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1. INTRODUCTION

In theoretical chemistry, the physico-chemical properties of chemical compounds
are often modelled by means of molecular—graph—based structure—descriptors, which
are also referred to as topological indices [14].

Let G be a simple connected graph with vertex set V(G) and edge set £(G). The
vertex version of the Wiener index is the first reported distance-based topological
index which was introduced in 1947 by Wiener [16, 17], who used it for modeling
the shape of organic molecules and for calculating several of their physico-chemical
properties. The Wiener index W(G) of G is defined as:

WG = Y de(u.v).

{u,v}CV(G)

where dg (u,v) is the shortest path distance between vertices # and v in G. Details
on the Wiener index can be found in [7,8, 12, 14, 15].

Edge versions of the Wiener index based on the distance between all pairs of edges
in a simple connected graph G were introduced in 2009 [9]. Two possible distances
between the edges g = uv and f = zt of a graph G can be considered. Each of
them gives rise to a corresponding edge-Wiener index. The first distance is the one
based on the distance between the corresponding vertices in the line graph of G and
obviously, its related edge-Wiener index is equal to the ordinary Wiener index of the
line graph of G. The second distance d,|G(g. ) between the edges g = uv and
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306 M. AZARI AND A. IRANMANESH

f = zt of the graph G is defined as [9]:

(o0 g=1r
de|G(g’f) - { max{dg (u,z),dg(u,t),dg(v,z2),dg(v,t)} g# f

Related to this distance, the second edge-Wiener index W, (G) of G is defined as [9]:

We(G)= Y deg(g. /).

{g,f}SE(G)

We refer the reader to [0, 10] for more information on the edge-Wiener indices.
The first edge-Wiener index of some composite graphs was computed before [ 1,
,4]. In this paper, we are interested in the type of relationship that exists between
the second edge-Wiener index of the join and corona product of graphs and their
components. Results are applied for several classes of graphs by specializing com-
ponents in these product graphs. So throughout the paper, by the edge-Wiener index
of a graph G, we mean the second version, W,(G) and by distance between two
edges g and f in G, we mean the second distance d,|G (g, f)-

2. PRELIMINARIES

Let Ng (1) denote the neighborhood of a vertex u in G, i.e., the set of all vertices of
G adjacent with u. The degree of u in G is the cardinality of Ng (1) and is denoted by
degg(u). Let A(G) and ®(G) denote the number of triangles in G and the number
of subgraphs of G isomorphic to the 4-vertex complete graph K4, respectively. It is
easy to see that

MG =3 Y NetnNow)l
uveE(G)

oG =5 Y Y INewNNG)N NG

uveE(G)zeNg u)NNg(v)

Corresponding to each triangle in G, there are 3 pairs of adjacent edges which are
at distance 1 in G. So the number of such pairs of edges in G is equal to 3A(G).
Also, corresponding to each subgraph of G isomorphic to K4, there are 3 pairs of
nonadjacent edges which are at distance 1 in G. So the number of such pairs of
edges in G is equal to 3@(G). Hence, the total number of pairs of edges which are
at distance 1 in G is equal to 3 (A(G) 4+ O(G)).

Let x be a vertex of G and g = uv be an edge of G. We define the distance
Dg(x, g) between the vertex x and the edge g of the graph G as [5]:

Dg(x,g) = max{dg(x,u),dg(x,v)}.
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The vertex-edge Wiener index Wy (G) of G is defined as the sum of such distances
over all vertices x € V(G) and edges g € E(G) [5]:

Woe(G)= Y Y D(x.glG).
x€V(G)geE(G)
This index was studied in more details in [, 3] under the name Max(G). We refer
the reader to these references for more information on the vertex-edge Wiener indices
and for explicit formulas for W, (G) of several classes of graphs.

3. MAIN RESULTS

Throughout this section, let G; and G, be two simple connected graphs and #;
and ¢; denote the numbers of vertices and edges of G;, respectively, where i € {1,2}.
Our aim is to compute the edge-Wiener index of join and corona product of G and
Gs.

