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Abstract. In this article, we introduce some new class of convex functions involving two arbitrary
auxiliary functions i1,k : I — R, which are called (h1,h5)-convex functions. We derive some
new integral inequalities for these classes of convex functions. We also discuss some special
cases which can be deduced from our main results. Results obtained in this paper may be viewed
as a significant refinement and improvement of the previously known results. The ideas and
techniques of this work may be a starting point for future research.
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1. INTRODUCTION
A set € C R is said to be a convex set, if
tx+(1—t)ye€, Vx,yet€, tel01].
A function f : € — R is said to be a convex function in the classical sense, if
fix+(A-0)y)<tf(x)+(1—-1t)f(y), Vx,ye€ tel0,1].

In recent years several new generalizations of classical convexity have been given,
for example see [1-3,8, 17, 18]. Varosanec [ 18] introduced the notion of /-convexity
which along with classical convex functions generalizes several other class of convex
functions. The formal definition of s-convex functions is given as:

Definition 1 ([18]). Let 2 :(0,1) € J — R be a non-negative function, & % 0. We
say that f : € — R is an h-convex function, if f is non-negative and for all x,y € €,
t € (0,1), we have

flx+ (A =t)y) <h(@) f(x)+h(1—=1) f(y).
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For the different choices of the auxiliary function 4(.), we have different other
classes of convex functions such as: Breckner type of s-convex functions [ 1], Godu-
nova-Levin-Dragomir type of s-convex functions [4], Godunova-Levin type of func-
tions [8] and P-functions [7]. Since the appearance of this definition many research-
ers shown their special interest in studying this class of convex functions. Sarikaya
et al. [15] has improved the Hermite-Hadamard’s inequality for this class of convex
functions. Recent trend of the research in this field has shown that theory of con-
vexity and theory of inequalities have a close relationship. Many inequalities can be
obtained via convex functions and naturally they can be extended for generalizations
of convex functions, see [5,6, 10-12, 14, 16].

Motivated by the research going on in this field, we introduce the notion of so-
called (%1, h3)-convex functions, which is the main motivation of this paper. These
classes involves two auxiliary functions namely A1,h; : J — R. We show that these
classes include several new and known classes of convex functions as special cases.

We also derive some new estimates for Hermite-Hadamard type of inequalities and
b
for the integral [(u—a)*(b— u)? f(u)du via (hy,h,)-convex functions. Some new

a
and known special cases which can be deduced from our main results, are also dis-
cussed.

2. PRELIMINARIES

We now define the new classes of convex functions involving two arbitrary func-
tions.

Definition 2. Let i1,h5 : (0,1) € J — R be two real functions, hq,hy % 0. We
say that f : € — Ris an (hy, hy)-convex function, if

flx+(A=0)y) <h (Oh2(1-1) f(x)+h1(1=D)ha(t) f(y), Vx,y€C.1€(0,1).

We now discuss several special cases.
L. If h,(¢) = 1, then Definition 2 reduces to the definition for /4-convex functions [ 18].

IL If h1(t) = 1 = hy(t), then Definition 2 reduces to the definition for P -functions
[71.

IIL If 711 (t) = ¢* and hy(¢) = t° in Definition 2, then we have the class of s-convex
functions of third kind.

Definition 3. Let s € [0, 1] be a real number. We say that f : € — R is an s-tgs-
convex functions, if

fax+A=0)y) =t =0)’[f(x)+ f(»)]. Vx.yeC.rel0.1].
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Note that if we take s = 1 in Definition 3, then we have the definition of # gs-convex
functions [17].
IV. If h1(t) =t and ha(t) = t—° in Definition 2, then we have the class of s-
Godunova-Levin-Dragomir ¢ gs-convex functions.

