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1. S       

In the present paper, we give a survey of the recent results connected with the sta-
bility properties of sets for impulsive differential systems and characterise the meth-
ods of investigation of the sets’ stability.

Let us first consider the system of differential equations (discontinuous dynamical
system [1,2])

dx
dt

= f (x), x < Γ,

∆x|x∈Γ = T x− x = I (x),
(1.1)

wherex ∈ D̄ ⊂ �n, f (x) ∈ C[D̄, �n], D is a bounded domain in�n, t ∈ [0,∞), T
is an operator,T : Γ → Q, Γ is a surface without contact for the systemdx

dt = f (x),
Γ ⊂ D̄ (possibly,Γ = ∂D), andQ is a closed subset of̄D.

We shall assume that the conditions for existence and uniqueness of solutions of
(1.1) are fulfilled and also suppose that each solution of (1.1) exists on [0,+∞). De-
note byx(t) = x(t, x0) the solution of (1.1) satisfying initial conditionx(0) = x0.

We indicate the following kinds of motions of the system (1.1):1◦ motions with-
out impulse effect; 2◦ motions whose trajectories hit the setΓ no more than finitely
many times; and3◦ motions whose trajectories hit the setΓ infinitely many times.
Let Ω be the set of such pointsx0 that trajectories{x(t, x0) : t ∈ [0, +∞)} meetΓ
infinitely many times. Let us putSδ(M) = {x ∈ D̄ : %(x,M) < δ} and Uδ(M) =

{x ∈ D̄ : 0 < %(x, M) < δ} for any setM ⊆ D̄.
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We shall say that a setM ⊆ D̄ is an invariant set of system (1.1) ifx0 ∈ M implies
thatx(t, x0) ∈ M for t ≥ 0.

A closed invariant setM of the system (1.1) is said to be stable if for anyε > 0
there existsδ = δ (ε) > 0 such thatx0 ∈ Sδ(M) implies x(t, x0) ∈ Sε(M), t ≥ 0, for
any solutionx(t) = x(t, x0) of (1.1).

A closed invariant setM of the system (1.1) is said to be asymptotically stable if
M is stable and there existsδ0 > 0 such that the relationx0 ∈ Sδ0(M) implies that
lim t→∞% (x(t, x0), M) = 0 for any solutionx(t) = x(t, x0) of (1.1).

A closed invariant setM of the system (1.1) is said to be stable (asymptotically
stable) with respect to the setB ⊂ D̄ if the solutions beginning inB satisfy the
conditions of the definition of stability (asymptotic stability) for the setM.

The closed invariant setM is said to be unstable if conditions of the definition of
stability fail to hold.

To establish stability results for invariant sets of the system (1.1) we use an auxil-
iary functionV(x) possessing certain properties.

Let V(x) be a function continuously differentiable inD̄ and such that

V(x) = 0, x ∈ M0, M0 ⊂ D̄, M0 , ∅; V(x) > 0, x ∈ D̄ \ M0. (1.2)

Denote byK0 the class of continuous functionsϕ : �+ → �+ such thatϕ (s) = 0
if and only if s = 0.

We formulate some conditions sufficient for the stability of invariant sets of system
(1.1).

Theorem 1(see [3]). (A) Assume that there exists a functionV(x) satisfying
condition(1.2)and the conditions

〈
gradV(x), f (x)

〉 ≤ 0 (x < Γ), (1.3)

V(x + I (x)) ≤ V(x) (x ∈ Γ) . (1.4)

ThenM0 is a stable invariant set for system(1.1).
(B) Assume that there exists a functionV(x) satisfying conditions(1.2), (1.4), and

〈
gradV(x), f (x)

〉 ≤ −ϕ(V(x)) (x < Γ), (1.5)

whereϕ (s) ∈ K0. ThenM0 is an asymptotically stable invariant set of the
system(1.1).

Let M0 be a closed invariant set such thatM0 ∩Ω , ∅, M0 , Ω.

Theorem 2 (see [3]). If there exists a functionV(x) satisfying conditions(1.2),
(1.3), and

V(x + I (x)) − V(x) ≤ −ψ(V(x)), x ∈ Γ,

whereψ (s) ∈ K0, thenM0 is an asymptotically stable invariant set of system(1.1)
with respect to setΩ.



