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Abstract. Sufficient conditions guaranteeing the existence of three positive solutions of the multi-
point boundary value problem for the infinite difference equation

Alp(m)p(Ax(n))] + f(n.x(n), Ax(n)) =0, n € No.

x(0)— Z:o=1 anx(n) =0,

1My 400 HZ% =32 Bux(n) =0,
$=0 4=T(p(s))

are established using a fixed point theorem. It is the purpose of this paper to show that this
approach of obtaining positive solutions of BVPs by using multi-fixed-point theorems can be
extended to infinite difference equations containing the nonlinear operator A[p¢(Ax)]. The
possible solutions of this BVP are not concave if p(n) # constant.
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1. INTRODUCTION

In recent years, there have been many papers interested in proving the existence
of positive solutions of the boundary value problems (BVPs for short) of the finite
difference equations since these BVPs have extensive applications, see the papers
[1,5-9,11=15,18,19], [10] and the references therein.

Recently, the authors [2—4, 16, 17] studied the existence of solutions of the bound-
ary value problems for infinite difference equations. In [17], the existence of multiple
positive solutions of boundary value problems for the second-order discrete equations

A’x(n—1)—pAx(n—1)—gx(n—1)+ f(n,x(n)) =0, n €N,
ax(0)—BAx(0) =0, (1.1
limy— 400 x(n) =0,
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was investigated by using the cone compression and expansion and fixed point the-
orems in Fréchet spaces, where @ > 0,8 >0, p > 0,q > 0 and f is a continuous
function.

In paper [2], the existence of solutions of a class of the infinite time scale boundary
value problems was considered. It is easy to see that the results of [2] can be applied
to the following BVP for the infinite difference equation

A2x(n)+ f(n,x(n)) =0, n € Ny,
x(0) =0,
x(n) is bounded.

The methods are based upon a growth argument and the upper and lower solutions
methods.

In [12] the existence of at least three positive solutions for the following BVP of
the finite difference equations

Alp(Ax(m)]+ f(n.x(n), Ax(n)) =0, n €[0,N],
x(0) = 2Ly eix(ni) =0, (12)
x(N+2)=>7"  Bix(nj)=0
was proved under some assumptions.
Motivated by above mentioned two papers, the purpose of this paper is to investig-
ate the multi-point boundary value problem of the second order infinite p-Laplacian
difference equation

Alp(m)¢(Ax ()] + f(n.x(n), Ax(n)) =0, n € N,

x(0)=Y72 janx(n) =0, 1
limy, s 4 x(n) =3 Bux(n)=0 4
n—+00 n—1 =1Mn — Y,
1+2=0 as—l(lp(s)) "

where Ny denotes the set of all nonnegative integers, p(n) > 0,a, > 0, 8, > 0 for all
n € Ny and satisfy

o

Z oy <1,

2 Z 1(p(l))

nenN lO
and
Y (i) () -
I—annz ;,qs p(j) Zﬁnz¢ o) <t
and

s 1

L 5w~ (44
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f is a Caratheodory function, i.e., f satisfies that for each r > 0 there exist a real
number sequence {¢, (1)} with Yoo ¢ (1) < oo such that

Gt | 1
f(n’(1+Z¢—1(p(s)))x’¢—1(p(n))y) <¢r(n), n€ Ny, |x|<r, |y|=<r,

s=0

¢ is defined by ¢(x) = |x|?~2x with p > 1, its inverse function is denoted by
¢ L(x) = |x]|92x with 1/p+1/g =1, Ax(n) = x(n + 1) — x(n). We establish
sufficient conditions for the existence of at least three positive solutions of BVP(3).

It is easy to see that the positive solutions of BVP(1) are bounded, the positive
solutions of BVP(3) may be unbounded since 1.4 holds. The results in this article
generalize the theorems in [12] to the infinite case and the fixed point theorem used
is different from those used in [3, 12, 17]. The most interesting part in this article is
the construction of the nonlinear operator and the cone, this method is not found in
known papers.

The remainder of this paper is organized as follows: in Section 2, we first give
some lemmas, then the main result (Theorem 1) and its proof are presented. An
example is given in Section 3 to illustrate the main result.

2. MAIN RESULTS

In this section, we first present some background definitions in Banach spaces and
state three important fixed point theorems and lemmas. Then the main result is given
and proved.

Definition 1. Let X be a real Banach space. The nonempty convex closed subset
P of Xiscalledaconein X ifax € P forallx e Panda >0, x € X and —x € X
imply x = 0.

Definition 2. A map ¢ : P — [0,400) is a nonnegative continuous concave or
convex functional map provided v is nonnegative, continuous and satisfies ¥ (tx +

(I=0)y) =ty (x)+ A=)y (y). or Y (tx + (1 —1)y) <ty (x)+ (1 —1)¥(y). forall
x,y € Pandt €[0,1].

Definition 3. An operator 7; X — X is completely continuous if it is continuous

and maps bounded sets into pre-compact sets.

Definition 4. Let a,b,c,d,h > 0 be positive constants, ¢,/ be two nonnegative
continuous concave functionals on the cone P, y, 8,0 be three nonnegative continu-
ous convex functionals on the cone P. Define the convex sets as follows:

Po={xeP:|xll<ch
P(y.a;a,c)={x € P:a(x)>a, y(x) <c},
P(y,0,0;a,b,c) ={x € P:a(x)>a, 8(x) <b, y(x) <c},
Q(y.B;,d,c) ={x € P: f(x) <d, y(x) <c},
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Q.B.¥;hd,c)y={x € P:¥y(x) > h, B(x) <d, y(x) <c}.

