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Abstract. The aim of this paper is to prove some fixed point theorems for L-functions with the
help of measure of noncompactness and the Tychonoff fixed point theorem. Also, we prove some
existence theorems for a general infinite system of integral equations. As an application, we study
the problem of the existence of solutions for infinite systems of nonlinear integral equations of
Hammerstein type in two variables. The results obtained extend several ones. Finally, an example
is presented to guarantee our results.
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1. INTRODUCTION AND PRELIMINARIES

There are three major branches of fixed point theory in functional analysis, and
each branch has its celebrated theorems. In the topological branch of fixed point the-
ory, the main three theorems are Brouwer’s fixed point theorem, its infinite dimen-
sional version, Schauder’s fixed point theorem, and Tychonoff fixed point theorem
on locally convex spaces which in each of them compactness plays an essential role.

Theorem 1 (Schauder [1]). Let C be a closed and convex subset of a Banach
space E. Then every compact and continuous map F : C — C has at least one
fixed point.

Theorem 2 (Tychonoff fixed point theorem [1]). Let E be a Hausdorf{f locally con-
vex linear topological space, C a convex subset of E and F : C — E a continuous
mapping such that

F(C)cACC
with A compact. Then F has at least one fixed point.

The concept of measure of noncompactness together with the well-known Darbo’s
fixed point theorem have played a basic role in nonlinear functional analysis, espe-
cially in topological fixed point theory. Up to now, several papers have been published
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on the existence and behavior of solutions of nonlinear differential and integral equa-
tions, using the technique of measure of noncompactness together with the Darbo’s
fixed point theorem. Some of these works are noted in [3,4,7, 8, 10, 12-16, 18, 19].
Recently, the theory of infinite systems of integral or differential equations can also
be used in solving some problems for differential and integral equations (see [5, 11,
—25]).
On the other hand, In 1969, Meir and Keeler [2 1] proved the following very interest-
ing fixed-point theorem, which is a generalization of the Banach contraction principle

[6].

Definition 1 ([21]). Let (X,d) be a metric space. Then a mapping T on X is said
to be a Meir-Keeler contraction (MKC, for short) if for any ¢ > 0, there exists § > 0
such that

e<d(x,y)<e+8=d(Tx,Ty) <e, (1.1)

forall x,y € X.

Theorem 3 (Meir and Keeler [21]). Let (X,d) be a complete metric space. If
T : X — X is a Meir-Keeler contraction, then T has a unique fixed point.

Next, Lim [20] and Suzuki [26] introduced the notion of L-functions and char-
acterized Meir-Keeler contractions in metric spaces. Moreover, Aghajani et al. [2]
introduce the notion of Meir-Keleer condensing operator on a Banach space, a char-
acterization using strictly L-functions and provide a few generalizations of Darbo’s
fixed point theorem. In this paper, we state and prove some fixed point theorems for
L-functions on Fréchet spaces with the help of measure of noncompactness and the
Tychonoff fixed point theorem, which is an extension of the results [21], Lim [20],
Suzuki [26] and Darbo [13]. Then, we prove some existence theorems for a general
infinite system of integral equations. Finally, using the obtained results, we are go-
ing to study the existence of continuous solutions of the infinite system of nonlinear
integral equations of Hammerstein type

Xn(t,5) (1.2)
_ fn<t,s,x1(t,s)...,x,,(t,s),/w/mkn(t,s,v,w)hn(v,w,(xj(v,w));";l)dvdw),
0 0

t,s € R4, n e N. The functions f,, k, and h, (n € N) are continuous and sat-

isfy some certain conditions, specified later. Furthermore, an example is presented to
guarantee our results.
Now, we recall some basic facts concerning measures of noncompactness. Denote by
R the set of real numbers and put Ry = [0, +00). Let (£, || -||) be a real Banach space
with zero element 0. Let B(x,r) denote the closed ball centered at x with radius r.
The symbol B, stands for the ball B(0,r). For X, a nonempty subset of E, we de-
note by X and ConvX the closure and the closed convex hull of X, respectively.
Moreover, let us denote by Mg the family of nonempty bounded subsets of £ and
by Mg its subfamily consisting of all relatively compact sets.
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A topological vector space (TVS) is a vector space X over the field R which is en-
dowed with a topology such that the maps (x,y) — x + y and (o, x) — ax are
continuous from X x X and R x X to X. A topological vector space is called locally
convex if there is a basic for the topology consisting of convex sets (that is, sets A
such thatif x,y € Athentx +(1—t)y e Afor0 <t < 1).

Definition 2 (Definition 1.11 in [9]). A Fréchet space is a complete linear metric
space or equivalently, a complete total paranormed space. In other words, a locally
convex space is called a Fréchet space if it is metrizable and the underlying metric
space is complete.