STABILITY OF SETS FOR IMPULSIVE DIFFERENTIAL SYSTEMS 195

The proofs of the statements of this theorem are based on reasoning similar to
[1,2,4].

The following theorem gives more interesting conditions for stability properties of
the invariant set in suggestion that

tx0
k+1 − tx0

k ≥ θ > 0, k ≥ 1. (1.6)

We denote bytx0
k , k = 1,2, . . . , the moments at which the discontinuous trajectory

x(t, x0) meets the setΓ.

Theorem 3. Assume that for differential system(1.1), there exists a functionV(x)
satisfying conditions(1.2), (1.5), and the condition

V(x + I (x)) ≤ ψ (V(x)) , x ∈ Γ,

whereψ (s) ∈ K0.

(A) If there existsa0 > 0 such that, for alla ∈ (0, a0] ,
∫ ψ(a)

a

ds
ϕ (s)

≤ θ,

whereθ is the number from(1.6), then M0 is a stable invariant set of the
system(1.1).

(B) If there existsa0 > 0 such that, for alla ∈ (0, a0] ,
∫ ψ(a)

a

ds
ϕ (s)

≤ θ − γ

for someγ > 0, thenM0 is an asymptotically stable invariant set of system
(1.1).

Consider some conditions for instability of the setM0 ⊂ D̄ [3].

Theorem 4. Assume that there exists a functionV(x) continuously differentiable
on the setSh(M0) and such thatV(x) = 0, x ∈ M0 and, for anyδ (0 < δ < h),
Uδ(M0) ∩Π , ∅, whereΠ = {x ∈ D̄ : V(x) > 0} . Assume also that, on the setΠ, the
functionV(x) satisfies the conditions

〈
gradV(x), f (x)

〉 ≥ ϕ(V(x)) (x < Γ)

and
V(x + I (x)) ≥ V(x) (x ∈ Γ),

whereϕ (s) ∈ K0. ThenM0 is an unstable set for system(1.1).

Theorem 5. Assume that there is a continuously differentiable functionV(x) de-
fined on the setSh(M0) such thatV(x) = 0, x ∈ M0, and for anyδ (0 < δ < h),
Uδ(M0) ∩ Π , ∅, whereΠ = {x ∈ D̄ : V(x) > 0}. Assume also that, on the setΠ, the
functionV(x) satisfies the conditions

〈
gradV(x), f (x)

〉 ≥ ϕ(V(x)), (x < Γ)
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and
V(x + I (x)) ≥ ψ (V(x)) (x ∈ Γ),

whereϕ (s) ∈ K0, ψ (s) ∈ K0.
If for anya ∈ (0, a0], wherea0 = sup

x∈ΠV(x), and someγ > 0
∫ a

ψ(a)

ds
ϕ (s)

≤ θ − γ,

thenM0 is an unstable set for system(1.1).

Analogous results may be established in the case when the sequence{tx0
k }, k =

1,2, . . . , satisfies the conditiontx0
k+1 − tx0

k ≤ θ1.
The results above are natural generalisations of the stability results for impulsive

systems with unique equilibrium positions. If the invariant set of system (1.1) is a
point x = 0, then the results mentioned above give the well-known sufficient condi-
tions for stability, asymptotic stability, and instability of the trivial solution (see the
survey of the corresponding results in [5]).

2. S         



Consider now the impulsive differential system

dx
dt

= f (t, x), t , ti(x),

∆ x|t=ti (x) = I i(x),
(2.1)

wherex ∈ �n, t ∈ �+, f (t, x) , I i (x) , i = 1,2, . . . , are continuous vector-functions,
ti (x) are continuous functions such that 0< t1(x) < t2(x) < . . . , x ∈ �n, ti (x)→ ∞ as
i → ∞ uniformly in x ∈ �n. We assume that, for any point(t0, x0) ∈ �+ ×�n, there
exists a unique solutionx (t) = x (t, t0, x0) of (2.1) on[t0, ∞) satisfyingx (t0) = x0,
and that the integral curve of each solution meets each of the hypersurfacest = ti(x)
only once, i. e., the phenomenon of “beating” is not observed. Sufficient conditions
for the absence of the phenomenon of “beating” are well-known (see, e. g., [1,2,6]).