3.1. Join

The join G1 4+ G3 of graphs G and G is defined as the graph with the vertex set
V(G1)UV(G,) and the edge set

E(G1+G2) = E(G1)UE(G2)US,

where S = {ujus|uy € V(Gy),us € V(Gp)}. All distinct vertices of G1 + G are
either at distance 1 or 2. The vertices at distance 2 are precisely those of G that
are not adjacent in G, and those of G, that are not adjacent in G,. So all distinct
edges of G1 4 G are either at distance 1 or 2. The join of two graphs is also known
as their sum. Its definition can be extended inductively to more than two graphs in a
straightforward manner. It is a commutative operation and hence both its components
will appear symmetrically in any formula including distance-based invariants.

Theorem 1. Let G and G, be two simple connected graphs. Then

Wo(G1 + Ga) = 2(”12”2) +z(€21) +z<e22) +e1n2(2ny —3) +n1ea(2na—3)

—ere2—3(n2 +1)A(G1) —3(n1 +1)A(G2) = 3(O(G1) + O(G2)).

Proof. Let Q be the set of all pairs of edges of G; + G. We partition Q into six
disjoint sets as follows:
01={g. f}lg. /€ E(G1)};
02>={{g. f}lg. / € E(G2)};
03 ={{g./}|lg € E(G1). [ € E(G2)};
Oa={{g.f}lg € E(G1). [ €S}
Os={{g.f}lg € E(G2). [ € S}
Os =1{{g. f}lg.f €S}

The edge-Wiener index of G; + G is obtained by summing the contributions of all



308 M. AZARI AND A. IRANMANESH

pairs of edges over those six sets. We proceed to evaluate their contributions in order
of increasing complexity.

The case of Q3 is the simplest. Let {g, f} € O3, where g = u;v; € E(G;) and
f = UpV)p € E(Gz) Then

de|G,+6,(8, /) =max{dg,+6,(u1,u2),dG,+G,(U1,v2),dG,+G, (v1,u2),
dG,+G,(v1,v2)}
=max{l,1,1,1} = 1.
There are e e, such pairs of edges in 03 and each of them contributes 1 to the edge-
Wiener index. Hence, the total contribution of pairs from Q3 is equal to ejes.
The set Q¢ contains pairs of edges from S. Let {g, f} € Q¢ and g = ujus,
f = vqv, where uy,v1 € V(G1), uz,v3 € V(Gy). Then
de|G1+G2 (g’ f) =max{dG1 +G2(ul ’ vl)’dGl +G> (M], UZ)’ dGl—l-Gz(uZ? 1)1),
dG1+G2 (UZ» UZ)}
=1‘naX{dG1_|_G2 (u1 y Ul), 1, 1, dG1+G2 (uz, Uz)}.
It is easy to see that, if u; = vy, uvs € E(Gy) oruy = vp,u1v1 € E(G1) orujv; €

E(G1).u2v2 € E(G2) then deiG, 1.6, (8. /) = 1. otherwise dej, +6,(8. /) = 2

The total number of pairs of edges in Qg is equal to (" 12” 2). Among them there are

nie; +npe; + 2eje; pairs that contribute 1 to the edge-Wiener index, and all other
pairs contribute 2. Hence the total contribution of pairs from Qg is equal to

ninz
2( 5 ) —niey;—nae1 —2eiex.

Now, we compute the contribution of pairs from Q4. Let {g, f} € Q4 and g =
ui1vy € E(Gy) and f = zqup € S, where uy,v1,21 € V(G1), uz € V(G3). Then
de|G,+6G,(g. f) =max{dg,+6,(U1,21),dG,+G,(U1,u2),dG,+G,(V1,21),
dGl+G2(U1,M2)}
:maX{dGl"er(ul’Zl)?lde]+G2(v1’Z1)’1}~

