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Abstract. The main object of this investigation is to define a multivariable matrix generalization
of Gould-Hopper polynomials and to reveal some relations such as matrix generating function,
matrix recurrence relation, matrix differential equation for them. Furthermore, more general
families of bilinear and bilateral matrix generating functions are obtained for these matrix poly-
nomials.
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1. INTRODUCTION

Matrix polynomials and special matrix functions, which have many applications
on statistics, group representation theory, scattering theory, interpolation and quadrat-
ure, splines and medical imaging, comprise an emerging field of study with important
results in literature .

In the recent papers, the matrix generalizations of many polynomials were intro-
duced by many authors and their various properties were given from the scalar case,
see for example [1,3-06,9-13].

Throughout this paper, for a matrix 4 in CV*V _its spectrum o' (A4) denotes the set
of all eigenvalues of A. If f(z) and g(z) are holomorphic functions of the complex
variable z, which are defined in an open set §2 of the complex plane and A is a matrix
in CV*N with 6(4) C £2, then from the properties of the matrix functional calculus
in [7], it follows that:

F(A)g(A) = g(A) f(A).

If D is the complex plane cut along the negative real axis and /og(z) denotes the
principle logarithm of z, then z1/2 represents exp((1/2)log(z)). If A is a matrix in
CN*N with 0(A) C D, then A2 = /A denotes the image by z'/2 of the matrix
functional calculus acting on the matrix A.
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Let A€ CV*N 5o that Re(z) > 0, Vz € 0(A4), then we say that A is a positive
stable matrix in CV*V | Hermite matrix polynomials Hy (x, A) are defined by [9]:

(5] (—1)k -
Hn(x,A)=n!k=0k!(T2k)!(x«/ﬂ) y nzO

and satisfy the three term matrix recurrence relation:

cH,(x,A) =xI~2AH,—1(x,A)—2n—1)H,—»(x,A4); n>1
H_1(x,A) =0, Ho(x,A)=1

where / is unit matrix and 6 is zero matrix in CV*¥ . Also, for these matrix polyno-
mials, it follows

d —
d_Hn(X,A):n 2AHn—1(X,A)a nZI
X

o0
1
exp (xzva—zzl) =Y — Halx, 1", |t] < +o0.
n:

n=0

In this paper, we deal with matrix version of the multivariable extension of Gould-
Hopper polynomials which are generalization of Hermite polynomials.

We organize the paper as follows:

In Section 2, we construct matrix extension of Gould-Hopper polynomials and give
some matrix recurrence relations and matrix differential equation for these polynomi-
als. In Section 3, multivariable generalization of the matrix polynomials presented in
Section 2 is defined and their properties are examined. In the last section, bilinear and
bilateral generating matrix functions are derived for the multivariable Gould-Hopper
matrix polynomials and some applications of our results are presented.

We recall that the Gould—Hopper polynomials gJ* (x, y) are specified by the gen-
erating function

o0
tn
exp(xt +y1™) =} g (x.) — (1.1)

n=0

where m is positive integer [8] (see also [14]).
In the special case m = 2, we have g2 (x,y) = Hy (x,y) where H, (x,y) denotes
the two-variable Hermite—Kampé de Fériet polynomials generated by (see [2])

o0
lJ’l
exp(xt + yt?) = ZH" (x,y)m. (1.2)

n=0
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Furhermore, we note that H, (vx,—1) = Hy . (x) ,where Hy ., (x) is the gener-
alized Hermite polynomials defined by Lahiri [15] and they are generated by

o
[n
exp(vxt —t™) = ZHn,m,v (x);. (1.3)

n=0

From the equations (1.1), (1.2) and (1.3) we have the special cases g,zl 2x,—-1) =
Hy (x), Hy (2x,—1) = Hy (x) and H, 2 » (x) = Hy (x), respectively where H,, (x)
denotes Hermite polynomials.

2. MATRIX GENERALIZATION OF GOULD-HOPPER POLYNOMIALS

We define a matrix version of Gould-Hopper polynomials as follows:

o0 ln
D8 (x4 B)— = G(x.y.1)

n=0
=exp(xt~/2A)exp(Byt™) (2.1)
where A, B are matrices in CV*¥ satisfying that A is a positive stable and m is
positive integer.
By using (2.1) and Taylor series at t = 0, we can write
n
o0 o0 o0
n (xt«/2A) (Bytm)k
m . R ~ 7 7
2 gy AB) = n; ! kz Kl

(2] (m)n—mk (B)k
) ST AL

o0
=2
n=0k=0

Then comparing coefficients of ", we have explicit representation for matrix version
of Gould-Hopper polynomials as:

] 1 (m)”""" (B)*

m .AB —
& (x.y:4,B) k2=:o (n—mk)! k!

