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1. Preliminaries

A method of integral manifolds is an effective algorithm to study singularly perturbed
ordinary differential equations [1-3], systems with time lag [4,5] and functional dif-
ferential equations [6-8]. The case of systems with time lag only in fast variables is
discussed in [4,5,7,8] and only in slow variables in [6,9]. In this paper we consider
a singularly perturbed system of functional differential equations with time lag both
in fast and in slow variables. For such systems we establish the existence conditions
of stable, and center-stable, center, center-unstable integral manifolds and consider
their application for the investigation of solution stability. For ordinary differential
equations analogous problems were studied in [3,10].

Let R™ be n-dimensional Euclidean space, Ca = C[—A,0], C.a = C[—€eA, 0] are
the spaces of [—A, 0], [—¢A, 0] continuous n-dimensioned functions.

Consider the system of functional differential equations

dx
E = A.Z't + f(t,o:t,yt,e),
(1.1)
d
gd—?z = B(t)yt + g(taxhytae)a

where z € R",y € R™ 2y =x(t+0),y: =yt +¢b), — A<0<0,A>0,e>0is a
small parameter. Functions f(t,z,y,¢), g(t, z,y,e) are defined in domain {t € R,z €
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Ca,y € Cep,e € 0,60]} with values in R™ and R™. A, B are linear operators, given
by

0 0
Ap :_4 I @le0). Bl0e= é [dna (t,0))p(c6),

where 71 (6) is n x n matrix, whose elements are functions of limited variation; 12 (¢, 8)
is m x m matrix, whose elements are functions of limited variation on 6 for all ¢ and
uniformly continuous on ¢ with respect to # and bounded for ¢t € R.

Suppose that for system (1.1) the following conditions are valid:

I) all roots of the characteristic equation
0

det ()\E - /[dng(t,ﬂ)]e’\‘g) =0
-A
are located in the left half-plane Re A < —2u < 0;

IT) functions f, g are continuous, bounded by constant K and satisfy the following
inequalities:

|f(tax7y7€) - f(t,i‘,?j,&‘” < L(E‘)(|l‘—§3| + |y_y|)a
|g(t7l',y,5) 7g(taf7y7€)| < L(€>(|l’*j| + |y7g|)a
where L(g) — 0 if ¢ — 0.

2. System transformation

Consider the linear autonomous functional differential equation

and its charateristc quasipolynomial

0
H()\) = det <>\E - / [dnl(e)]e*").

-A

Define the shift operator, corresponding to equation (2.1), by the relation T'(t)p =
2¢(¢p), where x;(p) is the solution of (2.1) with initial value ¢ € Ca at t = 0.

Let us introduce the following notation:

A ={): HXN) =0,ReA >0}, As={)\: H(A) =0,Re X =0},
Az ={A: H(A) =0,Re\ < 0}.

It is known [11] that there is only a finite number of roots of equation H(\) = 0 in
any half-plane Re A > =, so the sets Aj, A are finite dimensional.

The sets A;,i = 1,3 generate on the space Ca invariant under T'(t) subspaces
P, P, Q. Subspaces P;, P> correspond to the initial values of all those solutions of
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(2.1) which are in the form q(t)e*, where A € A;, i = 1,2, q(t) is a polynomial in .
They are finite dmensional. Let their dimensions be equal to ny,ns respectively.

We denote by ®;(6), A < 6 <0 is a basis of P;, and ¥;, 0 < 6 < A is a basis of
Pr C C[0,A] of the initial values of solutions of the adjoint to (2.1) system

0
d
dit/ = A%y, A =— /[dnfw)]w—@)-
—A

For elements ¢ € C[—A, 0], ¢ € C[0, A] we define the scalar product by

0 0
(6, ¢) = ¢ (0)p(0) — / / B(E — 0)[dm (0)]0(E)d.
—A 0

It is known [11] that n; x n; matrix (¥;, ®;) is nonsingular and we can take that
(U;,®;) = E. Let B; denote n; x n; matrix such that

d
do
The space Ca can be decomposed into direct sum Ca = P; + P> + Q. Every element
x¢ € Ca can be represented in the form [11, 12]
Ty = (I)lul(t) + (I)QUQ(t) + zt, (2.2)
U](t) = (\Illth); U/Z(t) = (\P27l‘t); zt € Q7 (‘I]iazt) = 077/ = 172

O,(0) = ®:;(0)B, i=12 0¢[-A,0.