Lemma 1 ([7]). Let X be a real Banach space, P be a cone in X, o,y be two
nonnegative continuous concave functionals on the cone P, y, 8,60 be three nonneg-
ative continuous convex functionals on the cone P. There exist constant M > 0 such
that

a(x) < B(x), ||x|| < My(x) forall x € P.

Furthermore, Suppose that h,d,a,b,c > 0 are constants withd < a. Let T : P, —

P, be a completely continuous operator. If
(C1) {y € P(y,0,a;a,b,c)|a(x) > a} # @ and

a(Tx) > a forevery x € P(y,0,a;a,b,c);
(C2) {y € O(y,0,¥:h,d,c)|B(x) <d} # @ and
B(Tx) <d forevery x € Q(y,0,¥:h,d,c);

(C3) a(Ty)>aforye P(y,a;a,c)with0(Ty) > b;
(C4) B(Tx) <d foreach x € Q(y,B;,d,c) with y(Tx) < h,
then T has at least three fixed points y1, Y2 and y3 such that

By <d, a(y2) >a, f(y3) >d, a(y3) <a.

Choose
x(n) € R,n € Ny
there exist the limits
X =305 fim,_ o x(n)

—1 ’
§=0 = l(p(s))+1

limy 00~ (p(n)) Ax(n)

Define the norm

|X(”)| _
|[x[] = max { sup . sup ¢~ (p(n))|Ax(n)]
neNy +Zs 06— l(p(s)) neNy

It is easy to see that X is a real Banach space.
Denote [a,b] ={a,a+1,--- ,b} fora <b and [a,b] = @ fora > b witha,b € Ny,
N denotes the set of all positive integeres. Let k1,k, € N with k1 < k5. Let

1

. 2.1
k
~ maxt1, ¢ (ol — D)} (14 2 5oy )
Choose
x(n) >0 foralln € Ny,
P=Jx€X: qin c x(n) > x(n) ,
[k1.k2] M SUDPy e,
TR S =0 4— '(lpm) O qu l(p(s))

It is easy to see that P is a nontrivial cone in X .
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Let h(n) # 0(n € No) be a nonnegative sequence with »_, -y /(1) converging,
consider the following BVP

Alp(m)¢(Ay(n))] +h(n) =0, n € N,

y(0) =30, O‘n%’()”) =0, (2.2)
li n—00 nfyn - Zo_ n =0,
" 1+X4050 ¢—1(lp<s)) z =1 Fn )

Set

o (ER T T () S e (5i)

1—¢(Egﬁzn=1anzy=a¢— (m)+zn B Y6 (1,(,()2)2)'

Lemma 2. If y is a solution of BVP(6), then y(n) > 0 and Ay(n) > 0 for all
n € Ng and there exists an unique number Ay, € [O, 8> 520 h(s)] such that

1
YW=y,
D DY 10 A WL S O P Y 1)
Z“nz¢ ( () )+;)¢ ( r(J) ) .

Proof. Since A[p(n)¢p(Ay(n))] =—h(n) <0foralln € Ny and ZnENO h(n) con-
verges, we get that p(n)¢(Ay(n)) is decreasing and there exists the limit
lim,, 00 p(n)¢(Ay(n)). Then ¢~ (p(n))Ay(n) is decreasing and there exists the
limit limy, 00 ¢~ " (p(1n)) Ay (n).

Since there exists the limit lim, o0 ¢ 1 (p(n))Ay(n) = c, we can prove

I y(n) _
m =C.

12 1+ Y0 ey

In fact, if ¢ = 0, then for any € > 0 there exists H > 0 such that

¢~ (p(n))|Ay(n)| < ;n > H.

It follows that

n—1 nl

1
ly(m)] < |y(H>|+SZ;I|Ay(s>| <|y(H)|+ Z " H

Then

Iy(n)l
1+ X520 76wy
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n—1

|y(H)| L 1 € Z 1
—1
T Y oy L Xm0 oy 2emn ¢ (PO))
H
< |y( ) +—, n=H.

L+ 3820 5=Ttoen

Since Y52 = 00, we can choose H’ > H large enough so that

520 FT0) =
Iy(n)l < Iy(H)I

1
L+ Y520 ooy L Xm0 71wy

€
+§<€,I’ZZH/,

which implies that

I y(n)
im

"L+ Y0 )
If ¢ # 0, then lim; oo ( o~ pn))Ay(n) —c) = 0. It follows that

=0.

lim ¢~ (p(n»A[y(n) CZ 1(,,@))}

Then we get similarly that
y(n)— Zs =0 m

lim —0.
=R 1+ 3520 5w

Together with ) 5o e 00, it follows that

o) =
. y(n) .
m =_C.

120 1+ Y20 ey

It follows from 2.2 that there exist A, B € R such that

pm$(Ay(n) = A+ h(s),

S=n

and

y(n) = B+Z¢ ( (A+Zh(s))),neN0.

