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Abstract. We study the backward parabolic problem for a nonlinear parabolic equation of the
form u; + Au(t) = f(t,u(t)),u(T) = ¢, where A is a positive self-adjoint unbounded operator
and f is a Lipschitz function. The problem is ill-posed, in the sense that if the solution does
exist, it will not depend continuously on the data. To regularize the problem, we use the quasi-
boundary method and the quasi-reversibility method to establish a modified problem. We present
approximated solutions that depend on a small parameter € > 0 and give error estimates for our
regularization.

2000 Mathematics Subject Classification: 35K05; 35K99; 47J06; 47H10

Keywords: nonlinear parabolic problem, backward problem, quasi-reversibility, ill-posed prob-
lem, contraction principle

1. INTRODUCTION

Let K = N and let H be a Hilbert space on K with the inner product < -,- > and
the norm || - ||. Let A : D(A) — H be a self-adjoint operator defined on a subspace
D(A) of the vector space H, such that —A generates a contraction semi-group on H.
Consider the backward parabolic equation of finding a function u : [0,7] — H, such
that

ur+Au() = f(t,u()), 0<t<T, (1.1
u(T) = ¢. (1.2)
where ¢ € H is a prescribed final value and f : Rx H — H is a given Lipschitz

function. We can rewrite the above problem as the following integral equation (see,
e.g., [1], chapter 4)

T

u(t) = S(T—z)—1<p—/S(s—z)—lf(s,u(s))ds, (1.3)

t
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where S(7),t > 0 is the semigroup (generated by —A) which is defined precisely later.
This problem is well known to be severely ill-posed; i.e., solutions do not always
exist, and when they do exist, they do not depend continuously on the given data. In
addition, the ill-posed problem is very sensitive to the measurement errors (see, e.g.,
[2]). The final data is usually the result of discretely experimental measurements and
thus patched into L2-functions which resulted an error. With the natural error, the
normal computation is intractable, that require some special regularization methods.
Backward parabolic equations are very important in various practical situations and
there have been many articles devoted to this problem. The linear homogeneous case
f = 0 of this problem has been considered by many authors, using many different
approaches. In the case when A has discrete spectrum, backward problems have
been studied in many recent papers, such as [5-7,9, 10, 12]. For some of works on
the continuous spectrum of A, we refer the reader to N.Boussetila and F. Rebbani
[3,4], Denche and S. Djezzar [7], N.H. Tuan and D.D. Trong [13, 14]. As far as
we know, we did not find any results concerned with nonlinear backward Cauchy
problems with spectrum continuous operator. In this paper, we are going to modify
the quasi-boundary value (QBV) and the quasi-reversibility methods to solve (1.1)-
(1.2). In fact, we shall establish approximated solutions on the interval [0, T + m]
(instead of [0,7]) with m > 0. Moreover, we shall prove that this idea the same
stability magnitude order as the one in the case of QBV method (we can see the same
idea in [8]).

The paper is organized into sections as follows: In Section 3, we shall regularize
the homogeneous problem. In Section 4, we describe our regularization method for
the nonlinear case.

2. AUXILIARY RESULTS

In this section, we present the notation and the functional setting which will be use
in this paper to prepare some material which will be used in our analysis.

Let a be a positive number. We denote by { £, A > a} the spectral resolution of
the identity associated to A.

We denote by S(t) = ¢4 = [* e dE; € £(H), t > 0, the Co-semigroup
generated by —A. Some basic properties of S(¢) are listed in the following theorem.

Theorem 1 (See [11], Ch.2, Theorem 6.13, p.74). For the family of operators
S(t),t = 0 the following properties are valid:

M ISOI =1, forallt > 0;

(2) the function t — S(t), t > 0, is analytic;

(3) for every real r > 0 and t > 0, the operator S(t) € L(H,D(A")),
(4) forevery x € D(A"), r > 0 we have S(t)A"x = A" S(t)x.
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Definition 1. Let A : D(A) C H — H be a self-adjoint operator on the Hilbert
space H and let g : R — K be a piecewise continuous function. We set

o0
D(g(A)) ={ueH :f [gMIPd | Epul® < oo}

and define the linear operator g(A) : D(A) C H — H by the formula

400
(A = / ¢(dEu.

forallu € D(g(A)).

