-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Repository of the Academy's Library

Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 12 (2011), No 2, pp. 131-148 DOI: 10.18514/MMN.2011.312

Relations between hypergeometric function of
Appel F; and Kampé de Fériet functions

Junesang Choi, Yong Sup Kim, and Anvar Hasanov


https://core.ac.uk/display/163101256?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

A Miskolc Mathematical Notes HU e-ISSN 1787-2413
. Vol. 12 (2011), No. 2, pp. 131148

[=

RELATIONS BETWEEN THE HYPERGEOMETRIC FUNCTION
OF APPELL F; AND KAMPE DE FERIET FUNCTIONS

JUNESANG CHOI, YONG SUP KIM, AND ANVAR HASANOV
Received November 18, 2010

Abstract. Carlson [Some extensions of Lardner’s relations between ¢ F3 and Bessel functions,
SIAM J. Math. Anal. 1(2) (1970), 232-242] presented certain connections between Bessel and
generalized hypergeometric functions, which generalizes some earlier results. Here, by simply
splitting the hypergeometric Appell series F3 into four parts, we show how some useful and
generalized relations between F3 and Kampé de Fériet function on;;f;;f can be obtained. These
main results are shown to be specialized to yield certain relations between functions ¢ Fy, o F3,
on;;f;;l4 , and the Humbert function ¥, some of which are still reduced to produce the Carlson’s
relations and some other interesting relations between the exponential function, the hyperbolic
functions, and modified Bessel functions. Furthermore, decomposition formulas and integral
representations of Euler type with hypergeometric function in the kernel for the function F20;;14;;14
are derived by means of Burchnall-Chaundy operator method which has recently been revived.
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1. INTRODUCTION

Lardner [14] presented certain interesting relations between Bessel functions and
the confluent hypergeometric series ¢ F3, for example,

F ! l1‘ —1 J 4% +1 4%
03 2127 aZ _2 O Z 0 Z
and

11 x4 x? 33 x4
b == F _3_71;__ ) d b i == F _7_31;__ )
er(¥) =o 3(2 2 256) and - bei(x) = 7o 3(2 2 256)

where J,, and I, denote a Bessel function and a modified Bessel function of order v
(see [1]; also [19]) defined by

_ Gy O
Jv(Z) = moFl (—, U+l,—7),
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z\V 2
() z
2Ry (= 1),
rernen (i)
and ber(x) and bei(x) (x real) denote Kelvin’s functions (see [7, p. 6]) defined by

I(z) =

ber(x) +i bei(x) = Jo (xe'37) = Io (xe' 37).

Carlson [5] generalized these results for arbitrary parameters to yield the following
results

1 1 1 1\ 1-2¢ 1 1
of3 E,c,chE;z =§F(20) (2z4) e 427 )+ Jae—1( 4z
1.n

and

3 1 1 1\ —2¢ % %

oF3 (E’C’C + E;Z) =3 I (2¢) (22.4) |:12c—2 (4Z ) —J2c—2 (4Z )i| .
(1.2)
Here, by simply splitting the hypergeometric Appell series F3 into four parts, we
can investigate relations between F3 and the Kampé de Fériet function F20;;14;;14 . Our
main results can be specialized to yield certain relations between functions ¢ Fy, o F3,
on.;f'.;f , and ¥,. Some of these can be reduced to Carlson’s relations (1.1) and (1.2)
(se’e ’Corollary 1), while some of them yield interesting relations between the expo-
nential function, the hyperbolic functions, and the modified Bessel functions (see

Corollary 2). Furthermore, decomposition formulas and integral representations of

Euler type with hypergeometric function in the kernel for the function F&f’;{‘ are
derived by means of Burchnall-Chaundy operator method (see [3, 4, 6]), which has

recently been revived (see, for example, [1 1-13]).

It may be remarked before passing to the next section, that certain special func-
tions have still played important roles in theories and applications (see, for example,
[9=13]). In fact, multiple hypergeometric functions arise mostly during the solution
of certain differential equations. Yet, there are other important cases in which these
special functions are involved. For example, many auxiliary algebraic and integral
transformations in various physical models have been found to be connected with
these functions. Especially, many problems in gas dynamics lead to those second-
order partial differential equations which can be solvable in terms of multiple hyper-
geometric functions. In the investigation of the boundary value problems for these
partial differential equations, it might be necessary to decompose the hypergeomet-
ric functions of several variables in terms of simpler hypergeometric functions of the
Gauss, Appell, and Kampé de Fériet types, and so on (see, for example, [15, 16, 18]).
More specially, the hypergeometric function F, determines the fundamental solu-
tions of the generalized bi-axially symmetric Helmholtz equation [9] and of certain
three-dimensional elliptic equations with singular coefficients [10].
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2. RELATIONSHIPS BETWEEN THE APPELL FUNCTION F3 AND KAMPE DE

FERIET FUNCTION Fyiti

We use the notations as in [2, 8]. The hypergeometric function of Appell F3 is
defined by

o0

a a b b

Fa(arazbibyiciry) = 3 O @nCOnOn mpn 1y <1,
=0 (€)ypgnm!n!