By the boundary condltlons in 2.2, we get

o] o) n—1
B=BY tntY any ¢! (L +Zh(s)
n=1 n=1 j=0

(2.5)
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It follows that

1 o0
— h
b= 1—2,, o nZ Z¢ r() A+S§ ©

So

[ele} n—1
1

Y(n)=ﬁzanz¢_l (— +Zh(s)

n=1""p=1 =0

n—1 1 o0
I — 14 h
FLT G | A

From 2.5, one sees that lim, oo p(n)p(Ay(n)) = A
Then lim, —c0 ¢~ (p(1)) Ay(n) = ¢~ (A). So

5 y(n)

im N
"R+ Y% TG

Boundary conditions in 2.2 imply that

)= Lzt B § ot (AT ESZ )
po= annz Z¢( () )

=¢~'(A).

r(j)

1 A+ h
+Z/3nZ¢ (M) 2.6)

Set

Erge (a2

n=1

o Taib L), 22
G(x)=1- I_annz Z¢ ( ( . ))

It is easy to see that G(x) is continuous on (—oo,0) and (0, c0), respectively, G(x) is
increasing on (—o0,0) and (0, co), respectively.
Since

lim G(x)
xX—>—

:1—%2%2‘/71( ) Zﬂ”2¢ (P(J)) )

n=1

r(Jj)
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and
lim G(x) =
x—>0—

we get G(x) has no zero point on (—oo,0). On the other hand, we have
G (5 Zh(s))
Z§° 1,3n 1 Z?O = h(s)
= 1 —

B 1 D e h(s)
> h s (p()( SZ?;oh(s)))

n=1 j=0

=" Znnlfnnnzl JZO¢ (P(J)( 1))
- (55 (14))

S (1) (R S S (1)
+Zﬁ"2¢ (P(]))

:o,

and
lim G(x)=

x—0t
Hence we find that there exists an unique & € (0,8 Y g2 /2(s)] such that G(§) = 0. It
follows that there exists unique Ay € [0, 830 h(s)] satisfying 2. Hence 2.4 holds
for Ay € [O, 8352, h(s)]. It is easy to see from 2.4 that y(n) > 0 and Ay (n) > 0 for
all n € Ny. The proof is complete. U

Lemma 3. Choose integers k1,ko € No with 1 <ki+ 1 < k. Let u be defined
by 2.1. Suppose y is a solution of BVP(6). Then

y(n) y(n)

min > [ sup

1 - 2.7
nelky,k2]) 14+ Zs 03 1(p(s) neNo 1 + ZS 0 o= T(p(s)
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—h(n) < 0 for all n € Ny, we see that

Proof. Since A[p(n)p(Ay(n))] =
p(n)p(Ay(n)) is decreasing. Then ¢~ (p(n))Ay(n) is decreasing
It follows from Lemma 1 that y(n) > 0 and Ay(n) > 0 for all n € Ny and there

exists the limit
y(n)

sup
neNo 1+ 3520 50y

To complete the proof of 2.7, we consider two cases:

Case 1. there is ng € Ny such that
y(no)

sup y(n)
1
neNo 1+ 3420 om 1+Z?00 ¢~ 1(p<s))

Forni,n,n, € Ny with n; <n < n,, we have

n—1 1 ni—1 1
(g $=1(p(s)) 2. ¢‘1(p(S)))

s=0
(n2) » (1) +y(n1)—y(n)
no—1 1
2520 ¢~ 1(p(S)) ZS =0 ¢—1(p(s))

(Zs Om 2?101(;5 l(p(s)))(y(HZ) y(n))

no—1
250 ¢~ 1(p(S)) Zs =0 ¢=T(p(s)) 1(p(S))

(Zgz O1 o l(p(s)) Zs =0 ¢— l(p(s)))(y(nl) y(n))

no—1
2520 ¢~ 1(p(S)) Zs =0 ¢=T(p(s)) 1(p(S))

ni—1 n>—1 1
(Zs =0 p— l(p(s)) Zs 0 &= l(p(s)))Zs =n ¢— l(p(s))‘:b (p(s)Ay(s)
n>—1 n—1 1
Zs 0 ¢— 1(P(S)) Zs:o o~ 1(p(s)

1
Zs =0 ¢— l(p(s)))zs =n1 ¢— 1(p(s))¢ (p(s))Ay(s)
n—1 '
~ 2= 0 ¢=T(p() 1(p(S))

_(Zgz o RGO
ny—1

2520 ®~ 1(p(s»

Since ¢~ (p(n))Ay(n) is decreasing, we get ¢~ (p(s)) Ay (s) < ¢~ (p(k)) Ay (k)

for all s > k. So there there is A such that
¢ (p()Ay(s) <~ (p(k) Ay (k). s > k.

Then we get
n—1 1 _ n1—1 ny—1 1 -1
(Zs=0 TTOE) T 2s=0 5 1(p(s)>)2s—n ¢-1<p(s))¢ (P()Ay(s)
no—1
3820 TGy =0 7T




158 JIANYE XIA AND YUIJI LIU

1
Zs =ni ¢ l(p(s)) Z?zn d’ l(p(s))¢ (p(S))Ay(S)

n>—1
2sZn ¢~ 1(P(S))

ny—1 1
/\ZS =ni ¢— 1(p(S)) ZS =n_¢~1(p(s))
— no—1

s=n ¢— 1(p(S))

no—1 1
_ AZS n - 1(p(s)) ZS =n1 ¢—1(p(s))

no—1
2sZn ¢~ l(P(S))
no—1 1
- Iy o= l(p(s)) Zs =ni ¢— 1(p(s))¢ (p(s))Ay(s)'

ny—1
2sZn ¢~ 1(p(s»