Definition 4. Let s € (0,1] be a real number. We say that f : € — R is an s-
Godunova-Levin-Dragomir ¢ gs—convex function, if

fitx+(1—-1)y) < [f()+ O], VYx,yeCirel01]

5 (1— t)s

Note that if we take s = 1 in Definition 4, then we have the definition of Godunova-
Levin type of tgs-convex functions, which appears to be a new definition.
V.If h1(t) = ¢5! and h,(¢) = t*2 in Definition 2, then we have a new class of convex
functions which is called as Breckner type of (s1,s2)-convex functions.

Definition 5. Let 51,52 € (0, 1] be two real numbers. We say that f : € — Ris an
(s1,52)-convex function, if

flax+A=0)y) <" A=) f(x)+ A =0)"'t2 f(y), Vx,y€€,tel0,1].

VL If hi(t) = t™°! and h,(¢) = t752 in Definition 2, then we have a new class
of convex functions which is called as Godunova-Levin-Dragomir type of (s1,s2)-
convex functions.

Definition 6. Let 51,5, € (0, 1] be two real numbers. We say that f : € — Ris an
(s1,$2)-convex function, if

fx+(1-1)y) =< tsl(l—t)st( )+(twf(J’) Vx,ye€,rel0,1].

It is clear that these new classes of convex functions are quite general and include
several new and previously known classes of convex functions as special cases.

The following results will be helpful in deriving our main results in this paper.

Lemma 1 ([13]). Let f : d = [a,b] C R — R be a continuous function such that
f € Zla,b), then

b 1
/(u —a)*(b—w)? fu)du = (b—a)*TAH! /t“(l 0P F(1=t)a+1b)dr.
a 0

Lemma 2 ([9]). Let 4° C R — R, a,b € 4° with a < b where 4° is the interior of
4°. If £® exists on 4° and f™ € L[a,b), then for n > 1, we have

2 B

f(a)+f(b) « (k=D (b—a)*
/f( ydx _Z 2(k + 1)!



80 M U AWAN, M A NOOR, KINOOR, AND A G KHAN

1

/z"_l(n —20) f ™ (ta+ (1 —1)b)dr.

0

_(-a)"
2!

3. MAIN RESULTS
In this section we derive our main results.
Theorem 1. Let f :d = [a,b] C R — R be a (hy,hy)-convex function. If f €
ZLla,b], then for hy (%)hz(%) # 0, we have

1 a+b
zmewﬂaf(z

Proof. Since f is an (hy,hy)-convex function, for x = ta + (1 —1)b, y =
(1—t)a+tbandt = %, we have

b 1
) = bia /f(x)dx < [f(a)+f(b)]/h1(t)hz(1—t)dt.
a 0

2

Integrating both sides of the above inequality with respect to ¢ on [0, 1], we have

b
1 a+b 1
sy (3) =5 [ o &

1
2

f(a+b) 5h1(%)h2(%)[f(ta+(1—t)b)_|_f((1_[)a+tb)]'

Also
Sa+ A =0)b) <h1(H)ha(1—1) f(x) +h1(1 =) ha2(2) f ().

Integrating both sides of the above inequality with respect to ¢ on [0, 1], we have

b 1
bla /f(x)dx = [f(a)+f(b)]/h1(l)h2(1—t)dt. (3.2)
a 0

On summation of inequalities (3.1) and (3.2) the proof is complete. O

We now discuss a new special case of Theorem 1.
If h1(¢) =t°! and hp = ¢°2 in Theorem 1, then we have a result for Brecker type
of (s1,$2)-convex functions.

Corollary 1. Let f : J = [a,b] C R — R be a Brecker type of (s1.52)-convex
function. If f € Z|a,b), then for s1,s2 € [0, 1] we have

b
b
s (a—;— ) <o [ SO S @+ FOBGr + Lzt 1),
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If h1(¢) = ¢7°1 and hy = ¢t7%2 in Theorem 1, then we have a result for Godunova-
Levin-Dragomir type of (s1, s2)-convex functions.