(2.1)

where (1), denotes the Pochhammer symbol defined by

I'A+n -

=0 Gec\Zy) 22)

in terms of the Gamma function I", C and Z; are the sets of complex numbers and
nonpostive integers, n € Ng := N U {0}, and N is the set of positive integers. Since
the series F3 converges absolutely for any ¢ € C\ Z; and any finite x, y € C, it can
be rearranged into the following four series:

Fsz(ai,a2,b1,b2;¢;x,y)

_ i (al)Zp (a2)2q (bl)Zp (b2)2q 2P 24

p.g=0 (€)2p+24 2P (29)!

tx Z (a1)2p+1(a2)2q+1(b1)2p+1(b2)2q+1 2p.2¢
()2p+142¢+1 2P+ D!(2g + 1)!

(al)Zp (a2)2q+1 (b1)2p(b2)2q+l 2p .2¢q
Y Z ©2praart COIRg+ DI 7

. Z (@1)2p+1(a2)zg (b1)2p+1(b2)2qx2p 2

2.3
()apr1424 2P+ D!2g)! (2.3)

p,9=0

Applying some known (or easily-derivable) identities for Pochhammer symbols (see
[8]) such as

a+2 a+3
(@)amtanta = o (a+1)4mF" (T) ( > ) (m,n € Nyp)
m-+n m+n

to (2.3) and simplifying each of the four resulting series, we can express the Appell
function F3 in terms of Kampé de Fériet function F&f’f (see [17, p. 27]) as in the
following theorem.
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Theorem 1. The following relationship between the Appell function F3 and Kampé
de Fériet function on;;f';;f holds true.

_. @ aitl by bitl.
: 2 2 2 2
. _ 0:4:4 . 1.
F3(a17a2’b17b27c7x7y)_Fz;l; %, % E,
ax ar+1 by br+1 S
27 2 27 2 lj X<, y ]
Ea
1 2 bi+1 b1+2
airazb1baxy _o.4:4 —; afl etz okl 2it2,
C(C+1) 2;1;1 c+2 ct+3 . 3.
2 2 - 2
ar+1 ar>+2 br+1 br+2. s o
2 2 2 2 3? X<, y ]
E?
azbzy 0:4:4 — ar a1+1 b_l M
Ty 9 b 9
+ F2;1;1 c+1 c+2 . 2 2 2 2 1
¢ 20 2 ¢ 2°
ar+1 ar+2 ba+1 bo+2. s o
2 2 2 2 3? X ’y ]
E?
. - a;+1 ai1+2 bi+1 bi1+2.
alblx Fos4s4 . 2 ’ 2 ’ 2 k) 2 k)
2;1;1 c+1 c+2 . 3.
¢ 20 2 ¢ 2
a ax+1 by  bo+l1. s
27 2 2° 2 1’ X, y :|’
ia
2.4
where the Kampé de Fériet function on.’f'.’f is defined by
o4 —: b1.b2.b3.ba; c1.02.¢3.c4 55
2;1;1 . . LX)y 2.5)
B ay, 0z B: Y

o (01) (02), (53) 1 (b4) 1y (€1),, (€2),, (€3),, (Ca) |
== (@)mn @2)min (B (V) m!n! Pyt < Lyl <.

m,n=0

In view of the relation in (2.4), the four Kampé de Fériet functions in Theorem 1
can be expressed in terms of the Appell functions F3 as in the following theorem.

