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A. In [4, 7] some properties of convergence fields of regular matrix trans-
formations of bounded sequences of real numbers are presented. We shall prove
a generalization of Steinhaus’ theorem for sequences of a Banach space and show
that results of [4] cen be generalize for a space of sequences of elements of a Banach
space (X, ‖·‖).
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1. I

Let (X, ‖·‖) be a Banach space. The sequenceα = (αk) converges toc if ∀ε > 0
∃k0 ∈ � ∀k > k0: ‖αk − c‖ < ε. We write limk→∞ αk = c.

We define the following sets:

(a) b = {α = (αk) : αk ∈ X, k = 1, 2, . . .};
(b) B∞ = {α = (αk) : αk ∈ X, k = 1, 2, . . . : ∃Kα > 0 ∀k = 1, 2, . . . ‖αk‖ ≤ Kα};
(c) Ω = {α = (αk) : αk ∈ X, k = 1, 2, . . . : ∀k = 1,2, . . . ‖αk‖ = 0 ∨ ‖αk‖ = 1}.

The setb contains all sequences of elements ofX, the setB∞ is the set of all
bounded sequences ofX andΩ is the set of all sequences of elements ofX which
have norm null or one. In what follows, for the setB, the following inclusions hold:

Ω ⊂ B∞ ⊂ B ⊂ b. (1)

The notion of porosity has been introduced in [10]. It is a suitable tool to describe
small sets in a metric space.

Let (Y, d) be a metric space,Z ⊂ Y. Let y ∈ Y, δ > 0, and letB(y, δ) denote the set
{x ∈ Y : d(x, y) < δ}. We put

P(y,Z, δ) = sup
{
t > 0 : ∃z ∈ B(y, δ) such thatB(z, t) ⊂ B(y, δ) andB(z, t) ∩ Z = ∅

}
.
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If sucht > 0 does not exist, we putP(y,Z, δ) = 0. The numbers

p(y,Z) = lim inf
δ→0+

P(y,Z, δ)
δ

and

p(y,Z) = lim sup
δ→0+

P(y,Z, δ)
δ

are called the lower and upper porosity of the setZ aty ∈ Y, respectively.
A set Z ⊂ Y for which p(y,Z) > 0 for everyy ∈ Y is said to be porous inY.

Obviously every set porous inY is nowhere dense inY. If p(y,Z) = p(y,Z) = p(y,Z),
then the numberp(y,Z) is called porosity ofZ at y ∈ Y. If p(y,Z) = 1, thenZ is
said to be strongly porous aty. If for all y ∈ Y we havep(y,Z) = 1 for y < Z and
p(y,Z) = 1

2 for y ∈ Z, thenZ is said to be strongly porous atY. The setW is said to
beσ-porous (σ-strongly porous) atY if W =

⋃∞
n=1 Zn and eachZn is porous (strongly

porous) atY.
Further on, we recall the definition of a matrix transformation. LetA = (ank)

be an infinite matrix of real numbers. A sequenceα = (αk), αk ∈ X, is said to be
A -limitable (limitable by the methodA ) to the elementc ∈ X if, for β = (βn(α)),
βn = βn(α) =

∑∞
k=1 ankαk, we have limn→∞ βn = c.

If α = (αk) is A -limitable to the elementc, we write A -limk→∞ αk = c. The
methodA defined by the matrixA is said to be regular if limk→∞ αk = c implies
thatA -limk→∞ αk = c.

Let A be a regular method. The symbolF(A ) denotes the set of allA -limitable
sequences ofX. We put

F(A ) =

{
α = (αk) | αk ∈ X, k = 1, 2, . . . : there exists lim

n→∞ βn,

whereβn =

∞∑

k=1

ankαk

}
.

The setF(A ) is called the convergence field of the matrix transformationA .
It is proved in [4] thatF(A ) is a set of first Baire category inS, whereS is a linear

space of sequences of real numbers andF(A ) is strongly porous inl∞ (l∞ is the set
of all bounded sequences of real numbers).

In this paper we show that these results can be generalized for the sequences of
elements of Banach space (X, ‖·‖).

2. M 

Monograph [6] gives the Toeplitz theorem which provides necessary and sufficient
condition for matrixA be a regular, i. e., when limk→∞ xk = t impliesA -limk→∞ xk =

t for real sequences (xk).
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In [9], it is proved that Toeplitz theorem holds also for sequences of elements of a
Banach space.