Define matrices
0, —-A<6<0, [0, —eA<LH<O,
XO(G)_{E, 6=0, YO(G)—{E, 6=0
and shift operator V (¢, o) for equation
0
dy
ey = [dna(t, 0)]y(t + €0). (2.3)

“A

Changing variables (2.2) in system (1.1) and using the variation of constants for-
mula [12] we get the equivalent system of differential and integral equations

du; )
CZ; :Biui+Fi(t7u17u27ytazt5€)a 1:1727
t
ze=T(t—0)zs + /T(t — s)X(?F(s, Up, U2, Yt, 2¢, €)dS, (2.4)

t
1
Yt = V(t? O.)yo' + g / V(t’ S)YOG(S? U, U2, Yt, Zt7€)d57

where
F(t;ul,UQ,yt,Zt,g) = f(taq)lul + @2’[1,2 + Ztaytag)a
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Fl(t7 U1, U2, Yt, 2t, 5) = ‘IJ7,T<O)F(t, U1, U2, Yt, Zt, E)ai = 17 2a
G(t, ur,uz, yt, zt,€) = g(t, Prur + Pouz + 24, yt, €),
xp=o,070),i=1,2, X&=Xx,-x-xp.
The integrals in (2.4) for each 6 are understood as the integrals in Euclidean spaces
R™ and R™.
From the definition of the sets A;,i = 1,3 and under assumption II there exist
positive constants K1, K5, o such that following inequalities are valid [12, 13]:

leBrt| < Kye*t, t<0,
leP2t| < Kietltl, teR,
[T(1)p%] < Kre @], ¢ >0,

[V (t,0)¢| < Koem5t=9)|¢|, ¢ > 0,€ € Cen.

3. Existence of the center and center-unstable integral manifolds

Definition 1. A set of points M C Rx R™ X R™ x Q X C.a is said to be an integral
manifold of system (2.4) if for each e € [0,e0] and any point (to, w10, U0, Ztgs Yte) € M
it follows that (t,u1(t),ua(t), ze,yt) € M for all t > to, where (ui(t),uz(t), z¢,yt) is
the solution of system (2.4) with the initial values (to, 10, U20, 2ty Yto ) -

Theorem 1. Let conditions I-1I hold. Then there exist positive constants pg,no such
that for all 0 < p < po, 0 < n < o and sufficiently small € the system (2.4) has the
center and center-unstable integral manifolds

M* ={(t,u1,u2,2,y) : t € Ryus =71"(t,ug, ), us € R™,
z=0v*(t,ug, ),y = w*(t,uz, )},
M= ={(t,u1,u2,2,y) : t € Ryu; € R, uy € R™,
z=v""(t,ur,uz,€),y = W' (¢, u1, uz, €)},
where functions r*,v*, w*, v* 7, w*™ are continuous with respect to all variables and
satisfy the Lipschitz condition by uy,us with constant n and not exceeding p.

Proof. The existence of the center manifold of system (2.4) was studied in [14]. Now
we prove that system (2.4) has center-unstable integral manifold M*~.