Corollary 2. Let f : d =[a,b] C R — R be a Godunova-Levin-Dragomir type of
(s1,82)-convex function. If f € ZL|a,b], then for s1,s2 € [0,1], we have

b
b
s (“50) =5 [ £000r <@+ FOIBA-s1.1-52)

Our next result is a lower bound for Hermite-Hadamard’s inequality via product
of two (h1, ha)-convex functions.

Theorem 2. Let f,g:d =[a,b] C R — R be two (hy,h3)-convex functions such
that h%(%)h%(%) #0. If fg € ZLla,b], then, we have

1

sawae’ (7)) (5)

1 1
- M(a,b)/[hl(t)hz(t)hl(l—t)h2(1—t)]dt+N(a,b)/h%(t)h§(l—t)dt}
0 0

1
< [ fegoar.
0

where
M(a.b) = f(a)g(a) + f(b)g (D). (3.3)

and
N(a.b) = f(a)g(b)+ f(b)g(a), (3.4)

respectively.

Proof. Since f and g are (h1,h3)-convex functions, so
a+b a+b
(7))
<h (%)hz(%) [f(ta+(1=0)b)+ f((1—1t)a+1b)]
xhy (%)hz(%) [g(ta+(1—1)b) + g((1—1)a +1b)]

- h%(%)h%(%) [f(ta+(1=0)b)g(ta+ (1 —1)b)
f((1=t)a+th)g((1—=t)a+thb)+ f(ta+ (1 —1t)b)g((1—1t)a +1b)
FF((1=0)a+1h)g(ta+(1—1)b)]
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=12 (23 (2) rtea+a=nbygta+ -y
+f((1—t)a+1tb)g((1—1t)a +1b)
+2h1 () ha (1) k1 (1— ) ha(1—0)][ f(@)g (@) + f(b)g(D)]
+[hE(A = )3 (6) + "33 (1 = )] f(@)g(b) + f(b)g(a)]].

Integrating the above inequality with respect to ¢ on [0, 1], we have

P (a;b)g(a—;—b)
1
< 2h%(%)h§(%) [ﬁ / S(¥)g(x)dx
0

1 1
—i—M(a,b)[[hl(t)hz(t)hl(l —ho(1—1)]dt + N(a,b)fh%(z)hg(l t)dti| .
0 0

This implies

samay’ (5)«(5)

1 1
+M(a,b)/[h1(z)h2(z)h1(1—t)h2(1—z)]dt+N(a,b)[h%(z)h§(1—z)dt.
0 0

This completes the proof. U

Next we discuss a new special case of Theorem 2.
If hi(t) = t°' and hy = 52 in Theorem 2, then we have a result for Breckner type
of (s1,s2)-convex functions.

Corollary 3. Let f,g:d = [a,b] C R — R be two (s1,52)-convex functions such
that s1,52 € [0,1]. If fg € LJa,b), then we have

1 a+b a+b
21—251—252f 2 g 2

- [M(a,b)fB(sl +s24+ 1,51 +52+1)+ N(a,b)B(2s; + 1,252 + 1)}
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1
b—a

=

1
/ F(0)g(x)dx
0

where M(a,b) and N(a,b) are given in (3.3) and (3.4) respectively.

If hi(t) =t and hy = 752 in Theorem 2, then we have a result for Godunova-
Levin-Dragomir type of (s1, s2)-convex functions.

Corollary 4. Let f,g :d = [a,b] C R — R be two Godunova-Levin-Dragomir type
of (s1,82)-convex functions such that s1,s2 € [0,1]. If fg € L|a,b], then we have

1 a+b a+b
st \ 77 )83

— |:M(a,b)|B(1 —s51—52,1—51—52)+ N(a,b)B(1—2s1,1 —2s2):|

1
b—a

=

1
f F0g(x)dx
0

where M (a,b) and N(a,b) are given in (3.3) and (3.4) respectively.

Our next result is the extension of the upper bound of Hermite-Hadamard type
inequality via product of two (%1, h2)-convex functions.