3. REGULARIZATION OF THE HOMOGENEOUS PROBLEM

In this section, we shall consider the homogeneous problem
ur+Au()=0, 0<t <T, 3.
u(T) =g, (3.2)

It is useful to state that the admissible set refers to the final value ¢. The following
lemma gives an answer to this question.

Lemma 1. Problem (3.1)—(3.2) has a solution if and only if

% T 2
| Taigpl? <o
a
and its unique solution is represented by
u(t) = T4y, (3.3)

If the problem (1.1) admits a solution u then this solution can be represented by

o0
u(t) = T4y = / AT DIE) ¢. (3.4)

a

Since t < T, we know from (3.4) that the terms ¢~ (=12 ig the source of the instabi-

lity. So, to regularize problem (3.4), we should replace it by the better terms. Let ¢
and ¢, denote the exact and measured data at ¢ = T, respectively, which satisfy

o —@ell <€,

where € is a noise level. In this paper, we perturbed the final condition u(7") =
@ to form an approximate nonlocal problem depending on a small parameter. We
introduced the regularized problem with boundary condition containing a derivative
of the same order than the equation as the following equation

v +AvE =0, 0<t<T+m
€v; (0) + v (T +m) = ge
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where m > 0 is a fixed number. From [7], the approximated solution v corresponding
to the final value @ is given as

0 e~ M
a

To get an error estimate for ||v€ (¢ +m) —u(t)|, we will use the function

00 e M
ME(I) :[ Wﬂ’EA(p, 1t e [0,T+m] (36)
a

Theorem 2. Assume that u has the eigenfunction expansion u(t) = fooo dEu(t).
a) Assume that there exist a positive constant Cy such that || Au(0)|| < Cy. Then for
everyt €[0,T],

lve+m) —u@)] < et (=72 )T e e 3
ln(T#) 1n(TJ€r_m)
b) Assume that there exist positive constants m and C, such that
o0
[ e g0 < 2 68
a
Then for every t € [0,T],
itm ¢ T+m \75m
v +m)—u(@)| < (C +1€T+m(—) ) (3.9)
I (e m) =) < 2+ e F¥h (s

Proof. First, we prove the following useful lemma.

Lemma 2. Let s,t,e,m,&, A be real numbers such that0 <t <s <T, A € (a,00)
and 0 < € < eT. Then the following estimate holds for all A € (a,c0)

—(+m)A _ T—t
e §e%+7;n( T+m )T—l—m‘ (3.10)
el + e (T+mA In(T4m)
Proof. For A > 0, we define the function
h(A) = —1
() = €A+ e AMT+m)”
Then
h) < h( o T ce(0eT).
T+m e(1+In(H2))
Hence
1 1
3.11)

<
—(T+m)A — T+my
€L+ e~ (T+m) eln(TE2)
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Using (3.11), we obtain
o—(t+m)A e—t+m)A

e+ e=(TtmAi (A + e~ T+mAY TES (¢ 4 o=(T+m)2) T

1
= T
(ek + e_(T'i‘m)/l)T-l-im

- ( T +m )TTL’n
= T+
eln(—t7)
(—T T+m TTT_,;
= €T+m (—) .
1n(T#)

Now, we prove Theorem 2. The proof is divided into three steps.
Step 1. Estimate || v€(t +m) —u€(t +m)||. For every A € (0, 00),

oo e—)&(t—i—m)

eh+ e AT +m) dE) (e —¢)

vt +m)—us(t +m) = /
a

we have
(%) —A(t+m)

e 2 )
(W—unm)) d|Ex(pe—o)ll

2T -2t

2z—2T< T+m )T+m

ufa+mrm%HmmP=/

a

o0
f 4 Ex(¢e—9)|
a

e — ol

Thus
T+m )TTI&
T+ :
ln(Tm)
Step 2. We estimate ||u€(t +m)—u(?)|| if || Au(0)|| < C;.