Define the sets of functions
S, ={v:RxR"™ x R™ x [0,e0] — Q},
Sy ={w:Rx R"™ x R" x [0,e9] — Cca},

which are bounded by p and satisfy the Lipschitz condition by uq,us with constant
n.
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Consider the following system for any v € S,,w € S,
dui
dt

Due to the conditions of functions f, v, w the following inequalities hold

= Bju; + F(t,u1, ua, v(t, u1, us, ), w(t,us, us, €),€),i = 1, 2. (3.1)

|Fi(t, ua, ug, v(t, u, ug, €), w(t, uy, ug, €),€)—
_F’i(ta Uy, Uz, U(ta Uy, Uz, 5)7 ’LU(t, Uy, Uz, 5)7 €)| <
< L(e)mi(v1 + v + 2n)(Jur — | + |uz — u2]),
where m; = [VT(0)], v; = |®4], i = 1,2.

Thus, for every point (u1g,u0) € R™ x R™ system (3.1) has a unique solution
ui(t) = Ui(t, to, u10,&,v,w), uz(t) = Us(t,tq, uz, e, v, w) such that uy(ty) = uo,
UQ(to) = U90-

Lemma 1. Let conditions I-II hold. Then for all sufficient small € the following
iequality is valid

U = Un| + |Uz = Us| < Kre™ 2079 (Juy — 1| + Jug — o] + |[v = 0| + [[w = w]]), £ < s.

The proof of Lemma 1 can be easily obtained using the Gronwal inequality and
properties of functions f, v, w.

Consider now the set S = S, x S, of functions (v, w) with the norm ||(v,w)| =
max(||v]|, ||w]|). Define in set S the operator

H(v,w) = (H} (v, w), H?

t,ug,u tug,us (v,w))7

where
t

H} o (0,w) = / T(t — )X F (s, ua (s), ua(s),

— 00

U(S,Ul,u2,€),w<5,u17u27€),€)d57 (32)

t
1
B (v 0) = = / V(t, 5)YoG(s, ur(s), ua(s),

v(s,uy,ug,€),w(s, uy,us, €),£)ds. (3.3)

It follows from inequalities (2.5) and condition II that the integrals on the right
side of (3.2), (3.3) converge uniformly with respect to § € [—A,0].

Consider any sequence of numbers t,, < ¢ such that ¢, — —oo when n — oco. It

follows from (2.4) that
¢

A, = /T(t - S)YOQF(S,Ul,U27/U,/LU7E)dS €Q,

tn
t

1
B, = g/V(t7S)YOG(57U17u25U’w7€)d5 € C‘SA :

in
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Then H}, .,(v,w) € Q, HZ, .,(v,w) € Cca since A, — H}, . (v,w), B, —
H? ., u,(v,w) when n — oo uniformly with respect to 6 € [-A,0].

By means of similar arguments to those in [14] one can easily make sure that the
following statement is valid.

Lemma 2. Let conditions I-II hold. Then for all sufficiently small € the operator H
is a contraction mapping of S into itself.

Denote by (v*7,w*™) the unique fixed point of the operator H. Let ui(t) =
Ui(t, to, ur0,&,v* ", w* ™), ua(t) = Us(t,to, u20,e,v* ,w*~) be a solution of system
(3.1). Then functions v*~, w*~ satisfy such system

t

v (tur(t), ue(t), ) = / T(t— S)X(?F(S, u(s), uz(s),

— 00

v (s, u1(s), ua(s),€), w* (s,u1(s),us(s), ), e)ds, (3.4)
w* (t,ur(t), uz(t),€) = % / V(t, 5)YoG(s,u1(s), ua(s),

V7 (s, ur(s), uz(s), ), w ™ (s,ui(s),uz(s),e),e)ds.

Let (to,u10,u20) € R x R™ x R"™ be an arbitrary point. Using the following
identity for solutions of system (3.1)

Ui (s, to, uin, &, v, w) = Us(s,t,Us(t, to, uig, €, v, w), &, 0,w), i = 1,2
and also the property of the operators T,V
Tt—s)=Tt—t)T(to — s), VI(t,s) =V (t to)V(to,s)
we rewrite system (3.4) in the form
t

v*f(t,ul, UQ,{:‘) = T(t — tQ)U*i(tQ,Ulo,UQO,é‘) + /T(t — S)XOQF(S,Ul,UQ,

to

U*_(S,’U,l,’U,Q,5),’1U*_(8,’LL17U27E)7E)dS7 (35)
t
*— _ 1
w* (L, ur, uz,€) = V(t, to)w" ™ (to, w10, u20,€) + E/V(t»S)YOG(S,UhW,
to

V7 (s,u1, ug, €), w* (s, u1, us,€), €)ds.