"2—5 1 y(n2) - y(") +y(n1)—y(n) <0
¢~ 1(p(s)) Zgznlq) T(p(s) o

S=nq
It follows that

no—1 1 n—1 —
Yy > :,z_n1 6T (p(s))y(n )+ Z;ni ¢~ (p(s))y(n ). (2.8)
2sZm ¢~ 1(p(S)) 2s=ny ¢~ 1(p(S))
If ng = k1, we get
) y(n) y(k1)
min z o1 1
nelky,ka] 1 +Zs 03¢ 1(p(s)) 1+ZS=0 ¢~ 1(p(s)
ki—1 1
y(no) 142550 ¢—‘(p(S))
= no—1 ko—1
14355 7= L+ Xk 56w
1 y(n)
e su "
1(p(k1—1))(1+2s 20 5 l(p( )))”ENO + 50 =04~ 1(p(s))
- sup y(n)

neNo 1+ 3520 5=1io0y).

If ng > k1, choose ny = k1 —1,n =k; and np = ng, by using 2.8 we have

no—1 ki—1
y(kl) — ZS =k [ (p(s)) y(k1_1)+ ZS =k1— 1 ¢~ I(P(S))y(n )
no—1 1 no—1
25k TG) P FI)

ki—1 1
_ Ls=ki-15- (G

y(no).

no—1
ZS=k1—1 ¢~ 1(p(S))
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Then
y(n)
mln
ne[kl,kz]l—l-zs 0¢ l(p(S))
y(ky)
= ko1 1
1+252%0 ¢—1(p(s))
no—1 ki1—1
- 1+Zs 0 o= l(p(s)) Zs ki—1 ¢~ 1(p(s)) y(no)
- ko—1 1 no—1 no—1 1
1+Zs=0 o~ 1(p(s)) ZS ki—1 ¢~ 1(IJ(S)) 1+Zs 0 ¢~ 1(p(s))
1
. __ sup y(n)
71tk = 1) (14 2520 ooy Mo 1+ X0 =G0y
= 1 sup y(n)
neNo 1+ X5, =0 6-T(p(s) 1(p(S))
If ng < k1, we have
min y(n)
nelky k] 1+Zs =0 W
- y(k1)
- ko—1 1
1+25%0 760
1
> y(no)
ko—1 1
I+2 %0 ¢—1(p(s))
no—1
> T+2520 5= ‘(p(s)) y(no)
- ko—1 no—1
25 mhm LT % 57 hm
1 y(n)
Z ko—1 Sup
L+ 520 oy "o L+ X520 57156
> 1 sup y(n)
nelNo 1+ X520 =0y
Case 2. sup, ey y(n) = limy o0 ) :
nefo 1+ZS =0 4— l(lp(v)) 1+ZS=0 di_l(lp(s))

Choose n’ > k,, similarly to Case 1 we can prove that

min y(n)) > 20

l/L .
ne€lky,k2] 1 +2s =0 m b
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Let n’ — oo, one sees

y(n)) y(n)
min ; > | sup pr
nE[klykZ] 1+ZS OW neNy 1+Z.§‘ 0¢ l(p(s))
From Cases 1 and 2, we get 2.7. The proof is complete. U

Define the functionals on P : P — R by
y(x) = sup ¢~ (p(n))|Ax(n)], x € P,

neNy

B(x) = sup X(n) reh
neNy 1 Zs 0 ¢— 1(IJ(S))

6(x) = sup X(n) el
neNy 1 + Zs =0 ¢— l(p(S))

a(x) = min X(n) xel
nelkikal 14 328 0 FTG)
¥(x)= min S wer
nelki k2] 1+ Zs 0 m

Lemma 4. If y is a solution of BVP(6), we have ||y|| < My(y) for all y € P,

where
sl nen @ XiZ0 5=1a
= — i oo .
M=max11, sup 9 ) LML . (2.9)
neNo L+ Y120 =Gy

Proof. Since y is the solution of BVP(6), we get
ly(m)] = y(n)—y(©0)+y(0)]

n—1
< ZAy(i) +‘y(0)_ZnENany(O)
i=0

1_X:nGNOt"
n—1 ; — (0
= Z 1(p(l))¢ Yp()Ay(i)|+ Zneiv_‘)‘g:ﬂ’zanﬂ )
n-l 1 > Notn y(n) y(0)]
A ne
<Z 1(p())nep¢ Y(p(n))| y(n)|+‘ S o

n—1

1 Snen @ Xio RG] -1
A .
NLrom T rme )
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It follows that
(n)
1+ Y150 6wy

ZneN‘ani:Oﬁ
Zr‘l=é _11 N — d:' ()
S T sup ¢ (p(n)] Ay ()
L+ X750 = neNo
ZneN‘ani;&'%
Zﬂzé _11 I — d>' )
< sup —— @O IREL sup ¢~ (p(m)| Ay (n)].
neNy 1+Zl =0 o ](p(l)) neNy
we get that
|y (n)] _
||y|| = max { sup . sup ¢~ (p(n))|Ay(n)]

neNo 1+ 27;3 m neNy

n—1 1
Ynen @ Xi=0 3=T 0y

S0 o= + S
<max 1, sup 1=0 ¢— (p(l)) 1-3 72 @
neNo 1+ X% 56w
sup ¢~ (p(n))| Ay (n)]
neNy
= My(y).
Then ||y|| < My(y) for all solutions y of BVP(6). The proof is complete. d
For x € P, define (T x)(n) by
1 O (A5 S (5.x(9). Ax(s))
(Tx)(n) = an ) ¢! ——
Zn 1% Z n; r(Jj)
n—1 00
Ax+ ) oo f(s,x(s), Ax(s
LY g x Zs,f. (5). Ax(s)) CneNs
= r(J)

where A, satisfies

¢ (Ax) =

Z,‘:"lﬂn (A X f(s.x(5). Ax(s))

r(Jj)
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One sees easily that
Alp(A(Tx)(n)] + f(n.x(n), Ax(n)) =0, n € No,