We recall [1, 2] that any solutionx (t, t0, x0) of (2.1) is a piecewise continuous
function with points of discontinuityθx

i , θ
x
i = ti(x(θx

i )), i = 1,2, . . . ;

x
(
θx

i , t0, x0

)
= x

(
θx

i − 0, t0, x0

)
,

x
(
θx

i + 0, t0, x0

)
= x

(
θx

i , t0, x0

)
+ I i

(
x
(
θx

i , t0, x0

))
.

We shall say that setM ⊂ �+ × �n is an integral set of system (1.1) if, for any
point (t0, x0) ∈ M, it follows that (t, x(t, t0, x0)) ∈ M for t ≥ t0.

Note that, together with a point(t•, x•) ∈ M belonging to the surface of disconti-
nuity (t• = ti (x•)), the setM contains also the point(t•, x• + I i (x•)).
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For eachi = 1,2, . . . , we denote byΛi the set of time moments when the integral
curves belonging toM meet the hypersurfacet = ti(x), i. e, the set of solutions of the
equationτ = ti (x (τ)), (τ, x (τ)) ∈ M. If, for instance, the integral set is the integral
curve

{
(t, x) : t ∈ �+, x = x (t, 0, x0)

}
thenΛi consists of a single point:Λi = {θx

i }.
In the case whereti (x) ≡ τi , i = 1,2, . . . , each setΛi also consists of a single element:
Λi = {τi}.

Let M (t) = {x ∈ �n : (t, x) ∈ M}. If t = θi ∈ Λi , (θi , x) ∈ M andθi = ti (x), then,
as it was noted above, the setM contains both points: (θi , x) and(θi , x + I i (x)) and,
therefore, the sectionM (θi) contains both pointsx andx + I i (x).

For θi ∈ Λi , we distinguish two subsets of the section:M (θi) andMi+1 (θi). The
properties that a pointx ∈ �n belongs toM (θi) or Mi+1 (θi) are defined in the follow-
ing way. LetΩi = {(t, x) ∈ �+ ×�n : ti−1 (x) < t ≤ ti (x)}, i = 1, 2, . . . , t0 (x) ≡ 0. If
(θi , x) ∈ M ∩ Ωi , thenx ∈ Mi (θi); if (θi , x) ∈ M ∩ Ωi+1 or (θi , x) is a boundary point
for M ∩ Ωi+1 thenx ∈ Mi+1 (θi); M (θi) = Mi (θi) ∪ Mi+1 (θi) , (θi ∈ Λi). It is possible
thatMi (θi) ∩ Mi+1 (θi) , ∅.

Assume thatM (t) , ∅, M (t) ⊆ Q ⊂ �n, t ∈ �+, whereQ is a compact set.
Furthermore we shall suppose thatQε0 ⊂ Bh, whereQε0 = {x ∈ �n : % (x, Q) < ε0},
Bh = {x ∈ �n : ‖x‖ ≤ h}, for someε0 > 0, h > 0.

In the case when impulsive system (1.1) is a system with impulses at fixed times,
i. e., ti (x) ≡ τi , i = 1,2, . . . , we differentiate two subsets of the section of integral set
M only for pointsτi : if (τi , x) ∈ M ∩ Ωi ,thenx ∈ Mi (τi); if (τi , x) ∈ M and(τi , x) is
a boundary point ofM ∩Ωi+1, thenx ∈ Mi+1 (τi).

We shall say that the solutiony(t) of (2.1) belongs toε-neighbourhood of the in-
tegral setM for t ≥ t0 if there exists a sequence{θi} , i = 1, 2, . . . , θi ∈ Λi , such that
|θyi − θi | < ε and% (y(t, t0, y0), M(t)) < ε for t ≥ t0, t <

⋃∞
i=1 (θi − ε, θi + ε) (here,

θ
y
i , i = 1, 2, . . . , are points of discontinuity of the solutiony(t) and% (y,M (t)) is a

distance betweeny and the setM (t)).
With every point(t0, y0) ∈ �+ ×�n, we associate the setMy0 (t0) as follows:

My0 (t0) =



M (t0) if t0 <
⋃∞

i=1 Λi ,

Mi (t0) if t0 ∈ Λi , (t0, y0) ∈ Ω,i

Mi+1 (t0) if t0 ∈ Λi , (t0, y0) ∈ Ωi+1.