It is easy to see that, if z; = u; or z1 = v; or u;z1,v121 € E(Gp) then

de|G1+G2(g7 f) = I, otherwise de|G1+Gz(gv f) =2

The total number of pairs from Q4 is equal to ejniny. Among them there are
2e1ny + 3n, A(Gy) pairs that contribute 1 to the edge-Wiener index, and all other
pairs contribute 2. Hence the total contribution of pairs from Q4 is equal to

261]’11}’12 - 261]’12 - 3n2A(G1).
By symmetry, the total contribution of pairs from Q5 is equal to

21’11)’1262 —211182 —3n1A(G2).
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It remains to compute the contributions of Q1 and Q. Let {g, f} € O, where
g =uyvy, f =2z1t1. Then

de|Gl+G2 (gv f) :maX{dGl +G2(u1,Z1),dG1+G2(u1,t1),dG1 +G2(U1,Z1),
dGl-i-Gz(Ulvtl)}-

By definition of G + G2, the distances dg,+G,U1.21), dG,+G,(U1,t1),
dG,+6,(v1,21) and dg,+G,(v1.11) are equal to 0, 1 or 2, s0 dy|G,+G,(g. f) is
either equal to 1 or 2. The total number of pairs in Q is equal to (62' ) As mentioned
before, 3(A(G1) + ©(G1)) pairs contribute 1 to the edge-Wiener index, and all other
pairs contribute 2. Hence the total contribution of pairs from Q1 is equal to

2(621)—3(A(Gl)+(~)(G1)).

Again, the total contribution of Q5 is obtained by the symmetry as

2(622) —3(A(G2) + O(Ga)).

Now, the formula of the Theorem follows by adding the contributions of Q1,...,
Qe and simplifying the resulting expression. O

As expected, G; and G5 appear symmetrically in the above formula. It is interest-
ing to note that the formula does not depend on the connectivity of G; and G,. That
allows us to compute the edge-Wiener index of joins of graphs that are not themselves
connected.

3.2. Corona product

The corona product G o G, of graphs G and G5 is obtained by taking one copy
of G and n copies of G, and joining all vertices of the i-th copy of G, to the i-th
vertex of G fori =1,2,---,n;. Unlike join, corona is a non-commutative operation,
and its component graphs appear in markedly asymmetric roles. More formally, we
denote the copy of G, related to the vertex x € V(G1) by G2 x and the edge set of
G3,x by S x. By definition of G o G, the distance between two distinct vertices
u,v € V(G 0Gy) is given by:

dg,(u,v) u,v e V(Gy)

dg,(u.x)+1 ueV(Gy),veV(Gzyx)
dG,0G,(u,v) =17 1 uv € Sz x

2 u,v € V(Ga x),uv ¢ Sz x

dg,(x,y)+2 ueV(Gayx),veV(Gay).x#y

Theorem 2. Let G and G, be two simple connected graphs. Then
We(G10Ga) = We(G1) + (n2 4 €2)°W(G1) + (n2 + €2) Wy (G1) — 611 A(G2)
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nin nie
—3n1@(62)+2< ‘2 2)+2( 122)+n1e1(n2+e2)

+n1€2(21’l11’l2—3).

Proof. It is obvious that the graph G 0 G, has e; +n1es +n1n; edges. We parti-
tion the edge set of G o G, into three sets. The first one is the edge set of G1, S1 =
E(G1), the second one contains all edges in all copies of Gp, S> = Uer(Gl) S2.xs
and the third one contains all edges with one end in G; and the other end in some
copy of G2, S3 = Uer(Gl) S3.x, where S3 x = {e|le =ux,u € V(Gax)}.

Now we start to compute the distances between the edges of these three sets. We
consider the following six cases:
Casel. {g, f} C S;.