[V Ge 4 m) —u (e +m)l| = 75

[es) e—k(t+m)

ué(t—l—m)—u(t):/ (W

a

— e(T_t)A>dEM0
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00 peT-DA
= f ate—arma iy

Since (3.4), we have u(0) = faoo e’ dE; . Thus dE; ¢ = e~*T d E;u(0). This imp-

lies that

00 er—tl

B ).

u(t+m)—u(t) = /

a
Applying the inequality (3.11), we obtain
o0

ere 2
(e +m w0 = [ (-2 s) A EwOP
a

(o) [ PalEROP

eln(T#)
1 2
= () 14U
T+
In(—")
Therefore

lu @ +m)—u@)| < [ Au(0)].

In(TEm)
It implies that

Vet +m) —u@)l < oS +m)—u@ +m)|| + [u(t +m) —u(@)|

# (tam) ™+ ot

In(TE™) In(TE™)

Step 3. Estimate [|u€ (¢ +m) —u(z)| if [°A2e20+mA4 | E;u(0)||? < C2.

Since u€(t +m)—u(r) = [° %Lef%dEku(O), we have
o A
uf(z+m)—u(r)=[ €

. €A+ e—(T+m)A

0 e~ (t+m)A
=/a A+ e—T+mk

<€

[ Au(0)].

dE;u(0)

MG E; u(0).
Then

||uf<z+m)—u(z)||2=/

a

00 —(t+m)A

(Jie—w)z(ke“*’"”)zd||Exu<0>||2

2T —

2t o0
<2 FE (M) T 32204m2 g B u(0) |12
In(LEm) a

€

2T -2t

m T = o0
— Thm (#) * / W22+ G| B, u(0) 2.
ln(#) a




REGULARIZATION FOR A NONLINEAR BACKWARD 297

Thus

I m) o) = 5 ()T \/ [ rawmiaiguolR,
HT a

Applying the triangle inequality, we obtain
o€ (2 +m) —u(@)|| < [lv€(t +m) —u @ +m)|| + [u( +m) —u@)]
t4m o T4+m \75m
sef m (T—+m)
In( < )

t4m o T4m \75m o
T (r T, ) / 22204mA d || Ezu(0))2
€

T+m )TTJrfn

<(C+1) %'"(
E m —_—
- 2 ln(T-L—m)

4. REGULARIZATION OF THE NONLINEAR PROBLEM

In this section, we shall approximate the problem (1.1)—(1.2) by the following
problem

%ue(t) F A (1) = B(e,t) f(t,uc (), te(0,T), 4.1
u(T) = o, 4.2)

where A¢, B(e,t) are defined in (4.3) and (4.4). For every v € H having the expan-

sion v = fa+°° dE;v, we define

+o0
S(t)v=/ e_tkdEAv.
a

+o00

1
Acv) == — In(e + e~ T JE; v. 4.3)
a

+oo (—T
B(e,z)(v)zf (14 ee TN TTmgE, v, 1€[0,T]. (4.4

a

_ +o0 E
(el + S(T +m))T¥my :/ dE;v (4.5)

@ (et e~ (T+mA)T5um

Notice that if f = 0 then the problem (4.1)—(4.2) has been studied in [4]. The main
theorem is as follows

Theorem 3. Let ¢ € H. Then the problem (4.1) — (4.2) has a unique solution
u€ € H. Let m > 0 be a positive number. Let u € C([0,T]; H) be a solution of
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(1.1)—(1.3). Assume that u has the eigenfunction expansion u(t) = |, a+°° dE)u(t)
satisfying fa+°o 2T+mMAGIE,u(t)||? < oo for every t € (0,T]. Let e be a mea-
sured data such that |pe — ¢ || < € where € € (0,min{T,1—e~T4}). Using e we can
construct a function U€ : [0,T] — H such that

