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Abstract. This study is the continuation of our former work [O. Duman and E. Erkus, Comput.
Math. Appl. 52 (2006) 967-974] in which we obtained a statistical Korovkin-type approximation
theorem for a sequence of positive linear operators defined on the space of all real-valued con-
tinuous and 27 periodic functions on the real m-dimensional space. In this paper, we compute
the statistical rates of this statistical approximation.
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1. INTRODUCTION

The motivation of this work are [3,4]. Let m be a positive integer, and let C *(R™)
denote the space of all real-valued continuous and 27 periodic functions on the real
m-dimensional space R™. Here, the 27 -periodicitiy of a function f € C*(R™) is
given by

fur,ug, .. oum) = fuy+2km,uz,....,um)
= f(ui,us+2km,....um)

= fQuruz,....um +2km)

forevery u = (u1,usz,...,u) € R™ and k =0, £1,...(see, for instance, [10, p. 126]).
Consider the usual supremum norm on C *(R™) defined by

1f 1l := sup |fuiuz,.oum)l, f € CHR™).

(w1 u2,...;um)ER™

Assume that
A:=lajn] (j,neN:={1,2,.})
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is a non-negative summability matrix. Recently, in [4], it has been proved that, for
any sequence {L,} of positive linear operators mapping C *(R™) into itself,

stg—lim||L,(f)— f|l, =0 forall f e C*(R™) (1.1)
n
if and only if
st4—lim|L,(f;)— fill« =0 foreachi =0,1,....2m+1, (1.2)
n
where
fO(ul,,um) == 17
fi(u,...,uy;) = cosu; for i =1,2,...,m,
Jiuy,..oum) = sinu; for j=m+1,m+2,..2m.

Notice that by st4 —lim, x, = L we mean that the sequence x := {x, } is A-statistically
convergent to L (see [8]), i.e., for every ¢ > 0,

lim > aj,=0.

n:|x,—L|>¢

It is well-known that every convergent sequence is A-statistically convergent to the
same value, however the converse is not always true. Also, taking special regular
matrices, one can obtain many convergence methods from the A-statistical conver-
gence. For example, if A = Cj, the Cesdro matrix, then it reduces to the concept
of statistical convergence (see [7,9]), and if A = I, the identity matrix, then it co-
incides with the ordinary convergence. Hence, with such properties, the usage of
A-statistical convergence in approximation theory provides us more powerful results
than the classical theory does. Observe that the above statistical approximation the-
orem in the space C*(R™) contains the classical uniform convergence. However, it
is also possible to construct a sequence of positive linear operators satisfying (1.1) or
(1.2) but not the corresponding classical case (see [4]).

In this paper, we mainly discuss the following problem: how can we compute the
statistical rates of the A-statistical convergence to zero of the difference sequence
{NLn(f)— fll,}in (1.1)? Such a problem has recently been investigated for the one
dimensional case by Duman [3]. In order to compute the statistical rates we use the
following two definitions (see, for instance, [5, 6]):

Let {p,} be a positive non-increasing sequence of real numbers. For a given se-
quence {x,}, we say that

o {x,} is A-statistically convergent to the number L with rate o(py,), denoted
by x, — L = sty —o(pn) as n — oo, if, for every ¢ > 0,

fim Y. an=0,

/P n:|x,—L|>¢
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o {x,}is A-statistically convergent to the number L with rate 0., (p5), denoted
by x, — L = stg —om(pn) as n — o0, if, for every ¢ > 0,

lim > aj,=0.

n:|x,—L|>epn

Notice that the rate of convergence given by the little o is influenced more strongly
by the summability method then by the terms of the sequence {x,}. For instance,
when one takes the identity matrix 7, if {p,} is any positive non-increasing sequence
satisfying the following inequality:

1
— <M (for M >0andn € N),
Pn

then we have x, — L = st4 —o(py) as n — oo for any convergent sequence {x, — L}
regardless of how slowly it goes to zero. To avoid such an unfortunate situation, one
may borrow the concept of convergence in measure from the measure theory to define
the rate of convergence as in the notion of the little 0y,.