(Tx)(0) - Zl_l 1 0 ()Tx)(l) =0, (2.10)
limy 00 n fc = 1 _Zz— rBl (TX)(Z) = 0.
42— =Toan :

Let § be defined by 2.3. By Lemma 2, we have

o0
€ [O,SZf(n,x(n),Ax(n))] (2.11)
n=0
LemmaSs. Let V ={x e X :||x|| <I}(>0). If _x(n) ——:x eV and
2520 5=TG0
{¢p~ L (p(n))Ax(n) : x € V} are both equiconvergent at infinity, where
X (n)

Vi =: —xeV [ JoT (pm)Ax(n) :x €V}

1+ 3520 5=Ttoen)

is called equiconvergent at infinity if and only if for all € > 0, there exists N = N(€) >
0 such that for all x € V, it holds that

x(ny) x(n2)

np—l1 n>—1
1+ 255 7o RS Yer 7o)

<e,

and
6~ (p(n1)Ax(n1) —¢ ™' (p(n2)) Ax(n2)| < € ny.ngy > N.
Then V is pre-compact on X.

Proof. The proof is similar to that of the proof of a Lemma in [14] and is omitted.
O

Lemma 6. The following facts hold.

(i) Tx € P foreachx € P;

(ii) x is a solution of BVP(3) if and only if x is a solution of the operator equation
x=Tx;

(iii) 7 : P — P is completely continuous;

Proof. (i) Note the definition of P. For x € P, Lemma 2 and Lemma 3 imply that
TxeP.

(ii) It is easy to see that x is a solution of BVP(3) if and only if x is a solution of
the operator equation x = T'x.

(iii) It suffices to prove that T is continuous on P and 7" maps bounded subsets
into pre-compact sets. We divide the proof into four steps:

Step 1. For each bounded subset D C P, prove that {A, : x € D} is bounded in
R.
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Denote

L1 = sup { max |x(n)| , sup ¢ H(pn))|Ax(n)|: xe€D

neNo 1+ 3020 5=ty meNo

and
y
1(P(S)) o~ 1(p())

Since f is a Caratheodory function, it follows from 2.11 that

fu()= max S| +Z

o0
0<Ax<8)  f1,(j) <o

Jj=0

Hence {A, : x € D} is bounded in R.

Step 2. For each bounded subset D C P, and each x¢ € D, prove that T is
continuous at xg.

For xo € D and x,, € D with x, — xo(n - +0o0) in D.
Denote uy, (k) = (T xp)(k),ug(k) = (Txo)(k) for all k € Ng. We prove that T is
continuous at xo, i.e., 4, — ug(n — +00). Let Ay, be defined by

¢_1(AX())
Y Bn = Axg + Y02 £(5.%0(5), Axo(s))
IR nZ Zqﬁ ( p(j)
+Zﬂn2¢ (
n=1

First, we prove that A, are continuous in x, i.e.,

xo + 22205 f(s,x0(s). Axo(s))
() '
Ax, — Axy, n— +oo.

It follows from Step 1 that Ay, is bounded. Without loss of generality, suppose that
Ay, — A# Ax,.
It is easy to see that

LR

1 O ' A + 2252, f(s.xa(s). Axa(s)))
r(J)

n—1 » Ay, _|_Z?°=j f(s,x0(5), Axn(5)))
p(J)
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n—1 A+1imp— o0 Y g i f(5,Xn(5), Axn(s5)))
1—Zn 1 - Za’"‘z ( p(j)

+"§ - (mnmﬁm 32, f(s,xn<s>,Axn<s>>>)

p(J)
& (AR YR f(s.x0(s). Axo(s)))
—1_220210[”’;0!;1;)(]5 ( r(j) )
RS - (Z+ By f(s,xo(s),Axo(s))))
= r()
=u(k).
One sees that A = lim, 0 ¢~ 1 (p(n)) Aui(n) and % satisfies
_ — M(n)
u(0)— apu(n) =0, lim - Biu@i)=0.
,12::1 "+ Y 5wy ;
So
_ n-l A+322 5 f(s.x0(s), Axo(s))
-1 n=1Pn s=j
P annz Z¢( () )
o A f(s.x0(5). Axo(s))
+Zﬂ”2¢’ ( 0 )
n=1

It follows from Lemma 2 that A = A,. Hence
Ax, — A= Axg, n— +00.

