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AsstrAcT. The problems of sets’ stability for impulsivefiérential systems are
considered. A short survey of the recent results connected with the stability prop-
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1. STABILITY OF INVARIANT SETS FOR DISCONTINUOUS DYNAMICAL SYSTEMS

In the present paper, we give a survey of the recent results connected with the sta-
bility properties of sets for impulsive flierential systems and characterise the meth-
ods of investigation of the sets’ stability.

Let us first consider the system ofi@irential equations (discontinuous dynamical
system [, 2)

dx
i f(x), x¢T, (1.1)
AXyer = TX=Xx=1(X),

wherex € D c R", f(x) € C[D, R"], D is a bounded domain iR", t € [0,), T
is an operatorT : I' —» Q, I is a surface without contact for the syst%%h: f(X),
I' c D (possibly,I' = D), andQ is a closed subset @.

We shall assume that the conditions for existence and uniqueness of solutions of
(1.1) are fulfilled and also suppose that each solution of (1.1) exists, ead De-
note byx(t) = x(t, xo) the solution of (1.1) satisfying initial conditiox(0) = Xo.

We indicate the following kinds of motions of the system (11F)motions with-
out impulse #ect; 2° motions whose trajectories hit the $&ho more than finitely
many times; an@° motions whose trajectories hit the géinfinitely many times.
Let Q be the set of such pointg that trajectoriegX(t, Xo) : t € [0, +o0)} meetl’
infinitely many times. Let us pubs;(M) = {xe D : o(x,M) <d} andUs(M) =
{xe D : 0<o(x, M) < ¢} foranysetM C D.
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We shall say that a séd C D is an invariant set of system (1.1)x§ € M implies
thatx(t, Xp) € M fort > 0.

A closed invariant seM of the system (1.1) is said to be stable if for any 0
there exist® = 6 (g) > 0 such thatg € Ss(M) implies x(t, xg) € S,(M), t > 0, for
any solutionx(t) = x(t, xg) of (1.1).

A closed invariant seM of the system (1.1) is said to be asymptotically stable if
M is stable and there exisfig > O such that the relatiory € S;,(M) implies that
lim (000 (X(t, Xo), M) = 0 for any solutiorx(t) = x(t, xo) of (1.1).

A closed invariant seM of the system (1.1) is said to be stable (asymptotically
stable) with respect to the s&t c D if the solutions beginning iB satisfy the
conditions of the definition of stability (asymptotic stability) for the bt

The closed invariant sé¥l is said to be unstable if conditions of the definition of
stability fail to hold.

To establish stability results for invariant sets of the system (1.1) we use an auxil-
iary functionV(x) possessing certain properties.

Let V(x) be a function continuously fierentiable inD and such that

V() =0, Xxe Mg, Moc D, Mg# @,  V(X) >0, xe D\ Mo. (1.2)

Denote byKj the class of continuous functiogs: R, — R, such thatp(s) = 0
ifand only if s= 0.

We formulate some conditionsficient for the stability of invariant sets of system
(1.2).

Theorem 1(see B)). (A) Assume that there exists a functigfx) satisfying
condition(1.2)and the conditions

(gradV(x), f(x)) <0 (xgTI), (1.3)

VX+1(X) <V(X) (xeTI). (1.4)

ThenMy is a stable invariant set for systefh.1).
(B) Assume that there exists a functhé(x) satisfying conditiong§l.2), (1.4), and

(gradV(x), f(X)) < —o(V(X)) (x¢T), (1.5)

whereg (s) € Kg. ThenMg is an asymptotically stable invariant set of the
systen(1.1).

Let Mg be a closed invariant set such thd§ N Q # @, Mg # Q.

Theorem 2 (see B]). If there exists a functioW(X) satisfying conditiong1.2),
(1.3), and

V(x+1(X) -V < -y(V(x), xeT,

wherey () € Kp, thenMg is an asymptotically stable invariant set of systg)
with respect to sed.



STABILITY OF SETS FOR IMPULSIVE DIFFERENTIAL SYSTEMS 195

The proofs of the statements of this theorem are based on reasoning similar to

[1,2,4.
The following theorem gives more interesting conditions for stability properties of
the invariant set in suggestion that

£, -t2>6>0 kx>1 (1.6)

We denote byf(‘o, k =1,2,..., the moments at which the discontinuous trajectory
X(t, Xp) meets the sdi.

