-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Repository of the Academy's Library

Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 7 (2006), No 1, pp. 101-108 DOI: 10.18514/MMN.2006.127

Convergence fields of regular matrix
transformations of sequences of elements of
Banach spaces

T. Visnya:


https://core.ac.uk/display/163101149?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Miskolc Mathematical Notes HU ISSN 1787-2413
44 Vol. 7 (2006), No. 1, pp. 101-108 electronic version

o

CONVERGENCE FIELDS OF REGULAR MATRIX TRANSFORMATIONS
OF SEQUENCES OF ELEMENTS OF BANACH SPACES

T. VISNYAI
[Received: May 23, 2005]

AsstraAcT. In [4,7] some properties of convergence fields of regular matrix trans-
formations of bounded sequences of real numbers are presented. We shall prove
a generalization of Steinhaus’ theorem for sequences of a Banach space and show
that results of [4] cen be generalize for a space of sequences of elements of a Banach
space X, [Ill)-
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1. INTRODUCTION

Let (X, ||-]]) be a Banach space. The sequedace (ax) converges t@ if Ye > 0
dko € N Vk > ko: |lak — ¢|| < &. We write limk_,. ax = C.
We define the following sets:

@b={a=(a):ake X k=12,...};
(b) Bo ={a=(ak) :ake X, k=1,2,...:IK, >0Vk=12,...|laxll < K.};
€ Q=f{o=(a):akeXk=212...:¥k=12 ... ]l =0 V |laxll = 1}.
The setb contains all sequences of elementsXgfthe setB., is the set of all
bounded sequences BfandQ is the set of all sequences of elementsXafvhich
have norm null or one. In what follows, for the €&tthe following inclusions hold:

QcBs,cBch Q)

The notion of porosity has been introduced in [10]. It is a suitable tool to describe
small sets in a metric space.

Let (Y, d) be a metric spac&, c Y. Lety € Y, 6 > 0, and letB(y, §) denote the set
{xeY:d(x y) <d}. We put

P(y, Z,6) = sup{t > 0 : 9z € B(y, 6) such thaB(z t) c B(y,5) andB(z t) N Z = @}.
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102 T. VISNYAI

If sucht > 0 does not exist, we plR(y, Z, §) = 0. The numbers

. P(y,Z,0)
R.2) = Imint =
and
T)(y’ Z) =lim Supw
0—0* 6

are called the lower and upper porosity of theZety € Y, respectively.

A setZ c Y for which p(y,Z) > O for everyy € Y is said to be porous ii.
Obviously every set porous Mis nowhere dense M If p(y, Z) = Py, Z2) = p(y, Z),
then the numbep(y, Z) is called porosity oZ aty € Y. If p(y,Z) = 1, thenZ is
said to be strongly porous at If for all y € Y we havep(y,Z) = 1 fory ¢ Z and
p(y,Z) = % fory € Z, thenZ is said to be strongly porous #t The seWV is said to
beo-porous ¢-strongly porous) aY if W = ( J;” ; Z, and eaclZ, is porous (strongly
porous) aty.

Further on, we recall the definition of a matrix transformation. k&t= (an)
be an infinite matrix of real numbers. A sequemrce (ax), ax € X, is said to be
< -limitable (limitable by the methody) to the element € X if, for 8 = (Bn()),
Bn = Bn(@) = X1 @nkak, We have lim_e B = C.

If @« = (ak) is <-limitable to the element, we write &7-limy_. ax = C. The
method.«Z defined by the matrixs is said to be regular if lig,. ax = ¢ implies
that.o7-limy_ e ak = C.

Let 7 be a regular method. The symid®{.«7) denotes the set of all/-limitable
sequences ok. We put

F(«) = {a =(ak) |ake X, k=1,2,...: there existsn lim3n,

wheregy, = Z ankak}.
k=1

The setF () is called the convergence field of the matrix transformation

Itis proved in [4] thatF (<) is a set of first Baire category B, whereS is a linear
space of sequences of real numbers B(e) is strongly porous it (I is the set
of all bounded sequences of real numbers).

In this paper we show that these results can be generalized for the sequences of
elements of Banach spack, {-||).

2. MAIN RESULTS

Monograph [6] gives the Toeplitz theorem which provides necessary diiciest
condition for matrixeZ be aregular, i. e., when lign ., X = timplies.oZ-limy_,c Xk =
t for real sequencesy).
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In [9], itis proved that Toeplitz theorem holds also for sequences of elements of a
Banach space.