Now, we consider some special cases as follows.

X"k k. (2.2)

Remark 1. The case B =1 € CV*¥ in (2.1) gives the matrix polynomials defined
by [16].

Remark 2. If we take m = 2 in (2.1), we have matrix version of the two-variable
Hermite—Kampé de Fériet polynomials H, (x,y) which are generated by (1.2).

Remark 3. Setting vx instead of x and y = —1 in (2.1), we get matrix extension
of the generalized Hermite polynomials Hy v (x) specified by (1.3).
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Remark 4. If wetakem =2,y = —1 and B =1 € CV*V in (2.1), we have

—2k
[/2] nt (—1)k (xm)n

2(x,—1;A4,1) =
gnlx ) kz:;) (n—2k)! k!

= Hy(x,A)

where Hy(x, A) is Hermite matrix polynomial given by [9].

Remark 5. For x — (—x) in (2.2), we get

If we write x = 01in (2.1), we have

o0

o0 n B m\h
Zg,’,"(o»y:A,B)% = ZM- (2.3)

! n!

On the other hand, we can write

o th o nm
m . L m .
Zgn (O’y’A’B)n! - Zgnm(o’y’A’B)(nm)'
n=0 n=0
o nm+1
E: m .

n=0

nm+m—1

o0
m .
++Zgnm+m_1(0,y,A,B)m (24)

n=0

Using (2.3) and (2.4), we have

By)" !
gmn(0,y;A,B) = (y)n& (2.5)

nmak (0, y;A4,B)=0; k=12,..m—1.
Remark 6. Form =2,y = —1and B = I in (2.5), we have

( ’ 1’ ? ) 2n( ’ )—%
and

g%n+1(0,—1;A,1) = H,11(0,4) = 0.

If we differentiate (2.1) with respect to x, matrix polynomials g)’*(x, y; A, B) sat-
isfy recurrence relations as follows:

)
ag,’,"(x,y;A,B) =n~24g; (x,y;A,B);n>1
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k

k
ax—kg,’f(x,y;A,B) =nn—-1)..n—k+1) (v2A> x gn i (x,y:A,B); n > k.

(2.6)

Similarly, differentiating (2.1) with respect to y, the following holds for matrix poly-
nomials g (x,y: A, B)

0 !
N ’ ; As B = m—
By using the derivative of the generating function (2.1) with respect to ¢, we can give
next relation

g;’zn+1(x,JJ§A,B)—\/ﬂxg,',”(x,y;A,B)
_ myn!
 (n—m4+1)!
On the other hand, from (2.1) we get

(x,y;A,B)B ;n=m. 2.7

g;T—mH(xyy;A,B)B; n>m-—1.

0
8—G(x,y,t) =1v2A4G(x,y,1)
X

(2.8)
ad
gG(x,y,z) = xV2AG(x,y,t) + G(x,y,t)mByt™!
from which, we obtain that
ad i 0
tv2AEG(x,y,t) = xv2Aa—G(x,y,t) + a—G(x,y,t)mBytm_l.
X X
In view of (2.1) and the last relation, we derive
ad
n«/2AgZ1(x,y;A,B)—xv2Aa—gnm(x,y;A,B)
by
ad !
=my-—gn-mi1(X.y1 A, B)————B: n=m—1. (29)

ax (n—m+1)!
Now, let’s find matrix differential equation for the Gould-Hopper matrix polyno-
mials. We start with writing n + 1 instead of »n in (2.7). Then we have

0 (n+1)!
@gZ’H(x,y;A,B) = GF1=m) _m)!g,',”+1_m(x,y;A,B)B. (2.10)
Then differentiating (2.10) with respect to x and then using (2.6), we get
0 n+1D! 0
HDV2A—gh(x,y;A,B) = ——————gm . (x,y;A,B)B. (2.11

If we write (2.11) in (2.9), we arrive at the following matrix differential equation

3 3
ng, (x,y:A,B) = xag,’?(x,y;A,B) +my5g,T(x,y;A,B)-
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3. MULTIVARIABLE EXTENSION OF GOULD-HOPPER MATRIX POLYNOMIALS

The multivariable matrix extension of the Gould-Hopper polynomials given by
(2.1) is defined by the following generating function

G (X,Y;T,A,B) (3.1)
=Gt (x1.y1:11,A1. B1) G2 (x2.y2:12, A2, B2) .G (Xp, yritr, Ar, Br)

= 1_[ {eXP(Xili\/2Ai)eXP(Biyitimi)}

i=1
oo tnl tnr

' Tt

D 4 (X,Y;A,B) ~———
ni:...ny.

ni,...,nr=0

where X= (x1,...,Xr), Y= (V1,..., yr),m=(my,...,mz), n=(ny,...,ny), |n|=n1+
. + np (nl,...,nr S NO),ml,...,mr e N, T1=(t1,...tr),A= (Al,...,Ar),
B =(Bi1,....B,) and A4;,B; are matrices in CV*V satisfying that A4; is positive
stable for 1 <i <r.