It follows from (3.5) that functions v*~(s,u1,us,€), w* (s, ur, us,e) satisfy the
third and fourth equations of system (2.4) for all ¢ > t;. Thus, the set M*~ is
an integral manifold for (2.4). O
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Corollary 1. The flow of the initial system (1.1) on the center-stable manifold M*~
s governed by the system of ordinary differential equations
du;
dt

which is regular and has no time lag.

= Bzuz + Fi(t7ula u2,v*7(t, Uy, u275)7w>k7(t7u1a u235)35)7i = 17 2a (36)

4. Existence of the stable and center-stable integral manifolds

Further we suppose that such equalities are valid:
f(t,0,0,e) =0, ¢(¢0,0,e) =0.
Theorem 1. Let conditions I-II be valid. Then there exist positive constants lg, N

such that for all 0 < I < ly and sufficiently small € system (2.4) has the stable and
center-stable manifolds

Mt = {(t7u17u2a27y) Ul = Tf(t,%yﬂ),
Uz = r;(t,z,y,s),z € va € CSA}?
Mt = {(t,ur,u, 2,y) : ug =1 (t,u1,2,9,€),us € R™,2 € Q,y € Ceal,

where functions r1+7 r;, r*T are continuous with respect to all variables and satisfy the
Lipschitz condition by us,y, z with constant [.

The following estimates are valid for the arbitrary solution of the system (2.4),
whose initial values lie on a stable manifold M™, when t > ty:

|ul| < N(|yt0| + |Zt0|)€_%(t_t0)ai = 1727
2] < N(|gao| + |21, ])e ™2 1), (4.1)
(9] < N (Jyso| + |20 )6 20710,

Proof. Denote by
Q:i={r;: RxQ x Cca x[0,61] > R"},i=1,2

the sets of all continuous functions with respect to all variables, which satisfy the Lip-
schitz condition on z,y with constant ! and condition r;(¢,0,0,¢) = 0. For arbitrary
r1 € Qq,79 € Q9 we consider the following system

t
22 =Tt —to)z, + /T(t - s)ngF[s, Zs, Ys, €]dS,
to

t
yr = V(t, t0)yt, + é /V(t,s)YOG[S,zs,ys,a]ds, (4.2)

to

where
F[s, zs,Ys, €] = F(8,71(8, 25, Us, €),T2(S, Zs, Ys, €)s Zs, Ys, €,

G[$7zsay5’€] = G(’S,rl(sa Zsy y876)7r2(83 Zsaysag)a ZS7ysaE)'
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Let us prove the existence of the solution of system (4.2) with the help of the successive
approximations method
2 =0, y'=0,
¢
AT =Tt — o)z, + /T(t - S)XSQF[S, 2yl elds,

to
t
. 1 .
yi+1 = V(t7t0)yto + = /V(t7 S)YOG[S’ zg,yé,a]ds, ] = 07 1’
9
to

With the help of the mathematical induction method we ensure that the following
inequalities are valid:

K o
B A AR AR 7N}

K _ap
i = < e BT (| + Lo ),

where K = max(Ky, Ky), m=0,1,....
2
From estimates (2.5) for € < = \we obtain that the inequalities (4.3) are valid for

m = 0. Suppose that (4.3) are valid for m = j. Then obtain

t
EAREE AR /Klefa(tfs)L(E)(Vll +val + 1) (2] = 27+ |yl =yl )ds <
to
K 4AL(e)(n1l + vl + 1)

< 2j—1 o (|Zt0| + |yto|)67%(t7t0)a

t

Y™ —yl| < /KQG_%“_S)L(S)(VJ + ol + 1)(|2] = 27 4 |yl —yi T )ds <
to

K 4L(e)(nl + vl + 1)

- 251 21 — e
@

8]’?(1/11 + I/gl + 1)
Thus, inequalities (4.3) are valid for all natural m.