Definition 3 ([5]). Let M be a class of subsets of a Frechet space E, we say M is
an admissible set if 91z N M # @ and if X € M, then Conv(X), X € M.

Definition 4 ([5]). Let M be an admissible subset of a Fréchet space E, we say
that 1 : M —> R4 be a measure of noncompactness on Fréchet space E if it satisfies
the following conditions:

(1°) The family keru = {X € M : u(X) = 0} is nonempty and kerpu C Ng.

(2°) X CY = p(X) = u(Y).

(3%) m(X) = p(X).

(4°) p(ConvX) = pu(X).

(5°) pAX 4+ (1 =1Y) <Au(X)+ (A —=A)u(Y) for A € [0,1].

(6°) If {X,} is a sequence of closed sets from M such that X,4+1 C X, forn =

1,2,---, and ifnli)n;ou(Xn) =0, then Xoo = NJ2, X, # D.

Definition 5 (Lim [20]). A function ¢ from R4 into itself is called an L-function
if 9(0) =0, p(s) > 0 for s € (0, +00), and for every s € (0, +00) there exists § > 0
such that ¢(¢) < s, forall ¢ € [s,s5 4 4].

Definition 6 ([2]). A function 6 from R4 into itself is called a strictly L-function
if 8(0) =0, 8(s) > 0 for s € (0, 4+00), and for every s € (0, 400) there exists § > 0
such that (¢) < s, forallt € [s,s + §].

2. FIXED POINT THEOREMS
In this section, we present some fixed point theorems on a Fréchet space.

Definition 7. Let £2 be a nonempty subset of a Fréchet space E, M an admissible
set such that £2 € M and p : M —> R4 be a measure of noncompactness on E. We
say that an operator F : £2 — 2 is a Meir-Keeler condensing operator if for any
¢ > 0, there exists § > 0 such that

e<uX)<e+d = u(FX) <e, 2.1
and F(X) € M for any nonempty subset X € M.

Now, we are ready to state our first main theorem for this section.
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Theorem 4. Let §2 be a nonempty, closed and convex subset of a Fréchet space
E, M an admissible set such that 2 € M and p : M —> R4 be a measure of non-
compactness on E. Let F : §2 —> §2 be a continuous and Meir-Keeler condensing
operator, then F has at least one fixed point.

Proof. By induction, we obtain a sequence {£2,} such that 29 = 2 and 2, =
Conv(F$§2,-1), n > 1. It is obvious that £2,, € M and £2,,+1 C §2, for all n € N.
If there exists an integer N > 0 such that u(2y) = 0, then £2, is compact. Thus,
Tychonoff fixed point theorem implies that F has a fixed point. Now assume that
w(£2,) # 0 for n > 0. Define &, = u(82,). Since £2,4+1 C §2, and by (2°) so we
have {g,} is a positive decreasing sequence of real numbers and there exists y > 0
such that ¢, — y as n — co. We claim that y = 0. Suppose, on the contrary, that
y > 0, then there exists ng such that n > ng implies y <&, < y + 6(y), therefore by
the definition of Meir-Keeler condensing operator, €,41 < y which is a contradiction.
Therefore, y = 0, that is, &, — 0 as n — oo. Since the sequence (£2,) is nested, in

o0
view of axiom (6°) of Definition 4 we deduce that the set 2o, = ﬂ £2, is nonempty,

n=1
closed and convex subset of the set £2. Moreover, the set 24 is invariant under the

operator F' and belongs to Keru. Thus, applying Tychonoff fixed point theorem, F
has a fixed point. O

Lemma 1. Let ¢ : Ry —> Ry be an increasing and right continuous function.
Then the following conditions are equivalent:
(a) ¢(t) <t foranyt > 0and ¢(0) = 0.
(b) ¢ is an L-function.
(¢) ¢ is a strictly L-function.

Proof. Let ¢ satisfy condition (a). Since ¢(¢) < ¢ for any ¢t > 0 and ¢ a right
continuous function, so for any s > 0 there exist 65 > 0 such that

lo(1) =) <5 —(s)

forall ¢ € [s,s 4+ 85]. Thus, ¢(¢) < s forall ¢ € [s,s + &5] and ¢ satisfies condition (b).

Now, assume that ¢ satisfies condition (b). Thus, for any s > 0 there exists § > 0

such that ¢(¢) < s for all ¢ € [s,s + §]. Since ¢ is an increasing function, so ¢(t) < s

forallt € [s,s + %] and ¢ satisfies condition (c).