Theorem A. Let (X, ‖·‖) be a Banach space. LetA = (ank) be an infinite matrix
of real numbers. The necessary and sufficient condition for a sequenceβn(α) =∑∞

k=1 ankαk, to converge toc ∈ X as n → ∞ wherelimk→∞ αk = c, αk ∈ X is that
matrixA satisfies the following three conditions:

(a) ∃M > 0, ∀n = 1, 2, . . .
∑∞

k=1 |ank| ≤ M;
(b) ∀k = 1, 2, . . . limn→∞ ank = 0;
(c) limn→∞

∑∞
k=1 ank = 1.

Further we will use the following theorem concerning the functions of Baire class
one (see [8, p. 185]).

Theorem B. Let A and B be metric spaces. Letδn : A → B, n = 1,2, . . ., be a
sequence of continuous operators, which converges pointwise to an operatorδ, i. e.,

∀a ∈ A : lim
n→∞ δn(a) = δ(a).

Then the set of all discontinuity points of the operatorδ : A→ B is a set of the first
Baire category.

In [2], the Steinhaus theorem is proved under the condition that there does not
exist a regular matrix which limits all sequences of 0’s and 1’s. Now we will show
an analogue of the Steinhaus theorem for sequences of elements ofX. First we prove
the following:

Lemma 1. The metric space (Ω, d), whered(α, β) =
∑∞

k=1 2−k ‖αk − βk‖, α =

(αk) ∈ Ω, β = (βk) ∈ Ω, is a complete metric space.

P. The functiond : Ω ×Ω→ 〈0,∞) is a metric.
Let α(n) = (α(n)

k ),n = 1,2, . . . be a Cauchy sequence of elements ofΩ. Thus,

∀ε > 0 ∃n0 ∈ � ∀m, n > n0 : d(α(n), α(m)) < ε.

Choosej ∈ �. Then

ε > d(α(n), α(m)) =

∞∑

k=1

‖α(n)
k − α(m)

k ‖
2k

≥ 1
2 j
‖α(n)

j − α(m)
j ‖.

The sequences (α(n)
j )∞n=1 of elements ofX are Cauchy sequences.X is a complete

metric space, therefore (α(n)
j )∞n=1 is convergent.

Let limn→∞ α
(n)
j = α j . If α = (α j)∞j=1, then one can easily verify that that limn→∞ α(n) =

α and, for eachj = 1, 2, . . ., ‖α j‖ = 0 or ‖α j‖ = 1. �

Theorem C. For any regular matrixA = (ank) there exists a sequence in the set
Ω, which is not limitable by the methodA .
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P. Let A = (ank) be a regular matrix. Then there exists anM > 0 such that,
for all n = 1, 2, . . .,

∞∑

k=1

|ank| ≤ M. (2)

We prove that the operatorδn : Ω → X is continuous atα = (αk) ∈ Ω for each
n = 1,2, . . . , whereδn(α) =

∑∞
k=1 ankαk, α = (αk) ∈ Ω. Let ε > 0 andα = (αk) ∈

Ω, β = (βk) ∈ Ω. Then

‖δn(α) − δn(β)‖ = ‖
∞∑

k=1

ankαk −
∞∑

k=1

ankβk‖ ≤
∞∑

k=1

|ank|‖αk − βk‖.

We choosen0 ∈ � so that
∑

k>n0
|ank| < ε

4. Then
∑

k>n0

|ank|‖αk − βk‖ ≤
∑

k>n0

|ank|(‖αk‖ + ‖βk‖) ≤ 2 · ε
4

=
ε

2
. (3)

If d(α, β) < ε
2M2n0 for α andβ, then we have

‖αk − βk‖
2k

≤ d(α, β) <
ε

2M2n0

for all k = 1,2, . . .n0. Therefore,‖αk − βk‖ < ε
2M and

n0∑

k=1

|ank|‖αk − βk‖ < ε

2M

n0∑

k=1

|ank| ≤ ε

2
. (4)

According to (2)–(4), the inequalityd(α, β) < ε
2M2n0 implies that‖δn(α) − δn(β)‖ < ε.