(l2t| + |yto e~ 2 (t=to),

For e < £ and L(e) < we obtain that (4.3) are valid for m = j+1.
a

It follows from (4.3) that sequences z}",y;" uniformly converge to the solutions
2t (10, Ztos Ytos T1,72), Ye(tos 2y, Yto»T1,72) Of the system (4.2). After summation of
inequaities (4.3) on m, it is obtained the following uniform estimates:

|2t (t0s 2t0, Yto, 71, 72)| < 2K (|24 + \yt0|)€_%(t_t°)7
(4.4)
|yt<t07ztoayto77al7r2>| S 2K(|Zt0| + |yt0|)€_5(t_t0),
for t > to.
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Denote by zt(to, Zts Ute>T1572), Yt(to, Zt, JtgsT1,72) the solution of system (4.2)
with initial value (Z,, 3t,). Similarly to (4.3), (4.4) one can show that the following
estimations are valid:

|Zt(t0aizto7 YtorT1, TQ) - Zt(t07 Ztoa gtov T1, T2)| S
2K(|Zto - 2to| + |yto - ytol)eij(tito)a

(4.5)
[yt (to, 2o Ytos 71, 72) — Yt (to, Zto, Ytgs 71, 72)| <
2K(|Zt0 - ztol + |y750 - gtol)e_j(t_t(])’
for t > tg.
Let us denote by Q = Qq x Qs the set of function (r1,rs) with the norm
[(r1, r2) || = max(||r |, lr2l), (|- ]|= sup |-|.
t,z,y,e
Let define the operator
H(Tth) = (Hil,rg(to,ztoaytm6)’Hgl,rg(toaztoaytoag))a
where
oo
Hilﬁ"z (thZtovytmg) = _/eBi(t_S)F[SazsvyS7€]ds7 1= 1a2 (46)
to

From estimates (2.5) and inequalities (4.4), (4.5) it follows that for sufficiently small
€ the operator H maps {2 into itself.

Let (r1,72), (71,72) € . Using the estimates (2.5), (4.5) and properties of functions
f,r1,72, We obtain

|H7’£177-2 (t07 Ztovytoae) - H};l,fQ (th 2t07gt056)| S
K(Vl —|—l/2)L
«

< @)(l[ry = 7l + llre = 72l)-

Thus, operator H is a contraction on € if
- *
K(l/l + 1/2) '
Let us denote by (r",r5) the unique fixed point of H on Q. We are going to prove
that M™* is an integral manifold. Let (z,y;) be the solution of the system (4.2),

where r; = r;f, i = 1,2. Then functions 7", i = 1,2 satisfy equations
o0
ri = —/eBi(t*s)F[s,zs,ys,s]ds, i=1,2. (4.7)

t

Differentiating these equations we obtain that functions 7}, i = 1,2 satisfy the first

and the second equations of system (2.4). Thus, the set M+ is an integral manifold
for system (2.4).

From (4.5) and properties of the functions ri,rj it follows that estimates (4.1)
are valid for N = max(2K,41K). The existence of the center-stable manifold M*T is
proved similarly to the case of stable manifold. O
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5. The stability problem

In this item we study the behaviour of solutions of system (1.1) when ¢ — oc.

Theorem 1. Let the conditions I-II are valid. Then for all sufficiently small € and
arbitrary solution (u(t),us(t), z¢, y+) of system (2.4) there exists a solution

(hl (t), hg(t), ’U*i(t, hl, hg, 8), w** (t, hl, hg, 5))
of system (2.4), starting from a center-unstable manifold that following inequalities
hold
lui(t) — hi(t)| < Kzpe 2t 5 =1 2,
|zt — 0" (t, ha, ha,€)| < Kape™ (110, (5.1)
lye — w* (£, ha, hay€)| < Kape™2(710),
where @ = |z, — v (L, ha(to), ha(to), €)] + |y, — w* ™ (¢, ha(to), ha(to), €)], K3 > 0.

