, see, for example, the recent literature [2, 3,5—7] and the others
cited therein. This paper is concerned with the practical stability of the following
system

xX'(t)y=A@)x@)+ f(t,x(t),xs), t >0, # 1y, (L.1)

x(l‘k)=lkx(l‘k_),k=1,2,3,..., )
where 1] <t <t3 <...and t;y — 0o as k — 00, x; stands for the delay functions
Xt 1 [—7,0] = R” for a given positive constant T > 0 and any fixed ¢, and

x(tg) =x(1) = hEI})l+x(lk +h), x(ty)= hl_i)r{)lix(lk +h).

Further, I € R™" is invertible for each k, A € C(R"*"*,R"), and f : C([0,00) x
R" x D, R™), here O denotes the set of functions ¢ : [—7,0] — R” with the properties
that ¢ (¢) is continuous everywhere except for a countable number of points 7 at which
¢(f +0) and ¢ (f — 0) exist and ¢ (7 +0) = ¢ (7).

Note that the practical stability is different from the classical Lyapunov stability,
see [1] for details. Roughly speaking, the practical stability means that the solutions
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of our system does not exceed some bounds on an advanced interval. Our motivation
in this paper stems from the work by Stamova [6], who imposed the direct Lyapunov
method to study the practical stability of (1.1) with special impulsive effects. We
remark that, in general, it is difficult to find Lyapunov functions. In this paper we in-
tend to avoid the trouble. For this purpose we require some hypotheses and notations
as follows:

(H1) there exist two continuous functions b; : [0,00) — (0,00) fori = 1,2, and a
constant A > 0 such that

| £t x, )| < b1(@)|x|* +ba2(0)||¢]|* forall (¢,x,¢) € [0,00) x R x D,

where |- | represents the norm of R” and ||- || the norm of D defined by ||¢|| =
SUP_z<¢<0 lp();
(H2)

/oo [|[A(s)||ds < oo and /oo(bl(s) + by (s))ds < 00,
0 0

where || A(s)|| is the norm of A(s) induced by |- |;
(H3) the functions E(¢) and p(¢) are defined, respectively, by

E@):= [] Ix and p(t):=max{||[A@®)||. bi(r) + b2 (1)},
k:ti€[0,t]
where E(¢) reduces an identity matrix when ¢ < #1;
(H4) there exists a constant M, > 0 such that
Moo= sup {[|EQI.IIET' @I},
0<t<oo
where E7!1(¢) denotes the invertible of E(z).

Let ¢ > 0 and ¢ € D. By a solution x(¢) := x(¢,¢) of (1.1) defined on [—7,{) we
mean that x(7) is right continuous with x (¢) = ¢(¢) on [—7,0] and x (tx) = I x (1)
for each possible k, and that x (¢) satisfies

x'(t) = A@)x(t)+ f(t.,x(t),x;), t #1; andae. t >0. (1.2)

Next we consider the relation of solutions between (1.1) and the following initial
problem

Y'(0) = ETNOAOE@)y () + f(t, E@)y(©),(Ey))].t =0, t # 1,
(1.3)
y()=¢(@), 1 €[-.0],
where (Ey); € D defined by (Ey):(0) = E(t +0)y(t +0) forall 8 € [—1,0].
By a solution y(¢) of (1.3) we mean that y(¢) is continuous at points #;, coincides
with ¢ (¢) on [—1,0] and satisfies
Y'(@) = ETNOIADE@)y @)+ f(t, E@)y @), (Ey))], t # 1 andae. 1>0.
(1.4)
Let x(¢) := x(t,¢) be a solution of (1.1) and y(t) = E~1(¢)x(t). Then, a straight-
forward verification shows that y(¢) is continuous at points #; for each possible k,
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and that y(¢) is a solution of (1.3). To the contrary, for a solution y(¢) of (1.3) we can
verify that x (¢) = E(¢)y(y) meets (1.2) and the conditions x (fx) = I x (¢ ). Hence
we get a preliminary result as follows.

Lemma 1. The solution x(t) := x(t,¢) of (1.1) implies that y(t) = E~1(t)x(¢) is
a solution of (1.3). Conversely, the solution y(t) of (1.3) implies that x(t) = E(t)y(t)
is a solution of (1.1) satisfying the condition x(t) = ¢(t) forall t € [—1,0].

With the preliminaries in hand we can now give the precise definition of practical
stability. The system(1.1) is said to be practically stable with respect to (o, 8,7T) if
for given f > 0 and T > 0, there exists a positive number o« = «(8,7) < B such
that ||¢|| < o implies the solution x(¢) := x(¢,¢) of (1.1) fulfils |x(¢)| < B for all
t € [0,T]. Furthermore, if there exists a positive number o = () < B such that
||¢|] <« implies |x(¢)| < B for all ¢ € [0,00), then the system (1.1) is said to be
practically stable with respect to («, B).

2. MAIN RESULTS

We are now in a position to establish the practical stability criteria for (1.1). Re-
ferring to Hale’s monograph[4, Chapter 2, Theorem 2.1], we note that the solution
x(t) :=x(t,¢) of (1.1) exists locally for each ¢ € D. Further, the following holds.