This together with the continuous property of f implies that 7" is continuous at xg.
Step 3. For each bounded subset §2 C P, prove that T §2 is bounded.
In fact, for each bounded subset £2 C D, and x € §2. Suppose

el = max ] sup —— P s @yl Axml b < My

neNy +ZS 0—¢ TI0) nel0,N+1]

and Step 1 implies that there exist constants M, > 0 such that |A,| < M, for all
x € £2. Then

|(TX)(n)|
1+ X520 =6y
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1

R o)

(s ST (A EE )
I—Zn 1%

= r(j)

+r§¢_1 (Ax +o; f(f,X(s),Ax(S))))
=0

r(Jj)
1

1+Zs e TIO)

n—1 Mo+ 322 f(s5,x(s), Ax(s))
(IZn 1% nZ Z¢ ( j . )

r(j)

n—1 My + 32 f(s.x(s), Ax(s))
-1 s=J
+,-§)¢ ( P() )

<¢7'(Ms+ Z fur, (5))

1 e’} n—1 ,—1 n—1
I—Ziilanz"=1anzf_0¢ (p(/)>+ZJ 0f (P(]))
LY 0¢ IFI0)

<¢ N (Mz+ Z I, ()

s=0
1 [e’e) n—1 ,—1 n—1
sup 1—22‘;1an2"=1a”21_0¢ (P(/))+ZJ 0® (p(/))
neNo 1+ X520 =10
=: M3,

where fag, (J) = max x| <my,|y|<M <M, (J (1+¥75 A 1(,,(,)))‘

Similarly, one has that

¢ (PIAT M) = o7 | Ax+ 3 £Ux (). Ax(j))

Jj=n
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<¢ ' M2+ S, () | = Ma.

J=0

It follows that 7' 2 is bounded.
Step 4. For each bounded subset £2 C P, prove that 7 §2 is pre-compact.
Similarly to Step 3, we see |Ax| < M», we get

Ax+ ) f(n,x(n), Ax(n)) < ¢ (Ma).
n=0
Note ¢~ (x) = |x[¢=2xx. Then there £ € [Ax,Ax +32, fGx0), Ax(j))] such
that

6~ (P(M)ATX) (1) =™ (Ax)]

= (o7 Ax+ D fG.x().Ax()) | =97 (Ax)

Jj=n

=(q—DET2 " f(j.x(j). Ax(j))

Jj=n

<(@—DpM)T2Y " f(j.x(j). Ax(j))

Jj=n

o0
<(g—DpM)T>D " fur, (j)
j=n
— 0 uniformly as n — oo.

For any € > 0, there exists Ny ¢ > 0 such that

67 (p(n)) AT ) (11) =™ (p(n2))A(TxX)(n2)| <€, n>Nieo  (212)

Since lim, 00 ¢~ 1 (p(n)) A(T x)(n) = ¢~ (Ax) uniformly, we know from the same
methods used in the proof of Lemma 2 that

lim I(TX)(H)I

"= 1+ 380 T

So there exists N ¢ > 0 such that

= ¢~ 1 (Ay) uniformly.

(Tx)(n1) (Tx)(n2)
ni—1 no—1
1+255 7 om Ry o)

<€, n>Nye. (2.13)
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Choose N¢ = max{Nj ¢, N2 ¢}. Then
67 (p(n) A(Tx)(n1) — ¢~ (p(n2) A(Tx)(n2)| <,

and
Tx)(n Tx)(n
1+£n1_)1( 1)1 1+£n2 )1( 2) <€, n> Ne.
5=0 ¢~ 1(p(s) s=0 ¢~ l(p(S))
One knows that 7'§2 is pre-compact. Lemma 5 with Steps 1, 2, 3 and 4 imply that T’
is completely continuous. U

Theorem 1. Choose k1,ky € N with k1 < ky. Let | be defined by 2.1, § by 2.3
and M by 2.9. Suppose that there exist positive constants ey, ez, c such that

€2
c>—>ey>e;>0.
7
Let

c 1
Q=¢ (H) 1438
ka1 1
62(1+2si0 ¢—1(p(s))) _
k a2 ’
1—1 s=k1 2?+1
Z ¢ ( p(j) )

W=

1 €1
= ¢ ~ - n—
1+6 oty L1 212007 (55 )+ 272007 (5
SUPneN, 1+Z?;$m
If O > W and

(A1) f(n (l-l—zs 0 5= l(p(s))) _1(’;(’1)))5 2,1Q+1]‘01"czlli1eNo,ue[O,c],ve
[0,cl;
A2) 1 (n (14 02b gorisey ) 1o 5=risay ) = i for all n € [y, kol €
[ez,%],v €[0,c];
v E
(A3) 1 (1. (14 2025 s=rioeyy ) 1 5=y ) = s foralin € No,u € [0,e1).v

[0,c];
then BVP(3) has at least three positive solutions x1,X2,x3 such that

sup x1 (1) e;, min x2(1) > ey, (2.14)

<el
neNo 143 (2 om nelkikal 143702 om
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and

sup x3(1) min x3(1) < es. (2.15)

>eq,
nGNol—l-Zs Om nE[kl,k2]1—|—ZS Om

Proof. Let X, P and T be defined above. We complete the proof by using Lemma
1. By the definitions, it is easy to see that o, are two nonnegative continuous
concave functionals on the cone P, y, 8,0 are three nonnegative continuous convex
functionals on the cone P.

One sees a(x) < B(x) for all x € P. From Lemma 4, we have ||x|| < M y(x) for
allx e P.

Lemma 6 implies that x = x (n) is a solution of BVP(3) if and only if x is a solution
of the operator equation x = Tx and 7 : P — P is completely continuous.