2. STATISTICAL RATES OF THE APPROXIMATION

In this section, we compute the statistical rates of the statistical approximation in
(1.1). To see this we first recall the concept of modulus of continuity in the space
C*(R™). The modulus of continuity of a function f belonging to C*(R™) is given
by, for any § > 0,

w(f.6) = sup |f @, ettm)— f (X1 xm)]. (2.1)
V@ =x1) 2+ oA U —xm)> <8

It is well-known that a necessary and sufficient condition for a function f to belong
to C*(R™) is limg_,qow( f,8) = 0 (see [, p. 80]). Furthermore, it follows from (2.1)
that, for every f € C*(R™) and (uy,....,um),(X1,....,xm) € R™,

[ f(ur,um) = f (X1, xm)| S w (f, \/(ul —x1)2+...+(um—xm)2), (2.2)

and

w(f,c8) <(1+c)w(f,8) for any c,5 > 0. (2.3)

Now we are ready to state our main results.

Theorem 1. Let A = [a;,] be a non-negative regular summability matrix and let
{Ly} be a sequence of positive linear operators mapping C*(R™) into itself. For
each (x1,...,xm) € R™, define the function ¢y, ... x,, by

Ul —Xx Um — X
Oxy oy ULy Uy) = sinz( ! 5 1) + ... +sin? (%) 2.4)

Assume that {p,} and {g,} are positive non-increasing sequences of real numbers.
If, for every f € C*(R™), the conditions
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(i) ILn (fo) = follx = sta—o(pn) as n — oo with fo(uy,....um) =1,
(ii) w(f.,8) =stg—o0(gn) asn — co with 8, := \/HL,, (‘le,-..,xm)H*

hold, then we have

ILn ()= flls=sta—o(rn) as n— oo

with rp ;= max{py, qn} for eachn € N.

Proof. Let f € C*(R™) and (x1,...,xm) € K:= [—7, 7] x ... x [, ] be fixed.
Since

Ly (fiX1seeesXm)— f (X1, Xm)|
< Lpo(|f (u1,.ottm) — f (X1, 0 Xm) |3 X105 00es Xim)
+1f 1aes Xm) | L (foi X105 ees Xm) — fo (X150 X)) |
it follows from (2.2) that

|[Ln (fiX1senXm)— f (X15000s Xm)]
<L, (w (f, \/(u1 —x1)2 + ...+ (Um —xm)z) ;xl,...,xm) 2.5)

+M|Ln (anxl»-,xm)_fO (xl»-,xm)|,
where M := || f|| - Since, for all t € [, 7],

lt| <m

.t
sin —
2

we have

\/(”1 —X1)2 +.oo+(um _xm)2 = ﬂ\/ﬁﬂxl,...,xm U1,y tm),
where ¢y, ... x,, 18 given by (2.4). Combining this with (2.5), we obtain that
|Ll’l (f,xh,xm)_f (x1,7xm)| E Ln (w (f;n\/ (le,...,xm) 7x1’7xm)
+M |Ln (f0§x1a---,xm)_f0 (xla“'yxm)| .

Also, using (2.3), we may write that, for any § > 0,

+M |Ln (fo;xl,...,xm) —f() (xl,...,xm)|
< w(f,8) Ln (fo: X150 Xm)

+7rw(8f,8)L

+M |Ln (fo;xl, ...,xm) — fo (x1, ...,xm)| .

From the Cauchy-Schwarz inequality for positive linear operators (see [2]), we have
|Ln (f3X15 000 Xm) = f (X150, Xm) |
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=w(£.8) +w(f.8) [ Ln (forx1 s Xm) = fo (X1, .o Xm)|

aw(f,d
+$ \/Ln (fO;XL ...,Xm)\/Ln ((le,...,xm;xl,...,xm)
+M Ly (fo:X1, .. Xm) = fo (X1, Xm)].