We give the following definitions of stability and asymptotic stability of an integral
set [7].

The integral setM of system (2.1) is stable if for anyε > 0 andt0 ∈ �+ there
exists such a numberδ = δ (ε, t0) > 0 that, for any solutiony (t) = y (t, t0, y0) of
system (2.1),%(y0,My0 (t0)) < δ implies thaty (t) belongs to theε-neighbourhood of
the integral setM for t ≥ t0 (it is assumed thatt0 , θ

y
i ).

The stable integral setM of system (2.1) is asymptotically stable if there exists
such a numberδ0 > 0 that for any solutiony (t) = y (t, t0, y0) of (2.1) that satisfies the
inequality%(y0,My0 (t0)) < δ0, the following holds: limt→∞ % (y (t) ,M (t)) = 0.
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These definitions of the stability properties of the integral set of the impulsive sys-
tem (2.1) agree with the corresponding definitions of stability properties of a single
discontinuous solution of (2.1) [1,2].

There are various ways for the investigation of stability of integral sets for impul-
sive systems. One of them consists of the reduction of the problem to the considera-
tion of a simpler case impulsive system - a system with impulses at fixed times.

Suppose that, in (2.1), the functionsf (t, x) andI i (x) satisfy the conditions

‖ f (t, x) − f (t, y)‖ + ‖I i (x) − I i (y)‖ ≤ K‖x− y‖
uniformly with respect tot ∈ �+, i = 1, 2, . . . , for all x, y ∈ �n, and

sup
t≥0
‖ f (t, 0)‖ + sup

i≥1
‖I i (0)‖ < +∞

Suppose that, forx ∈ Bh, the equations of surfaces of discontinuity of solutions can
be written in the form

t = ti (x) = τi + τi (x) , i = 1, 2, . . . ,

and the following conditions are satisfied:

τi+1 − τi ≥ d > 0, 0 ≤ τi (x) ≤ l < d, |τi (x) − τi (y)| ≤ l ‖x− y‖ , i = 1, 2, . . . ,

wherel is a sufficiently small number.
It is proved in [7] that, under such assumptions, the investigation of stability of

integral sets of impulsive differential system (2.1) can be reduced to the investigation
of stability of integral set of some differential system with impulses at fixed times.
One can point out the system with impulses at fixed times and the integral setM̂
(constructed by system (2.1) and the setM) such that the stability (resp., asymptotic
stability) of M̂ for constructed system implies the stability (resp., asymptotic stabil-
ity) of the setM for system (2.1). Note that definitions of stability properties of sets
in this particular case of impulsive system coincide with well-known definitions for
ordinary differential equations [8]. As it was mentioned, investigation of a set’s sta-
bility for the systems with fixed times of impulses is simpler than in the general case
of impulsive system.

To illustrate the possible character of such conditions we adduce one variant of suf-
ficient conditions for stability (asymptotic stability) of an integral set of an impulsive
differential system with fixed time moments sequence of impulse action [7].

Consider the system
dx
dt

= F (t, x) , t , τi ,

∆x|t=τi = Ji (x) ,
(2.2)

wherex ∈ �n, t ∈ �+, i = 1,2, . . . ., 0 = τ0 < τ1 < . . . , τi → ∞ asi → ∞.
As above, assume that system (2.2) satisfies the conditions of existence and unique-

ness of solutions, and that any solution of system (2.2) is defined on [t0,+∞).
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Let M be an integral set of system (2.2). As above, suppose that, for eacht ∈ �+,
the sectionM (t) is not empty and is contained in a compact setQ ⊂ �n; Qε0 ⊆ Bh.

Consider a continuously differentiable functionV(t, x) defined in the domainZ ={
(t, x) : t ∈ �+, x ∈ Qε0

}
and possessing the properties

V(t, x) = 0, (t, x) ∈ M; V (t, x) > 0, (t, x) < M;

V (t, x) ≥ a (% (x,M (t))) ,
(2.3)

wherea (s) (s≥ 0) is a continuous increasing function,a (0) = 0.
Assume that there existsµ > 0 (0 < µ < ε0) such that, forx ∈ Qµ, one has

x + Ji (x) ∈ Qε0, i = 1, 2, . . . .
Consider, for example, the case where the sequence{τi}, i = 1, 2, . . . , satisfies the

conditionτi+1 − τi ≥ θ, θ > 0.