Theorem 2. Each of the following relationship between Kampé de Fériet function
on;;f';f and the Appell function F3 holds true.

ai+1 by bi+1. az ax+1 by by+1.
2 2°7 2 2 ’x2,y2:|

_ - ai

05474 . ) PR ) 'y Ty

4F2;1;1 [ c c+1. 2 2 1.2 2
202 2’

= F3(ai,az,b1,b2;c;x,y)+ F3(ai,az,b1,b2;¢c;—x.,y)

+F3(ar,a2,b1,b2;¢;x,—y) + Fz(ar,a2,b1,b2;¢;—x,—y);

17
27
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alazblbzxy :4:4 — a12+1, a1;—2’ b1;-1’ b‘2+22
1 F2;1;1 ct+2 c+3. 3.
c(c+1) ==, 5 oh
ar+1 ar+2 ba+1 ba+2. s o
2 2 2 22‘ xX°,y (27)
2’
= F3(ar,a2.b1,b2;c:x,y) + Fz(ai,a2,b1,b2;¢;—x,y)
— F3(ay,az2,by,ba:c;x,—y) + F3(ay.az,b1.ba;ci—x,—y);
. 1 by bi+1. 1 2 br+1 br+2.
4a2b2y F094;4 . %’ali‘r ’71’ 1;_ ’ az;_ 702;_ ’ 2;_ ) 2;_ ) 2 2
2:1;1 | e+l c+2. 1: 3. X7,y
¢ 2 2 - 2’ 2’
= Fs3(ay,az,by,by;c;x,y)+ Fz(ay,az,b1,by;c;—x,y)
—F3(ay,az2.b1,ba;c:x,—y)— F3(ay,az,by.bz;c;—x,—y);
2.8)
alblx 0:4:4 _- alg-l’ a12+2’ blg-l’ b1;-2;
4 c F2;1;1 c+1 c+2 . 3.
2 0 2 27
az az+1 by bo+1. 5
2 2 20 2 l’ X,y (29)
2?

= F3(ay.az,b1.b2;c;x,y)— F3(ay,a2,b1,b:¢;—x,y)
+ Fs3(ai,az,b1,ba;¢;x,—y) — F3(ay,az,b1,ba;c;—x,—y).

F0;4;4

3. INTEGRAL REPRESENTATIONS OF EULER TYPE FOR F,|"]

1434
FO4

The Kampé de Fériet hypergeometric function £, has the following Euler type

integral representation:

0:4;4 —: b1,b2,b3,ba; c1,c2,03,c4;
Fy15 ) i * X,y
B ay, B; v

_ I'(a) I (@2)
_lf(lbl)F(Cz)F(al—bl)F(a2—02)

'//Ebl_lncz_l (1 _i_-)al—bl—l (1 _n)(xz—c‘z—l
00

ba,b3,by €1,C3,C4
aba P sea-n )ara (S0 ya-pn)asdy

O (1) > R (b1) > 0, N (@2) > N (c2) > 0);
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—: b1.by,b3,bs; ci1.c2,c3,C4; x,y]

1,0 . B; Vs
r'B)ry
F(bl)F(Cl)F(ﬂ b)) I (y—c1)

.//ébl L=l (1 —g)p=br=1 (] _ pyr—e1-1

0
—: by,b3,bs; ca,cC c,
200 | graye e R xg oy |dEdy
NPB)>RDb1)>0,R(y) >R (c1) >0);

5

: —1 b1.b2,b3,bs; a1 —by,c2,c3,c4; _ I (ay)
1,02 B: Vs ’ ' (b)) I (a1 —by)

1
g1 _gen—bi—1 p0:33 [ =0 ba,b3ba; ca.c3,¢48 -
[ea-o T e )

R(a1) > R(by) > 0);

Fo44 —:  b1,b2,b3,by; c1,c2,03,¢4; X _ I'ite)
2251 | oy 0 B; 12 ’ I'(b1) I (c1)

1
. bi—1 1 __&yc1—1 1:3;3 b1+C11 bz,b3,b4; c2,C3, C4, _
[ertamortpp | tral by *Ey(1-8) |dg
0

(R (b1) > 0, N (c1) > 0);

FO:4;4[ —: b1,by,b3,bs; c1.C2,03,C4; X _ ' (by+c1) I (by+c2)
2L ag,ap B: Y; ’ T (b)) T (b2) T (c1) T (c2)
11
_//ébl—lnbz—l (1_%-)6‘1—1 (l_n)cz—l

00

222 | bi+c1,ba+ca: b3 bs; c3,c4;
PRI e bt bl ey -0 sy

(R (i) >0, N(c;)>0) ( =1,2);
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0:4:4 —:  b1.b3,b3,bs; ci1,c2,C3,C4;
P [ op,0z B; Vi x’y}
I'(bi+c1) ' (ba+c2) I (b3 +c3)
I (by) I (b2) I (b3) I (c1) I' (c2) I (c3)

1 11
[ [ [ertmtetagetampeta-get
0 00

ol

&

31| bi+ci.ba+ca,bs+cz: ba; ca;
2:1;1[ 0.0 B: . xfﬂf’)’(l—é)(l—ﬂ)(l—f)]

dednde R (bi) >0, R (ci)>0) (i =1,2,3);