Lemma 2. Under Assumptions (HI)—(H4) and ¢ € D, the solution x(t) :== x(t, )
of (1.1) exists on [—1,00).

Proof. Suppose that the solution x(¢) := x(¢,¢) of (1.1) exists on [—1,{), here
0 < ¢ < oo. Then, Lemma | implies that y(z) = E~1(¢t)x(¢) is a solution of (1.3).
We assert x (¢) is bounded on [—7, {). Indeed, from (1.4) we have
t
0
and hence, with the help of x(¢) = E(¢)y(t) and Assumptions (H1) and (H4), it
follows that

y(t)=¢(0)+/ ETHS)IAG)E©)y(s) + f(s, E(5)y (), (Ey)s)lds, 1 =0 (2.1)

|x (1)] (2.2)
t
< Mool +M§o/0 (LA 1x ()] + b1 () |x () |* + b2 (s)]|xs][*)ds, 1 €[0,2),
which infers that

t
x| = L+M§o/0 (A®)]- xS+ br($)x($)I* +ba(s)xs][*)ds, 7 €[0,0),

(2.3)
where L := Msol||@||- Let u(z), v(¢) and w(r) be defined, respectively, by

t
u(t) =t v(t):= L+ M;[O (A 1x ()] + b1 ($)|x ()|} +ba(s)|[xs][*)ds
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and

I ds

Without loss of generality we can set L > 1. Then, from (2.2) and (2.3) we have
xO _ ulx@D _ | ulld)
— ) <1, <1,tel0,
0@ =" wee) = ) =0
and hence, it follows that
A - |x ()| +b1(@)u(|x@)]) + ba()u(]|x:]])
u(lv(@)|)

which, with the aid of w(¢), produces

=AM+ b1(2) + b2(2),

d%W(v(t)) < MZ(IAWD] +b1() + ba(2)). 24

Now integrating (2.4) from O to ¢ € [0,{) we obtain

t
w(v (1)) SMOZO/O ([|A@) [+ b1(s) + ba(s))ds

and this, with the invertibility and monotonicity of w, results in

t
() <w™! (Mozo/o (1Al +b1(S)+bz(S))dS), 1€[0.9). (2.5)

Invoking Assumption (H2), together with (2.2) and (2.5), it is clear that the solu-
tion x(¢) := x(z,¢) of (1.1) is bounded on [—1, ).
Now for the solution x(¢) := x(¢,¢) of (1.1) we can set

|[A(t)x ()| < Mg and | f(t,x(t),x;)| < My forall t € [-1,0).

We assert that the solution x(¢) := x(¢,¢) exists on [—,¢1]. Otherwise, ¢ < ¢; and,
from (2.1) we have

|x(s1) —x(s52)| < Mgls1 —s2| + Mg|s1 —s2|, s1.52 €[0,0),

which implies that lim;_,¢— x(¢) exists as a finite number. Thus ¢ := x; € D. Con-
sequently, we can find a solution z(7) := z(¢:{,¢) of (1.1) with z; = ¢, that is,
the solution x(¢) := x(¢,¢) of (1.1) can be extended to a much larger interval than

[—1, ), which leads to a contradiction.
Similarly, we can show that the solution x(¢) := x(¢,¢) of (1.1) exists on [—1, #%]
for k > 1. Since t;, — 0o as k — 00, the desired result holds and the proof is complete.
g

Theorem 1. Suppose that Assumptions (H1) and (H3) are satisfied. Suppose fur-
ther that >0, T > 0 and M = sup,¢[o 71| E(D)]], |E~Y(®)||}. Then system (1.1)
is practically stable with respect to (a, 8, T) if one of the following conditions holds:
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(i) A=1and
“= f T ; (2.6)
MT€2MTfO p(s)ds
(ii) A > 1 and
1
o s 2.7
r T—1
Mr (((%)’l_l + 1) eM7FO—=1) [y p(s)ds _ 1) P
(iii) 0 < A < 1and
— l 1—-A M2 (A‘_I)IOT p(s)ds ﬁ
a= My ((ﬂ + 1)e T 1) 2.8)

with
1

B> (eM%(l—onp(s)ds _ 1) =
Proof. Let J :=[0,T]. Note that from (2.1) it follows that

t
Ix()| < Mr||¢]| +M%/O (1A - 1x ()] +b1($)]x () +ba(s)]|xs]M)ds, £ € J,

(2.9)
which induces

t
||x¢ || sMT||¢||+M%/O (LA 1x ()] + b1 ()| x ()|} + ba(s)||xs][*)ds, £ € J.