Corresponding to Lemma 1, choose

€
h=puey, d=e;, a=e;, b=-—=, c=c.
n

Now, we prove that all conditions of Lemma 1 hold. One sees that 0 < d < a. The
remainder is divided into five steps.
Step 1. Prove that T : P, — P.:
For x € P,, we have ||x|| < c. Then
X(n)
0< <c,n € Ny,
1+ X520 55w

0<¢ Y(pmn))Ax(n) <c forn € Ny.

So (A1) implies that
Sf(n,x(n),Ax(n))

x(n)
= 1 A
f|n, ( +Z l(p(S))) 1+2s 20 T 1( ()) l(p(n))¢ (P(n)) x(n)

SW,HENQ.

It follows from Lemma 6 that 7x € P. One sees from Lemma 1 that
o0
0<Ax <8 f(j.x(j). Ax())). (2.16)
j=0
We have that

¢ (p)IAT) )| = 67" | Ax+ D F(.x (), Ax()))

Jj=n
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<¢ | A+8)) f(U.x(). Ax()))

J=0

<¢~! (1+8)22,Q+1
j=0

<¢ ' (Q(1+6) <c.

From Lemma 5, we have

I(Tx)(n) <M sup ¢ (p(n))|A(Tx)(n)]
I+ XS0 G0y neMo

<M¢ 1 (1+8)Q) <c.

It follows that

I(TX)(H)I
||T x|| = max { max max¢ (p(n))|A(Tx)(n)|
{ neNo 14+ 37370 5=1iog "€ }

Then T : P, — P..
Step 2. Prove that

{y € P(y.0,a;a,b,c)|a(x) > a}

= {y epP (y,@,a;ez,%z,c) la(x) > ez} * O

and «(7T x) > e, for every x € P ()/, 0,a;e2, %c) ;
By the definition of y, we can choose A, B such that

kr—1 ki—1 es
ae (”Z T (s))) ( +Z 1(p(s))) ’

A
B < min{e—z, P " }
a u(1+25i0 ¢—l(p(s)))
C

max{¢~!(p(k1 —1)).¢~(p(k2))}’

and

|A—B| <

Let
|V An ek ko],
x"”‘% Bon ko).
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Then x € P and

A
a(x) = min x(n) > > e,

nelky, k2]1+Zs =0 3~ 1(p(s)) 1(p(s)) (1+2s =0 m)

f(x) = sup x(n)
nedo 1+ X520 5150
A B
=max | B, ki—1 1 ’ ko—1 1 5;2=b,
1— 2—
(1+2s=0 ¢—'(p(s))) <1+Zs=0 ¢—'<p(s)))
and
y(x) = Su}g ¢~ (p(n)|Ax(n)| = max{p™ (p(k1 —1)),¢ ' (p(k2))}|A— B| < c.
neiNg

It follows that {y € P(y,0,a;a,b,c)|a(x) > a} # @.
For x € P(y,0,a;a,b,c), one has that

a(x) = min X(n) -
nellrk] 143720 - 1(p(s)
f(x) = sup X(n) e_z’
neNy 1 Zs Om #
and
y(x) = sup ¢~ (p(n))|Ax(n)| <c.
neNy
Then
. x(n) <2 e [k1.k2]. 0 <¢~ ! (p(n))Ax(n) <c.

132550 5760y
Thus (A2) implies that

S (). Axn) = ser. e kol
We get

a(Tx)= min (Tx) (n)

nelky,ka] 1 +ZS 05
(Tx) (k1)

ko—1
1+ X520 560

6~ 1(p(s) (p(S))

1 1
B 1+Zk2__1+ |:1_chix>=1an

5=0 ¢=1(p(s))
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r(J)

+k121¢ (AﬁZ?i,- f(s,x(s),Ax(S)))

r(J)
; 1 () f(s.x(5). Ax(s))
VS e S 0
5=0 ¢=1(p(s)) /=0

1 el k1 S(s.x(5), Ax(s))

> ¢!
> T -
1+25%0 5700y =0 ()
k1—1 k w
. 1 IZ ¢_1 Zsikl 2s+1
p— k2—1 1 .
L+ 32520 5=ttoay J=0 r(Jj)

= €.

This completes Step 2.
Step 3. Prove that

{y € Q()/’va;h’d7c)|:3(x) < d} = {y € Q(%e’w;ﬂelvel’cﬂﬁ(x) <€1} 7é %
and
B(Tx) < ey forevery x € Q(y,0,v;h,d,c) = Q (y,0,v¥; ner,e1,c);

Similarly to Step 2, we can see that {y € Q(y,0,v;h,d,c)|f(x) <d} # .
For x € Q(y,0,v;h,d,c), one has that

. X(n)
Y(x) = min > jeq
nelky k2] l—I-Zs = 1(1p(s))
f(x) = sup x(n) <d =ey,
neo 1+ 320 51507
and
y(x) = sup ¢~ (p(n))|Ax(n)| <c.
neNy
Hence we get that
0< x(n) <e1, n € Ny; 0§¢_1(p(n))Ax(n)§c, n € Np.
I+ ZS 0= 1(p(S))
Then (A3) implies that

f(n,x(n),Ax(n)) < E_;_l, n € Np.
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So 2.16 implies that

B(Tx) = sup (T x)(n)
nedo 1+ im0 5T

- 1 [ 1

nEN01+Zs 0¢ l(p(s)) Zn 1%

x+2ge; f(s,x(s5), Ax(s))

()

g ]2(:) p(J)

Sy (A5 f(5.x(5), Ax(5)
+29 1( ]p(j) )
¢! ((1+5)Z§’°of(s X(s) Ax(s))) [ 1

< sup 0
neNo 1+ 0 TGN l(p(s)) 1= 210

,,Zlanzd) (P(J)) Z¢ (P(J))
_1((1+5)2s—oﬁ) Z Z¢ (p(]))

" neNo 1+ZS Om Zn 1% =0

Z¢ (P(J))

§¢_1 (1+8)E)
1 00 n—1 ,—1 1 n—1 ,—1 1
p i Y= Yj=0® (m)+zf=o¢’ (77)
neNo 1+ X520 =6y
<e; =d.