Theorem 3. Left f,g :d = [a,b] — R be two (h1,h»)-convex functions. If fg €
ZLla,b), then, we have

b
i [ o

1 1
5M(a,b)/h%(t)h%(l—t)dt+N(a,b)/h1(t)h2(1—t)hl(l—t)hz(t)dz,
0 0

where M(a,b) and N(a,b) are given by (3.3) and (3.4) respectively.
Proof. Since f and g are (h1,hy)-convex functions, then

fta+(1—=1)b) < hi(t)h2(1=1) f(a) + h1(1 =1)ha(1) (D).

and

gta+ (1 —=1)b) < hi()ha(1—1)g(a) +hi(1—1)ha(t)g(b).
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Multiplying both sides of the above inequality and then integrating it with respect to
t on [0, 1], we have

1
/f(ta +(1—=t)b)g(ta+ (1—1t)b)dt
0
1
< f@g@+ fB)gb)] / R OR2(1 —1)di
0

1
+[f(a)g(b) + f(b)g(a)][hl(t)hz(l —0)hi(1=1)ha(t)dr.
0

This implies
1 b
5o [ Fgtar
—a
a

1 1
5M(a,b)/hf(z)hgu—z)dz+N(a,b)/hl(z)hz(l—t)h1(1—t)h2(z)dt.
0 0

This completes the proof. O

The next result is a special case of Theorem 3.
If h1(¢) = t5! and hy = 52 in Theorem 3, then we have a result for Breckner type
of (s1,$2)-convex functions.

Corollary 5. Let f,g : 4 = [a,b] — R be two Breckner type of (s1,52)-convex
functions where s1,55 € [0,1]. If fg € Z|a,b], then we have

b
1
5o [ Fgtoar
—a
a
< M(a,b)B2s1 + 1,255+ 1)+ N(a,b)B(sy +s2+ 1,51 +52+1),
where M(a,b) and N(a,b) are given by (3.3) and (3.4) respectively.

If h1(¢) = t751 and hy = 1752 in Theorem 3, then we have a result for Godunova-
Levin-Dragomir type of (s1,$2)-convex functions.
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Corollary 6. Let f,g :d = [a,b] — R be two Godunova-Levin-Dragomir type of
(s1,82)-convex functions where s1,52 € [0,1]. If fg € ZL|a,b], then we have

b
5 [ Fgtoar

= M(aab)[B(l _2S1’ 1 _252) + N((l,b)IB(l — 81— 92, 1 —S1 _SZ)’
where M (a,b) and N(a,b) are given by (3.3) and (3.4) respectively.

Theorem 4. Let f : J = [a,b] C R — R be a continuous function such that f €
Lla,b). If f is an (h1,h2)-convex function, then we have

b
/ (u—a)*(b—u)P fadu < (b—a)* TP Y1) f(a) + v (1) f(B)],

where
1
vi(t) = /z“(l—t)ﬂhl(l—z)hz(t)dt, (3.5)
0
and
1
wz(t):=/t“(l—t)ﬂhl(t)hz(l—t)dt, (3.6)
0
respectively.

Proof. Using Lemma 1 and the fact that f is an (/1, h3)-convex function, we have

b
/(u —a)*(b— u)'B f(u)du

1
- (b—a)“+5+1/z“(1—z)ﬁf((1—z)a+zb)dz

0
1

< (b—a)*tFH! / t*(1=0)P [h (1= 0)ha (1) f(@) +h1(D)h2(1—1) f(b)]dt
0
= (b—a)* TP [y (1) f(@) + ¥ (1) £(B)).
This completes the proof. O

If i1 (z) = t*! and h,(¢) = t52 in Theorem 4, then we have
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Corollary 7. Let f :d = [a,b] C R — R be a continuous function such that f €

ZLla,b). If f is a Breckner type of (s1,52)-convex function, where 51,52 € [0, 1], then
we have

b
/ u—a)*(b—u)P fydu < (b—a)* Py () f(@) + v50) f(B)].

where

Y1(0) i= Bl +s24+, B +s1+ 1), (3.7)
and

Y3 (1) :=Bla+s1+ 1B +s2+1), (3.8)
respectively.

