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AsstrAcT. Inthe past, all Banach—Steinhaus type results have been established only
for some special classes of locally convex spaces, e.g., barrelled spaces ([2], [3],
[4]), s-barrelled spaces ([5]), strictly s-barrelled spaces ([6]), etc. Recently, Cui
Chengri and Songho Han ([1]) have obtained a Banach—Steinhaus type result for
linear bounded operators which is valid in every locally convex space.

In this paper we would like to prove the same result, but for linear locally Lips-
chitzian operators.
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Let (X, 2) and (Y, i) be locally convex spaces. Assume that the locally convex
topologyu is generated by the family§)se; of semi-norms ory. Let B(X,) denote
the family of bounded set in{ 1) and leto- c B(X,).

For a linear mapping : X — Y, a semi-nornmp onY andC € o, set

L(p, C)(T) = supp(Th).
heC

LetT : X — Y be alinear operatofl is said to ber-locally Lipschitzian if
VCeoVBel L(B, C)(T)=L(qgs C)(T) < co.

By Lip (X4, Y., o) we denote the vector space @flocally Lipschitzian operators.
Note that Lip ;, Yy, o) is a locally convex space under the locally convex topology
7(u, o) generated by the family of semi-normag3, C),B€1,C e 0.

An operatofT : X — Y is said to be sequentially continuougx}} is a sequence
in X such thatx, — xthenTx, — Tx T is said to be bounded T sends bounded
sets into bounded sets. Clearly, continuous operators are sequentially continuous;
sequentially continuous operators are bounded, and linear bounded operaters are
locally Lipschitzian but in general, converse implications fail. K&tXs, XP and X%
denote the families of continuous linear functionals, sequentially continuous linear
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functionals, bounded linear functionals amdocally Lipschitzian functionals oiX,
respectively. In general, the inclusioks c XS c XP c XL are strict.

Let 9(X, X5) denote the topology of uniform convergence®fX:, X)- Cauchy
sequences iX-. Note that ifo- = B(X,), thenX? = X\ and consequentlg(X, X%) =
6(X, Xb).

Theorem 1. Let(X, 1), (Y, u) be locally convex spaces aiig : X — Y o~ locally
Lipschitzian operatorsn € N. If weak-lim, T,x = T x exists at eaclx € X, then the
limit operator T mapsg(X, XL)-bounded sets into bounded sets.

Proor. Lety’ € Y. Then limyy'(TnoX) = /(T X) for eachx € X. So ¢’ o Ty)nen
is ac (XL, X)-Cauchy sequence X:. Suppose thaB is 8(X, Xt)-bounded subset of
X and{x} c B. Thengx — 01in (X, 6(X, XL)), s0 lime £4'(TaXc) = O uniformly in
neN.

Now fix € > 0. There is &g € N such thaﬂ%y’(Tnka < s forallne Nand all
k > kg. Fix ak > Kkg. Since limyy' (TaXk) = v/ (T %) there is amg € N such that
ly'(TroXk) — ¥’ (T X)| < 5. Therefore,

’ ’ ’ ’ & &
' (TX1 <1/ (TX) =4 (Tl + Iy (TrgXl < 5+ 5 <&
This shows thafy’(TX) : x € B} is bounded. Sincg’ € Y’ is arbitrary, T(B) is
u-bounded by the classical Mackey theorem. Thus, we obtain the proof. O

Theorem 1 shows that the limit operafbrcan be bounded even if the sequence
(Tn)n is not bounded.
Now we have the following useful result.

Theorem 2. For a locally convex spacX the following conditions are equivalent.

(1) For every locally convex spaceé and for every sequenck, of o- locally
Lipschitzian linear operators fronX into Y such thatweak-limy Tox = T X
exists at eaclx € X, the limit operatorT is o- locally Lipschitzian.

(2) (XL, o (XL, X)) is sequentially complete.

Proor. (1)= (2). Let{f,} be ac(X}, X)- Cauchy sequence iX-. Then, there
exists a linear functiondl such that for everx € X lim,, fy(X) = f(x). Consequently,
f e XL by (2).

(2= (1). LetY be a locally convex space andl,} a sequence of- locally
Lipschitzian linear operators froid into Y such that weak-limT,x = T x exists at
eachx € X. Lety € Y, C € o. Then limy/'(ThX) = /(T X) at eachx € X. Since
yoTheXforallne N,y oT e X5 by (2). Therefordy’(TX) : x € C} is bounded
and hencd (C) is u-bounded by the classical Mackey theorem. THU o~ locally
Lipschitzian. O

Remarkl. The proof of [1, Theorem 4] seems to be incorrect and, hence, the result
is not correct because even if inf (TrX) = ' (T X) for eachx € X, {y’ o T : n € N}
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is not necessarily conditionalty(X?, X)-sequentially compact. Indeeg,o T is not
necessarily irkP. Consequentlyy’ o T, do not converge tg’ o T in (X, o-(X®, X)).
Let XY denote the space of lineaX, X.)-bounded functionals oX. By n(X, X?)
we denote the topology of uniform convergence on conditiona(l’, X)-sequenti-
ally compacts sets of’.
Now we have a useful proposition as follows.

Theorem 3. Let (X, 1), (Y, u) be locally convex spaces aiig : X — Y o-locally
Lipschitzian operatorsy € N. If weak-lim, Tox = T x exists at eactx € X, then the
limit operator T mapsn(X, X?)-bounded sets into bounded sets.

Proor. Lety” € Y. Then limyy/'(Thx) = /(T X) for eachx € X. It follows from
Theorem 2 thaff € X?. Consequentlyy’ o T € X?. On the other hand, since
(¥’ o Tr)nen is (XL, X)-Cauchy sequence iK:, theny’ o T, € X?. Therefore,
{y’ o Tn: ne N}is conditionallyo(X?, X)-sequentially compact.

Suppose thaB is an(X, X%)-bounded subset of and{xc} c B. Then%xk —0in
(X (X, X%), so limk £y’ (TaXc) = 0 uniformly inn € N.

Now fix € > 0. There is &g € N such thaﬂ%y’(Tnka < S forallne Nand all
k > ko. Fix ak > kg. Since limyy' (Toxk) = v/ (T %) there is amg € N such that
Iy’ (TnoX) — ¥’ (T %I < 5. Therefore,

7’ ’ ’ ’ & &
W (T3 <1y (T = ' (T Xl + 1y (T Xl < 5 + 5 <&
This shows thafy’(TX) : x € B} is bounded. Sincg’ € Y’ is arbitrary, T(B) is
u-bounded by the classical Mackey theorem. Thus, we achieve the proof. O
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