It remains to be shown that condition (c) implies condition (a). Because ¢ is a strictly

L-function, it implies that ¢(s) < s for all s > 0 and therefore the proof is obvious.
O

Now, we formulate and prove a fixed point theorem using strictly L-functions as
an application of Theorem 4.
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Theorem 5. Let 2 be a nonempty, closed and convex subset of a Fréchet space E,
M an admissible set such that 2 € M and |1 : M —> R4 a measure of noncompact-
ness on E. Then T is a Meir-Keeler condensing operator if and only if there exists a
(increasing, right continuous) strictly L-function ¥ such that

u(TX) < (X)), (2.2)

foreach X C 2 and X € M.
Proof. Let ¢ > 0 be given. By the assumption, there exists § > 0 such that 9 (¢) < &

ife <t <e+4. If X is a subset of £2 such that

e<u(X) <e+d(e),
thus,

p(T(X)) =9 (n(X)) <e

and T is a Meir-Keeler condensing operator. For the necessity part, assume that T is

a Meir-Keeler condensing. From the definition of Meir-Keeler condensing, we can
define a function « : (0, 00) — (0, 00), such that

e < u(X) <e+42a(e) = w(T(X)) <s, (2.3)
for ¢ € (0,00). Using such «, we define a nondecreasing function § : (0,00) —
[0.00), by

B(t) =infle: t <e+a(e)}
for t € (0,00). Since t <t + a(t), we note that §(¢t) <t for ¢t € (0,00). Define a
function ¢ from [0, co) into itself by

0 ift=0,
p1(t)y=13 B(@) ift>0andmin{e >0:1 <e+a(e)}exists, (2.4)
% otherwise.

Similar to Proposition 1 in [20], ¢; be an L-function. Now, we define ¢», ¢3 and &
from [0, 0o) into itself by

P2(t) = sup{gp1(s) : s <t},
¢3(t) = inf{pa(s) : 5 >t}

and
4 t
(1) = ¢3(2) +
for t € [0,00). Then we have

0=<¢1(t) <pa(t) <3(t) < V() <t

for all ¢ € (0,00), ¢ is a nondecreasing L-function, ¢3 is a nondecreasing, right
continuous L-function and ¥ is an increasing, right continuous L-function. Therefore,
by Lemma 1 we have ¥ is a increasing and right continuous strictly L-function. Fix
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X € M such that u(X) # 0. From the definition of §, there exists ¢ < u(X) such
that ¢ < u(X) < e+ a(e). Thus,

mTX) <e < (X)) <9 (u(X))
holds. g

Remark 1. If there exists a strictly L-function ¢ such that T satisfies in condition
(2.2) then there exists an increasing and right continuous strictly L-function 9" such
that T satisfies in condition (2.2).

3. INFINITE SYSTEMS OF CONDENSING OPERATORS

In this section, we prove some existence theorems for a general infinite system of
equations involving condensing operators.

i
i€ IN}, x = (x1,x2,...),y = (¥1,)2,...) € l_[E,-. Then (]_[ E;.d) is a Fréchet
ieN ieN

1
Let (E;,d;) be a Fréchet space for all i € N, d(x,y) = sup{z—min{l,di (xi yi)}:

space.

Theorem 6 (Tychonoff’s theorem[17]). Let {(X;,t;) :i € N} be any family of to-
pological spaces. Then 1_[ (Xi, i) is compact if and only if each (X;, t;) is compact.
ieN
Remark 2. We use the notation R which denotes the countable Cartesian product
of R with itself, and /°° consists of all bounded sequences of scalars.

Now we are ready to state and prove the main results of this section.

Theorem 7. Suppose j1; be a measure of noncompactness on Fréchet spaces E;
for all i € N. Moreover assume that the function F : [°° — R4 is convex, non-
decreasing and F((x;){2,) = 0 if and only if x; = 0 for all i € N. If we define

M ={X C [ ] Ei : sup{pi (i (X))} < oo},

i=1

o0
where 1; (X)) denotes the natural projections of 1_[ E; into E; and

i=1

U M —> Ry be defined by
p(0) = F (i (02, (3.1)

then M is an admissible set and . is a measure of noncompactness on Fréchet space

o0
E:HEl-.

i=1
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Proof. It can be easily verified that M is an admissible set. Now, we prove [ is
o0

a measure of noncompactness on £ = 1_[ E;. For proving the condition (2°), sup-
i=1

pose that X C Y. Since p; be a measure of noncompactness, we have u; (; (X)) <

wi(mi (Y)) foralli € N, and using F is nondecreasing we imply that

w(X) = F((ui G (X)), ) = ¥) = F((uitm )72, ).

which shows that the condition (2°) is valid. The properties (3°)-(5°) are simple
consequences of

i (AU+(A—-N)V)=Am;(U)+ (1 —A)m; (V), (3.2)
7;i(ConvX) = Convmi(X),
mi(X) S 7 (X) € mi(X).

Now we show (1°). If u(X) =0 for X € M then p;(r; (X)) = 0 for each i € N.