4
Fo:4;4[ —1 b1,b2,b3.bs; c1,c2,03,C4; }_ 1—[ I' (b +c¢;)
2:1 . ) _—

1,00 ¢ B: ¥s I (b)) T (c;)
1
0

bi+ci, ba+ca, b3+cs, ba+cs: — —;

3:1;1 . . .
£y oy, a: By

i=1

Ebl_lﬂb2_1§b3_lwb4_l (1 _E)Cl—l (1 _ n)cz—l (1 _5)63—1 (1 _a))C4—l

S ~—

xsrzéw,y(1—E)(l—n)(l—é)(l—w)}dédndédw
(R (b)) >0, % (c;)>0) (i =1,2,3).

Proof. Note that each of the integral representations in Section 3 can be proved by
expressing the series definition of the involved special function in each integrand and
changing the order of the integration and the summation, and finally using the fol-
lowing well-known relationship between the Beta function B(«, ) and the Gamma
function I":

1
/ 1= Tdr R(a) > 0; R(B) > 0)
0

I'(a) I(B)
'+ p)

B(a, p) =
(a. p e C\Zy).

4. RELATIONS DEDUCED FROM THE MAIN RESULTS

In this section we deduce certain interesting relations from the main results in
Section 2. Transforming b, by 1/¢ and y by ¢y in the formulas (2.4), (2.6), (2.7),
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(2.8) and (2.9), and taking the limit of each of the obtained identities as ¢ — 0, we get
some identities as in the following corollary (for a review of this method, see [2]).

Corollary 1. Each of the following identities holds true.

0:4:2 . ar ai+1 by bi+1. az ax+l1. ’ y2
E1(ar,az,bi;e;x,y) = Fypj [ coex1. 272 72,20 20 3 T« ’T]
2° 2 57 57
. 2
a1a2b1xyFo;4;z - 111;1’11124'2’b1;'1’b1;'2; azii—l’az-f-z; 5 ¥
2:1;1 ct+2 c+3. 3. % AT, ==
cle+1) 2,3 3 3 T
. 1 by bi+1 1 2. 2
a2y 04,2 . 617],(112“1‘ 171, 1;_ , az;_ ’a2+ 9 2 y
+ 2:1:1 | e+l c+2 1: 3. X7, —
¢ ) 2 55 4
. 2
alb1XF0:4,2 —: atl aid2 bitl btz g bl oy
x ES——
2:1;1 c+1 c+2 . 3. 1. 4|
c 2 2y - 25 bR
4.1
_ a; aij+1 by bi+1. az ax+l1. 2
0;4;2 5 =5, > 2 )y — .
4y [ cext, T2 7220 27 37« ’T] = E1(a1,a2,b15¢:x,y)
>2 2° 27
+E1(ar,az,b1;c;—=x,y)+ E1(ar,az,b1;¢;x,—y) + E1 (ar,a2,b1;¢;—x,—y);
“4.2)
. 1 2 bi+1 bi+2 1 2. 2
@by powal - —c ol eg2 b b2 e e,
2151 | 42 c43. 3. 3.0 XN
clc+1) 20 2 - 2 2 4
= &1 (a1.az,b1;c;x,y)—Eq1(ar,az,bi;c;—x,y)
—&1(ar,az2,by;c:x,—y)+ E1(ar,a2,by;c;—x,—y);
4.3)
. 1 by bi+1 1 2. 2
492) pos42 T e e P
I | el 2. 1 3.7 x5
2 0 2 * } 20
- , - > (4.4)
= E1(ar,az2,bi;c;x,y)+ E1(ar,az,b1;¢;—x,y)
—E&1(ay,az2,b1;c;x,—y)— Ev(ar,a2,by;¢;—x,—y);
1 2 bi+1 b1+2 1.
4a1b1x F0;432 . al; ’ al;_ ’ 1;_ ’ 1;_ a a727 dz;— ’ 2 2
2;1;1 | e+l c+2. 3. 1. XY
C 2 s - 2 2
= E1(ar,a2,b1;¢;x,y) — B (ar,az,b1;¢;—x,y)
+El(a1aa2,b1;CQX,_y)_:l(al,az,bl;a_x’_y)
4.5)
where &1 denotes the Humbert hypergeometric function (see [2, 8, 17]) defined by

oo
b
Ei(ar,a2,b1:c;x,y) = E (@1 (@2), ( l)mxmyn (Ix] < 1: |y] < 00).

=0 (€)pyqnm!n!