For the multivariable Gould-Hopper matrix polynomials gJ'* (X,Y;T,A,B), explicit
form is

[”l/mlv"’nr/mr]nI!(M)nl—mlleflmnr!(m nr—mrkrB']fr

m

g (X,Y;A,B) =

n ky Zkr=0 (nl—mlkl)!kl!...(f’lr—mrkr)!kr!
x'l“_m'k'y]f‘...xf’_m’k’yf’.

Similar to the relations (2.6) and (2.7), if we differentiate (3.1) with respect to the
variables x; and y; (i =1,2,...,r), we can easily obtain

3
—gn (X,Y;A,B)

0x;
=nivy 2Aig;lnlan25~~ni—1ani_lani—l—lamanr (X,;A,B); ni =1, (3.2)
k
—g" (X,Y;A,B)
Bxlk "

k
= (ni =k + 1y ( v 2Ai> g’Tl RIS PR PR PR (X.Y;A.B): n;i =k,

a m
—gm(X,Y;A,B)
ay; 7"

. ni!

_— X,Y;A,B); n; >m;, (3.3
(i —my)! n,( ); ni =mi, (3.3)

m
gn 1125 Rj—1,; =M B4 1505
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,
9x1... gn (X,Y;A,B) = n1+/24;.. an2Argn1_1 no—1,. nr—l(XYAB)
for all n; 2 1,1 =1,2,...,r and

r

— g™ (X,Y;A,B)
8y1...ayr n
. nil..n;!
(ny—mp'...(np —my;)!
forall n; > m;,i = 1,2,...,r where all of the matrices are commutative with each
other.

Using the same method in (2.8), we get

n —m, (X,Y;A,B),

8ni—mi,na—mo,...ny

d
niv/24;g, (X,Y;A,B) — 2Aixi—a gn (X,Y;A,B)
Xi

n;i! 0

=m;yi 1)!a_xignl,nz,...ni_l,ni—mi+1,ni+1,...,nr (X’Y;A,B) Bi (34)

(nj —m; +
for n; > m; — 1 where all of the matrices are commutative with each other.

In view of the equations (3.2), (3.3) and (3.4), we obtain the following matrix
differential equation for multivariable Gould-Hopper matrix polynomials

0
& (X,Y;A,B)

,
Znig,’l” (X,Y;A,B) = Zx, gn (X,Y;A,B) + Zm,y, 3y
1

i=1 i=1 i=1
where all of the matrices are commutative with each other.

4. BILINEAR AND BILATERAL GENERATING MATRIX FUNCTIONS FOR
MULTIVARIABLE GOULD-HOPPER MATRIX POLYNOMIALS

In order to obtain several families of bilinear and bilateral generating matrix func-
tions for multivariable Gould-Hopper matrix polynomials, we first state our result as
the following.

Theorem 1. For a non-vanishing function §2,,(21,....2s) of s complex variables
Z1,..,2s (8 € N) and of complex order u, let

o0
AM,V(Zla---aZSQU) = ZakQM-i-vk(le"',Zs)nk ? (Clk #0’ I/L,U € C)
k=0

and
[n1/p] ax
m m .
O (X321, 253 0) 1= ZO ) el Sk, (XYAB)
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where m=(my,....,m;), n={my,....ny), X = (X1,..,x),Y = (y1,...,yr),p € N
and (as usual) [o] represents the greatest integer in a € R. Then we have

o0
m . LN ny.n2 n
Z ()n,p’mv (X,Y,zl,...,zs,t—p)tl S

ni,...,np=0 1
r
= l_[ {exp(x,-ti \/2A,~)eXp(Biyitl-rni)} Apy(z1,..,25:m) (4.2)
i=1

provided that each member of (4.2) exists.