Theorem 3. Assume that for gierential systen{l.1), there exists a functiox(x)
satisfying condition¢1.2), (1.5), and the condition
Vx+1(x)) <y (V(x), xeT,
wherey (s) € Ko.
(A) If there existsag > 0 such that, for alla € (0, ag] ,

(@) dS
[,
a ¢(9)

where@ is the number fron{1.6), then Mg is a stable invariant set of the
systenm(1.1).
(B) If there existsy > 0 such that, for alla € (0, ag] ,

fw(a) ds
—_ S 9_
. e 7

for somey > 0, thenMg is an asymptotically stable invariant set of system
(1.1).

Consider some conditions for instability of the 4§ c D [3].

Theorem 4. Assume that there exists a functid(x) continuously dyerentiable
on the setSp(Mp) and such thaV(x) = 0, x € Mg and, for anys (0 < 6 < h),
Us(Mo) NTT # @, wherell = {x € D : V(X) > 0} . Assume also that, on the §&tthe
functionV(x) satisfies the conditions

(gradVv(x), f(x)) > e(V(¥) (x¢I)
and
V(x+1(x)=V(x) (xel),
wheregp (s) € Kg. ThenMg is an unstable set for systgh.1).

Theorem 5. Assume that there is a continuouslyfelientiable functiornv(x) de-

fined on the seBn(Mo) such thatV(x) = 0, x € Mg, and for anys (0 < § < h),

Us(Mp) NI # @, wherell = {x € D : V(X) > 0}. Assume also that, on the détthe
functionV(x) satisfies the conditions

(gradV(x), f(x)) 2 ¢(V(x)), (x¢T)
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and
VIX+1() =2y (V(x) (xeI),
wheregp (s) € Ko, ¥ () € Ko.
If for anya € (0, ao], whereap = sup_, V(x), and some > 0

f"" ds <0
5 oy,
(@) ¢ (9

thenMp is an unstable set for systgih 1).

Analogous results may be established in the case when the seqlt{:éncle =
1,2,..., satisfies the conditiof®, — t:° < 6;.

The results above are natural generalisations of the stability results for impulsive
systems with unique equilibrium positions. If the invariant set of system (1.1) is a
point x = 0, then the results mentioned above give the well-knowhcsent condi-
tions for stability, asymptotic stability, and instability of the trivial solution (see the

survey of the corresponding results 8))f

2. STABILITY OF INTEGRAL SETS OF THE DIFFERENTIAL SYSTEMS WITH IMPULSIVE
PERTURBATIONS

Consider now the impulsive fierential system

dx
— = f(t, X), t£t(X),
Axlt:ti(x) = Ii(X)v
wherex e R", te Ry, f(t, X), li(X), i =1,2,..., are continuous vector-functions,

t; (X) are continuous functions such that@;(x) < t2(x) < ..., xe€ R" tj(X) - o as

i — oo uniformly in x € R". We assume that, for any poiftg, xo) € R, x R", there
exists a unique solutior(t) = x(t, tg, Xp) of (2.1) on[ty, o) satisfyingx (top) = Xo,
and that the integral curve of each solution meets each of the hypersutfadgs)
only once, i. e., the phenomenon of “beating” is not observediictnt conditions
for the absence of the phenomenon of “beating” are well-known (see, &, 8.6).

We recall [L, 2] that any solutionx (t, tg, Xg) of (2.1) is a piecewise continuous
function with points of discontinuityy, 6% = t;(x(6)), i = 1,2,...;
x(HiX, to, xo) = x(é’iX -0, to, xo),
X(8F + 0, to, Xo) = X (6, to, X0) + Ii (X(6%, to, X))

We shall say that sé¥l c R, x R" is an integral set of system (1.1) if, for any
point (to, Xo) € M, it follows that ¢, x(t, to, Xo)) € M for t > to.

Note that, together with a poilit®, x*) € M belonging to the surface of disconti-
nuity (t* = t; (x*)), the setM contains also the poirft®, x* + I; (x*)).
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Foreach = 1,2,..., we denote by\; the set of time moments when the integral
curves belonging td1 meet the hypersurfade= tj(x), i. e, the set of solutions of the
equationr = t; (x(1)), (7, X(r)) € M. If, for instance, the integral set is the integral
curve{(t, x) : te R*, x = x(t, 0, Xp)} thenA; consists of a single pointA; = {6}.
Inthe case wherg(x) = 7j,i = 1,2,..., each sel\; also consists of a single element:
Aj = {7}

LetM(t) = {xeR": (t, X) € M}. If t = 6; € A, (6;, X) € M and6; = t;j (X), then,
as it was noted above, the ddtcontains both points:g(, x) and(g;, x + |; (X)) and,
therefore, the sectiokl (6;) contains both pointg andx + I; (X).