If hi(t) =751 and hy(¢) = t 752 in Theorem 4, then we have

Corollary 8. Let f :d = [a,b] C R — R be a continuous function such that | €
ZLla,b). If f is a Godunova-Levin-Dragomir type of (s1,52)-convex function, where
51,82 € [0, 1], then we have

b

/ w—a)*(b—w)P fydu < (b—a)* TPy (1) f(@) + 5 (0) F(b)],

a

where
{@):=Bl@—s2+1,—s1+1), (3.9)
and
V(1) :=B(a—s1+1,8—s52+1), (3.10)
respectively.

Theorem 5. Let f : J = [a,b] C R — R be a continuous function such that f €
ZLla,b]. If|f|rrTI is a (hy,hy)-convex function, then we have

b

[=ar G- aa

r—1
r

r

1
< (=0 B+ 1,rp+ 1) {{v(anr’l £ B }/hl(z)hz(l—r)dr}
0
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Proof. Using Lemma 1, Holder’s inequality and the fact that | f| 7T is an (h1,h2)-
convex function, then

b
/ (u—a)*(b—u)? fu)du

‘
|
-

N =

1

1
<b-a)* P e —nPa |F((1—)a+tb)|7T dt
/ /
<(b-a)* P Bra+1,rp+1)

m 1

[ (=m0l @17 + ke -0l @)I = ar
Lo

< (b—a)“+’3+1[B(roz +1,rB+1)

_ r—1

1 ;
(L@ +1 7G| haoha-na
0

‘
|

This completes the proof. n
If h1(¢) = t°! and ho(¢) = ¢52 in Theorem 5, then we have

Corollary 9. Let f :d = [a,b] C R — R be a continuous function such that f €

Zla,b]. If|f|rrTI is a Breckner type of (s1,2)-convex function, where sy, € [0, 1],
then we have

b
/ (u—a)* (b —u)? f(u)du

r—1

< (=) P 1BUra+ Lrp+ 1) [{| /@77 + /O T B@+si + 1A +s+ 1] .

If h1(¢) = ¢t751 and h2(¢) = t 752 in Theorem 5, then we have

Corollary 10. Let f : J = [a,b] C R — R be a continuous function such that f €

Lla,b). If | f |ﬁ is a Godunova-Levin-Dragomir type of (s1,S2)-convex function,
where 51,52 € [0,1], then we have

b
/ (u—a)* (b —u)? f(u)du

r—1

< b= TB(1—ra.1=rB) [{|/@I7T +|fO) 7T B —a—si.1-f-s5)] " .
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Theorem 6. Let f : J = [a,b] C R — R be a continuous function such that f €

Lla,b]. If | f|" is an (hy, h2)-convex function, then we have

b
/ (u—a)*(b—u)? fu)du

r=1 1
m

" [ OLf @1 + 9201 F D]
where Y1 (t) and Vo (t) are given by (3.5) and (3.6) respectively.

<(b—a)*"PT [B(a+1,8+1)]

Proof. Using Lemma 1, Holder’s inequality and the fact that | f|” is an (h1,/2)-
convex function, then

b
/(u —a)*(b— u)'B f(u)du

r—1

1 r 1 %
< (b—a)*thH1 |:/(1 t)"‘tﬂdti| U (1=0)P | f(1=1)a —I—tb)rdti|
0

0
<(h—a)* P B+ 1,8+ 17

1 G
X |:/la(1—f)ﬂ[hl(l—f)hz(lﬂf(a)r+h1(f)h2(1—f)|f(b)r]df:|
0

r—1

=(b—a)* P B+ 1.+ D]7 [V f @] +v201fB)]" .