It is obvious that d¢|G, 06, (. f) = dejG, (. f). 50
Wi= Y de6,06,(8.f) = We(G).
{gaf}gsl
Case2.{g,. [} C 82, g€8S2xand f €853 ,.
First, consider the case x = y and let g = u3 xV2 x, f = 22,xf2,x € S2,x. Then
de\GloGz(g’f) =max{dG,0G,(U2,x,22,x),dG oG, (U2,x,12,x),dG 06, (V2,x,22,x)>
dGloGz(UZ,x,tz,x)}-

Clearly, the above four distances are equal to 0, 1 or 2. So d¢|G,0G,(g, f) =1 or 2.
In this case, the vertex x and its related copy, G2, x, form a copy of K; + G2. So by
the same reasoning as in the proof of Theorem 1, we obtain:

S deigroca(s. /) = 2(?) 3(A(G) + O(Ga).
{g,.f1SS2.x

Now let x # y and ¢ = up vz x and f = uy yv2,,. Then
de|G10G2 (gv f) =maX{dG10G2 (u2,x, u2,y)vdG10G2 (MZ,Xa v2,y)9dG10G2 (UZ,X’MZ,)/)’
dGloGz(UZ,x’UZ,y)}
=max{dg, (x,y) +2,dg,(x,y) +2.dg,(x,y) +2,dG,(x,y) + 2}
=dg,(x,y) +2.

Now,

W2 = Z de|G10G2(g’f)

{g$f}gS2

= D ) deeaa (@& N+ DL D Y del6i06, (8 f)

xeV(G1){g,f}1SS2.x {x,y}CV(G1)gE€S2.x fE€S2,y
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> (2(622)—3(A(G2)+@(G2))>+€% Y. (dax+2)

xeV(Gy) {x,y}CV(Gy1)

- <2<€22) _3(A(Gy) +3(~)(G2))) + €3 (W(G1) +2<”21)) :

Case3. {g. f} © 53, g€ S3xand f € S3,.
If x =yand g =up xx, f = va xx where us x,v2 x € V(Gz,x), then
de|G10G2 (g? f) =max{dGl oGy (u2,x’ U2,x)’ dGl oGy (MZ,Xax)a dG] oGy (X, v2,x)a
dGloGZ(X,X)}
:max{dGloGz (uz,X7 v2,x)7 17 170}~

If v, is adjacent to u3 x in G2 x, then dG, oG, (U2,x.V2,x) = 1,50 d¢|G,0G, (8. [) =
1, otherwise d(uz,x,v2,x) = 2, S0 d¢|G,0G,(g. /) = 2. Hence for each edge g =
Uz xX € S3.x, degg, (u2,x) edges of S3 x are at distance 1 from g and all other
edges are at distance 2. So

Y dei6i065(8- 1)

{8, f1ES3.x

1
= 5 Z (deng,x(uz,x)+2(n2—l—deng’x(uz’x)))
MZ,XEV(GZ,X)

1
= 5 (262 + 2]’12(1’12 — 1) —462) = flz(flz — l) —e).
If x#yand g =us xx € S3,x, f =uz,,y € 83,y, then

de|G10G2(gﬁf) :max{dGloGz(MZ,x’u2,y)’dGloGz(M2,Xvy)’dGloGz(x’MZ,y)v
dGIOGz(x’ Y)}
=max{dg, (x,y) +2.dg,(x,y) + 1.dg,(x.y) + 1.dg, (x,y)}

=dg,(x,y) +2.
Now,
W3 = Z de|G10G- (& )
{g$f}gS3
= YD e (@ N Y, Y Y de61065(80 )
xeV(G1){g,f}SS3.x {x,y}SV(G1)g€S3.x fE€S3,y
= Y (mm-D-e)+ > > Y (dex.y)+2)
xeV(Gy) {x,y}CV(G1) gES3.x fE€S3,y

=ni(2(ra—)—e2)+n3 Y (dG,(x,y)+2)
{x,¥}SV(G1)
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=n1(na(ny—1)—ey) —i—n%W(Gl) + 2n§ (nzl)

2

Cased. g€ Sy, f € 5.
Let g =ujvy € S1, f =up xv2,x € S2,x, for some x € V(Gy). Then

= 2(711712) —nien —I-H%W(Gl).