(4.6)
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Transforming a, by 1/¢ and y by ¢y in the formulas (4.1), (4.2), (4.3), (4.4) and

(4.5), and taking the limit of each of the obtained identities as ¢ — 0, we deduce some
identities as in the following corollary (again, see

[2D.
Corollary 2. Each of the following functional relations holds true
. a; aj+1 by bi+1. . 2
F0:4:0 - 3, v o2 Y
Ep(ar,bricix,y) = 2,1;1|:gc R R 1. X E]
2 2 E, 2°
a1bi1xy _o-4-0 —- ar+1 a1+2 bitl bit2. . 5 2
1F2;1;’1 c+2 c+3. 2 2 2 3.4,
clc+1) 2 0 2 2 2
4.7)
Y 0:4:0 ar ai1+1 by bi+1 - y2
_J’__Fz;.l,,l [ 1 c42 2 2 2 12 3. X ’E]
¢ 2 02 2’ 2’
arbix .40 . aitl ai+2 bitl bi+2. . 2
+ Fzsl,’l c—|—1 C+2 2 2 2 2 l y 16 S
¢ 2 0 2 2 20
a; ai+1 by bi+1 _ 2
0;4;0 5 > y 5 ; v )
4500 [ ¢ c+1 202 20,2 1.X 16]
202 25 20
— 4.8)
= Es(ay,br;c;x,y)+ Ex(ar,.br;ci—x,y)
+&2(a1,by;¢:x,—y) + B2 (ar,br;c;—x,—y);
— aj+1 a;+2 by+1 bi+2. _. 2
arbixy FO:4:0 2 2 2 a2 o2 )
21,1 L L 3. 3 ’
C(C+ ) bE 2
] 4.9)
=az(al,bl,c,x,y)—az(a1,b1;c,—x,y)
—Es(ar,by;e;x,—y)+ &z (ar,bric;—x,—y);
+1 by by+1. _. 2
Y .0:4;0 p 4L ars oL ; 5.2 Y
4;Fz:1;1[mu. 2002 72020 3 Xt o
. > 2 2 2 (4.10)
= Es(ay,br1;c;x,y)+ & (ay.by;ci—x,y)
—&s(ay,by;c;x,—y)—Ez(ar,brici—x,—y);
. bi+1 bi+2. . 2
alblx 0450 . al+19a1+29 L k] ’ K 2 y
4 - Fy 00| e41 e+ 2 2 2 752 1. X
2 0 2 ¢ 2> 2°
- - 2 (4.11)
= Es(ay,by;c;x,y)—E2(ay,byic;—x,y)
+&>(a1,b1;¢:x,—y) — 82 (ay,by;c;—x,—y),
where &5 denotes the Humbert hypergeometric function (see [2, 8, 17]) defined by

o (a1)y, (b1)
Ex(ar,bricix,y)= ) O mint XY (x| < L y| <o00).  (4.12)
=0 C)manmin
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Transforming b1 by 1/¢ and x by ex in the formulas (4.1), (4.2), (4.3), (4.4) and
(4.5), and taking the limit of each of the resulting identities as ¢ — 0, we obtain some
identities as in the following corollary (see [2]).

Corollary 3. We deduce the following identities.

. . ay ai+1 . az ax+l1. 2 2
Fo.z,z[ L3 T T 3 X ]
<
2’

@z(al,az;c;x,y) = a1

ayazxy Fo:z;z

4
—- ai+1 a;+2 . azx+1 ax+2. x2 2
C(C+1) 2:1;1 |: T ]

2 2 2

—- ai+l a3 +2 . ap ax+l.
PR
2 02 ¢ 2°

4
=®;(ay.az;c;x,y) + P2 (ay,az;c;—x,y)
+@5(ay,az;c;x,—y) + P (ay,az;c;—x,—y);

X
4 ’

a182Xy 10:2;2 - a‘2+1,a‘+2; a22+1,a22+2,—; 22
1) 21| et2 c+3. 3 3. 4
clc+1) 2 2 2 2
o . 4.15)
=Py (ay.az:c;x,y)— P2 (ay,az;c:—x,y)

—Ps(ay,az;c;x,—y)+ P2 (ar,az;c;—x,—y);

1 1 2 2 .2
4%2Y [0:2:2 — g arl, @fl ox2 o x? oy
_c 2:1;1 ctl c+2. %_ 3. T, T
9 2 9 9 9
2 2 (4.16)

= ®y(ay,az;c;x,y)+Da(ay,az;c;—x,y)

—®y (ay,az;c;x,—y)—Par(ay,az;c;—x,—y);

. ai+1 a1+2. a» ar+1 . 2 2
4a1xF0:2’2 - 12 ) L ) 225 22 s T X y
T | el ex2 3. LT T
¢ 2 2 2