Proof. For convenience, let S denote the left hand-side of the assertion (4.2) of

Theorem 1. Then, upon substituting for the polynomials & Dol (X,Y; Z1srZss tl,,
bl bl 1
from the definition (4.1) into the left-hand side of (4.2), we obtain
00 [n1/p] m (X,Y:A,B)

En1—pk.n n

S — ak 1—DPK,n2,....nr
2: Z _ 14! |
o k2 (n1— pk)ny!..n.!

k.n1—pk
vk (@1s ezt TP 2 4.3)

Upon inverting the order of summation in (4.3), if we replace n1 by n1 + pk, we can
write

o0 o0 m .
g (X,Y;A,B)
S= > Y a0k @z

175! |
A1, ir=0k=0 ninpl..ng!
o0
E: gm(x,Y;A,B) .
il [11,_,[;1" Zak M—i—vk(Zl,...,Zs)n
nilno!..n,! 2
nyye,nty=0 =

r

= l_[ {GXP(Xili vV 2Ai)6XP(Biyil,-'”")} Apv(Z1,.,255m).
i=1
The proof is completed. g
In order to give some applications of Theorem 1, we consider the expresses of

the multivariable function §2,, 4,k (y1,....ys) (k € No, s € N) in terms of simpler
function of one and more variables.

First of all, let’s get s = 2r and £2,, 4 g (U1, ..., Ur; V1, ..., Vp) = Pp(bilv’}c"’cr)(L,U,V,D)
in Theorem 1, where Plgilv’}c”’C’) (L,U,Vv,D) denotes the multivariable matrix Humbert

polynomials generated by [1]

o0
Z Pk(c‘ €)1y, v, D)tk
k=0
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,
= H(Di —liuit +vitli)_ci (‘liuit—vitl"
i=1

<|Di| ;i=1,2,...,r) (4.4)

where C; € CN*N u= (uy,...,uy), v= (v1.,...,v;), D= (D1,....,D,;); D;#0,i =
1,2,...,r, L= (I1,...,[;) and [; (i = 1,2,...,r) is positive integer.

Then we obtain the following class of bilateral generating functions for the
g™ (X,Y;A,B) and pCis C")(L,U,V,D).

uw+vk
S Ci,....Cr
Corollary 1. If A} ,(U,v;n) = kX_ZOakPIEJerk )(L,U,V,D)nk where
(ax #0, u,v € No); and
[n1/p] m .
g ok (X,Y;A,B)
m,L . A E : ni—pk.na,....nr (C1,....Cr) k
@n,p,M,V(XaYvU’V’Z) = = ak (711 —pk)"’lz'nr' w+vk (L’U’V’D)Z

where n, p € N. Then we have

S n
Hm’L . 0 ni n
Z 1D,V (X,Y,U,V, tp) A

1

.
-T1 {exp(x,-t,- V24;) exp(B; y,-t;"f)} AL LUV (45)
i=1
provided that each member of (4.5) exists.
Remark 7. Using the generating relation (4.4) and taking ap =1, u =0, v = 1,
we have

[n1/p] .
- ~ ng1—pk,nz,.-.,nr (X, Y;A,B) (C1,...,Cr) k ni—pk. n> .n
E E Py (L,u,v,D)n"t, Ly ...
— (n1— pk)'ny!..n,!

r r
=11 {eXP(xi’i % 2Ai)eXP(Biyit,-'n")} I1 {(Di —Luin+vin')~C }
i=1 i=1

Now, setting s = 2 and 2,4k (21,22) = gllL+vk(Z1,zz;C, D) in Theorem 1, we

obtain the following class of bilinear generating function for the matrix version of the
Gould-Hopper polynomials.

[e.°]
Corollary 2. If Al ,(z1,22:1) := ¥ akg 1 (21,22:C, D)if* where (ar #

0, u,v € Ny); and

[n1/p] m .
8- (X, Y:A,B)
Oty (XoY.21,22:0) 1= ) ay LRIl gl o (21.22:C. D)
k=0

(n1— pk)ny!..n.!
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where ny, p € N. Then we have

oo

m’l . n ni ny
Z @n:paﬂ,v X’Y’ZI’Z27 [p tl ...tr’
n],...,nr=0 1

-
=11 {eXp(xi tiv/2A;)exp(Bi yi tlmi)} Al L (z1.22:m)  (4.6)
i=1
provided that each member of (4.6) exists.

Remark 8. Using Corollary 2 and taking ap =1, u =0, v = 1, we have

00 [ni/p] om )
gnl—pk,nz,,,,,nr (X’Y’A’B) [ -C.D k[”l_Pk[nZ tnr
Z Z (n1—pk)!na!..n,! 8i(21:22:C. D)n" 1y 2 ly

nis...,nr=0 k=0

.
=1 {eXp(xz- ti v/24;) exp(B; yit!" ")}eXP(mn\/f Yexp(Dz21').
i=1

We remark that for every suitable choice of the coefficients a; (kK € Ng), if the
multivariable function §2,,4 ,x(z1,....25), (s € N), is expressed as an appropriate
product of several simpler functions, the assertions of Theorem 1 can be applied in
order to derive various families of multilinear and multilateral generating functions
for the g)"" (X,Y;A,B).
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