This completes the proof. U

N =

If h1(z) = t*! and h,(¢) = t52 in Theorem 6, then we have

Corollary 11. Let f : J = [a,b] C R — R be a continuous function such that f €
ZLla,b]. If | f|" is a Breckner type of (s1,52)-convex function, where 51,5 € [0, 1],
then we have

b
/ (u—a)*(b—u)? fu)du

r—1

<b-a* P B+ 1A+ DT [V Ol @] + 0L/ B]
where | (t) and V5 (t) are given by (3.7) and (3.8) respectively.

If hi(t) =751 and h,(¢) = t 752 in Theorem 6, then we have
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Corollary 12. Let f : J = [a,b] C R — R be a continuous function such that
feZLla,bl If| f|" is a Godunova-Levin-Dragomir type of (51, 82)-convex function,
where 51,52 € [0, 1], then we have

/ (= a)* (b — )P f(u)du

\\—

<(b-a)* P B -0, 1-8)7 [W{'(f)lf(a)lr+W§'(f)|f(b)| 1"
where Y1 (t) and Y5 (t) are given by (3.9) and (3.10) respectively.

Now using Lemma 2, we derive some new inequalities for n-times differentiable
(h1,hy)-convex functions.

Theorem 7. Let f :4° C R — R, a,b € 4° with a < b where J° is the interior
of 4°. Also suppose ™ exists on 4° and £ € Lla,b). If | f |9 is an (hy,hs)-
convex function, then for n,q > 1, we have

f(a)-l-f(b) /f( Jdx _Z(k Db —a) £®(q)

2(k + 1)!
b—a)" (n—1\'"7 L
<029 (ZH) O @1+ 6001 B)1)
where
1
01(t) ::/t"—l(n—2t)h1(z)h2(1—t)dt, (3.11)
0
and
1
0,(1) 1= f "N =20k (1 —1)ha(1)dr, (3.12)
0
respectively.

Proof. Using Lemma 2, property of modulus, power means inequality and the fact
that | £ |4 is an (h1, hz)-convex function, we have

ASILN S D00t g
/f(x)d B Wf (a)
b—a)
-/ 2,3) /f"_l(n—zz)f‘”’(ta+(1—t)b)dt

0
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1

b_ n
= 2,16;) /fn_l(”—2f)|f(n)(la+(1—t)b)|dt
0
n ] =7 /1 1
= (bz—nc!z) /tn_l(n—Zt)dz /t”—l(n_sz(n)(m_l_(l_Z)b)|th
0 0

1—1
- b—a)* (n—1 q
- 2n! n+1

1
x / ("= 20 (k2 (1= )] /" @)1 +hi (1= Dha(1)] £ ()| ]ds

0

_ (b—a)" (n—l

Q|

2n! n+1
This completes the proof. O

) (91(t)|f”(a)|q+92(t)|f"(b)|q)$-

If hy(t) = ¢°! and hy(t) = ¢*2 in Theorem 7, then we have

Corollary 13. Let f : 4° CR — R, a,b € 4° with a < b where 4° is the interior
of 4°. Also suppose ™ exists on 4° and f® € ZLa,b]. If | f™|? is a Breckner
type of (s1,82)-convex function, then for s1,s2 € [0,1] and n,q > 1, we have

b k b
f(a)+f() /f( )dx _Z( z(lk):—l)'a) F®(a)

S (Z:) 0L @I+ 0L )
where
01(¢) :=nB(n +s1,52+1)—2B(n +s51+ 1,52+ 1),
and
05(t) :=nB(n + 52,51 + 1) —2B(n +s2 + 1,52 + 1),
respectively.

If h1(¢t) = t75" and h2(¢) = t—52 in Theorem 7, then we have

Corollary 14. Let f : 4° CR — R, a,b € 4° with a < b where d° is the interior
of 4°. Also suppose ™ exists on 4° and f™ € ZL[a,b]. If | f ™4 is a Godunova-
Levin-Dragomir type of (s1,82)-convex function, then for s1,s2 € [0,1] andn,q > 1,
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we have

b n—1 k— b
'f(a)+f() / - EDO=0 i,

Q\—‘

<Lar (:;11) L@ L O
where

07 (t) :=nB(n—s1,1—52) —2B(n—s1 + 1,1 —53),
and

07 (t) :=nB(n—s3,1—51) —2B(n—s2 + 1,1 —53),
respectively.