The operatorδn, n = 1, 2, . . ., is continuous atα = (αk).
Suppose that all sequences inΩ are limitable by the matrixA = (ank). Hence,

there exists limn→∞ δn(α) = δ(α) for eachα = (αk) ∈ Ω. Then, by Theorem B, the set
of discontinuity points of the operatorδ : Ω → X is a set of the first Baire category
in Ω. On the other hand ifα = (αk) ∈ Ω andη > 0, then, in the open ballS(α, η), it is
possible to find elementsβ, γ ∈ Ω such that

‖δ(β) − δ(γ)‖ > 1
2
.

We choosek1 ∈ � so that
∑

k>k1

‖αk‖
2k
≤

∑

k>k1

1

2k
<
η

4
,

where,α = (αk) ∈ Ω. Putβ = (βk), γ = (γk), whereβk = γk = αk for k = 1,2, . . . k1

andβk = Θ, γk = ξ for k > k1. The elementΘ is the null-element ofX andξ ∈ X is
an element with the property‖ξ‖ = 1. Then

d(α, β) =
∑

k>k1

‖αk − Θ‖
2k

<
η

4
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and

d(α, γ) =
∑

k>k1

‖αk − ξ‖
2k

<
η

2
.

Therefore,β andγ belong toS(α, η).
Due to the regularity the matrixA and Theorem A, it follows that

δ(β) = lim
n→∞

∞∑

k=1

ankβk = lim
n→∞

k1∑

k=1

ankαk

and

δ(γ) = lim
n→∞

∞∑

k=1

ankγk = lim
n→∞

k1∑

k=1

ankαk + lim
n→∞

∑

k>k1

ankξ.

Since limn→∞
∑

k>k1
ank >

1
2, we have

∥∥∥∑k>k1
ankξ

∥∥∥ =
∣∣∣∑k>k1

ank

∣∣∣ ‖ξ‖ > 1
2 for every

n ∈ � sufficiently large. Thus,

‖δ(γ) − δ(β)‖ =

∥∥∥∥∥∥ lim
n→∞

∑

k>k1

ankξ

∥∥∥∥∥∥ >
1
2
.

Therefore the operatorδ is discontinuous at each elementα of Ω. SinceΩ is a com-
plete metric space, the set of all discontinuity points ofδ is the set of the second Baire
category inΩ — a contradiction. �

We introduce the notion of FK-space (see [1]).

Definition 1. A complete metric linear space (B, d) of sequences, i. e.,B ⊂ b (see
(1)), is said to be an FK-space provided that the linear operatorsδk : B→ X,

δk(α) = αk, α = (αk) ∈ B, k = 1, 2 . . . ,

are continuous onB.

Proposition 1. Let (X, ‖·‖1) be a Banach space. Let(B,d) be a complete metric
linear space of sequences of elements ofX. Then(B, d) is an FK-space if and only if
the convergence in the sense of the metricd implies the pointwise convergence in the
sense of the norm‖·‖1 for eachk = 1,2, . . ..

P. Let (B,d) be an FK-space. The linear operatorδk : B → X, δk(α) = αk,
is continuous for eachk = 1,2, . . .. According to the Heine definition of continuity,
the operatorδk : B→ X is continuous if for each sequence (α(r))∞r=1, α(r) = (α(r)

s )∞r=1,

of elements ofB such thatα(r) → α = (αs) as r → ∞ by the metricd, we have
δk(α(r)) → δk(α) by the norm‖·‖1 asr → ∞. In our case,δk(α(r)) = α(r)

k andδk(α) =

αk for eachr = 1,2, . . .. Consequently,α(r)
k → αk asr → ∞. �
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Now we denote byF(A ) =
{
α = (αk) : αk ∈ B, k = 1,2, . . . : limn→∞

∑∞
k=1 ankαk

exists and equalsc for αk → c
}
.

In the proof of Theorem 1 we shall use the following form of Banach’s Subgroup
Theorem (see [3]):If G is any proper subgroup of a linear topological spaceE, then
eitherG is of the first category inE, or G fails to satisfy the condition of Baire.

Theorem 1. Let (B, d) be an FK-space,B∞ ⊂ B ⊂ b. Let A = (ank) be a regular
matrix of real numbers. Then the setF(A ) is of the first Baire category inB for every
regular matrixA .