de|G0G, (8. [) =max{dG oG, (U1.U2,x).dG oG, (U1,V2,x).dG oG, (V1. U2 x),
dG,0G,(V1,v2,x)}
=max{dg, (u1,x)+1,dg,(u1.x)+1,dg,(vi,x)+1,
dg,(v1,x)+1}
=max{dg, (U1,x).dg,(v1,x)} + 1

=Dg, (x.g)+1.
Now,
Wa= > Y Ydagea@ = Y. Y > (Do (x.8)+1)
x€V(G1)f€S2.x 8€S1 x€V(G1)f €S x £€ESI

= e Wye(G1) +n1e1e2 = e2 (Wye(G1) +n1e1).

Case5. g€ S1,f €83

Let g =uqvy € S1, f =uzxx € S3 x, where u1, vy, x € V(Gy), uz x € V(Ga x).

Then

de|G10G2(g’ f) :max{dGloGz(ul’u2,x)’dGloG2(u1,x),dGloGz(vl,uz,x),
dGlOGz(vlsx)}

=max{dg, u1.x)+1,dg,(u1.x).dg,(v1,x) + 1,dg, (v1,x)}
:maX{dGl (ul’x)’dGl (Ul,x)} + 1

=Dg, (x.g) +1.

Now,

Ws= Y > Y dejgoc(&f)= Y, Y. Y (Dg (x.2)+1)
x€V(G1)f€S3.x g€SI x€V(G1)feSs.» g€S1

=n2Wye(G1) +nie1ny = ny (Wye(Gi) +nieq).
Case 6. g€ S5, f €83
Let g =us xva,x € S2,x, f =22,xX € S3,x, Wwhere x € V(G1) and up x,v2 x,22,x €
V(G3,x). Then
de|G0G,(&. ) =max{dG oG, (U2,x,22,x).dG oG, (U2,x,X).dG oG, (V2,x.22,x)>
dGloGz(UZ,sz)}
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=max{dG10G2 (uZ,x,ZZ,x)’ 11 dG10G2 (UZ,X$Z2,X)7 1}

By definition of G o G2, the distances dG,0G,(U2,x,22,x) and dG oG, (V2,x.22,x)
are equal to 0, 1 or 2. It is easy to see that, if z5 x = Uz x Or Z2,x = Uz x O
U2, x22,x,V2,x22,x € S2,x, then de|G,06,(g. f) = 1, otherwise d,|G,06,(g. f) = 2.
So, for each edge g = up xv2,x € S2 x, the edges ua xx,v2 xX,22 xx € S3,x, where

Z2,x € NG, (u2,x) N NG, . (v2,x) are at distance 1 from g and all other edges are at
distance 2. So

DY degrocy(g. f)

8E€S2 x fE€S83 x

= Y 2+ N )N Nay , (v2,0)]

U2 xV2,x€82 x

+2(12-2= NG, , (42,6) N N, (v2,0)]) )

= Z (2n2—2—|Ng, (u2,x) N NG, . (v2,x)|) = 2e2(n2 — 1) —3A(G2).

U2, xV2,x€S82,x
If g =upxV2,x €S2.x,f =uz,yy €S3,, where x,y € V(G1) and x # y, then
de|G10G, (g, f) =max{dG oG, (U2,x:U2,y),dG 06, (U2,x, ), dG oG, (V2,x,U2,y),
dG,0G,(v2,x, )}
=max{dg, (x,y) +2,dg,(x,y) + 1.dg, (x,y) +2.dg,(x,y) + 1}
=dg,(x,y)+2.
Now,

We = Z Z Z delGloGz(gvf)

x,y€V(G1)gE€S2,x f€S3.y

= > > > deciec,(8. f)

x€V(G1)g€S2 x fE€S3 &

+ > > Y ) deicro6,(8 f)

xeV(G1)yeV(G)\{x} g€S2.x f €S53,y

= 3 Qena—1)-34(Gy))

xeV(Gy)

+ 3> Y > e, () +2)

xeV(G1)yeV(G)\{x} g€S2.x [ €S53,y

=n1Qea(na—1)=3A(G2)) +ne2 Y. > (dg,(x.y)+2)
x€V(G1)yeV(G1)\{x}
=n1(2e2(n2 —1)=34(G2)) +2nze2 (W(G1) +n1(ng1 —1)).
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Now the formula for the edge-Wiener index of G o G, follows by adding all six
contributions and simplifying the resulting expression. O

Again, it is interesting to note that the formula of Theorem 2 does not include
any invariants of G, that depend on its connectivity. It is, hence, possible to apply
Theorem 2 to corona products G o G, with disconnected G».