Hence, by virtue of (1°) of Definition 4 for measure of noncompactness j;, 7; (X) is
o0

relatively compact for all i € N and by Theorem 6, 1_[ 7; (X) is relatively compact.

i=1
0

Thus, X € 1_[ 7; (X) is relatively compact. Finally, it suffices to show (6°). suppose
i=1
that { X, } is a sequence of closed sets from M such that X,+; € X, for n € N and
lim p(X,)=0. So we have
n—oo

im F (i (ri(Xa))i2, ) =0. (33)
Since Xp+1 C Xp, wi (i (Xn+1)) < pi (7w (X)) and ;i (7;(X,)) > 0foralli € N.
Thus, there is an r; > 0 so that

lim g (7 (Xn)) = 1.
n—oo
Because F' is continuous, then
dim F (s ()72, ) = F(lim (s (ri(Xn)i2, ) = F(0)524)-
On the other hand, using (3.3) we have F ((ri)?il) = 0. By assumption of the the-
orem we imply that r; = 0 for all i € N, and so lim wu; (7 (X,)) = 0. By (6°) of
n—oo
o0

definition of measure of noncompactness on E, we have X = m wi(Xy) # @

n=1

o0

for all i € N. Therefore we get l_[ X ° € Xoo and X # @. This completes the
i=1

proof. O
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Example 1. Let i, (n € N) be measures of noncompactness on Fréchet spaces Ej,,

[e.e]
respectively. Considering F1((x,);2,) = sup byx, and Fo((xn)52,) = Zanxn

neN n—=1

o0
(the functions F'1, F2 are defined on [°°) such that a,, b, € R4, Z ay <ooand {b,}

n=1
be a bounded sequence, then all the conditions of Theorem 7 are satisfied. Therefore,
o0
w1 := sup by u(Xy) and iy 1= Z an(Xn)) define measures of noncompactness
neN n=1

o0
in the Fréchet space E = l_[ E; where X, (n € N), denotes the natural projections

i=1

of X into Ej.
Theorem 8. Ler 2; (i € N) be a nonempty, convex and closed subset of a Fréchet

space Ej, i an arbitrary measure of noncompactness on E; and sup{u; (§2;)} < oo.
i

o0
Let F; : 1_[ Qi — 2; (i =1,2,...) be a continuous operator such that
i=1

[e.@]
aipi (Fi(] [ X)) < p(supla;p; (X))} (3.4)
j=1 /
for any subset X; of $2; (i € N)where ¢ : Ry — R is a strictly L-function and {a; }
o0
is a bounded sequence of positive real numbers. Then there exist (x}")j’il € 1_[ $2;
Jj=1
such that
Fi((x)%) = x} (3.5)
foralli € N.
o0 o0
Proof. Let us consider F : 1_[ 2; — l_[ £2; in the following way:
i=1 i=1

F((x)521) = (F1(()52 1), F2 ()52 ). Fi (6)%2), )

o0
for all (x;)72, € 1_[ £2;. Tt is obvious that F is continuous. It suffices to show that

i=1
the hypothesis (2.2) of Theorem 5 holds where u is defined by Example 1. Take an
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o0
arbitrary nonempty subset X of l_[ £2;. Now, by (2°) and (3.4) we obtain

i=1

nwFX) <w([ [F (0N

i=1 j=1
= supa; pi (Fi ((] [ 7 (X))
i j=1

< supg(supa; u;(;(X)))
1 J

< supp(u(X))
=< p(p(X)). (3.6)

Thus, using Theorem 5, F is a continuous and Meir-Keeler condensing operator.
(o.e]

Now applying Theorem 4, F has a fixed point and there exist (x}k)]‘?o 1 € 1_[ £2; such

j=1
that

(%2 = F((xN)52)) = (FI((x)521), Fa ()52 ). Fj (x)52)....)
and that (3.5) holds. ]

4. EXISTENCE OF A SOLUTION FOR A INFINITE SYSTEM OF INTEGRAL
EQUATIONS

In the following section, we will work in the classical Banach space BC(R4+ x
R4) consisting of all real functions defined, bounded and continuous on R4 x Ryt
equipped with the standard norm

lxll = sup{lx(t.s): 2,5 = 0}.

Now, we present the definition of a special measure of noncompactness in BC (R4 x
R4 ) which will be needed in the sequel.

To do this, let X be a fixed nonempty and bounded subset of BC (Rt x R4 ) and fix
a positive number 7. For x € X and € > 0, denote by w” (x,€) the modulus of the
continuity of function x on the interval [0, 7], i.e.,

a)T(x,e) =sup{|x(,s)—xu,v)|: t,s,u,v €[0,T], |t —u| <e,|s—v| <e€}.