4.17
=Py (ay,az;c;x,y)—Pa(ay,az;c;—x,y) “17)

+@2 (ay,az2:¢;x,—y) — P2 (ar,az2;¢;—x,—y),
where @, denotes the Humbert hypergeometric function (see [2, 8, 17]) defined by

oo

Dy (ay,az;c;x,y) = Z

m,n=0

(al)m(a2)n m..n
N ar )

() pynm!n! (Jx] <oo; [y[ <o0).  (4.18)
m-n tee00
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Transforming a, by 1/¢ and y by €y in the formulas (4.13), (4.14), (4.15), (4.16)
and (4.17), and taking the limit of each of the resulting identities as € — 0, we obtain
some identities as in the following corollary (see [2]).

Corollary 4. We find that the following functional relations hold true.

. oa; aitl . . x2 2
0:2;0 - 5 s Ty T X y
€D3((11;C;x,Y)=F2:1;1 |: c c+1. 2 2 1. 1. T’ R:|
2:" 2 - 2 2
QXY oz —: el etz x?y?
c(c+1) =1l %,% %; %, 4’16
Y -0:2;0 —: g apl o x2 2 19
2 92 202 o L
et e T R
alx 0:2:0 — m M - = x2 yz
+—F, 227 —,—|:
c 2-131[“;1,%' 3, 341
. ay a;+1. 2 2
0:2;0 - 3, ;o X7y
4F2:1;1|:£g- 2 21 1. T’l_6i|
2° 2 ¢ 2 2°
= P3(ar;c;x,y) + P3(ar;c;—x,y) + D3 (ar;c;x,—y) + @3 (ar;¢;—x,—y);
(4.20)
arxy  0:2:0 —  autl @42, 2 )2
4———F ) 2 ’ —, =
c(c+1) 2-1’1[%,#; %; 3. 416
=®3(aric;x,y)—P3(aric;—x,y)—P3(ar:cix,—y) +P3(ar;c;—x,—y);
(4.21)
y 0:2-0[ — AL Akl x2 2
4=F, 7" 41 oer2. 203 3.~
C 2:1:1 cTacTa 5, 2 4 16
= @3(ar;c;x, )+ P3(ar;c;—x,y) — Pz (ar;c;x,—y) —P3(ar;¢;—x,—y);
(4.22)
aix _0:2;0 —: Gl ai 42, x2 )’2]
4=12 pO2 2 g
I A
= @3 (ay;c;x,y)—P3(ar;c;—x,y) +P3(ay;c;x,—y) —P3(ar;c;—x,—y),
(4.23)
where @3 denotes the Humbert hypergeometric function (see [2, 8, 17]) defined by
—~ (ay)
D3(arcix.y) = ) ———mxy" (x| <oo: |y <00).  (424)
o @i

Transforming a; by 1/¢ and x by € x in the formulas (4.19), (4.20), (4.21), (4.22)
and (4.23), and taking the limit of each of the obtained identities as ¢ — 0, we deduce
some identities as in the following corollary (see [2]).
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Corollary 5. Each of the following identities holds true.

. L2 2
oF1(c;ix+y) =F20~:1q;10 c c_l' T’ T’ x_’y_
" 5 3+ 3y 33 1616
Xy 0:0;0 - = =
+ Fy —
clc+1) 2“[#,% 3o
+XFo:o-o i St _2 Y_z
¢ xul | bl etz 1o 3067 16
2 .2
X o — — =X
+_1'?20-'10-’10[ e+l c42. 3. 1. _y_:|
C e 2 2 51 57 16 16
2 .2
0:0;0 - S S 4
4F21,1|: c+1 1. 1 E’E]ZOFI(C’X—F);)
20 2 2 2

+oFi(ar;e;—x+y)+oFi(ar;e;x—y)+oFi(ar;c;—x —

4xy  _0:0:0 - = = x2y?
— . b , — F ;
Cletrny | ez e 3 3 gy | oG HY)
—oF1(c:—x+y)—oF1(c;x—y)+oF1(c;—x—Y);
4y _o:0:0[ - = = x? y?

— Iy — | =oF1(c
e R T T TR T A Hexty)
+oFi1(c;—x+y)—oFi(c;x—y)—oF1(c;—x—Y);

4x _o:050[ — = = x2 Y2
Bay R
¢t | efl e 3 1 g g | Tof @y

—oF1(c;—x+y)toFi(c;x—y)—oF1(c;—x—Y),
where o F1 (c; x) denotes the Bessel function (see [2, 8, 17]).