Theorem A. Let(X||]]) be a Banach space. Lef = (ank) be an infinite matrix
of real numbers. The necessary angfisient condition for a sequengg (o) =
2 ko1 @nkak, to converge ta@ € X asn — oo wherelimy_,, ak = ¢, ax € X'is that
matrix <7 satisfies the following three conditions:

(@ 3dIM>0,Vn=1,2,... 32, la < M;
(b) Vk=1,2,... lim e ank = 0;
(©) limpe Zﬁozl ank =1

Further we will use the following theorem concerning the functions of Baire class
one (see [8, p. 185)).

Theorem B. Let A and B be metric spaces. Lé, : A— B,n=12,...,bea
sequence of continuous operators, which converges pointwise to an opgrat

Yae A: r!im on(@) = 6(a).

Then the set of all discontinuity points of the operaiorA — B is a set of the first
Baire category.

In [2], the Steinhaus theorem is proved under the condition that there does not
exist a regular matrix which limits all sequences of 0's and 1's. Now we will show
an analogue of the Steinhaus theorem for sequences of elemésicdt we prove
the following:

Lemma 1. The metric space¢}, d), whered(a,8) = Yiq 2 ¥llax = Bill, @ =
(ak) € Q, B = (Bk) € Q, is a complete metric space.

Proor. The functiond : Q x Q — (0, c0) is a metric.
Leta®™ = (a(k”)), n=1,2,...beaCauchy sequence of element§oThus,

Ve>03dnpe N Ymn>ng: de@®, ™) <e.

Choosej € N. Then

o 1M _ oM
&> d(@™, o™ = Z log” — o 7l 1

=X >=
” >
= 2 2!

o ~ .

The sequenceSy@);il of elements ofX are Cauchy sequenceX is a complete
metric space, thereforezr) .1 Is convergent.

Let limp_ e aﬁ”) = aj. If @ = (j)§2,, then one can easily verify that that k. a™ =
aand, foreach) = 1,2,..., |lajll = 0 orlajl| = 1. O

Theorem C. For any regular matrixeZ = (ank) there exists a sequence in the set
Q. which is not limitable by the methad'.
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Proor. Let .o/ = (ank) be a regular matrix. Then there existsin> 0 such that,
foralln=1,2,...,

D lan < M. (2)
k=1
We prove that the operatdy, : Q — X is continuous atr = (ax) € Q for each

n=12...,wheredn(a) = 217  ankak, @ = (ak) € Q. Lete > 0 anda = (ax) €
Q, B=(B) € Q. Then

I6n(@) = 0nB)I = 11 D anker — " kil < D lanlle — Bl
k=1 k=1 k=1

We chooseng € N so thaty.n, lankl < 3. Then

E E
2, 1andlonc =l < ) laakl(land] +11Bd) <2+ 5 = 5. (3)
k>np k>nop
If d(e,8) < sy for @ andg, then we have
[l = Bl
2k < d@.p) < 2M2”0
forallk=1,2,...no. Therefore|lax — Bkl < 57 and
2o & 2o &
— — < —. 4
k;|ankmak Bl < 5 k;anu <3 (@)

According to (2)—(4), the inequality(a, 8) < sy iMplies thaton(a) — on(B)Il < &.
The operatob,, n=1,2,...,is continuous atr = (ax).

Suppose that all sequences(inare limitable by the matrixs = (ank). Hence,
there exists lim,« on(a) = 6(a) for eacha = (ak) € Q. Then, by Theorem B, the set
of discontinuity points of the operatér: Q — X is a set of the first Baire category
in Q. On the other hand i& = (ax) € Q andn > 0, then, in the open ba®(a,n), itis
possible to find elemenfs y € Q such that

1
16(8) — o)l > >
We choosé; € N so that

Z [l Z - %

k> k]_ k> k]_

where,a = (ak) € Q. PutB = (Bk), v = (yk), whereBk = yxk = axfork = 1,2,...k
andgk = 0, yk = £ for k > k. The elemen® is the null-element oK andé € X is
an element with the property| = 1. Then

d(a B)_leozk el _n

k> k1 4
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and

d(a.y) = Z llne =&l _ g

k
k> kl 2

ThereforeB andy belong toS(«, n).
Due to the regularity the matri®¢’ and Theorem A, it follows that

(o] kl
5(8) = lim > ani = lim " ancak
k=1 k=1
and

o ke
o(y) = lim Z 2akyk = lim Z Bnkark + lim Z AnkE.
k=1 k=1 ok
Since liMye Yok, ank > 3, We have]| Sier, ané]| = |Skok, and ll€ll > 3 for every
n € IN suficiently large. Thus,

o1
>

15r) - 6(B)lI = ” lim " ané
k>kq

Therefore the operatdris discontinuous at each elemenof Q. SinceQ is a com-
plete metric space, the set of all discontinuity points isfthe set of the second Baire
category inQQ — a contradiction. O

We introduce the notion of FK-space (see [1]).