US@) —u@)] < (1+ B)ekTDef ¥ vie(0.7T], 4.6)
where € € (0,min{T,1—e~T%Y) U€ is a solution of (4.1) with U¢(T) = ¢ and

+00
B = sup / 2T+mAd|| Eju(t)]?
a

t€[0,T]

Remark 1. The estimate (4.6) fort =0is € T4m which depends on m. To improve
this, we estimate u(0) by another direction. In fact, for € > 0, we can choose ¢ €
(0,€) such that

T+1 [T
[u©) = U@ < [+ BY*T + T £O)]] ;“r \ in()’

Proof. First, we introduce some useful lemmas for the proof of main results in this
paper.
Lemma 3. Let € >0and 0 <t <s <T. Let A¢ be defined in (4.3) where € €
(0,1—e~T4). Let B(e,t) be defined as in (4.4). Then the following inequalities hold:
@) (el +S(T +m) 75 | < et
I—S
b) |IS(T —s)(el +S(T +m))T~1|| < eTFm.

¢) [Aell < 71n().
d) |[B(e.)|| < 1.

Proof. a)Letv e H andletv = [, a+°° dE v be the eigenfunction expansion of v.
We have

_ +o0 dE
(EI-{—S(T-{—W!))M"U:/ A0 T—
a (E + e—(T+m)A)m
Then
_ +oo d||E;v]|?
||(61+S(T+m))%+5nv||2=/ EON —
a (€ + e~ T+mAyTEm

+o0 2 _
S/ d||Eyv]| =
a

2
st =€ Tt |[ul|”
€ T+m

Therefore, we obtain

(el + S(T +m))Fm || < et
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b) First, let v € H, we get
t—T
IS(T =) (eI + S(T +m)) 7% (v)||?

oo 2(s—T)A T Ay 22T 2
=/ 2 DA (e e~ TFmMN T d | E; v
a

+o00o _ s
— / (ee(T-i-m)l + 1)727{+2mT (€+e—(T+m)l)727£+%n d”E)ﬂ)”z
a

e —(T+m)A F 72 2
= (e+e ) T d || E3v|
a

T 5
<[ EaEP
a
2t—2s
= eTFm ||v|2.
Then, the following inequality is obtained

IS(T = s)(el + S(T +m)) T+ || < eTFm .
¢) We have

e = —— [T e
el C(T+m)? ), e L e TFm Ao

Since € € (0,1 —e_Ta), we obtain € + e~ T+™MA - 1 VA > 4. But

1 1

It follows that

@) < — 12(1)[+°°d||E 1P < L)
———1In“(- — In“(— .
Wi = (T +m)? € Ja AV =72 Y

d) Takingv € H, we have

+ +oo

2 *© (T+m)Ay 220 2 2 2
1Be.))] =/ (1 + e T+ HTE 4 B o] s/ 41 Eyvl? = vl
a a

which finishes the proof.

]

Lemmad. Let ¢ € H andlet f : Rx H — H be a continuous operator satisfying
| f(t,w)— f(t,v)|| < k|lw—v| for a k > 0 independent of w,v € H,t € R. Then
problem (4.1)—(4.2) has a unique solution u€ € C([0,T]; H) for any 0 <€ < 1—

—Ta
e 14
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Proof. The proof of Lemma 4 is divided into three steps.
Step 1.
For w € C([0,T]; H), we define

T
F(w)(t) = (eI + S(T +m))Tm [(p _ / S(T —5) f(s, w(s))ds]. @.7)

For every w,v € C([0,T]; H), we shall prove that

k(T —1)\" C”
||F"(w)<z)—F"<v)(z)||s( T ”) =il vl 48)

where C = max{7, 1} and |||.||| is the sup norm in C([0, T']; H). Using the induction
method we can verify the latter inequality. We have