Theorem 6. (A) Let there exist a continuously differentiable functionV (t, x)
satisfying conditions(2.3) in the domainZ and such that

∂V (t, x)
∂t

+
〈
gradx V (t, x) , F (t, x)

〉 ≤ −ϕ (V (t, x)) , (2.4)

V (τi , x + Ji (x)) ≤ ψ (V (τi , x)) , i = 1,2, . . . (2.5)

whereϕ(s), ψ(s) ∈ K0. If there exists a positive numbera0 such that, for an
arbitrary a ∈ (0, a0], ∫ ψ(a)

a

ds
ϕ(s)

≤ θ,
then the setM is stable with respect to system(2.2).

(B) Let there exist a continuously differentiable functionV (t, x) satisfying in the
domainZ conditions(2.3), (2.4), (2.5).

If there exist positive numbersa0 andγ such that
∫ ψ(a)

a

ds
ϕ(s)

≤ θ − γ
for all a ∈ (0, a0], then the setM is asymptotically stable with respect to
system(2.2).

The form of these conditions is similar to conditions quoted above for the stability
of an invariant set of system (1.1) (Theorem 3).

It must be mentioned that problems of sets’ stability for impulsive differential
equations were studied by many authors, see, e. g., [9–13].

The work [9] studies sufficient conditions of stability, asymptotic stability, insta-
bility, and global stability of the trivial invariant torus of the system

dϕ
dt

= a (ϕ) ,
dx
dt

= f (ϕ, x) , ∆x|t=τi
= I (ϕ, x) , (2.6)

wherea (ϕ) ∈ CLip (Tm), the functionsf (ϕ, x) andI i (ϕ, x) are defined in the domain
Z = {ϕ ∈ Tm, x ∈ J̄h} (here, J̄h = {x ∈ �n : ‖x‖ ≤ h, h > 0}), are 2π-periodic with



200 GIOVANNI MATARAZZO, NIKOLAI A. PERESTYUK, AND OLGA S. CHERNIKOVA

respect to each of their variablesϕν, ν = 1, . . . ,m, and, moreover,f (ϕ, 0) ≡ 0,
I (ϕ, 0) ≡ 0 for all ϕ ∈ Tm. The sequence{τi} is assumed to be such thatτi >
τi−1, i = 1,2, . . . , and limi→∞ τi = ∞.

The paper [9] also considers stability conditions for the trivial invariant torus of
the burst dynamical system

dϕ
dt

= a (ϕ) ,
dx
dt

= f (ϕ, x) , ∆x|ϕ∈Γ = I (ϕ, x) , (2.7)

whereΓ is a subset of the torusTm (a manifold of dimensionm− 1).
It is important to note that, for solving the problem on stability of an invariant

torus, it is sufficient to consider the functionsV (ϕ, x), V (ϕ, I (ϕ, x)), and dV
dt in

the regionZΩ = {ϕ ∈ Ω, x ∈ J̄h} only, and not everywhere in the regionZ (here,
Ω =

⋃
ϕ∈Tm

Ωϕ ⊂ Tm, Ωϕ is theω-limit set of the positive half-trajectory of the
solutionϕt (ϕ), ϕ ∈ Tm, t ∈ [0,+∞) of the first equation of system (2.6) or (2.7)).

In [10], the stability of a setM ⊂ �+ ×�n is investigated for an impulsive system
of the general form (2.1) and, in [13], for the system

dx
dt

= f (t, x (t) , x (t − h)) , t > t0, t , τk (x (t)) ,

x (t) = ϕ0 (t) , t ∈ [t0 − h, t0],

∆x (t)|t=τ(x(t)) = Ik (x (t)) , t > t0, k = 1,2, . . .

Note that the definitions of stability of a setM ⊂ �+ × �n for the system (2.1) used
in [10, 13] correspond to the definitions of stability properties of sets for ordinary
differential equations (without impulses) [8] and agree with the definitions of stability
properties for the trivial (continuous) solution of an impulsive equation [1,2].

The methods of investigation of the stability of sets in the papers cited above are
based on Lyapunov’s direct method and its generalisations. As one can see [11–13], it
is also efficient to apply the comparison principle together with the Lyapunov second
method.
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