Further, let us put
ol (X,e) = sup{a)T(x,e) 1x € X},

ol (X) = lim 0T (X,e€)



374 MOGHADDAM, ALLAHYARI, OMIDVAR, AND HASSANI

and
wo(X) = lim ol (X).

T —o00
Moreover, for two fixed numbers #,s € R4 let us the define the function p on the
family Mpc (R, xr,) by the following formula

W(X)=wo(X)+ limsup diamX(t,s),

(,8)|—>o00
where ||(¢,s)| = max(¢,s) and X(¢,s) = {x(¢,5) : x € X}. Similar to [8], it can be
shown that the function p is a measure of noncompactness in the space BC (R4 X
Ry).
As an application of Theorem 8 we prove the existence of solutions for the infinite
system of integral equations of Hammerstein type in two variables (1.2).

Theorem 9. Assume that the following conditions are satisfied:
(a1) fn:R4: xRy xXR?"xR—> R (n € N) is continuous. Moreover, there exists a
nondecreasing, right continuity and concave strictly L-function ¢ such that

[ fn @8, X1, Xn, u) = fn(t,5,Y1,...,Yn, V)| < w(lrggfn lxi = yil) + lu—vl; .1

(a2) M :=sup{| fu(t,5,0,...,0)|: t,s € Ry,n € N} < o0;
(a3) kn: Ry x R4 xRy x Ry —> R are continuous functions for all n € N;
(aq) hp: Ry xRy xR? — R (n € N) is continuous and there exist a continuous
function a, : R4 x Ry —> R4 and a continuous and nondecreasing function
by : Ry —> Ry such that
|hn (2,5, (xj)72 ) < an(t,5)ba( sup  |x;])

1<j<oo

forallt,s € Ry and (xj);?‘;l € R? with sup |x;| < oo. Also the function
1<j<oo0
(v,w) — an(v,w)k, (v, w,t,s) is integrable over Ry x R4 for any fixed
t,s € Ry andn € N.
(as) there exists a positive constant D such that

o0 o0
D = sup{/ / an(,w)lkn,(t,s,v,w)|dvdw : t,s € R4,n € N} < o0,
o Jo
and

o0 o
lim / f an(v, w)|kn(t,s,v,w)|dvdw = 0; 4.2)
o Jo

lI2.s]—>o00

(ag) the following equalities are hold:

oo pT
lim { sup{/ / an(v,w)lkn,(t,s,v,w)|dvdw : t,s € [R.,.}} =0, 4.3)
T—o0 T 0

o0 o0
%Sup{/ / anp(v,w)|ky(t,s,v,w)|dvdw : t,s € [R+}} =0,
o JT

lim
T—>00
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foralln € N;
(a7) there exists a positive solution rq of the inequality

¢(r)+ M+ Dby(r) <r
foralln € N.

Then the infinite system of equations (1.2) has at least one solution in the space
(BC(R4+ x R4))®.

Proof. Let us fix arbitrarily n € N. Define H, : (BC(R4+ x R4))” — BC(R4 x
R4+) by

Hy ((x))72)(,8) = fu(t,s,x1(1,5) ... . xn(t,5),
/oo/ookn(t,s,v,w)hn(v,w,(xj(v,w))fo:l)dvdw). 4.4)
o Jo

In light of (4.4) and assumptions (a1)-(a7), f» is continuous, k, is continuous, A,
is continuous and x; for i € N are continuous. On the other hand, integral of con-
tinuous function is continuous. Therefore, we infer that the function H, ((x; )jo-’;l) is
continuous for arbitrarily (x; );?‘;1 € (BC(R4 x R4))? because it is the composition

of continuous functions. Moreover, in view of our assumptions, for arbitrarily fixed
(xj-);?’;l € (BC(R4+ xR4))? and t,s € R4, we obtain

[ Hn((x;)720)(#,5)] 4.5)

fn(t,s,xl(t,s)...,xn(t,s),/(;w/oookn(t,s,v,w)hn(v,w,(xj(v,w));";l)dvdw)

=

—fn(t,s,O,...,O)‘ 1 £ult,5,0,...,0)|
< p(max [xi(t.9)) +1 fu(t.5.0.....0)

+ /0 /O o (15,0, 0)] [an (0,10) b (1055 (0. )32, )
< p(max |x;(t.5)))+M + Dby( sup |x;(v,w)])
1<i<n 1<j<oo
< @(max |lx;[|) +M + Db, ( sup |x;]).
1<i<n 1<j<o0
Thus,
I Hp (x)|| < ( max |lx;[|) + M + Dbp( sup [lx;]|) (4.6)
1<i=<n 1<j<oo
and Hy((x;)72;) € BC(Ry x Ry) for any (x;)72, € (BC(Ry x R+))? . By (4.6)
and using (a7), the function H, maps (B;,)® into Br(_)-
Now we claim that H}, is a continuous function on (B, )® for all n € N. To do this,
let us fix 0 < & < 57 and take arbitrary x = ((xj)}?‘;l),y = ((J’j)}?‘;l) € (BC(R4 x
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1
R4+))? suchthatd(x,y) = sup{i min{1, ||x; —y;||}:i € IN} <é¢. Then, fort,s,v,w €
R4, we get