(4.25)

(4.26)

4.27)

(4.28)

(4.29)

5. DECOMPOSITION FORMULAS FOR THE KAMPE DE FERIET FUNCTION Fyjhi

Now we need some decomposition formulas for the function F2 ’1 ’14 in order to
investigate properties of the Appell function F3. For this purpose we recall the defin-

ition of the Burchnall-Chaundy operators (see [3,4,6])

o (0 (=82)
Vi (h) = Z O

._ (=81)x (=02)k
Ay (h) = k; (1—h—8; —682); k!

_ i (=% (M) g (—81)k (—82)k
— (h+k =Dy (h+81)g (h+82) k!

6D

(5.2)
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0 d
01 :=x—;0:=y—
(1 xax 2 yay)

and its one-dimensional analogue of (5.1), (5.2)

o (B—a) (=81

Hy(a.f) =) , (5.3)
= Bk
and
- . = (B—a) (=81
Hx(a,ﬁ)._];) TR (5.4)

By making use of the operators (5.1), (5.2), (5.3) and (5.4), we find the following
operator identities:

Lemma 1. Each of the following operator identities holds true.
F(b1,b2;B;x) F (c1,¢2575)

_ 0:4;4 —: bi,by,ay,a2; c1,02,01,02; ,
—vx,y (al)vx,y (WZ)F21,1 i Oll,Olz ,8, y, x?.y )
(5.5)
3F5 (b1,b2,b3;a1,B1:x)3F2 (c1,¢2,03;02, Y15 ))
44| —: b1,by,b3,02; c1,c2,03,Q1;
= Vyy (@1) Vi y (0) FOH4 X,y
x,y (1) Vie,y (22) Fy17 s B v Y
(5.6)
4F3(b1,b2,b3,basar,02,B1:x) 4 F3(c1,¢2,03,¢c45001,02, Y13 ))
_ 0:4;4 —: b1,b2,b3,bs; c1,c2,c3,04; .
= x,y(al)vx,y(az)qu;l[al,az: Bi: Vi: SR A R
(5.7)
0:4;4 —: b1,b2,b3,bs; c1,c2,03,¢4;
F2:1;1|:a1,a2: v ,?31;4 b 3)/1;4 X,y | =Ax,y(@1)Ax,y (a2)

4 F3(b1,b2,b3,bssar,00,B1;X)aF3(c1,02,¢3,04;001,02,Y15));

(5.8)
0:33| —: b2,b3,bs; c2,c3,cC4;
F1:1;1 [ ar :3; % X,y]
' by br. ba: ' 5.9
:V o FO4,4 - 1,02,03,04; ©1,C2,C3,C4; X, :
SACIREESTY [PV B; y; Y
Fo:4:4 —: b1,b2,b3,by; €1,€2,€3,C41
2L ag,a;: B: y; Y
= 1x 01, 2:0;1 oy,0 - % X, s
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F0:33 —:  ba,b3,bs; ci1.c2,C3,C4; Xy
201 | gy s - —; vi (5.11)
- 0:4;4 b1,b2,b3,bs; c1,c2,¢3,C4; '
:Hx(bl,ﬁ)Fz;l;l |: oy,0y :3 V: X,V
o4 —: b1,b2,b3,bs; c1,c2.03,c4; y
5L apan: B: yi (5.12)
0:3;3 by,b3,bs; c2,c3,c4; '
:Hx(bl,/g)Hy(ClaV)Fz;o;o |: Oll,Ol25 _’ _’ x’y};
0:3;3 —:  ba,b3,by; c2.c3,c4;
F200 [ a1,02 - - x’y}

- - 4 —: bi1,ba2,b3,bs; c1,c2,C3,C4;
=Hx(b1,ﬁ)Hy(c1,y)Fz°{ﬁ’f[ vt g T ey
(5.13)

The operator identities in Lemma 1 can be proved by using the known Mellin
transformations (see [14]). Furthermore, by carrying out the operator identities (5.5)
to (5.13) respectively, we find some decomposition formulas as in the following the-
orem.