Now taking supremum over (x1, ..., X»,) € K and choosing § := g, = \/HLn (‘le ,...,xm) “*’
we have
ILn (S)=fllx = A4+m)w(fi8n) +w(f.80) |Ln (fo) = foll«
+rw(£.82) VI Ln (fo) = foll
+M || Ln (fo) — follx-
Letting C :=max {1+ w, M}, the last inequality gives that
ILn (/)= flle = C{w(fién) +w(f.8n) [ILn (fo) — foll«
+w(£.81) v/ [1Ln (fo) = folls + 1 Ln (fo)—foll*}-

Now, for a given € > 0, define the following sets:

(2.6)

D i =neN:|La(f)=flze},
Dy i ={neN:|La(fo)- fzn*zﬁ}
D, : ={n€IN:w(f,5n)ZE},
Dy i ={neN:w(fn)ILn (fo) = folle = 1=}
Dy ={neN:w(£o)VIL (o) = folls = 1)
By (2.6) it is easy to that D C CJO D;. Furthermore, consider the sets
=

Dgzz{newzw(f,s,,)z,/%},
Dé’:={neN 1L (fo)— fou*_\/:c}

Then observe that D3 € D5 U D% and D4 € D1 U D%, so we have
D € D1UD,UDSUDY.
This inclusion implies, for all j € N, that

—Za,n_— Za,n+— Zam+— Za,,,+— > a2

J neD J neD J neDy neD’ neDy
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Now taking limit as j — oo in (2.7) and using the hypotheses (i) and (ii), we con-

clude that
1
lim— Y " ajp, =0,
7T nebD
which means

ILn (f) = flls = sta—o(rn) as n — oo,
so the theorem is proved. 0

In a similar manner, we get the next result, which involves the statistical rate with
the little oy,.

Theorem 2. Let A =[ajn), {Ln}, {8n}, {pn} and {qn} be the same as in Theorem
1. Assume that the conditions (i) and (ii) of Theorem 1 hold for the little 0., instead
of the little o. Then, for any f € C*(R™), we have

|Ln(f)— fllx« = Sta—0m(sn) as n — oo
with s, 1= max{pn, qn,~/Pn> pnqn}foreachn € N.

Proof. Since s, = max{pn. qn./Pn: Pnqn}. from (2.6), we immediately get
that

D H-s1. < c{iw(f,sm :
Sn qn

w(f.8n) | Ln (fo) — foll

nYn

+iw(f,8n)\/i VLo (fo) = folla &~ L (fo)—fo||*$
dn DPn DPn

(2.8)
Then, for a given & > 0, consider the following sets:
E o ={neN Ly (f)=flls=esn},
Ev i o={neN:ILa(fo)= foll = 22},
T 4C
L= : &dn
E, : —{neN.w(ﬁSn)z4C},
£ =%n€N:w(ﬁ5n)||Ln(f0)—fo||*Zi}’
e e 2 [ILe(o) = foll. e
4n Pn 4C

In this case, it follows from (2.8) that

4
Enga.

i=1
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- {n e N:w(f,sn)zqn,/%},
B = {n €N ILn (fo) — foll zpn,/f} ,

we get £3 C E{U EY and E4 € Eq U EY, which implies
ECEIUE,UESUEY.

Also letting

E

w~

Hence, the last inclusion yields that, for every j € N,

Zajnf Zajn+ Zajn+ Zajn+ Z Ajn.

neE neE; nek, nekE} neEy

Now taking limit as j — oo and using the hypotheses, we immediately see that
lim ajn =0,
S

whence the result is proved. |

Remark 1. Specializing the sequences {p,} and {g,} as p, = g, = 1 for each
n € N, Theorem 2.3 of [4] is a special case of our Theorem 1 or Theorem 2. So, our
results give us the statistical rates of approximation to a function f € C*(R™) by
positive linear operators mapping C *(R™) into itself.
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