Theorem 8. Ler f :d° C R — R, a,b € 4° with a < b where J° is the interior
of 4°. Also suppose f™ exists on 4° and f® € L[a,b]. If | f|F is a (hy.h2)-
convex function, then for n,q > 1, we have

f(a)+f(b) - 1(k Db-a)*
/f( I A0
b—a)" 1
< O 1 @ + o (0)]f7 (D))
2n(n—1)q
where
1
$1(t) ;:/ﬂ("—l)(n—2z)h1(t)h2(1—z)dt, (3.13)
0
and
1
¢ (1) :=/zq("—l)(n—2z)h1(1—z)h2(z)dz, (3.14)
0
respectively.

Proof. Using Lemma 2, property of modulus, Holder’s inequality and the fact that
| )4 is an (hy, hy)-convex function, we have

b k b
|f(a)+f() /f( " —Z( DOt i,
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1

b— n
- 1% 2nc!l_) / " =20) f W (ta+ (1= 1)b)dr

- 2n!

1
<09 / "l =20) f P a+ (1 —0)b)ldr
0

1
=3 /1

1 4 é
5 (bz—nc'l) ( / (n 2t)dt) ( / 110D —20)| £ (1a + (1-1)b)|7de )
0

0

SUSUAINS

1 7
x (/ 190D (0 —20) [y () ha (1 — )| f™ (@]9 + ki (1 —t)hz(t)lf”(b)q]dt)
0

b—a)” n/ g SN
= ———— (1O @I+ g2 f" (D)) 7 .
2n(n—1)«
This completes the proof.
If h1(¢) = t°! and h,(¢) = ¢52 in Theorem 8, then we have

Corollary 15. Let f : d4° CR — R, a,b € 4° with a < b where J° is the interior
of 4°. Also suppose f™ exists on 4° and f € ZL[a,b]. If | f™|F is a Breckner
type of (s1,82)-convex function, then for s1,s2 € [0,1] and n,q > 1, we have

b k b
f(a)+f() /f( )dx _Z( z(lk):—l)'a) F®(a)

. -y
2n(n—1)

(SO @)1 + 40 " (b))

where

¢1(t) :=nB(ng+s1—q+1,52+1)—2B(ng+s1—q+2,52+1),

and

$5(t) :=nB(ng+s2—q+1,51+1)—2B(ng +s2—q+2,51+1),

respectively.

If hi(t) =751 and h,(¢) = 1752 in Theorem 8, then we have
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Corollary 16. Let f : 4° CR — R, a,b € 4° with a < b where d° is the interior
of 4°. Also suppose f ™ exists on 4° and f® € L[a,b]. If| f @ | is a Godunova-
Levin-Dragomir type of (s1,$2)-convex function, then for s1,5 € [0,1] and n,q > 1,
we have

n—1
f(a)-;f(b) /f( )x — (k 2(1k)gfl)'a) £® ()
= L2 ol @+ (t)lf”(b)lq)é,
2n(n—1)«
where
¢ () :=nB(ng—s1—q+1,1—s52)—2B(ng—s1—q +2,1—s2),
and

5() :=nB(ng—sy—q+1,1—51)—2B(ng—s2—q+2,1—s7),

respectively.

CONCLUSION

In this paper, we have introduced a new extension of convex functions which is
called as (h1,hy)-convex functions. We have noticed that it contains some new and
known classes of convex functions among one of those is #-convex functions. We
have derived several new generalizations of Hermite-Hadamard type inequalities via
(h1,hy)-convex functions. We have also discussed some of new special cases which
can be easily deduced from our main results. It is expected that the interested readers
may further explore the property of (&1, h;)-convexity of functions.
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