Definition 1. A complete metric linear spac8,(d) of sequences, i. eB c b (see
(1)), is said to be an FK-space provided that the linear operétorB — X,

ok(@)=ax, a=(a)eB, k=12...,
are continuous oi.

Proposition 1. Let (X, ||-||;) be a Banach space. LéB,d) be a complete metric
linear space of sequences of elementX.dfhen(B, d) is an FK-space if and only if
the convergence in the sense of the metiimplies the pointwise convergence in the
sense of the nort||; foreachk =1,2,....

Proor. Let (B,d) be an FK-space. The linear operafqr: B — X, dk(a) = ax,
is continuous for eack = 1,2, .... According to the Heine definition of continuity,
the operatoby : B — X is continuous if for each sequenag)>> ., o) = (@)=,
of elements ofB such thate® — « = (as) asr — oo by the metricd, we have
8k(@) — &k(a) by the normj|-||; asr — co. In our casegy(a) = ag) andéy(e) =

ag foreachr =1,2,.... Consequentlyyf(r) — @k asr — oo, O
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Now we denote by (o) = {@ = () : ak € B,k =1,2,... : liMyoe 201 @nkak
exists and equalsfor ax — c}.

In the proof of Theorem 1 we shall use the following form of Banach’s Subgroup
Theorem (see [3))if G is any proper subgroup of a linear topological spd€gthen
eitherG is of the first category i, or G fails to satisfy the condition of Baire.

Theorem 1. Let(B, d) be an FK-spaceB., ¢ B c b. Let./ = (an) be a regular
matrix of real numbers. Then the $&t<) is of the first Baire category iB for every
regular matrix.es.

Proor. We setsng(a) = Zﬁzl ankak, @ = (ak) € B, n,s=1,2,.... From the above
assumption it follows that each of the operatéss : B — X is continuous orB.
Thus,én(@) = lims.« dns(@) is a linear operator of the first Baire class defined on the
setDp = {a € B: limg, dng(@) existy.

Obviously,

1

ﬂ O ﬂ ﬂ{a € B [|6ns(@) — dng(a@)ll1 < }

(o]
p=1so=152% =%

Let s > g. Then every operatdidns(e) — dng(@)ll1 iS continuous, every s, is an
Fos set. The common domain of all the operatéysthe sef{"; Dy, is also arF s
set.

PutS(</) = N1 Dn. ThenF(#) c S(«7) and

F(o) = {cz € S(e/) 1 lim 6n(a) exists}

1
- {a/e S(): Yp=12,... e NYMn>ng: [[6n(@) - 6m(@)ll < p}

ﬁ O () {a € S(«/) : lIon(@) = dm(@)ll < %}

1 np=1n=np m>ng

Each of the operatot,(a) — dm(a)||1 is a Baire one operator, hence theBétY) is
aGs,s set, thereford-(«/) satisfies the condition of Baire. Sin€€.«) is a proper
subgroup oB, Theorem 1 is a consequence of Banach’s Subgroup Theoremno

The following Lemma is proved in [5].

Lemma 2. Let Z be a convex nowhere dense set in a Banach sgatbenZ is
strongly porous irX.

We shall show that in the s&., endowed with the nornfiell, = sup{|laxl1},
a = (ak) € Bw, the setF () is strongly porous.
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Theorem 2. In the Banach spac@B.., ||||,) the setF (<) is strongly porous irB.
for any regular matrix<?.

Proor. Each of the operator&, : B, — X, dn(@) = X @wkak, N = 1,2,..,
fulfils the Lipschitz condition with the same constéut
Due to Theorem A, fotr = (ak) € Bw, B = (Bk) € B, We have

llon(@) — on(B)Il1 =

Z ank(ak — Bk)
k=1

<l =Bl2 ) land < Mlle =Bl (5)
1 k=1

The setF (&) is a subspace d., and it is convex. We show th&,, \ F(«7) is
open inBs. Leta = (ax) € B, \ F(&). Then the sequencé{{«)) does not satisfy
Cauchy’s conditions, i. e.,

Je>0¥Ynpe NAmn>ng: ||I6n(@) — dm(@)llL > &.
Lets = (Bk) € B such that
E

M ©

ll = Bll2 <

Then, by (5), we have

g < |l6n(@) = dm(@)ll1
< [16n(@) = 0n(B)ll1 + [16n(B) — dmB)llL + 16m(B) — dm(a)llx
< 2Mlla = BlI2 + [I6n(B) — om(B)ll1.
By (6), we have
5 < 16n(8) — om(B) .
Thus,8 = (Bk) ¢ F(</) and

&
S(a/, 4|v|) C Bu \ F(),
which means thaB., \ F(«#) is open inB,,.

Therefore F(</) is a closed nowhere dense subseBgf and Theorem 2 follows
from Lemma 2. O
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