(2.10)
Now if we set

t
R(t) = MT||¢||+M72"/(; (LA [x ()] +b1(s)|x () + ba(9)][xs])ds, £ € J,
then R(0) = Mr||¢|| and, together with (2.9) and (2.10),

R'(1) < M2p(t)R(1)+ MZp(t)R()*, t € J, (2.11)

where we have invoked the Assumption (H3). Next we proceed in steps.
(i) Case A = 1. From (2.11) it follows that

R(t) < R(0)e2M7 o p®)s 4 ¢ J
Since |x(¢)| < R(t), to fulfill |[x(¢)| < B on J we turn to

R(0)€2M72" fOT p(s)ds < ﬂ,
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which implies that

Y

e2M72- fOTp(s)ds '

That is, if we choose « as in (2.6), then system (1.1) is practically stable with respect
to (e, B, 7).

(ii) Case A > 1. In this case we multiply (2.11) by (1 — A)R(t)~*eM7 =D [o p(s)ds
and obtain

R(0) = Mr||$]| <

(R 4 DeMFO-DErOS) =0 e ),
which means that
R(O)™H 41> (RO) 4 1)eMFO-D o p)s 4 ¢

and hence, when

1
R(0) < —, 2.12)
(eM%(A—l)fOT p(s)ds _ l)ﬁ
it follows that
1
R(1) = —— L € J.
(RO + 1)eMFA—R s P23 1) 7
Now, to meet |x(z)| < 8 on J we consider
1
- =5
(RO + )eMr A= poyss )™
which deduces
1
R(0) = (2.13)

(((%)A‘l + 1) eMEO=D) [§ pls)ds _ 1) =

Thus, from (2.12) and (2.13) we learn that when A > 1 and « as in (2.7), system (1.1)
is practically stable with respect to («, 8,T).
(iii) Case 0 < A < 1. Similarly, multiplying (2.11) by

(1= A)R(1)"*eMFG=D o p(s)ds
we have
/
(R4 1)MFODIr0) <0 e g,

which means that
1

R(@) = ((RO)! 4 1)eMFARop0s 1) e .



PRACTICAL STABILITY OF IMPULSIVE FUNCTIONAL DIFFERENTIAL SYSTEMS 379

Solving
((R(O)l—x + l)eM%(l—X)fOT p(s)ds 1) = _g
we obtain
R(0) = ((/5’1‘A + 1) oMFO=1) [§ p(s)ds _ 1) =3

where we require
1

B> (eM%(l—)L)fOTp(s)ds_ 1) =

Hence, if we let o be defined as in (2.8), then system (1.1) can realize the practical
stability with respect to («, 8, T).
In summary, the proof is complete. g

Note that by Assumptions (H2) and (H4) it holds that fooo p(s)ds < oco. In addition,
the Lemma 2 implies that for each ¢ € D, the solution x(z,¢) of (1.1) exists on
[—7,00). Hence, it is reasonable to consider the practical stability on the interval
[—7,00). Indeed, The proof of Theorem 1 is valid for T = oco. So the following
results are clear and we give it to end our discussions.

Theorem 2. Suppose that Assumptions (HI)—(H4) are satisfied and 8 > 0. Then
system (1.1) is practically stable with respect to («, B) if one of the following condi-
tions holds:

(i)A=1and
p

MooezMgo 15° p(s)ds’

o=

(ii) A > 1 and
1

o= )

M (((%))\—1 + 1) oM20=1) [ p(s)ds _ l)ﬁ

(iii) 0 < A < 1 and

_ 1 1-A MZ (A1) [5° p(s)ds =
@ =3 (B +1)e -1)
with

_1_
,8 > (eMgo(l—)L)fooo p(s)ds _ 1) 1-4 )

Next we conclude this paper with an example.
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Example 1. Let A > 0 be constant, x = (x1,x2)7 € R? with the norm |x| = |x1|+
|x2|, and ¢ € D with ¢ : [-1,0] - R? and ¢ = (¢1,¢2)T . Suppose in (1.1) that

A(t)z(te()—t e(—)t)’f(t,xx,b): : ( sin* (x1 + x2) )

T+12 \ sin*(¢1(=1) + ¢2(—1/2))
as well as
(fli)k 0
L=|°¢ e | k=123
0 ek
Then
1
| f(t,x,9)| < e (x|* +|¢][1), forall (z,x,¢) € [0,00) x R x D

and hence, the Assumption (H1) is met. In this case the functions b; and p(?) in
Assumptions (H1) and (H3) can be taken as

1 .
bi(t) = T2 p) = T2 for i =1,2 and ¢t > 0.

_ c(t) 0
E(t)—( G d([)),

(11 =Dk _yln =k
c(t)y=eXi=1 &, d(t)=e Zk=1 & , >0

and [¢] indicates the integral part of z. Thus, a simple verification shows that

On the other hand, we have

where

1 3
3fc(t)gl and E5d(z)53 for t > 0.

In other words, we can take Mo, = 3 for the Assumption (H4). Note that f0°° p(s)ds =
m, for B > 0 we choose

azw when A =1, or

1

o= — when A > 1,

3 (((%)A_l + 1) e9m(A—1) _ l)ﬁ
or, when A € (0,1),

1 I I
o= 3 ((ﬂl—x n 1) e9n(x_1)_1)1 X with B> (egn—(l_k)_l)l 5

Then, by Theorem 2 we see that under our considerations, system (1.1) is practically
stable with respect to («, ).
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