For 6, € A, we distinguish two subsets of the sectidvi:(4;) andM;.1 (6). The
properties that a point € R" belongs taM (6;) or M;,1 (6,) are defined in the follow-
ingway. LetQ = {(t, ) e R, x R":ti_1 (X) <t<t(x)},i=12,...,t6(X) =0. If
@, X) e M N Q;, thenx € M; (6); if (6, X) € M N Qi1 0r (6, X) is a boundary point
for M N Qi1 thenx e M1 (6); M (6;) = M; (6) U Mi;1 (), (6 € A;). Itis possible
thatM; (6)) N Mi,1(6) # @.

Assume thatM (t) # @, M(t) € Q c R", t € R, whereQ is a compact set.
Furthermore we shall suppose tiggt c Bh, whereQ,, = {xe R": o (X, Q) < &0},

Bh = {x€ R":||x|| < h}, for somesg > 0, h> 0.

In the case when impulsive system (1.1) is a system with impulses at fixed times,
e, ti(x)=1,i=12,..., we diferentiate two subsets of the section of integral set
M only for pointsr;: if (ri, X) € M N Q;,thenx € M; (77); if (11, X) € M and(r;, X) is
a boundary point oM N Q. 1, thenx € M1 (1i).

We shall say that the solutigit) of (2.1) belongs ta-neighbourhood of the in-
tegral setM for t > tg if there exists a sequen¢g},i = 1,2,..., 6; € A;, such that
10/ — 61 < € ando (y(t, to, yo), M(t)) < efort > to, t ¢ U2, (6 — &, 6 + &) (here,
Qi‘/, i =1,2,..., are points of discontinuity of the solutigift) ando (y, M (t)) is a
distance betweemand the seM (t)).

With every point(to, yo) € R: x R", we associate the sbt, (to) as follows:

M(to) iftog U2 A
My, (to) = s Mi(to)  if to € A, (to, yo) € Qi
Mii1(to) if to € Aj, (to, yo) € Qjs1.

We give the following definitions of stability and asymptotic stability of an integral
set [7].

The integral seM of system (2.1) is stable if for any > 0 andtp € R, there
exists such a number = § (g, tg) > 0 that, for any solutiony (t) = y (t, to, yo) Of
system (2.1)o(yo, My, (to)) < ¢ implies thaty (t) belongs to the-neighbourhood of
the integral seM for t > to (it is assumed thap # 6).

The stable integral sétl of system (2.1) is asymptotically stable if there exists
such a numbefy > 0 that for any solutioy (t) = y (t, to, yo) of (2.1) that satisfies the
inequalityo(yo, My, (to)) < do, the following holds: lim,. o (y (t), M (t)) = 0.
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These definitions of the stability properties of the integral set of the impulsive sys-
tem (2.1) agree with the corresponding definitions of stability properties of a single
discontinuous solution of (2.11[2].

There are various ways for the investigation of stability of integral sets for impul-
sive systems. One of them consists of the reduction of the problem to the considera-
tion of a simpler case impulsive system - a system with impulses at fixed times.

Suppose that, in (2.1), the functiofigt, X) andl; (x) satisfy the conditions

I1F (%) = F (6l + 111 () =L ()N < KlIx=yll
uniformly with respecttd e R,,i =1,2,..., forall x,y € R", and

suglf (t, O)Il + suplli (O)I] < +o0

t>0 i>1
Suppose that, fox € By, the equations of surfaces of discontinuity of solutions can
be written in the form

t=t(X)=7+7(x),i=12,... ,
and the following conditions are satisfied:
T -7 2d>0, 0<7(Q)<l<d, [f(¥-ni@I<lx-yl, i=12...,

wherel is a suficiently small number.

It is proved in [7] that, under such assumptions, the investigation of stability of
integral sets of impulsive fferential system (2.1) can be reduced to the investigation
of stability of integral set of some filerential system with impulses at fixed times.
One can point out the system with impulses at fixed times and the integril set
(constructed by system (2.1) and the BBtsuch that the stability (resp., asymptotic
stability) of M for constructed system implies the stability (resp., asymptotic stabil-
ity) of the setM for system (2.1). Note that definitions of stability properties of sets
in this particular case of impulsive system coincide with well-known definitions for
ordinary diferential equations3]. As it was mentioned, investigation of a set’s sta-
bility for the systems with fixed times of impulses is simpler than in the general case
of impulsive system.