Hi(05)82)(0.9) = Hn ((0)5)(1.9)|

=

J

_fn(tvs’yl([’s) ----- Yn(l,S),/O A kn([,s7U7w)hn(v,w,(yj(U,U)))o-il)dwa)‘
5w(lrglagnIxz-(t,s)—yi(t,s)l)
+‘/0 /(; kn(t,s,v,w)[hn(v,w,(x_/(v,w));?‘;l)—hn(v,w,(yj(v,w));’il)]dvdw‘.

On the other hand, assumption (as) ensure that there exists a positive number T
such that for max(¢,s) > T we have

Hn((xj)}?il)(t»s)—Hn((y_/)}?il)(tJ)‘ < ¢( max_ |x;(t.5) = yi (t.5)])

+26000) [ [ Wontt.v.0)lan (0 w)dvd
<p2"e)+ b::(ro)z.
Suppose that 7, s € [0, T]. By applying the assumptions, we infer that
Hy ((x/)72)(1.8) = Hn ((31)721) (1. 5)

<o max |x;(@,s)—yi@.s)])
1<i<n

+'/Ooo/Oook,,(z,s,v,w)[hn(v,w,(xj(v,w))jo.il)—hn(v,w,(yj(v,w));’il)]dvdw‘

00 T
/ {fo i (5. 0,0 i (0,0, (5 (0,095 1) i (0,0, (3 (0, 0)2 I

f‘p(2n£)+ =1

+‘/‘T |kn([vsvv7w)|[|hn(vvw’(xj(v’w));'”;lﬂ+hn(vvw*(yj(vaw));o:])”dv}dw}
T T
§<p(2"s)+/(; /(; |k,,(t,s,v,w)||hn(v,w,(xj(v,w))jo.il)—h,,(v,w,(yj(v,w));’ilﬂdvdw
T roo
[ 5,0 0,5 005 ) (00,3 0,052, o
[ o500 0,5y 05 )+ (00,3 0,02, v

T roo
5(/)(2"8)+K§‘~a),7;(hn,s)+2bn(ro)/ / an(v,w)lkn(t,s,v,w)ldvdw
0 T

o0 o0
+2bn(r0)/ / an(,w)lkn(t,s,v,w)|dvdw,
T Jo
where

K7 = suplky,(t,s,v,w) : t,s,v,w €[0,T]}



From the continuity of the function 4, on the compact set [0, T'] x [0, T] x [—rg, o

(by
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T
T () = 5Up{ln (0,10, (5)° ) ~ (0,0, (7))
1V, W E [O’T]’ Xi, Vi € [_VO,’”O], |xi _J’z| = 8}‘
]a)

using Tychonoff’s theorem), we have a)z; (hn,e) — 0 as ¢ —> 0 and in view of

assumption (ag) we can choose T in such a way that three last terms of the above
estimate are sufficiently small. Thus H, is a continuous function on (BC (R4 x
R1))®.
Now we assert that H,, satisfies all the conditions of Theorem 8. Let X; be nonempty
and bounded subsets of Bro for all i € N such that sup; (£(X;)) < oo, and assume
that 7 > 0 and & > 0 are arbitrary constants. Let #1,#,51,52 € [0, 7] such that |, —
1] <e,|s2—s1| <eand x; € X; forall i € N. Then, by the assumptions we have:

| H (600321 (2,52) = i ()2 ) (01.50)|

=

=

=

=

o0 o
fn<t2,S2,x1(tz,S2),-..,Xn(fzdz),/() /0 kn(tz,S2,v’w)hn(v,w,(xi(vvw))?il)dvdw)

o0 o0
_fn(tl,sl,xl(ll,sl) ..... xn(tl,sl),/o /0 kn(tl,sl,v,w)hn(v,w,(xi(v,w))?il)dvdw)’

oo oo
I (tz,sz,xl(tz,sz),...,xn(tz,sz),/o /(; kn(tz,sz,v,w)hn(v,w,(xi(v,w))}?‘;l)dvdw)
oo oo
— fn (tz,sz,xl(tl,sl),...,xn(tl.sl),/o /0 kn(t2,52,v,w)hy (v, w, (x; (v,w))?il)dvdw)‘