Theorem 3. Each of the following decomposition formulas holds true.
F(b1,b2;B;x) F (c1,¢2:75y)

oo

_ Z [(Oll)i+j]2(062)i+j (b1)i4j (B2)i4j(c1)iy; (C2)i+jxj+jyi+j
(1) (@1)2i 425 (@2)i42; (B)iy; (W)iy 11!

i,j=0
-F°:4;4[ - biti+ ), batitj, ar+it],
2B o +2i 4+2j, ax+i+2j:
a+i+j; c1+i+j, ca+i+j, ar+i+j, ax+i+j; .
B+i+: y+i+j L
(5.14)
3F2(b1,02,b3;01,B1;x)3F2 (c1,¢02,¢3;02, 715 ))

o0

_ Z (@1)i 4 (01)igj (02)i4j (b3)iy; (c1)iqj(€2)i4; (c3)i+jxi+jyi+j
(0r1); (051)21'+2j (a2)i+2j(,81)i+j(Vl)H—ji!j!

i,j=0
o4 - bi+i+j, ba+i+j, bs+i+j,
2L oy +2i4+2f, ar+i+2):
ar+i+j; aa+i+j, ca+i+j, c3+i+g, oc1+i+j;x .
Br4i+): m+i+j; Y

(5.15)
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4F3(b1,b2,b3,bs;a1,02,B1;x) 4 F3(c1,02,03,C4501,02, Y13 )
> (bl)i+j (bz)i+j(b3)i+j(b4)i+j(01)i+j(6'2)i+j (03)i+j (04)i+j i+j it)

=2 Y
P20 (@1); (@1)2i 42 (@2)i4j (@2)i12; (B1)igj (Y1)igjil)!

044 —: bi+i+j, ba+i+j, bz+i+],
2:151 o1 +2i+2j, ar+i+2j:

bs+i+j; cr+i+j, ca+i+j, c3+i+j, cat+i+j;

Br1+i+J; V1+i+j;x’y ;
(5.16)
-4: —: b1, by, b ba; ¢ c c c4;
o4 1, b2, b3, b4, c1, c2, c3, D X
2Ly, ap: B1; Yii Y

& (=)™ (1) (@2)2142) (B1)i4j (b2)ij (b3);
ij=0 (1+i—1)(e2+2i+j—1); [(a1)2i+j]2
. (b4)i+j (Cl)i+j (C2)i+j (C3)i+j (C4)i+j yiti yl'+j (5.17)

[(052)2i+2j]2(,31)i+j (Vl)i+j ilj!

bitit+j. bati+j.  batitj. bati+ji
ay+2i+j, ap+2i+2j, Bri+i+];

|:c1+i+j, coi+j,  czti+j, cati+j: ]

4 F3

4k a1 +2i+j. aa+2i+2j, y14i+J;
.3 —: by, bz, by, c2, c3, cCa;
F0:3:3 2 b2, b3, bas a3 cas
111 |: o B; " X,y
_ i (@1); (b2); (03); (ba); (c2); (¢3); (ca); )i
~ (@1); (@2)2; (B); (¥); 1!
(5.18)
0454 - ayr+i, ba+i, bz+i, bg+i;
2L gy 42, ar+2i: B+
ay+i, ca+i, c3+i, ca+ti; }
..X, 9
v1+1;
4 —: b1, by, bz, by, c1, ca, 3, cC4;
Fo:4:4 - b1 bay b3, baiocr e, c3, car
211 |: o1, 02! B; Vs Y
_ i (=)' (B—bu); (b2); (b3); (ba); (5.19)
i—o (a1); (@2); (B); 1! .
0:3;4 —:  ba+ibz+iba+i; c1,c2,03,04: ,
.F2;0;1 |: oy +i,on i — % X,y:|,
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—: by, b3, by c1, c2, c3, a4l y
o1, o2 - 12

e (B=b); (b2); (b3); (ba);
_Z (0r1); (a2); (B); 0! *

; —:  bi,by+i,b3+ibs+i; c1,2.¢3,640 .
oy +iax+i B+i; Y Y

(5.20)

o454 =1 b, by, b3, bai c1 ca e car y
B g, oz B: y:

_ i (_1)i+j('8—b1),‘(J/—Cl)j(b2)i(b3)i(b4)i(CZ)j(C3)j(c4)jxi j
@)1 @)1 B ()11 Y

. —: by+i, b3+i, bs+i;
; o1 +i+j, ar+i+j: -

c2+j, c3+j, catj; X

’

AN
(5.21)
.3 —: by, b3, ba; , , ;
F20:'03;’03|: o o 2, b3 _4; c2, €3 c_4; x,y}
_ i (—1)* (B—by),; (y —c1)j (b2); (b3); (Da); (c2)j (c3) (ca); xiy)
(1)1 (@2)i4; B); (r);ilj!

i,j=0
s —: by, ba+i, b3+i, bsa+i;
Lo +i+ ), aati+): B+i:
c1, Cc2+j, c3+j, catj;
.X, .
v+ Y

(5.22)

Note that certain decomposition formulas for multiple hypergeometric functions
have been presented in [11-13].
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