This completes Step 3.
Step 4. Prove that «(Ty) > a for y € P(y,a;a,c) with (Ty) > b

Forx € P(y,a;a,c) = P(y,a;ea,c) with 8(Tx) = B(T x) > b = 2, we have that
a(x) = min x(n) : > ey,
nefky k2] 1 +ZS OW

y(x) = sup ¢~ (p(n))|Ax(n)| <c,

neNy
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(Tx)(n) €2
sup > —.
neNy 1 + ZS =0 —¢ l(p(s)) /‘L

Then
a(Tx)= min (Tx)(n) >up(Tx)>e =a.

nelkidol 14 Y720 TGO

This completes Step 4.
Step 5. Prove that 8(T'x) < d foreach x € Q(y, 8;d,c) with y(Tx) < h.
For x € Q(y,B;d,c) with ¥ (T x) < h, we have

y(x) = sup ¢~ (p(m)| Ax(n)| < c,

neNy
B(x) = sup x(n) sd=en
neNy 1 Zs 0= 1(17(S))
T
ne[k1,k2] 1+ Zs 0 6=T(p(s)
Then
B(Tx) = sup (Tx)(n) < (Tx)(n) <e1=d.

1
— min 1
neNo 1+ Y575 05 Tpey Mk A2 14350 0 5=T(p(s)

This completes the Step 5.
Then Lemma 1 implies that 7" has at least three fixed points y;, y» and y3 such
that

B(y1) <er, a(yz) > ez, B(y3) > e1, a(y3) <ea.

Hence BVP(3) has three positive solutions y1, y» and y3 satisfying 2.14 and 2.15.
The proof is complete. U

3. AN EXAMPLE
In this section, we present an example to illustrate Theorem 1.
Example 1. Consider the following BVP

A?x(n) = —f(n,x(n), Ax(n)), n € Ny,
X(O) Zn 12n1+1x(n) (31)

limy,— 00 T 1+n Zn 1 3nJrlx(n)

where f : Ng x [0, +00)? — [0, +00) is a Caratheodory function.
Corresponding to BVP(3), p(n) =1, o, = ﬁ,ﬁn = 3”% and ¢(x) = x.
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Choose the constant k1 =

10,k2 = 10000, e; = 100,e5 = 5400,c = 3688400 x
210009 71t i5 easy to see that

1

1
k = ,
maX{¢ Hp(ky —1)), 1}(1+ZS201 m) 10001
Z YoneN On Zi:o m
05T =
M =max<{1, sup =047 (p(l)) 12:1% _

Al

neNy

1+ 3120 5=1m)

o (FRE T e e () S A ne (i)

=g (Bl Y2 e 150 (5h7) + 2ot B 202007 (5355))
=1,

_ ¢ [ 10009.
Q_¢>( ) +5_1498400x2 :
(%) (1+Zk2 1 )

W 5=0 o= l(p(s)) 10001 x 540 x 210009
=9 —1 (k2 1 ki—1 o 210000 _ 99 ’
o7 (S8 7) D15 07 (587
. 1 ¢ €1 — 40
146 sup I—Zglilan Z'ﬁla”zﬁ;(‘)‘p_ (,,(,))"'27 E)‘ﬁ (ﬁ)
EN n—1
e 550 5= Th0n
SoQ>Wandc>% m >ey>e1 >0 If
20, x € [0,100],
1498400210009 1 10001x240>2° ——— 116%%%122190009 0
204 (x — 100 , x €]100,5400],
folx) = 15300( a ) 5300-100 [ ]
S ey (¥ = 1554) + 535, x € [5400,5400 x 10001],
1498400X210009+ 100016%%%X29
> 21 2 , X €[5400 x 10001, 4+00),
and ( . )
Jo (v |y
S y) = T T 343 % 3688400°
Then

Jo (x) |yl
9 1 9 = .
Sl (Lm) X, 3) = ST + 313X 3688400
It is easy to check that if
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AD f(n,(1+n)u,v) < 2,1% foralln € No,u € [0,c],v €[0,c];

(A2) f(n.(1+n)u,v) = 547 forall n € [ky.ka].u € [ez.e2],v € [0.¢];

(A3) [ (n.(14+n)uv) < 55 foralln € No,u € [0.e1].v € [0.c];

then Theorem 1 implies that BVP(21) has at least three positive solutions such that
sup xX1(n) < 100, min Xa(n)
neNy 1 +n n€[10,10000] 1 +n

> 5400,

and

sup *3(n) > 100, min x3(n)

< 5400.
neNg 1 +n n€[10,10000] 1 +n

Remark 1. BVP(21) in Example 1 can not be solved by the theorems in [2—4, 16,
].
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