—+

o0 o0
— fu (zl,sl,xl(tl,sl),...,xn(tl,sl)./o /0 kn(tz,sz,v,w)hn(v,w,(xi(v,w))fil)dvdw)‘

+

o0 o0
fn(11,31,)61(11,51),..~,xn(11~51),/0 /0 kn(t2,52,v,w)hn(v,w,(xi(v,w))?il)dvdw)

o0 o0
—fn(tl,S1,X1(t1,S1),...,xn(t1,S1),/0 /0 kn(ll,S1,v,w)hn(v,w,(xi(v,w))?il)dvdw)‘

T
fﬂ(lgélén|Xj(t2,S2)—Xj(f1,Sl)|)+wr0,Dl(fn,S)
oo o0
—|—|/0 /0 [kn (12,52, v, w) —kp (11,51, v, w)]hn (v, w, (x; (v, w))72 ) dvdw]
T
90(11511]?;"|Xj(12,S2)—Xj(l1751)|)+wr0,Dl(fnvt“)
T T
+/0 /0 |kn(12,s2,v,w)—kn(tl,sl,v,w)”h,,(v,w,(xi(v,w))l-oil)|dvdw
T roo
+/(; /T lkn (t2,52,v,w) —kn (t1,51, 0, w)||[hn (v, w, (x; (v, W))$2 )| dvdw

o0 o0
—I—[T /0 |k (12,52.v,w) —kp (11,51, v, w)|[7n (v, w, (x; (v, w))$2,)|dvdw
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<¢(max o (5j.8) + g p, (fa:e) + T2Upo" (kn.e)

T poo
+bn(r0)/(; A [|kn (t2,52,v,w)| + |kn(t1,51,v,w)|]an (v, w)dvdw
o0 o0
a0 [ [ Utz 0.0+ enttn 51,0, 0. w0)d v 7

where
D1 =by(ro)D(see assumption (as))

o by (fns8) = Suptl fu (12,52, %1, X, ¥) = fu(t1,s1, %1, X, 9] 2 1151, 12,82 € [0, T,
[o—til e ls2—s1l =& lxi| <ro.|lyl = D1},

a)T(xi,e)) = sup{|x; (t2,52) — x;j (t1,51)| : t1,51. 2,52 € [0, T, |12 —t1]| < &, |52 — 51| < &},
a)T(kn,a) = sup{|kn (t2,52,v,w) —kp (t1,51,v,w)| :

11,81,12,82,0,w € [0, T], [t2 —t1| < &, |52 —51| < &},

U,€ = sup{|hn(v,w,(xj)j9'°:1)| :v,w € [0,T],x; € [~ro,70]}.

Since x; was an arbitrary element of X; for alli € N in (4.7), we obtain

oo
o (Hy([ [ x0) < (p(lllllai(na)T(xi,S)) +of 5 (fne)+T?UL 0T (kn.e)

i=1
T poo
b0 [ [ Tz, s200.0)] + 50,000 0w
0
o0 o0
—i—bn(ro)/T / [lkn(t2,52,v,w)| + |kn(t1,81,v, w)|]an (v, w)dvdw,
0
and by the uniform continuity of f, and k, on the compact sets [0,7] x [0, T] x

[—ro0,r0]" x[—D1,D1] and [0, T] x [0, T] x [0, T] x [0, T'] respectively, we have
a)z; D, (fn.€) — 0 and w7 (k,,e) —> 0 as ¢ —> 0. Therefore, we obtain

o (Hn([ T X)) = o max 7 (x;.))
i=1 ==

T 00
+bn(r0)/ /T [lkn(t2,52,v,W)| + |kn(t1,51,v, w)|]an (v, w)dvdw
0
T 0

Now taking T — oo and by using assumption (ag) we get

wo(Hn ([ ] X0)) < o( max wo(Xi)). (4.8)

i=1
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On the other hand, for all x;,y; € X; (i € N) andz,s € R} we get

| ()2 0.5) = Ha ()72 (1.5)|

< w(lrg;gn |x; (£,5) = yi (z,5)])
+|/0 /0 e (1,5 0. 0) [ (0,0, (355 (0, W) ) — b (0,0, (31 (v, )2 ] dvdw

o0 o0
< p(max 50(0.5) = i) +25000) [ [ a0 0l 05,0, 0) dvdw,
<i<n 0 0

Thus, we obtain

diam(Hn(l_[ X;)(t,s)) 4.9)

i=1
o0 o0
§(p(lmax diam(X,-(t,s)))+2bn(r0)/ f an(v,w)lky(t,s,v,w)|dvdw.
<i<n 0 0

Taking ||(z,s)|| —> oo in the inequality (4.9), then using (as) we have

lim  diam(H,([ [Xi)(t.9)) S@(max  lim  diam(X;(t.s))).