T
Fo)(t) = (el—i—S(T—i—m))m[(p—/S(T—s)f(s,v(s))ds]. 4.9)
t

Using (4.7),(4.9), Lemma 3 and the Lipschitz property of f, we have

T
I F(w)(@) = F)(©)] = II/S(T—S)(d+S(T+M))%_+r"(f(s,w(S))—f(S,v(S))dSII

T
k k
s—/nw(s)—v(s)ndssC—(T—z>|||w—v|||.
€ €
t

Thus, (4.8) holds for n = 1. Suppose that (4.8) holds for n = j. We prove that it also
holds for n = j + 1. In fact, we have

IF7F w) () = F7H ) (@)

T
= II/S(T—S)(GI+S(T+M))m(f(Fjw)(S)—f(Fjv)(S))dSII
t

T
< 2=k [ IF @)(s) - T 0)(5)ds
t

<

+1
CIH [lw—vl]].

k +1) (T—t)j+1
() T
Therefore, by the induction principle, we have (4.8) for all w,v € C([0,T]; H). We
consider F : C([0,T]; H) — C([0,T]; H). Since nll)rrolo (l%)n 2—7 = 0, there exists
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a positive integer ng such that F"0 is a contraction. It follows that the equation
F™(w) = w has a unique solution u€ € C([0,T]; H).

We claim that F(u€) = u€. In fact, one has F(F"0(u€)) = F(u€). Hence F"0(F(u€)) =
F(u€). By the uniqueness of the fixed point of F"°, one has F(u€) = u¢, i.e., the
equation F(w) = w has a unique solution u¢ € C([0,T]; H).

Step 2.

Suppose u€ is the unique solution of the integral equation (4.7), then u€ is also a
solution of the (4.1)—(4.2).

In fact, we have

T

UE(t) = (el + S(T +m))T+m [¢ - / S(T —5) f(s, ue(s))ds], 1 €[0,T].
t
Taking the derivative of #€(¢), and by direct computation, we get

%ue(t) = Acuc(t) + B(e,t) f(t,uc(2)).

Now, we are clear to see that
us(T)=¢.
Hence, u€ is a solution of problem (4.1)—(4.2).
Step 3. The problem (4.1)—(4.2) has at most one solution in C([0, T']; H).
Let u and v be two solutions of problem (4.1)—(4.2) such that u,v € C([0,T]; H).
First, we denote g : Rx H — H by

g(t.u(1)) = B(e.1) f(z.u(1)).

Next, because the property of function f, we have for any w,v € H

g w(t)) =g v = | Ble.O)|[ f(z,w) = f(z,0)]| = kllw—vl|.

Let b be a positive constant, we put
w(t) =e D) —v()) b>0.
By calculating directly, we can get
Wy + Acw (1) —bw(r) = @1 (g(t,e_b(t_T)u(t)) — g(t,e—b“—T)u(t))) :
It follows that
<wi(t)+ Acw() —bw(t), w(t) >
—< =D (g(z,e—b(’—T>u(z)) - g(z,e—b(f—”v(r))) w(t) > .
Using the Lipschitz property of f, we have
| <D (g, Du(e) —g(1.e Do) w(e) > | = kw2
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So we obtain
<D (gt Du) =gt o)) wi) > = —kw )]
Using Lemma 3 ¢), we have
< Aw@.w) > | £ 2Ol
which gives
< Aaw(®.w() > =~ (D) w1

This implies that

1d 2 2 2_1 l 2
5 77O Zbllw® " —klw®]” — = () lw @I

Let any #; € [0, T']. Taking the integral with respect to ¢ from #; to T, we get
2 2 r 11 2
"= we)l"=2 | (b—k——In()w@)]"dz.
51

Choosing b = k + %ln(é) and noting that w(7) = 0, we get w(¢1) = 0. Hence,
w(t) =0oru(t) =v(t), VYt €[0,T]. This completes the proof of step 3. O

Lemma 5. The (unique) solution of problem (4.1)—(4.2) depends continuously (in
C([0,T]; H)) on ¢.