4. EXAMPLES AND COROLLARIES

Now, we can obtain explicit formulas for the edge-Wiener indices of some classes
of graphs by specializing components in joins and coronas. We start by computing
the edge Wiener-index of a suspension of a graph G. For a given graph G, we call
the graph K + G the suspension of G, where K; denotes the single vertex graph.

Corollary 1. Let G be a simple graph of order n and size e. Then
n+e
We(K1+G) =W (K10G) = 2( 5 ) —3e—6A(G)—-30(G).

Now the formulas for the wheel graph W,, = K| 4+ C, and for the fan graph
K1 + P, follow at once. Both graphs allow alternative representations as Kj o Cy,
and K o Py, respectively.

Corollary 2.
15 n=3

We(K1+ Pn) = 4n%>—9n+5, n>2.

Our next example is the windmill graph. The windmill graph D,(;") is the graph
obtained by taking m copies of the complete graph K, with a vertex in common. The
case n = 3 therefore corresponds to the Dutch windmill graph. One can easily see
that the windmill graph is the suspension of m copies of K, —;. Also, it is easy to see
that, A(K,) = (3) and @(K,) = (}), for n > 1. So using Corollary 1 , we can get

the formula for the edge-Wiener index of the windmill graph D,(,m).

Corollary 3. Forn >2and m > 1,

We(D,(lm)) = %m (Z) <4m (;) —n?+n —2) .

In particular, the edge-Wiener index of the Dutch windmill graph ng) is given
by:

Corollary 4. For m > 1,

W, (DY) = 3m(3m —2).
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Now, we turn our attention toward coronas. Coronas sometimes appear in chemical
literature as plerographs of the usual hydrogen-suppressed molecular graphs known
as kenographs; see [13] for definitions and more information. The ¢-thorny graph
of a given graph G is obtained as G o K, where K; denotes the empty graph on ¢
vertices [ 1 1]. For the ¢-thorny graph of a graph G, we obtain the following formula.

Corollary 5. Let G be a simple connected graph of order n and size e. Then
Wo(G oK) = Wo(G) + 12W(G) + t Wye (G) +nt(nt +e—1).

Now, we present two formulas for the edge-Wiener indices of the z-thorny cycle
C, o K; and the t-thorny path P, o K ;. We use known results for the edge-Wiener
indices of paths and cycles [9] and our results on the vertex-edge Wiener indices of
these graphs obtained in [1].

Corollary 6.

— n+1) 2 _ )
Wo(CpoKy) = n(til)[”z(’+1)+4”(2’+1) (t+13)] n{sodd
=+ D) +4nQ2r+1) -8 niseven

n+1

We(Pnoft) = ( 3

)(z + 12+ @t +n—1)nt—1).

Interesting classes of graphs can also be obtained by specializing the first compon-
ent in the corona product. For example, for a graph G, the graph K5 o G is called its
bottleneck graph. For the bottleneck graph of a graph G, we obtain the following
formula.

Corollary 7. Let G be a simple graph of order n and size e. Then
Wo(K20G) =5(n+e)?+2(n—2e)—12A(G)—60(G).

Using Corollary 7, the formulas for the bottleneck graph of a cycle K, o C;, and
the bottleneck graph of a path K, o P, are easily obtained.

Corollary 8.
162 n=3

We(K20Cn) =1 20n2 20 n>4

Wo (K50 P,) =20n%—22n+09.
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