To illustrate the possible character of such conditions we adduce one variant of suf-
ficient conditions for stability (asymptotic stability) of an integral set of an impulsive
differential system with fixed time moments sequence of impulse adfjon [

Consider the system

%= F(t X, t+,
AX|t:‘ri =Jj (X) s
wherexe R", teR,,i=12,....,0=190<71<..., Tj = c0asi — co.

As above, assume that system (2.2) satisfies the conditions of existence and unique-

ness of solutions, and that any solution of system (2.2) is define,arg).

(2.2)
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Let M be an integral set of system (2.2). As above, suppose that, foit eaBh,
the sectiorM (t) is not empty and is contained in a compact@et R"; Q,, < By.

Consider a continuously fiierentiable functiotV(t, x) defined in the domai& =
{(t, ) : t e Ry, x € Qg} and possessing the properties

V(t, X) =0, (t, X) € M; V(i X)>0, (t, X) ¢ M;
V(t, x) > ale(x M(1),

wherea(s) (s > 0) is a continuous increasing functian(0) = 0.

Assume that there exisfs > 0 (0 < u < &) such that, forx € Q,, one has
X+Ji(X) € Qi =1,2,....

Consider, for example, the case where the sequietice = 1, 2,..., satisfies the
conditiontiz1 —7i > 6,6 > 0.

(2.3)

Theorem 6.  (A) Let there exist a continuouslyfiirentiable functiorV (t, x)
satisfying condition$2.3)in the domairZ and such that

6V§X)+®HQV¢xLFmx»s—wwa»m, (2.4)

Vi, x+ 3 () <y (V@i X)), i=12... (2.5)
whereg(s), ¥(S) € Ko. If there exists a positive numbag such that, for an

arbitrary a € (0, ag],
(@) ds
[
a (s

then the seM is stable with respect to syste 2).
(B) Let there exist a continuouslyfirentiable functiorV/ (t, x) satisfying in the
domainZ conditions(2.3), (2.4), (2.5).
If there exist positive numbesag and+y such that

f‘p(a) dS
- S 0 —_
. w97

for all a € (0, ag], then the seM is asymptotically stable with respect to
system(2.2).

The form of these conditions is similar to conditions quoted above for the stability
of an invariant set of system (1.1) (Theorem 3).
It must be mentioned that problems of sets’ stability for impulsivéedential
equations were studied by many authors, see, e9¢g1l3.
The work ] studies sfficient conditions of stability, asymptotic stability, insta-
bility, and global stability of the trivial invariant torus of the system
d dx
a0, G = M =1 %), (2.6)
wherea(g) € Ciip (Im), the functionsf (¢, x) andl; (¢, X) are defined in the domain
Z = {p € .Im x€ ) (here,J, = {xe R":||x| < h, h>0}), are Z-periodic with




200 GIOVANNI MATARAZZO, NIKOLAI A. PERESTYUK, AND OLGA S. CHERNIKOVA

respect to each of their variables, v = 1,...,m, and, moreoverf (¢, 0) = 0,
I (p, 0) = 0 for all ¢ € F». The sequencér;} is assumed to be such that >
Ti—1, 1=1,2,...,and lim_. 7i = oo.

The paper 9] also considers stability conditions for the trivial invariant torus of

the burst dynamical system
¥oaw. =, Mar=169. @7)
wherel is a subset of the torusy, (a manifold of dimensiom — 1).

It is important to note that, for solving the problem on stability of an invariant
torus, it is stificient to consider the functiong (¢, x), V (¢, | (¢, X)), and %—‘t’ in
the regionZo = {p € Q, x € Jy} only, and not everywhere in the regiah(here,

Q = Ugezn Qp C Im, Q, is the w-limit set of the positive half-trajectory of the
solutiong; (¢), ¢ € Im, t € [0, +o0) of the first equation of system (2.6) or (2.7)).

In [10], the stability of a seM c R, x R" is investigated for an impulsive system

of the general form (2.1) and, i1 3], for the system

dx_ f(t, x(t), x(t—h)), t>to, t # 7 (X(1)),

dt
X(t) =¢o(t), te[to—h, to],

Ax(t)h:‘r(x(t)) =l (X (t)) ,t>1t, k=12...
Note that the definitions of stability of a skt c R, x R" for the system (2.1) used
in [10, 13 correspond to the definitions of stability properties of sets for ordinary
differential equations (without impulses)] pnd agree with the definitions of stability
properties for the trivial (continuous) solution of an impulsive equatigf][

The methods of investigation of the stability of sets in the papers cited above are

based on Lyapunov’s direct method and its generalisations. As one cdriséd]it
is also dficient to apply the comparison principle together with the Lyapunov second
method.
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