Proof. Let u and v be two solutions of problem (4.1)—(4.2) corresponding to the
final values ¢ and w respectively. We have
u(t)—v(t) = (el + S(T +m)) T (¢ — )
T

- / S(T —s)(el + S(T +m) T+ (f(u(s) — f(v(s))ds.

t

Applying Lemma 3 and the Lipchitz property of f we get

lu()) = o) < [I(e] + S(T +m)) T+ (¢ - w)]|

T
+II/S(T—S)(GI+S(T+m))m"(f(U(S)—f(v(S))dS||
t

T
<l g0l +k/€7€3" le(s) —v(s)l|ds.
t
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Therefore
T
T |u(t) —v(t)|| < € T g —w] +k/e‘Tim lu(s) —v(s)llds.
t

Applying Gronwall’s inequality, we obtain
Ju@) = v < 7m0 g o).
So, the solution of the problem (4.1)—(4.2) is depended continuously on ¢. O

Now, we turn to
Proof of Theorem 3. In view of (1.3), we have

T

u@)=Set—T)p— / St —s)f(u(s))ds.
t
It follows that

S(T —1)(el + S(T +m)) =D/ THmy )
T

— (el + S(T +m)) T+ g — / S(T —$))(el + S(T +m))Tm f(u(s))ds.
t

Applying Lemma 3 and the inequality 1 — (1 +x)™* < x«, (x,a > 0) we get

t—

T
lu(r) —us (D) S/IIS(T—S)(€1+S(T+m))T+Q IS Quls)) = f ()l ds

F (I =S(T —1)(el + S(T +m) T yu())|

T
< k/eMHu(s)—ue(s)Hds
t

+o0 %—i
4 / (1= 1+ eeT+mA) T 2q ) o) 2
a
T
§kem/e_m||u(s)—ue(s)|lds

t

/ TG | Eu(0)|2-
T+m\ J,

+e€
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+m
Noting that 0 < € < E}W (0 <€ < 1), we obtain
T
T ) O] < Bk [ €7H Juts) -u(o)lds.
t

Using Gronwall’s inequality we obtain
eTH [|u(t) —u (1)) < BeKTD,
Therefore o
lu(t) —us@)|| < BeXTDeT+m

It follows from Lemma 5 that

A=1 1+m
IU(6) —us (1) < eTom K TD | g, — || < FTDeTom .

Therefore

1U€@) —u@Il < 1U@) —u (@) + [u€ @) —u@)]

< (1+ B)ekT=D 1

forevery t € (0,T).
This completes the proof of Theorem 3.
O

Proof of Remark 1. For t € (0,T), considering the function h(¢) = h‘Tt — IHTE we

have h(e) > 0, lin})h(t) = —00,h'(t) >0, (0 <t <e¢). It follows that the equation
t—

1

Inte __ Ine i
- t

h(t) = 0 has a unique solution # in (0, €). Since e T » the inequality Inz > —

. T
1ves fe < .
g € ln%

We have u(t¢) —u(0) = f(;é u'(t)dt. Hence |[u(0) —u(te)|| <te sup |u’(¢)||. On
t€l0,T]

the other hand, one has

400
' O < 1 Au@ + [ f @)l < \// A2 Exu@? + klu@)] + 11 £ Ol

<1 e 2TAGNEsu())? + k|lu(z 0
<= / e2Thd || Eyu(n)|? +k[u(@)]| + | /)]
< (BB IO

It follows that [|u(0) — u(ze)|| < [(% YI)B | f (0)||]te . From (4.3), (4.4) and the
definition of 7, we get

[u(0) = U )| < u(0) —u(te) |l + [[ute) = U e
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c+m
<te sup [[u'(0)] + (14 B)ek T~ Fm
t€l0,T]

< [(% +k)B + ||f(0)||]te + (14 B)eFT et

Since €7 = te and (% +k)B < % we have

@ -0l <[+ BkT + 71Ol
T T
<[+ B)ekT + TIIJ’(O)II]%1 Dy

€
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