(.8)I|—>o00 im1 I<i=n||(,s)|—>00
(4.10)
Further, combining (4.8) and (4.10) we get

p(Hy ([ T X)) = wo(Ha(] [ Xi) + 1 diamHy, ([ [ X)(@.9)
i=1 8)||—>00

i=1 i=1

< p(max oo(X)+¢(max  lim diam(X;(t.5))
<i<n

1<i=zn||(,s)||—>00
S(p[mgx (wo(X;) + lim diam(X;(t,s)))]
1<i<n

I@,8)|—>00

1
=2¢[max S(wo(Xi)+ ~lim diam(Xi(t.5)))].

(,8)|—>00

. 1
Let us consider the measure of noncompactness jt; = 3 WU, thus we get

o0
pa(Ho([ | X)) < g(supea (Xy)).
i=1 !
Now by using Theorem 8, there exist (x;)%2, € (BC(R4+ x R4+))® such that

i=1

Xn(2,s)
_ f,,(t,s,xl(t,s)...,x,,(t,s),/ooo/Oook,,(t,s,v,w)h,,(v,w,(xi(v,w))fil)dvdw)

and the proof is complete. O
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Example 2. Consider the following system of functional integral equations

t2n 2n
Xn(t,8) =

+ tanh( Z |x;i (z,8)])

l4" 4n+l

e ™1 nv_l) Z —iv 20 ftanh x; (v, w)dvdw
2n[gnsm + '

Eq. (4.11) is a special case of Eq. (1.2) where

t2n 2n

fn(l‘,S,Xl,...,xn,Z) = m
e—nw(e—nv_l)

s 1]

o0
hn(t.s,(x))52) =Y e > /tanhx;,

i=1

1 n
+tanh(;Z|xi|)+Z»
l

=1

kn(t,s,v,w) =

"“Ytanhr.

Suppose that ¢, s € R4. Now, by taking ¢(¢) = tanh(¢) we have
|fn(t’s»x1,---»xnau)_fn(t,S,YI,---»Yn,vN

1 & 1 &
< [tanh(=- > i) —tanh(=- > [yi)| + |u =]

an(t,s)=

1 n
< tanh(;ZPCi —Yil) +u—v|
i=1
< tanh( max |x; — y;|) + |u —v|
1<i<n

= @( max |x; —y;|) + |u—v]).
1<i<n

Thus, we infer that condition (a1) holds. On the other hand

M =sup{| f»(t,s,0,...,0)| : t,s € Ry,n € N}
t2n 2n 1
> t,s€ERy,neN}=—

T R 2

4.11)

(4.12)

which shows the condition (a3) is valid. Also, assumption (a3) clearly is evident. In

order to show that assumption (a4) is satisfied, let us assume that sup

1<i<oo

so we have

o0
ha (2.5, (x)52,) | =Y e~ > /tanhx;

i=1

|x;| < oo,

(4.13)
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1
<o 2n_{/tanh( sup |xi])

1<i<oo

=au(t,8)by( sup |x;l).

1<i<oo

On the other hand, the function (v, w) —> a, (v, w)k, (v, w,t,s) is integrable over
R4+ x R4 for any fixed ¢,5 € Ry and n € N. Thus, condition (a4) is valid. Further,
we get:

1 00 00 ,—RW (,—NV _ |
D :sup{—/ / |L|dvdw:t,se Ri,n € N}
2n[t”s”+1] 0 0 eV —1
1

2n[thsm + 1]
o0 o0
/ / le "W (e V+e 2 ... +e ") |dvdw : t,s € Ry,n € N}
o Jo
1

=sup{

11 1
—supl——— (I =4 ~+..4 ) fseRpn e N 4.14
SUP gy T T3t ihs € Ren e N (4.14)

=<0

1 00 OO ,—NW (,=NY _ |
lim —/ / ududw =0.
le,sl—o00 27t s™ 4+ 1] Jo 0 e?—1

This implies that the condition (as) holds. Moreover, for arbitrarily fixed T > 0 we
obtain:

and

—nT —2T —nT
e T e e

T n—e " —

oo pT
[ / an(,w)lky(t,s,v,w)|dvdw <
T 0

and

—2T N N e—nT
5

/ / an(v,w)lkn(t,s,v,w)|dvdw < — (™" + ).

0 T 2mn

From the above estimate, we infer that condition (a¢) is valid. It is easy to see that
each number r > 4 satisfies the inequality in condition (a7), i.e.,

1 1
o(r)+ M + Db, (r) = tanh(r) + 3 + 3 =r <r.
Thus, as the number ry we can take ro = 4. Consequently, all the conditions of
Theorem 9 are satisfied. Hence the system of functional integral equations (4.11)
has at least one solution which belong to the space (BC(R+ x R4+))?.
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