P. We setδns(α) =
∑s

k=1 ankαk, α = (αk) ∈ B, n, s = 1,2, . . . . From the above
assumption it follows that each of the operatorsδns : B → X is continuous onB.
Thus,δn(α) = lims→∞ δns(α) is a linear operator of the first Baire class defined on the
setDn = {α ∈ B : lims→∞ δns(α) exists}.

Obviously,

Dn =

{
α ∈ B : ∀p = 1, 2, . . . ∃s0 ∈ � ∀s,q ≥ s0 : ‖δns(α) − δnq(α)‖1 ≤ 1

p

}

=

∞⋂

p=1

∞⋃

s0=1

⋂

s≥s0

⋂

q≥s0

{
α ∈ B : ‖δns(α) − δnq(α)‖1 ≤ 1

p

}
.

Let s > q. Then every operator‖δns(α) − δnq(α)‖1 is continuous, every setDn is an
Fσδ set. The common domain of all the operatorsδn, the set

⋂∞
n=1 Dn, is also anFσδ

set.
PutS(A ) =

⋂∞
n=1 Dn. ThenF(A ) ⊂ S(A ) and

F(A ) =

{
α ∈ S(A ) : lim

n→∞ δn(α) exists
}

=

{
α ∈ S(A ) : ∀p = 1,2, . . . ∃n0 ∈ � ∀m,n ≥ n0 : ‖δn(α) − δm(α)‖1 ≤ 1

p

}

=

∞⋂

p=1

∞⋃

n0=1

⋂

n≥n0

⋂

m≥n0

{
α ∈ S(A ) : ‖δn(α) − δm(α)‖1 ≤ 1

p

}
.

Each of the operators‖δn(α)− δm(α)‖1 is a Baire one operator, hence the setF(A ) is
a Gδσδ set, thereforeF(A ) satisfies the condition of Baire. SinceF(A ) is a proper
subgroup ofB, Theorem 1 is a consequence of Banach’s Subgroup Theorem.�

The following Lemma is proved in [5].

Lemma 2. Let Z be a convex nowhere dense set in a Banach spaceX. ThenZ is
strongly porous inX.

We shall show that in the setB∞ endowed with the norm‖α‖2 = sup{‖αk‖1},
α = (αk) ∈ B∞, the setF(A ) is strongly porous.
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Theorem 2. In the Banach space(B∞, ‖·‖2) the setF(A ) is strongly porous inB∞
for any regular matrixA .

P. Each of the operatorsδn : B∞ → X, δn(α) =
∑∞

k=1 ankαk, n = 1, 2, . . .,
fulfils the Lipschitz condition with the same constantM.

Due to Theorem A, forα = (αk) ∈ B∞, β = (βk) ∈ B∞, we have

‖δn(α) − δn(β)‖1 =

∥∥∥∥∥∥∥
∞∑

k=1

ank(αk − βk)

∥∥∥∥∥∥∥
1

≤ ‖α − β‖2
∞∑

k=1

|ank| ≤ M ‖α − β‖2 . (5)

The setF(A ) is a subspace ofB∞ and it is convex. We show thatB∞ \ F(A ) is
open inB∞. Let α = (αk) ∈ B∞ \ F(A ). Then the sequence (δn(α)) does not satisfy
Cauchy’s conditions, i. e.,

∃ε > 0 ∀n0 ∈ � ∃m,n > n0 : ‖δn(α) − δm(α)‖1 ≥ ε.
Let β = (βk) ∈ B∞ such that

‖α − β‖2 < ε

4M
. (6)

Then, by (5), we have

ε ≤ ‖δn(α) − δm(α)‖1
≤ ‖δn(α) − δn(β)‖1 + ‖δn(β) − δm(β)‖1 + ‖δm(β) − δm(α)‖1

< 2M‖α − β‖2 + ‖δn(β) − δm(β)‖1.
By (6), we have

ε

2
< ‖δn(β) − δm(β)‖1.

Thus,β = (βk) < F(A ) and

S
(
α,

ε

4M

)
⊂ B∞ \ F(A ),

which means thatB∞ \ F(A ) is open inB∞.
Therefore,F(A ) is a closed nowhere dense subset ofB∞, and Theorem 2 follows

from Lemma 2. �
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