Proof. Let consider arbitrary solution (uq(t),ua(t), z¢, y¢) of system (2.4) with initial
values (to, u10, U20, Zt,, Yt, ) and a solution (hq(t), ha(t), &, 1) of system (2.4) with ini-
tial values (c1, ca,v* ™ (o, c1, 2, ), w*™ (to, c1, C2,€)), where ¢; = hy(to), ca = ha(to).
Changing the variables in system (2.4)

pi(t) =wi(t) — ha(t), pa(t) =u2(t) —ha(t), @=2z—& wi=y—v;, (52)

we obtain the following system

dp; — .
CZ = Bip; + Fi(t,p1,p2, ¢, wr,€), i=1,2,
¢
qr = T(t - tO)Qto + /T(t - S)X(?F(svplvp%q:?;ws,(‘:)d& (53)

to
t
1 _
Wy = V(ta tO)wto + g/V(t»S)Y()G(S»Php%%;wsﬁ)dsa
to

where
Fy = Fi(t,py + hi,p2 + ho, @t + &, wi + Py, €) — Fit, ha, ho &, by €),i = 1,2
and functions F', G have the same form.

According to theorem 1, the system (5.3) has a stable integral manifold. This
manifold is described by functions p; = rj (t,qi,ws,€), i = 1,2, which satisfy the
following conditions

r(¢,0,0,e) =0,
|Tz+(t7qtawta€) - T;‘i_(ta Cjtth7€)| S l(|Qt - Qt| + |Wt - a)t|)
For arbitrary solution (p1, p2,qs,w:) of system (5.3), which belongs to M it follows

that
pi(t)] < Nem 200 gy | + |wro|), i =1,2,

Jae] < NemFE710) (g | + |wso]), (5.4)
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jwe < Nem 270 (g, | + fwrg ).

Let us now show that representations (5.2) are valid if solutions (p1(¢), p2(t), ¢, wt)
are on the stable manifold M. It is sufficient to show that (5.2) holds for ¢t = ¢,. In
this case we obtain

1 (to, Grgs weer €) = w10 — €1, 75 (to, G, Wi+ €) = Uno — C2, (5.5)
Qto = 2ty — V" (to,C1,€2,8), Wiy = Yu, — W (to, C1,C2,€).
Next we show that system (5.5) has the solution with respect to (¢1, ¢z, gt,y, wt,) for
aﬂy (uloa U20, Ztoa wto)'
Let S denote the sphere in the space R™ x R™ which is defined by
ler — wio] + |ea — ugo| < 41|24, — v* (to, 10, u20,€)| + |y1, — W (to, w10, u20,€)|)-
Let consider the operator J = (Jy,J2) on S, where
Ji(e1, c2) = uio — i (to, 2, — 0™ (to,c1,¢2,€), 41, — W' (to,C1,C2,€)),4 = 1,2.
It is easy to obtain that for each ¢ € [0,¢1] and fixed w19, ug the operator J is
equicontinuous on S and maps S into itself if constant 7y in the theorem 1 satisfy the

1
following condition ny < Tk

According to Schauder theorem it follows that the mapping J has at least one fixed
point in S. Let (¢}, ¢5) denote this fixed point. Then
0?[7 037 q:O = Zt, — v*_(th CT, C;a E)a wzﬂo =Yty — w*_(tO, C;_(a C;a E)

satisfy the system (5.5). O

The next assertion follows from theorem 1.

Theorem 2. Let the conditions I-II are valid. Then for all sufficiently small € the
trivial solution of system (1.1) is stable (asymtotic stable, unstable) if and only if stable
(asymitotic stable, unstable) the trivial solution of system (3.6) on center-unstable
manifold.
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